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REVIEWER COMMENTS

Reviewer #1 (Remarks to the Author):

In the present work, entitled “Axion Topology in Photonic Crystal Domain Walls”, C. Devescovi and
colleagues, propose a theoretical design of a photonic crystal containing a gyrotropic material leading to
axion-like response and topology. The proposed system can be realized experimentally and may offer
unidirectional topological hinge states. One of the advantages of the system emphasized by the authors
is tunability by magnetic field. Overall, the paper is well-written, and results are scientifically sound.

My main concern with this work is related to the lack of breakthrough novelty. | understand that the
authors may have a non-electromagnetic/photonics background and may not be aware that the term
they refer to as axion term, leading to the magneto-electric coupling, is well-known in photonic as bi-
anisotropic response. As such, this response has been studied quite intensely in the context of
topological photonic crystals. Moreover, there is a huge variety of responses that can be engineered,
both breaking time-reversal symmetry (e.g., Tellegen-like repone) and not (e.g., chiral response). In fact,
the first symmetry protected topological photonic phases proposed was based on magento-electric
coupling of this kind [1], experimentally realized [2,3], and even extended to 3D [4]. Topological systems
with magneto-electric coupling due to ferrites was also proposed in Ref. [5], and gained more attention
in recent studies [6,7]. Thus, | do not see how this work, while presenting an original result, can be
suitable for Nature Communications. | think impact falls a bit short. | would definitely have a different
stance if the work was accompanied by experimental study, as no axion/Tellegen topological system has
been presented experimentally to the best of my knowledge.

To summarize, while | find this work interesting and presenting an original results on topology a 3D
system with engineered axion-like response, | do not find it groundbreaking and original enough to
appear in Nature Communications. | believe other journal, such as Physical Review journals or Scientific
report, would be more appropriate for the dissemination. This is especially true since one-way hinge
states has been already proposed in a simpler system based on an electric circuit [8], which is much
more easy to reconfigure and tune, which the authors present as one of the major selling points of their
design.
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Reviewer #2 (Remarks to the Author):

In the manuscript entitled “Axion Topology in Photonic Crystal Domain Walls”, the authors present a
theoretical study of a photonic axion insulator in a 3D magnetic photonic crystal that sustains tunable
chiral hinge states along the domain walls. In the theoretical analysis, they employ a transversality-
enforced Tight-binding (TETB) model and calculate the magnetic symmetry indicators by analyzing the
parity eigenvalue at the high-symmetry points. In the numerical simulations, they use a 3D magnetic
photonic crystal with tunable magnetization direction and calculate the slab Wilson loops by counting
the winding of the Berry phase. As far as | know, this paper proposes and demonstrates the first
theoretical model and general design strategy of photonic axion insulators in 3D magnetic photonic
crystals. Therefore, it is definitely interesting for a wide audience in the research field of topological
photonics. Before | can recommend its publication in Nature Communications, some
guestions/comments need to be clarified and addressed.

1, The authors use both the magnetic symmetry indicators and the slab Wilson loops to verify the
topology of the axion insulator, what are the differences? It would be better if the authors could provide
a parity eigenvalue at high-symmetry points of the magnetic photonic crystals to understand the
magnetic symmetry indicators.

2, Since the chiral hinge states in the manuscript are similar to the topological one-way fiber [Nat.
Commun. 9, 5384 (2018)], can the authors comment on their differences and highlight this point in the
manuscript?

3, Could the authors provide a reference that discusses the details of the permittivity tensor when the
direction of magnetization is changed?

4, Since the prominent topological feature of the photonic axion insulators is the unidirectional and
robust propagation of light, can the authors conduct full wave simulations to demonstrate the one-way
and defect-immune propagation of the chiral hinge states?



5, In the present manuscript, the photonic chiral hinge states only emerge in the domain wall between
two magnetic photonic crystals, can the chiral hinge states exist on the outer hinges of a single photonic
crystal? If yes, can the author provide a design strategy?

