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Supplementary Note 1: Effective action for distortion modes

Mass terms and mass-monopole OPE

In the main text, we have focussed on a coupling of lattice distortion modes to monopole operators of the QEDg
CFT, which are expected to be the most relevant operators in the theory. The next lowest-lying operators are
the adjoint fermion masses

M =Yo7y (1)

with a, 8 = 0,1,2,3 and o/7 act on spin/valley indices of the fermions. The masses M*? transform in a
sixteen-dimensional reducible representation of SU(4), which splits into the singlet and adjoint irreducible
representations 16 = 1 @ 15. The scaling dimension of the adjoint mass term M*” (with p = v = 0 excluded) is
strongly relevant, with As = 1.46 in the large-Ny expansion [1] and Ay € (1.33,1.66) according to a recent
bootstrap study [2]. The singlet Mg corresponds to a chiral mass term and can be tuned to produce a chiral
spin-liquid state. In large-Ny, this term is irrelevant Ao = 3.08, and thus it is believed that spontaneous chiral
symmetry breaking does not occur [3, 4, 5].

The operator product expansion (OPE) states how operators approaching each other are expanded in the
basis of primaries as

lim O;(z)0; —hmz|x_
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where the C’fj are the OPE coefficients. If the CFT is endowed with some global symmetry group G, each term on
the RHS of (2) will transform in some irreducible representation of G x G. We stress that Supplementary Eq. (2)
corresponds to the asymptotic formulation of the OPE, but in general, OPEs can be shown to be convergent
series if all primaries and their descendants are included. The full asymptotic form of the operators can be
written in terms of the two real OPE coefficents C24 and C§4 in the following way:
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where the tensor F, ;jfj maps elements of the adjoint-SU(4) representation to rank-2 antisymmetric representations
of SO(6) and F*” its inverse. Implicit sums over (u,v) are taken to exclude the (0,0) element. The nonzero
components are Fg = e** for a,b < 3; F§P = e*=30"3¢ for a,b > 3; and F¥ = 607, 5 — 07, 302, as defined in

Ref. [6]. Here, the components i,j = 1,2,3. We can also write the components of its inverse .7-';“’ }"ﬁﬁ/Q

Effective action including fermion mass couplings

In the main text, we constructed an effective action of VBS monopoles coupled to lattice distortions by considering
the leading contributions from a redefinition of the lattice R; — R; + u,.

In this Supplementary Note, we will approach the task of constructing an effective theory of QED4 coupled
to a lattice distortion using a top-down approach. This path allows us to categorise couplings to all possible



Moo (+,+) - + -
Mo (+,+) + - +
Mo (=) +Mos  —Mox  +
Mo (+,-) —Moz  +Mos  +
Mos (= +) +Mor  +Mo1 +
M; (=) —M;3 +Mio -
M; (+:-) +Mi2 —M;s -
M; (—+) —Mi — M -

Supplementary Table 1: Discrete symmetry transformations of fermion mass operators [7, 8].

operators in the theory which could contribute to a ground state instability. We show that the monopole indeed
causes the leading instability and that the subleading operators couple to the same momentum modes of the
lattice distortion.

We now write down a general set of couplings to the leading relevant operators in QED;: the monopoles @,
(a=1...6) and adjoint fermion masses M, [p,v =0...3, (1, ) # (0,0)]. The general form of this action is
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The monopoles transform under the UV symmetries as listed in the main text, and the masses as listed in
Table 1. We will preserve the lattice symmetries by constructing an appropriate object u, that transforms in
the same representation as ®, of the IR emergent symmetry group SU(4). Because the UV lattice symmetries
embed in this emergent group, constructing an invariant SU(4)-scalar is equivalent to writing an function that is
invariant under lattice symmetries.

