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Supplementary Note 1. Scattering matrix and generalized coherent perfect absorption

Coherent perfect absorption (CPA), characterized by the ideal absorption of light at selected frequencies, is a rather special
condition that can occur in systems which scatter light and exhibit lossy resonances'-2. It arises from a delicate interplay
between the interference and dissipation of wave fields, such as to ensure a complete suppression of all outgoing radiation
despite finite-amplitude incoming waves. In conventional dielectric photonic systems, one is frequently concerned with a
finite number of input and output modes, where for example, light is coupled between waveguides and lossy cavities. In
such a scenario, the primary dissipation mechanism is heat generation (i.e., non-radiative), and a scattering matrix (S-matrix)
comprising the coupling coefficients between the incoming and outgoing optical modes is entirely adequate to capture the modal
conversion and energy exchange within and between devices>. The condition for CPA is then strictly tantamount to the vanishing
of an eigenvalue of this total S-matrix, and the corresponding CPA eigenmode represents a solution of Maxwell’s equations that
satisfies purely incoming-wave boundary conditions?. In contrast to dielectric resonators however, plasmonic ones offer much
more flexibility, since they support bright as well as dark modes whose properties can be synthetically tailored. The absorbed en-
ergy can thus be converted to heat or even radiated, where the latter possibility is largely neglected in the original concept of CPA.

In a previous publication*, we extended the traditional notion of CPA appropriately for plasmonic resonators that feature
both non-radiative and radiative loss channels. Therein, we established that the concept of CPA, which requires at least one
eigenvalue of the global S-matrix to vanish, can be generalized to scenarios in which this applies only to a particular sub-matrix.
In particular, by finding and zeroing a chosen eigenvalue of the scattering sub-matrix appropriate to a single, guided input
mode of a plasmonic waveguide, it was shown that ideal impedance matching (i.e., reflectionless energy transfer) with a
nearby nanoantenna could be achieved in either its sub-radiant or radiant modes, thereby giving rise to an efficient source
of heat or far-field radiation respectively. As such, this generalized CPA (gCPA) is a useful conceptual tool that makes the
notion of perfect absorption meaningful in situations where the behaviour of the guided modes alone is inadequate for a proper
understanding; especially for plasmonic nanoresonators, it allows one to describe and quantify the selective absorption of a
given input mode in the presence of (infinitely many) radiative loss channels, without the need to fulfill the requirements of
CPA for the complete system. Our approach is formally equivalent to the generalized theory of reflectionless scattering modes
recently proposed by Sweeney et al.>-°, but was developed independently to address the coupling of a guided, subwavelength
surface plasmon mode to an optical nanoantenna.
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Supplementary Figure 1. Scattering channels in a nanoplasmonic waveguide-driven dimer nanocavity. Schematic of
the nanowire-dimer system analyzed in the main text. In general, guided surface plasmon modes Egyigeq as well as radiative
modes E;,q must be accounted for. The formalism of gCPA allows one to describe and quantify the absorption of a selected
waveguide input mode in the presence of far-field radiation losses, which are treated as complementary dissipation channels.

We invoke this generalized picture of CPA here by treating radiation into the far-field as constituting additional loss channels,
besides Ohmic dissipation. Supplementary Fig. 1 illustrates the input and output modal fields of the nanoplasmonic wire-dimer
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system considered in the main text, which can be linked via the matrix relation

E guided,out E guided,in
Erad,out,l Erad,in,l
Erad,out,Z = Erad,in,Z

global
Erad,out,S Erad,in.ﬁ

Here, the global S-matrix, Sgjopal, connects all incoming with all outgoing modes and is defined by

ro Cgl Cg
clg din di2
Sglobal = CZg d21 d22 e 9

where r denotes the reflection coefficient of the guided surface plasmon mode of the nanowire (due to the hemispherical
termination), ¢;; are the modal coupling coefficients between the guided mode and radiative modes, and d;; describe the
coupling among radiative modes. For the particular system under study here, we provide feeding power only via the guided
mode of the nanowire, (i.e., Ead,in; = O for all i). The objective of our gCPA analysis is to find a zero eigenvalue for the
non-zero input subspace. Technically, this means that the complex-valued reflection coefficient » must vanish, so that we
achieve a unidirectional, near-field power coupling from the waveguide to the dimer nanocavity. At the gCPA condition, the
remaining entries of the output vector will in general not be zero, tantamount to finite far-field radiation amplitudes.
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Supplementary Note 2. Transfer matrix for the waveguide-dimer structure