Reviewer #3 (Remarks to the Author):

The article "Axion Topology in Photonic Crystal Domain Walls" by C. Devescovi et al. proposes a general
strategy to design axion insulators in gyrotropic photonic crystals. As far as the reviewer knows, this is
the first time that such a topological phase has been found in any photonic system. The design strategy is
based on the introduction of a static, geometric supercell modulation of the lattice dielectric elements.

The obtained axionic modes of light propagate in the form of unidirectional and non-reciprocal channels
localized at the hinges of the crystal. Such modes could be used in guided-light communication
networks. Moreover, the article proposes a way of manipulating the axionic channels through a small
external magnetic bias. Such a proposal could be used as an effective switch to guide light between
various one-dimensional light channels, controlling the direction of the flow of light.

Besides, intriguingly, axion insulators couple with electromagnetism in the bulk similarly to dark matter
axion-like particles. Based on this similarity, recent studies have suggested that axion insulators, as the
one presented in this article, could be used as axion dark-matter particle detectors.

Overall, the manuscript is very interesting work. The theory and analysis are solid and well supported by
the data and discussion. Without experiments, it will lead many interesting works in topological
photonics and the closed related field. It is still worthwhile to be considered in Nature Communications.

The detailed questions and comments are following:

1) How feasible would it be to build such axion insulators experimentally?

2) The article uses a recently developed method to build tight binding models of 3D photonic crystals.
The intrinsic vectorial nature of electromagnetic field solutions in 3D Photonic crystals have precluded



the development of such models in the past. How easily could one adopt this strategy to develop models
of crystals in any space group with an arbitrary unit cell?

3) The following references could be added to reflect the state-of-the-art.
https://www.nature.com/articles/s41467-022-30909-0
https://www.sciencedirect.com/science/article/abs/pii/S0010465522002120
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.99.235423
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.195105
https://onlinelibrary.wiley.com/doi/full/10.1002/adom.201900900
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We thank the Referees for the time devoted to reviewing our manuscript: We believe that their input has allowed
us to substantially improve the quality of our manuscript. In the following, we respond point by point to all their
questions and concerns, indicating the changes we implemented in our article accordingly. Our point-by-point responses
are written in black and provided with the original comments reproduced verbatim in blue.

REFEREE NO. 1

In the present work, entitled ’Axion Topology in Photonic Crystal Domain Walls’, C. Devescovi and colleagues,
propose a theoretical design of a photonic crystal containing a gyrotropic material leading to axion-like response and
topology. The proposed system can be realized experimentally and may offer unidirectional topological hinge states.
One of the advantages of the system emphasized by the authors is tunability by magnetic field. Overall, the paper is
well-written, and results are scientifically sound. My main concern with this work is related to the lack of breakthrough
novelty. I understand that the authors may have a non-electromagnetic/photonics background and may not be aware
that the term they refer to as axion term, leading to the magneto-electric coupling, is well-known in photonic as
bi-anisotropic response.

We thank the referee for reviewing our work and for their comments. Addressing first the referee’s concern about the
electromagnetic/photonic background of the authors, we would like to highlight that one of the corresponding authors
of this work, Aitzol Garcia-Etxarri, has more than 15 years of experience in research on photonics. In particular, one
of his main research areas is focused on the optical response of chiral/bi-anisotropic and dual dielectric systems. As
examples of his expertise, we include a selection of his articles on related topics here [1-14]. As a result, the relation
between magneto-electric coupling and bi-anisotropy is well familiar to the group of authors.

For the sake of clarity, we would like to point out a very common misconception. When talking about axions, it is very
important to differentiate between axionic response and axion topology. Awzion response refers to a magnetoelectric
coupling in Maxwell’s equations which emerges in bi-anisotropic media and it is related with Tellegen media. Azion
topology, instead, is a property of a band-structure that leads to the emergence of topological chiral hinge modes.

In electronic crystals, axion topology implies an axion response. This connection traces back to how electric fields
couples to charge particles [15-19]. However, our manuscript deals with photonic crystals. Hence, our systems are
not electrically charged, forbidding this direct connection between axion topology and magnetoelectric coupling. It is
worth mentioning that the existence (or not) of such a connection constitutes a fascinating open problem that deserves
to be studied further in the future. Despite the absence of this connection, axion topology leads to the emergence of
topologically protected chiral hinge modes, not only in electronic systems but also in photonic systems, as confirmed
by the present study.