For our physical system of interest, the question becomes whether it is possible to construct a vector u,
that transforms as the monopole under physical symmetries in Table 1 in the main text out of the physical
lattice-distortion vector field u(r;). This object will naturally transform as a vector under the SO(3)
subgroup of the full SO(6), and not transform under SO(3),

To classify all perturbations that could be symmetry-allowed in the presence of a deformation vector ug,
we must restrict our search by using the following criteria: (1) consider distortions which are periodic with
wavevector g that is equal to that of the field theory operator and (2) are fully invariant under the discrete
subgroups Cg, 7. These two requirements will be equivalent to restricting to coupling field theory operators to
fields which are vectors under SO(S)Valley and trivial under 80(3)Valley' Finally, by way of the correspondence
between vector and adjoint representations, one can write down an object bilinear in the lattice deformation
field which can couple to field theory objects in the SO(S)VaHey-adjoint representation.

We satisfy the above constraints by defining field u, as

valley

Ugq = iSa (Xa : uX,,,), (5)

where we have chosen X, as a basis of three vectors separated by 27/3 angles. It satisfies translational invariance
since it has the same momentum eigenvalue as the monopole, and also transforms as a vector under SO(3).,jjc, -
Under IR symmetries it transforms as the VBS monopole, as listed in Table 1 in the main text. We see it is
possible to preserve the full lattice symmetry group by coupling this field to the monopoles and masses as follows:

Or=gul, mo, =imFlujue, a=1,2,3, (6)

where the non-zero components give mg, = im e“bCuZuc.
We can exclude any direct linear coupling of lattice distortions to spin-triplet monopoles ®,, a = 4,5,6 by
spin rotation symmetry. We could instead attempt to couple distortions u, directly to the valley-triplet fermion



masses M;,, and then generate monopole couplings by using the inverse mapping between 2-dimensional and
adjoint representations. However these masses also transform in the index i as a spin-vector, which could provide
a hindrance to writing an invariant action. Inspecting the behavior under lattice symmetries (Table 1), we find
the coupling satisfies translational invariance (1) when coupling to the (real) modes at the Mj 2 3-points on the
Brillouin zone edges t, = unm,. We are therefore motivated to write the couplings m;, g; for ¢ = 1,2, 3,

Mig = Mitla, Pa = —iG; Fioaa®, a=1,2,3, (7)

with non-zero components giving @,43 = —igyliaty. However there is no choice of 4, which leaves m;,M®*
invariant under both discrete lattice symmetries (2). For this reason, we must exclude a direct coupling between
fermion masses and the M points from the effective action.

We are now able to write the full symmetry-allowed action at lowest order in relevant operators as a sum of
VBS monopole and mass terms,

Srlue] = /dgx [g (u} ®o(x) + hec.) +im eabcuZuc M()a(x)] , (8)

both of which are coupled to lattice distortions via Supplementary Eq (5). There is furthermore a set of
compound operators which may be added as deformations to the theory. One example is the triple-monopole
term ®1P,P3; allowed even on the undistorted lattice, this term is irrelevant at the conformal IR fixed point.
One can equally construct double-monopole terms coupled to a commensurate lattice distortion (or appropriate
combination thereof). At this point we will ignore such compound operators which have a scaling dimension
A > 3/2; this is justified by seeing that the leading IR divergence contribution to the free energy from such an
operator goes as 33724 (at quadratic order in perturbation theory).

Lifting the accidental U(3) symmetry

The weak-coupling effective action is given as a function of the norm || of the complex vector @@ = (uy,uz, us3) ',
implying invariance under global G € U(3) transformations @ — G4. However, this global continuous symmetry
is accidental as it does not correspond to the physical symmetry group of microscopic lattice symmetries. We
first note that the U(3) symmetry acts on the VBS monopoles, which transform as SO(3)vailey-vectors under the
emergent symmetry group of the QED; fixed-point action. To this end, we note that 2X; —2X, = 2X, — 2X3 =
2X; —2X3 = 0 up to reciprocal lattice vectors, and hence |4 - @| transforms trivially under the SO(6) x U(1),,,
symmetry group. This term will generically appear in a strong-coupling effective action obtained after ‘integrating
out’ the DSL and breaks the U(3) redundancy down to SO(3), ey

We will now derive the subleading contribution to the perturbative free energy functional due to lattice-
fermion mass couplings and recover exactly this term. Performing the same calculation as in the main text for
lattice-monopole couplings, we enter the weak coupling regime ¢23%~24¢|i| < 1 and perform a perturbative
expansion of the free energy (S2)/8V. Using the explicitly derived structure of the coupling, we find
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This is IR-divergent if the exponent Ay, < 3/2, which is compatible with large-N calculations and within the
range of values suggested by the conformal bootstrap [2]. Assuming this condition is satisfied, this subleading
divergent contribution will be minimised by states satisfying @ - @ = 0.