In order to compute the complex reflection coefficient r, the plasmonic dimer nanocavity is modelled as a pair of coupled
Fabry-Pérot resonators that support the fed-in surface plasmon mode of the nanowire’-8. Reflection and transmission events
occurring at the gaps and the open end, as well as the plasmon propagation loss, must be carefully included to provide a full
account of phase-sensitive interference effects. They are treated numerically by means of rigorous mode expansion calculations
within the framework of finite-difference time- and frequency-domain techniques (see below). Using this information, the
transfer matrix analysis discussed in Ref.*, and schematized for our system of interest in Supplementary Fig. 2, provides an
elegant approach to calculate reflection coefficients as a function of wavelength, rod lengths and gap sizes. In particular, it offers
a transparent description of the gCPA mechanism, where the directly reflected wave at the nanowire termination (illustrated in
green) exhibits equal amplitude, but opposite phase, relative to the coherent superposition of waves reflected back from the gold
dimer onto the wire (illustrated in red), giving rise to complete destructive interference of outgoing modes.
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Supplementary Figure 2. Schematic representation of the interference effects and the transfer matrix analysis of a
nanoplasmonic waveguide-driven dimer nanocavity. Visualization of the sequence of transfer matrices which describe the
signal transmission behavior across an obstacle (T;) and the propagation behaviour along a regular guiding section (P;)
throughout the nanoplasmonic wire-rod-rod structure.

The schematic provides a comprehensive visualization that incorporates the relevant reflection and transmission coefficients
required to assemble the 2 x 2 gap transmission matrix T; and the propagation matrix P;,

1 ng _ Rg2 Rg ei(ﬁJriOC)Leff 0
Ti= i ( —R, 1)’ Pi= 0 e i(B+io)Legr | M
as well as the open-end matrix Teq,
_ 1 Te2 - R€2 Re
Tend - i ( _Re 1 . (2)

Here, the reflection coefficient R, and the transmission coefficient 7, for an obstacle are assessed between two semi-infinite
nanowires, R, and T, represent the reflection and transmission coefficients for the open-end termination of a semi-infinite
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nanowire and the guided plasmon characteristics are included via the propagation constant 8 and attenuation constant ¢,
determined by numerical simulations as explained in Supplementary Note 3. It is worth noting that the quantity L.g appearing
in these formulae refers specifically to the length of the cylindrical portion of each nanorod. The total 2 x 2 transfer matrix M
for the guided nanowire mode is then obtained by multiplication,

M:Tend XP2 XT2 XP1 ><T1.
The reflection coefficient  in the particular scattering submatrix of interest can be calculated via the entries of M,

2
Tg
eZ(a—iﬁ)Leff
ReTg?
RgRg—ez(“’iB)Leﬁ‘

Eguidedout M)

= —Rg —
Eguided,in My —R+

~Rg+
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Supplementary Note 3. Nanowire eigenmode dispersion analysis

To analyze the dispersion and electromagnetic near-field characteristics of the fundamental TM, eigenmode of a plasmonic
nanowire waveguide, we employ the finite-difference frequency-domain method® as implemented in Mode Solutions, Ansys
Lumerical. For each frequency or wavelength, a pair of values (8, &) indicates the allowed combination of propagation constant
B and attenuation constant @, from which we can deduce a relation o(f) that describes the TMy mode via a curve in the
complex wavevector plane (by eliminating the explicit frequency dependence), as demonstrated below in Supplementary Note
4. Note that here and throughout this work, we employ experimental single-crystal data'® for the dielectric function of the
constituent gold material.
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Supplementary Note 4. Nanocavity eigenmodes under gCPA