Moreover, and most importantly, in our design, axion topology arises exclusively due to the topological properties
encoded in the photonic bands. As we will highlight several times in this reply, we do not employ any kind of bi-
anisotropy in our system. The axion topology of our system relies exclusively the gyrotropic nature and periodicity
of the crystal. We found the referee’s comments particularly stimulating. Since we believe that other readers may
have similar questions, in the new version of the manuscript, we address the relation between bi-anisotropy, Tellegen
media, and axion response in the new section "Bi-anisotropic media and Tellegen responses." Moreover, we also
analyze briefly the connection between axion insulators and magneto-electric coupling in electronic systems in the new
"Magneto-electric response of condensed matter axion insulators" section of the manuscript.

As such, this response has been studied quite intensely in the context of topological photonic crystals. Moreover,
there is a huge variety of responses that can be engineered, both breaking time-reversal symmetry (e.g., Tellegen-like
repone) and not (e.g., chiral response). In fact, the first symmetry protected topological photonic phases proposed
was based on magneto-electric coupling of this kind [1]|, experimentally realized [2,3], and even extended to 3D [4].
Topological systems with magneto-electric coupling due to ferrites was also proposed in Ref. [5], and gained more
attention in recent studies [6,7].
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The works [20-24] cited by the referee predominantly focus on the use of bi-anisotropy to induce and protect
topological phases. For instance, Reference [20] demonstrates using material bi-anisotropy to mimic spin-orbit coupling
in light to emulate photonic analogs of the quantum spin Hall effect in 2D. Other of the cited references, like [23], use
bianisotropy engineered in the sub-components at the unit cell level to open a Z; gap in a 3D Dirac semimetal. These
studies show that bi-anisotropy can effectively induce topological effects in photonic band structures. Nevertheless,
our contribution strongly contrasts with the works cited in that we obtain a novel topological phase in a system where
bi-anisotropy is inherently absent both in the meta-atom design and in the dielectric medium.

Our approach further contrasts with the other studies referenced by the referee [25, 26], which propose to employ
time-dependent dynamical driving to induce an axionic topological phase. In our structure, axion topology arises
solely from the periodicity of a static photonic lattice and inversion symmetry quantization.

Thus, I do not see how this work, while presenting an original result, can be suitable for Nature Communications. I
think impact falls a bit short. I would definitely have a different stance if the work was accompanied by experimental
study, as no axion/Tellegen topological system has been presented experimentally to the best of my knowledge.

Addressing the referee’s concern about the lack of experimental evidence, taking into account that we agree with
them that an experimental realization could be developed, we have introduced new sections in our manuscript detailing
practical steps toward realizing the axion-insulating phase in photonic crystals. Although our study remains theoretical
and supported by comprehensive electromagnetic simulations, the sections "Key Elements of Relative Axion
Design" and "Suitable experimental platforms" outline experimental strategies and identify existing platforms
suitable for our design. We also stress that our photonic axion proposal does not require bi-anisotropic media and solely
employs gyrotropic periodic materials. Please note that very strong gyrotropic responses can be effectively realized
within state-of-the-art techniques in photonic crystals at microwave frequencies [27], highlighting the feasibility of our
proposed implementation.

To summarize, while I find this work interesting and presenting an original results on topology a 3D system with
engineered axion-like response, I do not find it groundbreaking and original enough to appear in Nature Communi-
cations. I believe other journal, such as Physical Review journals or Scientific report, would be more appropriate for
the dissemination. This is especially true since one-way hinge states has been already proposed in a simpler system
based on an electric circuit [8], which is much more easy to reconfigure and tune, which the authors present as one of




the major selling points of their design. [8] X. Ni, et al., Phys. Rev. Applied 13, 064031 (2020).