If this condition Ap; < 3/2 is not satisfied, we would still expect the perturbative action to have only an SO(3)
symmetry which is inherited from the So(g)vallcy symmetry of the effective action. This inevitably occurs at
higher order in perturbation theory, where the monopole-monopole and monopole-mass terms produce additional
divergent contributions proportional to C(8)(|@ - ]? — |i@|*) [6]. At quadratic order there is a contribution
from the M x M OPE channel above, giving C?(8) = ¢y 83722M . At higher order there are contributions
from the following channels: ® x (M x ®) — ®f x & is asymptotically C®)(3) = c3 f6~222~Aum; and the
channel (& x ®) x (®f x ®) — M x M contributes CY(3) = ¢4 8%*A¢. We can constrain c; ~ m? > 0
and ¢y ~ g?(C25)% > 0 to be positive, but the sign of c3 cannot be fixed in this way. There will be multiple



additional contributions at this order (e.g. from (S2)?/8V) which produce the potential |&]*, leaving the sign of
this coefficient in the effective action indeterminate. However, we predict that the leading contributions to the
|@ - @] term are positive.

Resulting (5 symmetry
Specifically, as pointed out in Ref. [7], the DSL on the triangular lattice admits a three-monopole term

Sy = /\/d?’m [@1P2P5 + h.c.] (10)

which is allowed by the microscopic (UV) symmetries (for example, this three-monopole term has zero lattice
momentum since X; + X + X3 = 0), but clearly breaks the emergent SO(6) symmetry at the QEDj fixed point.
Note that the three-monopole term has scaling dimension Agge = 4.3 in the large-IV expansion and is therefore
assumed to be irrelevant [1].

Considering the coupling of the DSL to displacement fields, any finite A # 0 induces analogous corresponding
anharmonic terms in the effective action,

Exlt] ~ Aujugus + h.c.]. (11)

Within perturbation theory about QED;, one contribution to the effective action of this form arises from
(535,)/(BV). We stress that, since (11) is allowed by the microscopic symmetries of the system, it will
also generically arise in any microscopic theory of lattice displacements upon going beyond the harmonic
approximation, even in the absence of a coupling to the DSL (hence ) is not necessarily related to A in Sy). We
assume in the main text that this operator is dangerously irrelevant, such that instead of having a continuous
SO(3) manifold of degenerate ground states, there are three degenerate ground states e2™"/34, with n = 0,1, 2.
The resultant lattice distortion preserves the C3 = T1C# lattice symmetry and has an additional reflection
symmetry. In real-space, the pattern is written

u(r) =2Im (Z 50X o ul eiX“'r> . (12)

The spins react to the lattice breaking the translation and Cfg rotation by forming a valence bond solid state
with the same symmetries, as described in the main text.

Supplementary Note 2: Kagome lattice

Our general framework and formalism can be straightforwardly applied to the U(1) DSL state on the Kagome
lattice [9, 7]. On the Kagome lattice, the UV symmetry quantum numbers of the monopoles are different than
those on the triangular lattice. In particular, the VBS monopoles carry lattice momenta M,, corresponding
to the Brillouin zone edge centers. Further, under Cg rotations, they pick up an additional phase: s,®, —
saﬂe_%i/ 3<I>a+1, and under reflection R the monopoles transform as Table 1 from the main text, but with an
additional Hermitian conjugation [7]. The construction of the monopole-lattice coupling is complicated by the
fact that the non-Bravais Kagome lattice has three sites per unit cells such that there are 6 (3 longitudinal + 3
transverse) distortion modes for a given lattice momentum.

