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Analysis of nonlinearity level16

Coarse-grained and pointwise nonlinearity levels17

We define two distinct (coarse-grained) nonlinear times. The first, τnl, is the18

timescale of nonlinear evolution of the wave energy spectrum; this is obtained19

as the ratio between the total energy in a given subregion of spectral space,20

and the time rate of change of energy in the subregion. The second, τres, is the21

energy residence time in the subregion, given by the ratio of the total energy22

in the subregion, and the total energy flux transferred out of the subregion –23

i.e., the “sum” of the red arrows going out of the rectangle representing a given24

subregion in Fig. 2 in Main Text. As was argued by [1], it is the second, the25

residence time τres, to be the relevant time for the energy transfers, although26

the definition of [1] is pointwise in spectral space – see Eq. (1) below. It is27

sufficient to think of a nonequilibrium stationary state with a nonzero flux to28
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realize that in such case, since the spectrum does not change over time, we29

have τnl = ∞, but τres will have a finite value that depends on the intensity of30

the flux. For this reason, we opt to base our analysis of nonlinearity on τres.31

Fig. S1: Histograms of coarse-grained nonlinearity level in the same scale
ranges as Fig. 3D in Main Text. The HFHW scales have less than 1% of the
occurrences at rnl > 0.5. The LFHW scales have about 2% of the area at
rnl > 1 and about 7% of the area is at rnl > 0.5. For these coarse-grained
metrics, a value smaller than 1 does not ensure weak nonlinearity, since the
pointwise metric may be small in a subregion, but well above 1 in another
subregion (cf. Fig. S2). The coarse-grained nonlinearity level for the GM76
spectrum is indicated by the dashed red lines.

We now compare the estimated residence times with the linear period32

of internal waves, τlin(ω) = 2π/ω, a classical way to assess the nonlinearity33

strength compared to linear dispersion [2]. In terms of the nondimensional non-34

linearity level rnl = τlin/τres, a weakly nonlinear regime is defined by rnl ≪ 1.35

In Fig. S1, we show the distributions of rnl in the combined global dataset. At36

low wavenumber, nonlinearity is always extremely weak. For low wavenumber37

and high frequency, rnl remains smaller than 0.5, whereas, for high wavenum-38

ber and low frequency, the most nonlinear scales, about 2% of the occurrences39

have rnl > 1.40

We now turn to a more detailed, pointwise generalization of the residence41

time, similar to that of [1], illustrated for two reference spectra. The pointwise42

residence time τ−nl (m,ω) is defined as the ratio between the energy density43

e(m,ω) and the negative-signed contributions to the rate of change of energy44

density, ė−(m,ω):45



Springer Nature 2021 LATEX template

Supplementary Information 3

τ−nl (m,ω) =
e(m,ω)

|ė−(m,ω)|
. (1)

Again, in order to analyze the weakness of nonlinearity compared to linear dis-46

persion, we compare the residence time with the linear wave period τlin(ω). The47

pointwise quantities here defined and the nonlinearity parameter rnl, defined48

as49

rnl(m,ω) = τlin(m,ω)/τ−nl (m,ω) , (2)

are shown for the two chosen reference spectra in Fig. S2. We observe a sharp50

discontinuity at ω = 2f . This is due to the disappearance of the PSI transfer51

mechanism – very efficient for frequencies just larger than 2f – at frequencies52

smaller than 2f . The most nonlinear scales are located in proximity of ω = 2f ,53

and toward the large wavenumbers.54

Clearly, values of the coarse-grained τres smaller than unity in a spectral55

region may still correspond to values larger than unity for the point-wise τ−nl56

in some smaller spectral subregion (see Fig. S2). However, the coarse-grained57

metrics in Fig. S1 are important for a relative comparison among different58

spectra, noting that we are not able to show a pointwise analysis for the59

large number of observed spectra. The coarse-grained nonlinearity levels for60

the GM76 spectrum are shown as dashed red lines in Fig. S1. In the most61

nonlinear spectral region (low frequency and high wavenumber), about 69% of62

observed spectra are less nonlinear than GM76, and 31% are more nonlinear63

than GM76.64

Comparison with Holloway (1980)65

Here, we discuss the results of [1], where oceanic internal waves were (quite66

categorically) declared too nonlinear to be described by weakly-nonlinear wave-67