We appreciate the referee’s comparison of our tunable axionic hinge states with the tunable one-way hinge states
found in electric circuits. However, we wish to clarify that the hinge states in our setup emerge as a consequence of
the axion topology we investigate. This key distinction sets our work apart from the referenced electrical circuit-based
systems, which, unlike our photonic platform, do not exhibit any axion topology nor enable magneto-optic control.
Far from being a mere proposal of tunable hinge states, our work introduces a topological photonic phase that, to our
knowledge, has not been previously explored within 3D photonic crystals. This phase, inspired by condensed matter
physics - where it remains elusive and challenging to observe - shows significant promise for photonic implementations.
The first reason is that the mature fabrication techniques in 3D gyrotropic photonic crystals hint at possible realization
in gyromagnetic setups. The second reason is that the topological term in axion insulators directly relates to the axion-
photon coupling mechanism. In the present study, we’ve demonstrated the application of axion topology for inducing
topological switching and control of magneto-optical photonic axionic channels. Looking ahead, the scope of our
photonic design aims to further the exploration of axion dark matter to bridge traditional and topological approaches
for axionic matter detection. All these capabilities would not be achievable in electrical circuits-based systems. Thus,
we believe that our work’s originality and potential impact align well with the scope of Nature Communications,
offering significant contributions to the field of 3D topological photonics. In response to the referee’s concern, we’ve
adjusted our manuscript to focus more on the significance of axion topology in a photonic setup than on the simple
reconfigurability or tunability of its axionic hinge states. The new version highlights these new comments and sentences.




REFEREE NO. 2

In the manuscript entitled “Axion Topology in Photonic Crystal Domain Walls”, the authors present a theoretical
study of a photonic axion insulator in a 3D magnetic photonic crystal that sustains tunable chiral hinge states along
the domain walls. In the theoretical analysis, they employ a transversality-enforced Tight-binding (TETB) model and
calculate the magnetic symmetry indicators by analyzing the parity eigenvalue at the high-symmetry points. In the
numerical simulations, they use a 3D magnetic photonic crystal with tunable magnetization direction and calculate the
slab Wilson loops by counting the winding of the Berry phase. As far as I know, this paper proposes and demonstrates
the first theoretical model and general design strategy of photonic axion insulators in 3D magnetic photonic crystals.
Therefore, it is definitely interesting for a wide audience in the research field of topological photonics. Before I can
recommend its publication in Nature Communications, some questions/comments need to be clarified and addressed.
1. The authors use both the magnetic symmetry indicators and the slab Wilson loops to verify the topology of the
axion insulator, what are the differences? It would be better if the authors could provide a parity eigenvalue at
high-symmetry points of the magnetic photonic crystals to understand the magnetic symmetry indicators.

We thank the referee for raising this interesting question. Symmetry Indicators (SIs) and slab Wilson loops offer
distinct approaches to characterizing topological phases in photonic crystals. SIs, rooted in Topological Quantum
Chemistry, utilize symmetry arguments to ’indicate’ and probe the topological nature of band structures, focusing on
the sole symmetry content at High-Symmetry Points (HSPs), which is computationally a desirable property. However,
their characterization can, in certain cases, be insufficient to fully resolve the topological properties. A clear example
is the case of the Z» ; indicator in the inversion-symmetric magnetic space group #2.4. Though related to the parity
of associated Chern number (C;):

Ol' = 5271' mod 2, (1)