Based on the previous analysis, we can focus on the longitudinal modes on the sublattice X = A, B,C
(an intra-unit cell index) and momenta M, which we label as ux(M,). Under the symmetry operations, the
different (real) Fourier components with wavevectors M, are mapped onto each other (corresponding to changing
monopole flavours). Simultaneously, the intra-unit cell coordinates X = A, B, C' are appropriately mapped into
each other (this intra-unit cell contribution is similar to the ‘pseudo-angular momentum’ contribution of chiral
phonons under Cy as studied in Ref. [10]). Hence, the X components can be decomposed with respect to the
irreducible representations (irreps) of Cs, ~ S3 (the permutation group of three elements), which possesses three
(complex) one-dimensional irreps which can be labeled by their C5 eigenvalues. Choosing the appropriate irrep,
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Supplementary Figure 1: Convergence of the DMRG simulations for different patterns as shown in Fig. 2a in the main
text on an L = 6-cylinder. We show the energy gain for the full pattern (f. p.) as defined in Supplementary Eq. (12),
for the three-sublattice pattern for K5 = —K3 with a phase of # = 1 and for patterns associated to the midpoints M;

2
(i = 1,2,3) of the edges of the Brillouin zone with phases §; = %, 2 2 respectively. Fig. 2a of the main text shows the

67276
average over the different orientations of the M-point patterns. Calculations on the L = 6 cylinder have been performed
by the flux-insertion method and a bond dimension of up to xy = 4000; convergence is evident from the independence of the
response on bond dimension. The distorted couplings in real space for the K-pattern is shown in Supplementary Fig. 3a,

for the M-points in Supplementary Fig. 2c and Supplementary Fig. 3b—c.

hq, that cancels out the additional phase factors of the monopoles under Cg rotations, allows us to write the
couplings
Sg [E] ~g (e%i/?’ul(l)l + us®y — e_2ﬂi/3’LL3(I)3 + hC) . (13)

Having obtained the coupling, the results from the main text carry over straightforwardly; the coupling
precipitates an instability towards VBS ordering and lattice distortion. Transforming back to the sublattice
basis X = A, B, C, the longitudinal phonon which couples to the monopoles is obtained by relative 27/3 phases
ux (M,) = 2™ X/3y,,, allowing us to predict the lattice distortion as in Fig. 1 of the main text. Identifying
symmetry-equivalent expressions of the monopole operators in terms of microscopic spin bilinears, we can
additionally characterize the resulting ordered state on a microscopic level as the ‘pinwheel’ VBS order [11, 12].

Supplementary Note 3: Numerical Simulations

We use the density matrix renormalization group algorithm (DMRG) [13, 14, 15] on infinite cylinders [16, 17, 18]
to obtain the ground state of the J;—J; Heisenberg model on a triangular lattice. The lattice is wrapped onto
the cylindrical geometry by closing the boundary conditions periodically along the circumference L, = L. There
are several possible ways how the periodic closing of the lattice can be achieved. In this work, we use the
YCL, — 0 geometry [19, 20], where n = 0 determines the detailed boundary condition. The lattice sites r and
r + Lya; — na; are thereby identified. We use U(1)-charge conservation for all numerical simulations discussed
in this work. We use the setup of infinite matrix product states (MPS) [14, 15] and optimise the ground state
running infinite DMRG (iDMRG) on unit cells of size L, x 3, where L, = 3 denotes the number of rings in the
cylinder geometry.

When optimizing the ground state of the two-dimensional Hamiltonian on the lattice, special care has to be
taken when we consider a geometry with an even circumference L,,. The isotropic J; — Jo Heisenberg model on
even cylinders comprises two different topological sectors in the putative quantum spin-liquid phase [21, 19].
The iDMRG algorithm in this case finds the even sector in which the entanglement spectrum on the bonds is
symmetric around the total S,-quantum number g, = 0. One can transition into the odd sector by adiabatically
inserting a flux of 27 through the cylinder [20]. In this process, the couplings of the model acquire complex
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Supplementary Figure 2: Top subfigures a—c show the modified nearest-neighbour Heisenberg exchanges under the
lattice distortion patterns Kz, —X3 = X3 and M3 with the phases 6 (K3) = %, 0 ()_(3) = % and 6 (M3) = %. Bottom
subfigures d—f show the respective nearest-neighbour ground state correlations (5‘; g ;) for a distortion of § = 0.0038, with
purple showing more negative VBS weight. For each subfigure d—f, the color scale has been normalised to the minimal
and maximal value of the correlations measured. The patterns shown here have been used to study the finite-size effects
as discussed in Fig. 2c—d of the main text.
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Supplementary Figure 3: Additional patterns as used for the DMRG simulations generated from the following

parameters: a momentum Ks = —K3 with phase § = %, b momentum M; with phase 6 = % and ¢ momentum My with
0= % The corresponding energy responses under increasing § are shown in Supplementary Fig. 1.