In order to ascertain and unambiguously confirm the emergence of the gCPA regime in a passive, feeding-wire-coupled
nanocavity, we perform transfer matrix calculations as described above (see Supplementary Note 2), thereby obtaining the
reflection coefficient r in the two-dimensional, complex wavevector plane (i.e., as a function of propagation constant § and
attenuation constant ). We plot in Supplementary Fig. 3a the reflectance |r|> and in Supplementary Fig. 3b the reflection phase,
Arg r where Arg denotes the argument, in the complex (f, &) plane, focusing on the case of the bonding dimer resonance.
Cavity resonances generally appear as pairs of extremal reflectivity features, where zeros are located in the loss region (a > 0)
and poles in the gain region (@ < 0). We show the dispersion characteristic of the TMy guided mode via the solid black
line, indicating the allowed combinations of o and f for it. Just above 800 nm, the reflectance displays a zero and a pole
(Supplementary Fig. 3a), accompanied by corresponding phase singularities (Supplementary Fig. 3b). To achieve true gCPA for
the bonding mode of the nanorods, the phase singularity at which zero reflectance occurs must reside on the dispersion curve of
the TMy mode'!, as is indeed the case in Supplementary Fig. 3. It is also worth commenting on the phase singularity present
in Supplementary Fig. 3b, corresponding to a reflectance pole and being therefore oppositely winded; here, the singularity is
associated with a negative field decay constant ¢, implying amplification of the guided plasmonic mode and the theoretical

possibility of surface plasmon amplification by stimulated emission in such a system!>~14,
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Supplementary Figure 3. Dimer nanocavity bonding and antibonding modes under gCPA. (a) Reflectance |r|? and (b)
phase change upon reflection, Arg r, in the complex wavevector (3, @) plane for the bonding mode, calculated in accordance
with the transfer matrix formalism. The reflection zero residing on the dispersion curve of the TM( guided nanowire mode
(solid black line) corresponds to the bonding resonance of the dimer nanocavity, marking a gCPA state at a wavelength of just
above 800 nm (indicated by the vertical dashed line). The phase singularity associated with the reflectance zero coincides with
the dispersion curve at the same critical wavelength. The transfer matrix analysis yields optimal system geometrical parameters
for gCPA in this case of L = 114 nm, d; = 3.5 nm and d» = 3.0 nm. These parameters are defined in Supplementary Fig. 2. (c)
Reflectance and (d) phase change plotted in the complex wavevector (3, o) plane for the antibonding mode. The reflectance
zero and pole, together with their corresponding phase singularities, are indicated. The optimal system geometrical parameters
for gCPA in this case are L = 166 nm, d; = 3.0 nm and d, = 3.0 nm.

In addition to the bonding mode, we also demonstrate here that the antibonding mode can be driven under gCPA (i.e., ideal
impedance matching) in a passive nanoplasmonic cavity-waveguide system. In order to meet the gCPA criterion, we shift the

77



reflection zero onto the dispersion characteristic of the TMy guided nanowire mode by systematically tuning L, d;, and d»
(parameters indicated in Supplementary Fig. 2). Supplementary Figure 3c depicts the resulting reflectance map, where the
minimum associated with the antibonding cavity mode resides on the dispersion curve (black solid line) at a critical wavelength
of 818 nm (see the figure caption for geometrical parameters). The associated reflection phase map is shown in Supplementary
Fig. 3d, where the phase singularity that accompanies the reflection minimum is analogously found lying on the dispersion
curve. Altogether, these results demonstrate that radiative as well as non-radiative nanocavity modes can be directly addressed
by our proposed, near-field-mediated gCPA driving mechanism.
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Supplementary Note 5. Electrodynamic simulations