the symmetry indicator alone cannot fully determine its value. Conversely, slab Chern numbers provide a more direct
method to extract the topological invariants by evaluating the Wilson loop of a slab, allowing for the identification
of half-quantized Hall conductivities and offering an unambiguous characterization of relative axion topology [28, 29],
even in complex scenarios where SIs may falter, though at the cost of a computationally more demanding calculation.
In our topological characterization of relative axion insulators, we employed both methods to achieve a comprehensive
characterization of the topological phases within photonic crystals, specifically targeting the observable properties of
axion topology. The two main reasons are the following. SIs, being computed locally in momentum space at the HSPs,
might miss the effects of other features in the Brillouin zone, which can obscure the axion topology, such as the presence
of other gapped bands overlapping spectrally with the relevant axion gap or the presence of Chern surface states, the
latter being particularly relevant in our case. Moreover, the z; = 2 symmetry indicator, despite being associated
with axion topology, becomes origin-dependent in the presence of an anomalous Hall background contribution [28, 29],
which again is exactly what happens in our case, due to the presence of a non-zero Chern vector in the bulk of the PhC.
Because of these limitations, despite observing a |0z, = 2| discontinuity between the ¢ = 0, 7 bulk bands and a double
parity inversion on the V-point, we also relied on slab Wilson loops for a conclusive characterization of the physically
observable effects of relative axion topology. It’s crucial to highlight that beyond the primary focus on topological
characterization, the explicit calculation of the Z; indicator underscores a clear connection between relative axion
topology with the shift in the supercell modulation, a point probably not stress enough in our first submissstress the
importance of the origin-dependence of magnetic symmetry indicators in enabling relativion. To elaborate more on
the origin-dependence of the zZ, and its relation with the relative shift, we added two new supplementary subsections,
named "Origin-dependence of the Z; symmetry indicator" and "Engineering axion topology through unit
cell shifts". As further suggested by the referee, to allow a better understanding of the characterization via magnetic
SIs, we provide herewith the parity eigenvalues at the HSPs and show explicitly their relation with the SIs. The table
I is incorporated into the Methods section of the manuscript. The parity eigenvalues are related to the magnetic Sls
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Table I: Comparison of the parity eigenvalues for the two different axionic phases (¢ = 0, 7). nf count the number of modes with £ parity
eigenvalues at the k;, HSP. The HSP labeling is done according to Bilbao Crystallographic Server (BCS) via the MKEV tool [30, 31]. Underline
marks highlight the double exchange of the parity eigenvalues happening at the V point.
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where n?{ (n;,) are the multiplicities of the positive (negative) parity eigenvalues at the Z-invariant high-symmetry
point kj, and R,; are the primitive lattice vectors. This returns, depending on the phase ¢:

VZIOL = {0,0,1/|0} (4)

vyt =1{0,0,1[2}. (5)

2, Since the chiral hinge states in the manuscript are similar to the topological one-way fiber [Nat. Commun. 9,
5384 (2018)], can the authors comment on their differences and highlight this point in the manuscript?

The one-way fibers discussed in Ref. [32] and our hinge states share the characteristic of chiral unidirectional
propagation, a feature also observed in other topological edge states within gyrotropic photonic environments due to
the breaking of time-reversal symmetry. Despite these similarities, significant differences exist in their physical origins,
potential applications, structural properties, and topological protection mechanisms.

The one-way guided modes from the referenced study arise from defects linked to screw dislocations within the
crystal’s periodic structure and are protected by a second-Chern number. In contrast, the hinge states we propose
are higher-order topological insulator modes that originate from inversion-symmetry quantization and are protected
by an axion invariant. This fundamental distinction in origin and protection mechanism leads to differing properties
between the two types of states.

A practical distinction is our ability to manipulate the location of axion hinge states on any of the four hinges of
the structure (Fig.6), unlike the one-way fibers, where localization is strictly determined by the existing dislocations.

Additionally, the proposed fabrication process for the two structures diverges significantly. Our method involves
establishing a domain wall between two photonic crystals, whereas the one-way fibers require a continuously tailored
pattern of screw dislocations overlaid on a pre-existing supercell modulation.



Another fundamental structural difference concerns the bending characteristics and the topological propagation.
In an axion insulator, a finite structure in all three dimensions would exhibit a closed string wrapping around the
central axion core [33], evidenced in our simulations by the presence of both an upward-moving and downward-moving
state at inversion-related hinges (Figs. 5-6). This contrasts with the one-way modes propagation of the helix, which
propagates unidirectionally along the vertical dislocation, and where, as the authors show, fiber bends can disrupt the
3D bandgap.

Overall, while both systems share the trait of unidirectional propagation, the topological properties, mechanisms
of protection, possible fabrication and applications of our hinge states and the one-way fibers differ markedly. This
highlights the specificity of our chiral hinge states.