phases along the circumference. The final state’s entanglement spectrum is symmetric around ¢, = % which can
be understood as a spinon quasiparticle with S, = :i:% residing on each boundary [21]. To find the ground state
for the L, = 6-cylinder, we apply this protocol referred to as the flux-insertion method.

Alternatively, one can enforce a preference for odd dimer coverings on cylinders with even L, by omitting a
single site on each of the outermost cylinder rings of the unit cell for the first iDMRG sweeps before restoring
the full model [19, 20] and having the algorithms optimise the ground state MPS until convergence. We refer to
this protocol in contrast to the flux-insertion as the odd-sector method. We ensured that for sufficiently large
bond dimensions, the energies obtained on L, = 6 by the two distinct methods described above agree.

Starting from the ground state of the undistorted model, we can adiabatically turn on the distortion parameter
¢ and modify the couplings of the Hamiltonian according to the pattern generated by a certain momentum
Q. The parameter ¢ controls the strength of the distortion. The full 12-site unit cell pattern in real-space is
obtained from the main text as follows:

2 - 2 -1
r,=R;+ 75 Z $aXq sin |:Xa T+ 7T(a):| ) (14)
\/> a=1,2,3 3

where R; denotes the undistorted position of site 7 and § measures the magnitude of the distortion. All other
patterns are generated via the formula

B cos[Q - R; + 6]
ri=Ri+0 (sin[Q ‘R; + 9]> (15)

where the phase 6 is an additional parameter that gives rise to the various patterns for each momentum Q.
The precise phases used for different distortion patterns are given in Supplementary Figs. 2 and 3 alongside the
real-space modification of the couplings (for a value § = 0.1 for demonstration purposes).

For the investigation of the system size dependence, the simulated pattern at the commensurate monopole
distortion for a single %—momentum was taken as the negative —X3 = ¥2 with a phase of 6 = é. For the sake

2
of readability, the corresponding data points in the figures in the main text have been named X3 (cf. Fig. 2 in
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Supplementary Figure 4: Convergence of the DMRG simulations for L = 3,6 and the three patterns generated by the
momenta K3, —X3, and M3 for various bond dimensions. The real-space patterns are shown in Supplementary Fig. 2.
For the L = 6 pattern generated by Ks, the ground state was obtained by adiabatically inserting a flux of 27 through the
cylinder, except for the curve marked with an asterisk; the odd-sector method was used in this case, and for all other
patterns shown.

the main text). The pattern generated by X3 in contrast to —X3 would be mirrored along the as-axis of the
lattice, which is an irrelevant modification in terms of the physics of the system.

In the main text, we show the energy response for various patterns under adiabatic increase of the distortion
6. The M-point patterns, as shown in Supplementary Figures 2c¢, and 3b—c, have different orientations on the
cylinder with slightly differing energy responses. The main text therefore shows the averaged energy response
over all three orientations. The shaded area indicates the range of the energy gain for the different orientations
on the cylinder as shown explicitly in Supplementary Fig. 1.

To check convergence in the virtual bond dimension x of the matrix product state, we can store the state
along with the environments of the infinite DMRG simulation and restart the optimization under an increase of
the bond dimension. The saving of the environments is necessary to ensure that the algorithm does not fall back
into a possibly wrong topological sector.

In Supplementary Figures 1 and 4, we show the convergence for L = 3 and L = 6 for various patterns. The
real-space distortions of the couplings alongside the spin-spin correlations (5’; . 5’;) resulting from the numerically
obtained ground states are shown in Supplementary Fig. 2. As can be deduced from the figures, the energy
difference is already extremely well-converged for intermediate bond dimensions of a few thousand. The absolute
ground state energy, however, is not necessarily so well-converged for all circumferences and bond dimensions.
Despite this, we have confidence in our results for the energy gain (even for small values O(1071%)) because of
the stricter convergence criteria applied to the DMRG algorithm.