In this study, we employ a combination of classical transfer matrix and full-dimensionality finite-difference time-domain
(FDTD) simulations in order to systematically identify gCPA in a plasmonic waveguide-driven nanocavity system. The transfer
matrix formalism has been described in previous work* and further details concerning our present application are given in
the above sections. Our full-dimensionality FDTD simulations'> of the spatiotemporal near-field dynamics are performed
using Ansys Lumerical software. The TMy nanowire guided mode discussed above is directly employed as a source in our
FDTD calculations. To ascertain the reflection characteristics of this mode, a two-dimensional, frequency-domain field monitor
(oriented perpendicular to the nanowire axis) is positioned 16 nm away from its hemispherical termination. On the basis of
a mode expansion analysis, the reflection coefficient r is calculated by normalizing the complex amplitude of the reflected
field (Areq) by that of the incident one (Ainc), ¥ = Arefi/Ainc. The reflectance is then simply given by |r|?, while the phase
change upon reflection is Argr. The same definitions are also employed in the presence of an emitter (see below). To limit
the computational cost in the case of an empty cavity, we exploit the cylindrical symmetry of the nanowire-dimer system by
simulating only a quarter of it, imposing symmetric boundary conditions in both the y- and z-directions. Additionally, open
boundaries in the x-direction are described by means of perfectly matched layers'>.

Note that the nanowire-nanorod and inter-nanorod gap sizes considered in this work (3 nm and 3 nm respectively) are sufficiently
large to justify the neglect of non-local and quantum corrections to our purely classical electrodynamic modelling. For sub-
nanometric junctions, fully quantum or semiclassical simulation methodologies may be required to ascertain the fundamental
reflection and transmission coefficients of the nanowire guided mode under the influence of such effects as electron spill-out at
metal-dielectric interfaces, non-local dynamical screening or quantum tunnelling across dielectric junctions. Nevertheless, as
long as these coefficients can be obtained, the gCPA condition would still be established in the same manner.
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Supplementary Note 6. Maxwell-Bloch simulations

To describe the interaction of a single quantum emitter with the plasmonic near-field of a waveguide-driven nanocavity in a
self-consistent fashion, we couple the classical Maxwell’s equations with the quantum mechanical optical Bloch equations'® 17
Denoting the ground and excited states of the emitter by |1) and |2) respectively, the Hamiltonian describing its interaction with
a classical external field is given by

H=10.6"6—-f-E=ho,66—pu-E(6 +6),

where @, is the transition frequency, 6 = |1)(2| and 6 = |2)(1] are the lowering and raising operators of the system respectively,
and g = (2|f1|1) is a transition dipole matrix element.

We regard the two-level emitter as an open quantum system which, in addition to its dipole interaction with an external field,
experiences relaxation and dephasing. The temporal evolution of the emitter density operator under these conditions can be
described by means of the following quantum master equation in Lindblad form'”,

%” = La.p)+ Eepst —6t6p—pete)+ Rstps —66Tp - post
t  h 2 2
+ 8656, p), )

where 6; = |2)(2| — [1)(1], % and ¥, are the incoherent relaxation and pumping rates respectively, and Y is the pure dephasing
rate. Assuming the emitter to be localized to a single spatial grid cell of size Ax, we can write its time-dependent polarization p
in terms of the corresponding macroscopic polarization density P featuring in Maxwell’s equations via

p=AXP =Tr(pf1) = (p12+pa1) = 2URe(p12). )

Forming matrix elements of the left- and right-hand sides of Eq. (3) in a basis comprising the emitter ground and excited states,
and using Eq. (4), we find the following system of coupled, partial differential equations for the density matrix elements p;;,

82p Bp 2we
5 t2eo+ (To+ o) p = —==p(p-E)(pn—p11) ©)
dpn _ dpu _ 1 (dp
at_&“w”%%<&“@ E ©

where ¥ = ¥ + ¥, and I'; = Y3 + 7/2 is the total dephasing rate. For the calculation of the quantities y and I, we disregard
thermal pumping given its negligibility at room temperature, and set % = 10° rad/s (corresponding to a nanosecond-scale
excited-state lifetime) as a typical order of magnitude for molecular and quantum dot emitters. Furthermore, we adopt
%4 = 4 x 10'3 rad/s as a representative value for such single emitters at room temperature. As a result, I's & ¥3. We also note
that since ¥, < ¥, the steady-state value of the excited-state population, p252S =%/(%+7%) < I and so we have neglected p232S
in our derivation.