3, Could the authors provide a reference that discusses the details of the permittivity tensor when the direction of
magnetization is changed?

In gyrotropic media, the magnetically-induced anisotropy in the permittivity tensor is controlled by the gyration
vector 1 = (1), My, 1) according to the relation:

Exx Mz —iTy
e=| —i, eyy M | (6)
+iny —iNe €.

where n = n(H®™") depends by the applied external magnetic field H**. In our case, we assumed the simplest scenario
of an isotropic medium, for which:

n(H) = H™, (7

with ¢ > 0. Correspondingly, as the magnetic field is rotated along a given i direction, each of the 7; components in
the permittivity gets activated. For reference, these relations are discussed in detail in textbooks such as [34] and also
briefly covered in [35]. These references have been added to the main text.

4, Since the prominent topological feature of the photonic axion insulators is the unidirectional and robust propaga-
tion of light, can the authors conduct full wave simulations to demonstrate the one-way and defect-immune propagation
of the chiral hinge states?

We thank the referee for this question and appreciate the opportunity to discuss the methodologies and computa-
tional strategies that have guided our study. Initially, we intended to perform full-wave electromagnetic simulations
on the xy confined 3D rod geometries for the demonstration of the axion hinge states (Figs. 5-6) expected by our
theoretical analysis. However, due to computational challenges, even within an HCP computing cluster, we en-
countered significant limitations, particularly the impossibility of simulating more than 16x16x3 unit cells in a PhC
without encountering dramatic finite-size effects. This challenge necessitated the development of an electromagnetic
transversality-enforced tight-binding (TETB) model to enable the simulation of the supercells required for observing
the axionic hinge states. As detailed in the Methods section, this TETB model is fully constrained by transversality
and symmetry, adhering strictly to Maxwell’s equations constraints and the crystalline symmetries of the dielectric
distribution. In our Ref. [36], we demonstrated the TETB method to faithfully reproduce all the symmetry-indicated
topologies, such as inversion axion topology, offering a robust alternative to direct full-wave simulations to test topo-
logical properties.

We believe the referee’s suggestion also hints at applying time-domain simulations for dynamic analyses of chi-
ral propagation and disorder effects in our structure, which would require a very different approach from the one
employed here. Our present investigation, in the frequency domain, exploits topological band theory, focusing on
momentum-space analysis, to elucidate the topological properties and boundary phenomena of the bands. Notably,
the unidirectionality of the hinge states is evidenced by the presence of chiral channels that span the topological gap,
without any counter-propagating modes, offering evidence of topological protection that’s observable even without
direct time-domain visualization.



It’s important to note that our simulations of surface states and domain walls (Fig. 4 of the main text and Fig.
S1 of the Supplemental Materials) with axion topology were conducted using full-wave electromagnetic simulations in
MPB, showcasing our commitment to leveraging direct full-wave electromagnetic simulation techniques where feasible.

Given the computational and methodological constraints mentioned, further exploration of the hinge states’ dynamic
propagation characteristics, particularly through time-domain FDTD simulations, would necessitate a dedicated study
beyond the current scope of our proposal. Additionally, the specific role of defects within the context of axion insulators
has been explored in literature, indicating that quenched disorder, which maintains average inversion symmetry, does
not lead to the delocalization of axionic states [37].

In summary, the complexities associated with direct full-wave simulations in our structures have eventually led us
to develop alternative methodologies, such as TETB approaches, that allow us to probe the topological properties and
observe the axionic hinge channels of our electromagnetic system, presenting a robust alternative to direct full-wave
simulations suited for extended 3D PhC supercell geometries.

5, In the present manuscript, the photonic chiral hinge states only emerge in the domain wall between two magnetic
photonic crystals, can the chiral hinge states exist on the outer hinges of a single photonic crystal? If yes, can the
author provide a design strategy?