Note that the size of the unit cell in z-direction, denoted by L., needs to be chosen in accordance with the
pattern we simulate. More precisely, whereas the patterns for K-points can be fitted on any multiple of three,
ie., L, x 3 is sufficient for the unit cell size to have a commensurate geometry (given that L, itself is a multiple
of three), the distortion patterns generated by the M-points or % momenta, require an extent of L, = 6 (or
multiples thereof).

In contrast to L, = 3 and L, = 6, the circumference of L, = 9 is more challenging as the computational
complexity grows exponentially in L,. In particular, the DMRG simulation tends to converge to semistable states
that can change abruptly when bond dimension is insufficient. For small distortion strengths ¢, the convergence
is more stable for the accessible bond dimensions. In Supplementary Figure 5, we show data for various patterns
for L, =9, which appear to converge for two of the three patterns studied for a bond dimension of x = 6000
and in the case of the K-point for y = 7000.
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Supplementary Figure 5: Convergence of the DMRG simulations for L = 9 for a specific small distortion of § = 0.002
and the three patterns generated by the momenta K3, —X3 and M3 for various bond dimensions. The phases are chosen
as defined in Supplementary Fig. 2. The circles denote data points for bond dimension x = 2000, the triangles for
x = 4000, the diamonds for xy = 6000 and the thin diamonds for x = 7000. Note the logarithmic scale on the y-axis.

Supplementary Note 4: Strong coupling approach

Generic scaling argument

Consider a general phase in d = D + 1 dimensions which has a conformally invariant ground state. Now, couple
some relevant order parameter O to lattice distortions. In this general case, Eqs. (8) and (9) from the main
text hold, with x = d/(d — Ap). This scaling analysis, and the leading perturbative result, find a spin-Peierls
instability due to static lattice distortions when x < 2, or Ap < d/2, which occurs whenever fluctuations of the
corresponding order are quantum-critical [22].

Lifting the accidental U(3) degeneracy

Note that the scaling ansatz for the strong-coupling regime possesses an U(3) symmetry, which is accidental
given that the low-energy field theory only has a SO(3)vaney degeneracy (see also Supplementary Note 1). To lift
this accidental degeneracy, one could add a term of the form ~ | - ﬁ|X/ 2 which transforms trivially under the
field-theory’s low-energy group, but explicitly breaks down U(3) — SO(3). However, at this stage, the sign of
the coefficient of this term is left undetermined, such that the selected configuration may satisfy either @ - 4 = 0,
or &4 = 1 up to some phase (where & = @/|@]). To fix the sign of this term (and thus select a particular
configuration of @), we may either appeal to consistency with perturbative approaches or use numerical methods
to confirm it.

In the case of the DSL on the triangular lattice studied in the main text, the low-energy field theory
description has an emergent IR symmetry group SO(6) with SO(3) spin and valley subgroups under which
monopole operators (critical order parameters) transform as vectors. Similarly, VBS order parameters at
deconfined quantum critical points transform under an emergent continuous symmetry group [e.g. SO(2)]. We
note that by spin-rotation symmetry as well as lattice symmetries, VBS monopoles/order parameters can couple
to lattice distortion modes u, at appropriate momenta Q,, where a = 1,..., N labels N symmetry-equivalent
momenta (valleys). In all examples discussed, N coincides with the order of the field theory’s emergent SO(N)
symmetry group. There is no reason to believe that the emergent symmetry is preserved when the system
undergoes an instability /is driven away from the deconfined fixed point. Instead, only microscopic symmetries
(e.g. spin rotations or lattice translation/rotations) are physical. Indeed in the case of the U(1) DSL, dangerously
irrelevant operators (three-monopole terms), which are allowed by the microscopic symmetry group but break
the emergent SO(6) symmetry, provide a mechanism for this.