A well-known complication of such self-consistent numerical simulations is the need to carefully treat the divergent nature of
the in-phase self-field of the point-like emitter, which can give rise to nonphysical frequency shifts and becomes particularly
important for larger dipole moments'® . To that end, we follow the self-interaction correction scheme proposed by Schelew et
al.'®, for which more detailed analysis and discussion can be found in their work. Here, the total electric field entering Egs. (5)
and (6) is corrected by subtracting a numerically divergent contribution E4, given by

iv __ P
Ed - 738083(Ax)3 [1+f(AX)]7

where &g is the dielectric constant of the embedding medium (here eg = 1) and

_< 3 >2/3 <1.15a)eAx\/§>2.

4n c

f(Ax) =

In this work, we solve numerically the system comprising Maxwell’s equations and the optical Bloch equations in a completely
self-consistent fashion, where the local electric field (computed using the FDTD method) drives a polarization response from
the quantum emitter (determined by solving the optical Bloch equations), which in turn couples back to the field.
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Supplementary Note 7. cQED model of photoluminescence

To predict the photoluminescence (PL) spectrum of the free nanocavity-emitter system in Fig. 2a of the main text, we employ a
simple theoretical model within the framework of cavity quantum electrodynamics (cQED). We assume that the lowest-order
bonding dimer mode of the nanorods behaves as a single bosonic cavity mode with frequency @, and is characterized by the
annihilation and creation operators d and a' respectively, while the emitter is treated as a quantum two-level system as described
above. In the absence of dissipative effects, the coherent and conservative dynamics of the interacting cavity-emitter system is
governed by the Jaynes-Cummings (JC) Hamiltonian which, under the unitary transformation U = exp [fia)pt(éTcAr + dT&)] ,
reads

Hic = h(@. — 0,676 +ng(as™ +a’6).

The coupling strength is given by g = \/Fu—1 (e, @) Yo k/2, where F,,—i (te, @) is the local Purcell factor of the lowest-order
bonding mode at the position of the emitter r., 7}y is the free-space decay rate, and x is the cavity mode decay rate. Physically,
the PL spectrum can be determined from the steady-state number of photons (4'a) in the system as a function of frequency,
subject to pumping, dissipation and decoherence. To capture the impact of these effects, we describe the system dynamics via a
quantum master equation for the density operator p, dp /dt = £ p, where

A Ko aa s AP AA A AT A AA A At aAA  Aata

Zp :—%[HJQp]+§(2apaT—aTap—paTa)—i-?(ZGpGT—GTGp—pG 6)
AN ian AataA Aaa N
+5(26p6-66"p—p66T) + 7 (6:p6:—p)

Here, ¥3 = 26 meV is the pure dephasing rate of the emitter as above, A = 1 meV is the incoherent pumping rate (chosen
sufficiently small to render the system in the weak excitation regime) and %, is a relaxation rate arising from higher-order,
non-radiative plasmonic modes of the cavity, which are assumed to behave collectively as a single pseudomode®”. We calculate
Yar Via Y (te, @) = Fs1 (fe, @)% (@), where the Purcell factor due to the higher-order modes, F,~1(te, ®), is estimated by
subtracting Fy,— (re, @) from the total Purcell factor Fi(re, ). The latter is rigorously defined by

_ Im[n.-G(re,1e, ®) -n]
~ Im[ne -Go(re,re, ®) -ne]’

Fot (re7 CO)

where G(re,r., ) and Gy (re, ., ®) are dyadic Green’s functions pertaining to the nanorod dimer and free-space electromagnetic
environments respectively?!. In practice, Fi(Te, @) can be calculated by monitoring the power radiated by an intracavity dipole
source with the same position re, dipole moment magnitude pt = || and orientation ne, as well as frequency @, as the quantum
emitter, via the standard relation

dw  o’p?
dt ~ 2egpc?