We thank the referee for highlighting the concept of an intrinsic axion insulator, which inherently differs from the
relative axion insulator discussed in our manuscript. This allows us to underscore the unique aspects of our design
and to discuss its potential advantages when contrasted with the intrinsic axion insulator scenario. An intrinsic axion
insulator phase manifests independently within a single photonic crystal, without the necessity for a domain wall
interface. Designing an intrinsic axion insulator phase extends beyond the scope of the current manuscript. However,
key steps for such a design are outlined below:

1. Integration of Magnetism: Ensuring the presence of magnetism, through either gyrotropic or gyroelectric
effects, is crucial for breaking time-reversal symmetry within the photonic crystal.

2. Specific Crystal Symmetries: The photonic crystal’s symmetries must simultaneously:

(a) Ensure all Chern numbers equal zero (C; = 0).

(b) Quantize the axion magneto-electric angle (6 = 7).

Symmetries meeting these criteria, such as T x {1|(1, 1, ¢/2) }—time-reversal combined with half-lattice transla-
tion—are discussed in Ref. [Physical Review B 86.11 (2012): 115112], based on crystallographic arguments.

3. Opening of a Topological Bulk Gap: Opening a magnetic bulk gap poses a significant challenge in 3D
photonics. To address this task, in the present work, we follow a deterministic approach, via the creation and
annihilation of Weyl points.

4. Preventing radiation in the continuum: For intrinsic axion insulators, it’s critical to ensure that the
bulk topological bandgap is positioned outside the light cone continuum to prevent hinge states from radiating
externally. Finding strategies to achieve this is not an easy task, and it is something that should be addressed
very carefully.

Please note that in our design, inversion symmetry was able to quantize the axion angle (point 2.b) but could not
prevent the existence of non-zero Chern numbers (point 2.a): therefore, in order to make the relative axion topology
emerge, we had to get rid of the anomalous Hall contribution via construction of the domain wall. On the other hand,
one of the advantages of our relative axion design is that the observed hinge states are automatically protected from
radiation in the continuum (point 4) since the embedded rod geometry fully confines them.




REFEREE NO. 3

The article "Axion Topology in Photonic Crystal Domain Walls" by C. Devescovi et al. proposes a general strategy
to design axion insulators in gyrotropic photonic crystals. As far as the reviewer knows, this is the first time that
such a topological phase has been found in any photonic system. The design strategy is based on the introduction of
a static, geometric supercell modulation of the lattice dielectric elements.

The obtained axionic modes of light propagate in the form of unidirectional and non-reciprocal channels localized at
the hinges of the crystal. Such modes could be used in guided-light communication networks. Moreover, the article
proposes a way of manipulating the axionic channels through a small external magnetic bias. Such a proposal could
be used as an effective switch to guide light between various one-dimensional light channels, controlling the direction
of the flow of light.

Besides, intriguingly, axion insulators couple with electromagnetism in the bulk similarly to dark matter axion-like
particles. Based on this similarity, recent studies have suggested that axion insulators, as the one presented in this
article, could be used as axion dark-matter particle detectors.

Overall, the manuscript is very interesting work. The theory and analysis are solid and well supported by the data and
discussion. Without experiments, it will lead many interesting works in topological photonics and the closed related
field. It is still worthwhile to be considered in Nature Communications.

The detailed questions and comments are following;:

1) How feasible would it be to build such axion insulators experimentally?

We thank the referee for this question. We are optimistic about the feasibility of experimentally realizing relative ax-
ion insulator domain walls using state-of-the-art technologies in gyrotropic photonic crystals, particularly at microwave
frequencies. Actually, we have identified a specific experimental setup that presents all the necessary requirements for
implementing this design. The realization of the relative axion domain wall relies on a few critical requirements and
design steps:

1. Design of a time-reversal symmetry (TRS) broken Weyl semimetal:

(a) Weyl point annihilation: Fundamental for the emergence of axion-type electrodynamics, leading to a gapped
3D Chern phase with non-zero Chern vectors.

(b) Inversion symmetry preservation: Crucial for quantizing the axion angle.
2. Creation of a Domain Wall Configuration:

(a) Alignment of Chern vectors: Necessary to eliminate anomalous Hall surface states.

(b) Relative shift of the inversion-symmetry center: Essential for manifesting the relative axion topology, by
creating a shift along the Chern vector.