CFT perspective on (in-)stability of free Dirac fermion systems

Finally, we take an instructive example of spin-Peierls instabilities by considering a simple conformal ground
state: free fermions in one and two spatial dimensions. These emerge as low-energy theories for half-filled
free fermions bands (in 1d), and graphene (in 2d). Fermion bilinears generally gap the spectrum, and have
dimension Aj; = d — 1; hence we predict a spin-Peierls instability when d < 1. This is in agreement with



energetic calculations, in which one obtains a leading —u?/2 energy gain for Kekule distortions in graphene (the

Kekule lattice distortion mode couples to a fermion bilinear mass term), and a —u? log(u) gain in 1D, where only
logarithmic corrections lead to a weak instability. While this implies that a 2D system of free fermions does not
exhibit a spin-Peierls instability and as such is more stable than the 1D free-fermion analogue, it is crucial to
note that in strongly-interacting theories, there may exist many operators more relevant than fermion bilinears.

Supplementary Note 5: Correlation functions with dynamical phonons

Phase Transition

In the adiabatic limit wg = 0, the monopole-monopole interaction becomes non-local in time. This implies that
modes become correlated at large (temporal) separations, leading to an ordering instability at infinitesimal
couplings. Continuing to finite frequencies wy > 0, one may be tempted to perform a mean-field decoupling
of the monopole-monopole interaction in Sge. This would capture an ordering instability by some finite (and
time-independent) monopole expectation value [6], ®(x) — (®)yr(x) # 0. However, an explicit perturbative
mean-field calculation (again employing an explicit IR regularization, e.g., by working at finite temperature)
reveals a criticality condition identical to the static case, which crucially does not depend on wy. This is
understood to be an artifact of mean-field theory which neglects the retardation of the monopole-monopole
interaction in Sgg, and thus cannot capture any effects due to having a non-zero phonon frequency wg. This may
also be seen explicitly: After decoupling, (schematic notation) ®T® — (&) \p® + &T(®)yp — (OT)yr () \iF, With
time-independent (®)yr, the effective action becomes equivalent to the classical action Hp, + Hy[u] + Sqep,, if
one relates the monopole mean-field expectation value to an effective displacement field.

In the opposite, antiadiabatic, limit wg — oo (with x constant), the Green’s function becomes purely local,
G(x —y) = (1/2r) 6@ (x — y). Note that in this limit, the monopole-monopole interaction becomes singular
due to the OPE lim._~q @' (e + 2)®(x) ~ 1/¢22*. To regularise this, one may work with a finite UV cutoff
a < |z — y| that enforces a lower bound on the spatial monopole-monopole separation (given naturally by the
lattice spacing). Then, upon taking wg — co at some fixed cutoff, the interaction effectively vanishes and the DSL
remains stable. Considering both limits, it becomes clear that there must exist a transition at some intermediate
coupling g determined by wy.

To obtain the critical interaction strength as a function of wy, we perform a scaling analysis using the
exponential form of G(r, — 7,): For separations |7, — 7,| 2 1/wo, the interaction is exponentially suppressed,
thereby setting a critical cutoff scale £, ~ 1/wq. Starting with some cutoff £ < £., we can increase the cutoff up
to £. where the interaction becomes suppressed. Rescaling all coordinates x = 2’ /¢, (with 2’ now dimensionless)
reveals the critical (dimensionless) interaction scale 1 ~ g?w?2*=3 /. or equivalently g2 ~ kws 22 (where we
use that |k| ~ 1/a with a being the lattice spacing).

Critical Coupling

We now investigate the stability of the DSL in the presence of the interaction Sg¢e within perturbation theory.
Considering a perturbative expansion of local observables, the expansion’s breakdown is taken to signal an
instability of the DSL. We employ the path-integral formalism, where the expectation value of some observable
X is written as (X) = Z7! [ D[{Ocpr}] Xe~ where S is the system’s interacting action and Z its partition
function without operator insertion, as above.