Im [ne 'G(r€7r67 a)) -ne] ’

in which € is the relative permittivity of the material environment. Supplementary Figure 4 presents the multimode Purcell
factors of the nanorod dimer cavity considered in Fig. 2a of the main text. The wavelength-dependence of the quantities F,—;
and F;,~ are described by means of multi-Lorentzian fits to the calculated Fiy, guided by its decomposition into radiative
and non-radiative contributions. The decay rate of the bonding dimer mode can also be estimated from the full-width at
half-maximum of the corresponding peak in Fiy, for which we obtain k¥ = 0.126 eV.

Finally, the PL lineshape can be determined by invoking the Wiener-Khintchine and quantum regression theorems in a similar
spirit to previous works?>23, ultimately yielding

SpL(®) o< —Re (Tr{cf [g—i(a)—mp)j}‘ldpo}), %
where .7 is the identity operator and Py is the steady-state solution of the quantum master equation, satisfying £ py = 0. To
utilize this result in practice, we express all operators in matrix form, adopting a basis formed by products of the cavity-mode

Fock states and two-level system ground and excited states. Note that by virtue of the weak excitation regime characterized by
(a'a) < 1, we can restrict the calculation of the trace in Eq. (7) to only the zero- and one-photon cavity states.
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Supplementary Figure 4. Multimode Purcell factors of a nanorod dimer cavity. The structure comprises a pair of coaxial
gold nanorods, each of length 114 nm and with an end-to-end separation of 3 nm. The total Purcell factor Fi, (solid black line)
is decomposed according to the Purcell factor of the lowest-order bonding dimer mode, F,—; (red dashed line), and the Purcell
factor arising from higher-order, non-radiative modes, F,,~; (dashed blue line), described by means of multi-Lorentzian fits.

Note that these quantities are calculated using a dipole source positioned at the center of the gap and oriented along the x-axis.
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Supplementary Note 8. Quantum steady-state analysis of a continuously pumped Jaynes-
Cummings system

In this section, we examine the steady-state dynamics of a JC system interacting with a weak, continuous-wave (CW) driving
field that is near-resonant with one of the lowest polaritonic transitions (i.e., from the ground state to either of the first-rung
polaritons in the JC ladder). As we show in the following, the use of a CW field necessarily induces semiclassical Rabi
oscillations between the ground and excited states of the system, in stark contrast to our proposed quantum nanoplasmonic
coherent perfect absorption (qnCPA) scheme that achieves truly stationary (time-independent) polariton populations.

Perturbation theory for steady states

Our analysis of a continuously pumped JC system is predicated on the quantum theory of steady states, first presented in a
rigorous and unified manner by Sambe?*. In particular, we shall rely on the perturbation-theoretic approach introduced therein,
whose pertinent elements are briefly reviewed here before the technique is applied to the driven JC problem.

We consider a system with a time-independent Hamiltonian H(%) subject to a time-periodic interaction V () with controllable
strength. The total Hamiltonian H(¢,A) is given by

H(t,A) =HO £ v ().

We shall assume that V (¢) has period 7 =27/ [i.e., H(t + T,A) = H(t,A)] and that A < 1. Following the general theory of
Sambe?*, we define the steady states |s(¢,74)) and quasi-energies &'(A) as solutions of the eigenvalue problem

[AOLAV ()] Is(t,2)) = ED)Is(1,2)), ®

where 70 = HO) — ing /dt. The operator featuring on the left-hand side of the above equation is linear and hermitian;
in the quantum theory of steady states, it plays a role entirely analogous to that of the time-independent Hamiltonian for
stationary states. The quasi-energies are real whilst the steady states exhibit the same periodicity as the interaction potential,
|s(t4+17,4)) = |s(t,A)). Once they are known, the complete state vector of the system at time ¢ can be expressed in the form

w(t.2)) = e PMs(1,2)).
It should be noted that if {&'(A4),|s(¢t,A))} constitutes a solution of the steady-state eigenvalue problem in Eq. (8), then
E'(R) = EA) +aho,  I8(1,4)) = 1 ]s(1, 1)) ©)
is also a solution for any integer g. However, the corresponding full state vectors are identical,
e M (1, 1)) = e S (1,1)).