Among the designs fulfilling these criteria, the gyrotropic layered 3D Chern structure, proposed by Baile Zhang’s
group in Ref.[27], exemplifies a feasible implementation in microwaves. This design presents Chern vectors from Weyl
point annihilation (1a), and inversion symmetry preservation (1b) for an extensive domain of the parameter space, as
illustrated by the horizontal R = 0 line in Fig. 1b of the referenced work. As well, its domain walls can be oriented
to present aligned and rotated Chern vectors (2a). The introduction of a relative inversion-symmetry shift along the
z-axis (2b), along the c-axis of the crystals, could be achieved in the same setup. Please note that, since not relying on
spin-orbit coupling, the design principle for our relative axion insulator is potentially transferable to other inversion-
symmetric platforms that break TRS, beyond photonic crystals. For example, it could be implemented in acoustic
metamaterials, where non-reciprocal circulating airflow can emulate non-reciprocal gauge fields and open Chern gaps
[38-42]. For summarizing the key design requirements and the possible experimental platform suited for realizing
relative axion topological nodal walls, in the main text, we have introduced two new sections: ’Key Elements of
the Relative Axion Design’ and *Possible experimental implementation of the relative AXIs’.




2) The article uses a recently developed method to build tight-binding models of 3D photonic crystals. The intrinsic
vectorial nature of electromagnetic field solutions in 3D Photonic crystals has precluded the development of such
models in the past. How easily could one adopt this strategy to develop models of crystals in any space group with
an arbitrary unit cell?

The transversality-enforced tight binding (TETB) method is versatile, and applicable across all 230 space groups
(SGs) for photonic crystals with any arbitrary unit cell (UC). Additionally, it adapts to incorporate gyrotropy via non-
minimal coupling, making it suitable for modeling certain magnetic space groups (MSGs). In our study, we utilized
this methodology for both the initial cubic photonic crystal in SG #230 and the advanced tetragonal modulated
gyrotropic photonic crystals in MSG #2.4. Further generalizations of this method are elaborated in our separate
publication [36]. The process described in the aforementioned reference comprises three primary steps:

First, one starts by performing a symmetry analysis of the electromagnetic field profile in the UC at high-symmetry
points, computing the symmetry eigenvalues (x, k) for the relevant modes (k) and bands (n) of interest and for each
of the symmetry operation (g) in the SG:

xn,k(g) = <En;kh|gDn;kh>UC (8)

where the integral is performed within the UC. From the symmetry content thus obtained, one should extrapolate the
photonic pseudo-orbitals needed for the construction of the photonic TB: This step can be done systematically for
any SG, applying the algorithm described in Ref. [36]. The algorithm employs Topological Quantum Chemistry [43]
to extract the orbital content of the bands of interest. As a third step, one employs these orbitals to construct a TB
Hamiltonian (H (k)): the model’s invariance under all SG symmetry transformations (g) is ensured by imposing the
following constraint:

gH(k)g~" = H(gk). (9)

After spectral filtering of the transversal modes from the longitudinal ones, also detailed in the same reference, one
obtains the TETB for the photonic bands. Importantly, any step of this method can be applied to any arbitrary SG
and UC of interest.

3) The following references could be added to reflect the state-of-the-art.
https://www.nature.com/articles/s41467-022-30909-0
https://www.sciencedirect.com/science/article/abs/pii/S0010465522002120
https://journals.aps.org/prb/abstract/10.1103 /PhysRevB.99.235423
https://journals.aps.org/prb/abstract/10.1103/PhysRevB.101.195105
https://onlinelibrary.wiley.com/doi/full/10.1002/adom.201900900
https://www.degruyter.com/document/doi/10.1515/nanoph-2019-0451 /html

We appreciate the referee sharing these references, which we found relevant for enhancing the state-of-the-art of our
work, in relation to higher-order topological photonics [44]. As well, we thank the referee for highlighting Refs. [45]
and [46], which present a coupled-dipole method for studying boundary responses of finite photonic systems. Since
they offer insights into alternative approaches to tight-binding models in photonics, we have included these references
to enrich the state-of-the-art of the methods section.
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