At the QEDj fixed point (i.e., zeroth order perturbation theory), all one-point functions vanish at zero
temperature 8 — oo in the thermodynamic limit by conformal symmetry. We thus turn to the monopole
two-point function at large distances |d| = |(74,r4)| — co. Expanding the Boltzmann weight e~%#® in the path
integral to first order, one finds the perturbative expansion

(DL(d)By(0)) g2 = Idf;liq, - <<®z(d)©b(0)5<b<b>QED3 - MT;IZ(P<S<I><I>>QED3> +o (16)

where we have used the two-point functions evaluated at the CFT fixed point. The first term in the parenthesis



is written explicitly as

(@] (d)24(0)Spa)qrp, = — ngiol / dPzd’y [5(2)(rm —ry)e” 0Tl (d) By (0) D] () De(y)) qrp,

(17)
Note that while 2- and 3-pt. functions of primaries are exactly determined by conformal symmetry, no closed
forms are available for 4-pt. functions, making the evaluation of Supplementary Eq. (16) challenging.

While Wick’s theorem does not hold in interacting CFTs, we can successively apply operator product
expansions (OPE) to decompose the 4-pt. function in (17). If the full (convergent) OPE is used, the choice of OPE
channels is inconsequential (indeed, demanding OPE associativity lies at the heart of CFT bootstrap studies [23]).
However, for analytical tractability, we will use the asymptotic forms of OPE [see also Supplementary Eq. (2)].
A particular OPE channel then corresponds to a particular configuration of operator insertions which yield the
most divergent contribution in the particular channel if they become ‘close’.

Considering Supplementary Eq. (17), we will focus on the leading monopole-antimonopole OPE channel
(schematically ®f x ® = 1) corresponding to  — 0 and y — d, with = and y sufficiently far apart, which means
that we may assume 0 < |z| < |y|. Explicitly, the first-order OPE in this channel then reads

1
|d —y[Ae |z[>Ae”

(D] (d) By (0)D] (2)D (1)) D, ~ Facdhe (18)
We expect this channel to give the most dominant contribution: The other monopole-antimonopole channel
corresponding to d — 0, x — y is asymptotically equivalent to the disconnected contribution (second term in the
parenthesis) in Supplementary Eq. (17), and is thus expected to only weakly contribute to (®] (d)®,(0)) 9

We use (18) in (17). As |d| — oo, we can take |d — y|~22¢ =~ |d|722® and subsequently perform the
ry-integration, yielding

5ab

B (d)0,(0)S Xl [ s, [ g, 0T 19
< a( ) b() ¢¢’>QED3~_|d|2A¢ 2pwo / / Ty |I‘ |2_|_7_2)Aq>' ( )

x R2 P2¢°

We work on a cylindrical geometry S5 ! R3. The spatial integration is performed in polar coordinates

with 0 < |rp| < L — oo,

7g° | Xa | / e~ wolra =7yl (20)

——— [ drdT,
2(Bg — 1)puo ' Tr

L [2Ae—2
Note that due to the o-distribution for the spatial components in (17), only configurations with r, = r, give a
finite contribution. Thus, our previous assumption of |z| < |y| implies for the temporal coordinates |7,| < |7,
With |7, — 7| & |7y, the remaining integrals are obtained as

, 'Ty‘ e*wo\fyl 1 T(4—2As)
lim / dTy/ A = 3 9A, oA, (21)

B—o0 Wy

|d[>2* (] (d)®4(0)Sea)QED, ~ —dab

which exists for Ag < 2, which is within the range of assumed scaling dimensions. Hence, one finds

ca T4 —2A4) 921X, |?

22
= (22)

d|*2* (D] (d)®,(0)S. ~ —0,
|d*2 (@4, (d)P5(0) Sew) qED, " R
Generically, perturbation theory breaks down when the (n+ 1)-term in the expansion is no longer small compared
to the n-th term. Here, we compare the first-order correction to the bare correlator,

SN@I(d)D,(0)),2 1 21X, |2

T< ()24 (0))s ~ ZCA@F(‘l—?A@);g | 37|2A¢'

(Pa(d)®a(0))qeD, Kx.wo
Perturbation theory breaks down if this ratio is of order 1. This leads to a scaling relation for the critical
coupling, given by

(23)

L (24)

In the thermodynamic limit at zero temperature, the finite phonon frequency wy # 0 hence prevents a weak-
coupling instability and rather determines a critical g. as a function of wg. The critical g. matches precisely the
result of the scaling analysis in the main text.
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