As such, the set of solutions given by Eq. (9) specify physically equivalent steady states. Of course, this redundancy can be
addressed by reducing any given quasi-energy & to a pre-defined interval or zone,

1 1
E—-hw<&<E+-hw
5 <& +2 ,

according to an arbitrary choice of real number E. In this way, physically distinct steady states can be characterized by their
reduced quasi-energies, which all lie in the same zone.

Assuming a weak applied field, we seek a perturbative solution of Eq. (8) for the steady states and quasi-energies. To this
end, we proceed as in standard Rayleigh-Schrodinger perturbation theory for stationary states, developing series expansions in
powers of A,

EA) =0 4 A6M 226 4 (10)
Is(,4)) = 15O (1) + A |s™ (0)) + 22 (s (1)) + ..., (11)

where |s") (t + 7)) = |s(")(¢)) for all n. The zeroth-order solutions {&®), |5 (¢))} are obtained by solving the unperturbed
eigenvalue problem

#0)|s(1,0)) = £(0)|s(t,0)), (12)
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identifying &) = £(0) and |s(°) (r)) = |s(¢,0)). They are readily determined via diagonalization of the time-independent
Hamiltonian #(?); indeed, denoting the eigenvalues and eigenstates of H ©) by E, and |¢,) respectively, the steady states and
quasi-energies of the unperturbed system are

&(0) = Ex+qho, |s(t,0)) = € [@y),

where a choice of zone as discussed above fixes ¢ uniquely. Having solved the unperturbed eigenvalue problem in Eq. (12), the
expansions in Egs. (10) and (11) allow systematic perturbative corrections to be made to the unperturbed quasi-energies and
steady states at ever higher orders in A.

For the specific problem of interest here however, namely that of a quantum transition between two states induced by a
near-resonant field, some care should be exercised. We consider once more the unperturbed eigenvalue problem of Eq. (12)
and suppose that H(®) has two particular eigenvalues, say E; and E,, which satisfy E» = E| 4+ ho. Then, it is readily seen
that |¢;) and e~'®|¢) are two eigenkets of .77 () corresponding to distinct physical states of the system, but with the same
eigenvalue E;. Thus, even if the eigenvalue E; of H(®) can be treated as non-degenerate in stationary-state perturbation theory,
it is degenerate as an eigenvalue of 7 (9), This necessitates a degenerate formulation of perturbation theory for steady states,
also presented in Ref.?* and briefly summarised below.

Suppose that é”l(o) and @@2(0) are two distinct eigenvalues of .77(®) and that |s50) (t)) and \s(zo) (t)) are the corresponding steady

states. Provided that the former are sufficiently close so as to satisfy |(<§1(0) - (%(0)) /Al < |<s§0) |V(t)\s(20))ss|, the first-order
approximate solution
1

EM)=3 (é”l(o) + ég(“)) +26W 4+ 623

I5(1,2)) = c1 s\ (1)) + calss (1)) + 6 (),

can be found by obtaining non-trivial solutions of the secular equation

V11+A—g(1> Via cq
= 1
( Va1 Voo —A— &W 2 0 (13

where A = (é”l(o) — é@z(o)) /24 and V,,,, = (sﬁ,? ) [V (¢) |s§,0) )ss. The subscript SS appearing in the above matrix elements denotes an
inner product that pertains to the Hilbert space of the steady states of the system and whose definition is given in Ref.*. We
leverage this formalism in the next section to explore the dynamics of a JC system subject to a weakly perturbing, near-resonant,
CW field.

Application to the driven Jaynes-Cummings system
We now study the case in which H(?) is the Hamiltonian for the free JC system,

HY = hayo'o +haya'a+hg(a'o +ach), (14)
and V (¢) describes its interaction with a classical, external, CW driving field,
VO‘) — Fe'®t —|—FTe7iw’,

in which ' may be proportional to either ¢ or a (i.e., the external field may couple either to the two-level emitter or the cavity
mode).

The unperturbed steady states and quasi-energies [i.e., the solutions of Eq. (12)] are determined by the eigenstates and eigen-
values of the JC Hamiltonian in Eq. (14). These are precisely the well-known dressed or polariton states and corresponding
energy levels of the JC ladder, which can be found in standard texts on quantum optics (for example, see Ref.?). In our present
analysis of the CW-driven JC system, we focus on the ground state, |¢;) = |0) ® |g), and a polariton state at the first rung of the
JC ladder, say the lower one |¢) = (|0) ®|e) — |1) ®|g)) /v/2 = |I), denoting the corresponding eigenenergies by Ej and E,
respectively. Here, |0) and |1) are vacuum and single-photon Fock states of the cavity mode, while |g) and |e) are the ground
and excited states of the emitter. We also assume that iw ~ E, — E, corresponding to near-resonant driving by the applied
field.
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Reducing the quasi-energies to a single zone, we can write the zeroth-order solutions as

6" =Ey, 157 = |91)
&% — B, — o, s37) = e gs).

The eigenvalues of the matrix in Eq. (13) are then found to be

60 = 2[4+ (0l Flgn) )

with A = (E| — E; +h®) /2, while the corresponding eigenvectors (c1+,cp+)” are determined (up to a phase factor) by the
relations

F
Ri:qii=<¢l| |¢2>’ ‘C1i|2+‘c2i|2:1-

Co+4 i(l) —A

The first-order solutions are thus given by

_ile© 20
W (0) = [ercls®) +easls®] e 174D,

with 60 = [+ £ 2

We now suppose that the system is prepared in the state |¢) = |0) ® |g) at time # = 0. Correct to first order, the state at time
t > 0 is described by

o—i6Ot/n o () )
|W(t)> — = = |:R+€I)Lé’+ t/h_Riefzkél t/h:| ‘¢1>
+_ —
—i©0)
e iEVt/h ) (1)
+ e iot [e”l&r t/h_eleéi t/h:| |¢2>
Ry —R_

The probability N, (¢) of finding the system in the state |¢) at time ¢ is finally given by

e
No(t) =
2(1) R, —R_
_ A2[(@1|F|@2)[* (sinQx 2 n
hz Q b

where 1Q = [ (E1 — E» + ho)? + A% (1| F|$2)|?] "2 The probability Ny (t) to find the system in the state |¢;) at time 7 is
readily shown to be N; () = 1 — N, (). Note that in the main text we refer to the ground-state |@;) as |0), and the polariton state
|¢2) as |j) with j = I,u. Equation (15) is precisely the semiclassical Rabi formula; our analysis thus establishes that a weak,
CW driving field, which is near-resonant with one of the first-rung polaritonic transitions of the JC system, induces a temporal
cycling of population (i.e., semiclassical Rabi oscillations) between the ground and excited states.
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Supplementary Note 9. Movies of the nanocavity-emitter system under qnCPA

The movies are available online and display the time-harmonic evolution of the electric near-field components E, and E; at the
critical frequencies for qnCPA, in both the upper polariton state (Supplementary Movies 1 and 2, respectively) and the lower
polariton state (Supplementary Movies 3 and 4, respectively). The left-hand side in each visualization presents a global system
perspective, from which we observe the resonant feeding of the nanocavity-emitter system by the right-propagating nanowire
plasmon mode. Indeed, as discussed in the main text, the precisely optimized combination of rod lengths, nanogap dimensions
and frequency (see the caption of Fig. 3 in the main text) renders the hybrid system in a novel kind of impedance matching,
whereby the nanowire excitation is transferred coherently to the nanocavity-emitter device with a complete suppression of
back-reflected signals, preparing the latter in a pure, plasmon-emitter dressed state with the utmost selectivity, as afforded by
the frequency-specificity of the qnCPA condition itself.

In addition to the global system view, we also provide a zoom-in display of the time-harmonic near-field evolution in the
nanocavity-emitter region (directly corresponding to the region demarcated by a black box in Fig. 4 of the main text). It is
in this comparatively small region (~ 3 nm wide) that we can identify the key distinguishing spatial characteristics of the
two polaritons, namely an in-phase relationship between the local nanocavity and emitter fields for the upper polariton state
(Supplementary Movies 1 and 2) and an antiphase one for the lower polariton state (Supplementary Movies 3 and 4).
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