wave interactions. First, the conclusions of [1], based on results by [3], reached68

conclusions that reverberate to the present days based on the energy level of69

the GM76 spectrum alone. Note that the broad distribution of energy levels in70

the combined global dataset presented in our work is such that more than two71

thirds of spectra are less nonlinear than GM76 in the most nonlinear range of72

scales (Fig. S1). Second, our numerical results differ from those of [3]. We show73

this in detail in Fig. S3. The top panels represent the same quantity τnl(m,ω) =74

e(m,ω)/ė(m,ω) in [3] (A) and in our calculation (B). The hydrostatic-balance75

assumption implemented in our code is well satisfied for the considered range76

of frequencies up to less than N/3, and our result is consistent with recent77

independent calculations [5–7] (no matter whether near-resonant or exactly78

resonant, hydrostatic or non-hydrostatic). All of these recent results support79

our assessment that the time rate of change of energy is negative in a frequency80

band roughly between 2f and 4f–5f . More closely, our result recovers exactly81

the pattern obtained in [5] in a near-resonant setup. On the contrary, the82

results of [3] show a negative time rate of change of energy up to frequencies83

larger than 10f , where a sharp change of sign departs very markedly from our84
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Fig. S2: Left and right panels are for the same two representative spectra
shown in Fig. 2 (GM76 and similar spectrum with enhanced near-inertial
peak), respectively. From top to bottom, we show color maps of the quantities
necessary to evaluate the point-wise nonlinear residence time and nonlinearity
level. In the color maps of τ−nl (m,ω) we observe time scales that go from hun-
dreds of days for the near-inertial, low-wavenumber waves, up to a few hours
for the high wavenumber waves. In the bottom panels, the white contour line
is at rnl(m,ω) = 1. To the right of this line, nonlinearity dominates over dis-
persion, threatening the applicability of weak wave-wave interaction theory.
The extra vertical red line in these panels is at m = mc/2 (where mc is given
by Eq. (3) in the main text), the value used in the sensitivity test depicted in
Fig. S4 to reduce the amount of strongly nonlinear scales.

results. While we are not able to check the original code of [3], we attribute85

such change to the abrupt numerical cutoff that apparently was implemented86

for all frequencies larger 21f . We suggest that this cutoff is responsible for87

the abrupt nonphysical upper change of sign – on the other hand, the lower88

change of sign in proximity of 2f is well understood as due to the onset of the89

PSI branch. We conclude that the results of [3] are not reliable for frequencies90
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Fig. S3: Detailed comparison between the plots in Holloway (1980) [1], taken
from [3] (top), and our results (bottom). The top panels show the spectral evo-
lution timescale τnl. The negative contributions in A (dashed contour lines)
extend from below 2f up to 15f , rather than from below 2f up to 5f . The
two plots differ for frequency larger than 2f -3f . C and D should show com-
parable quantities (residence times), as argued in the text, but they clearly
differ in the upper portion of the spectral space. This leads [1] to consider
most of the high-frequency region highly nonlinear, whereas we find high non-
linearity at high wavenumber, but not at high frequency. E (symmetrization
timescale) and F (re-filling timescale of an initially depleted mode) do not
compare directly, although they show some similarities. Again, though, they
lead to drastically different assessments of high-nonlinearity regions. Note that
the high-nonlinearity regions in panels D and F are superposed effects with
opposite sign, and the resulting evolution timescale (B) is shorter than the
nonlinear time in a much smaller region. It is the latter (inverse of the so-
called Boltzmann rate) that is usually taken in consideration as a parameter
for high nonlinearity in the weak wave turbulence literature [4, 5].

larger than about 3f (while they are roughly in agreement with our results for91

lower frequency).92

We did not reproduce the same experiment of decay of a narrow pertur-93

bation as in [3] (Fig. S3C), but we can associate to this decay timescale the94

pointwise residence time τ−nl (Fig. S3D), as discussed in the previous section.95

Again, a clear departure between the two plots is observed at frequencies larger96

than 2f . In particular, the “linear time equals nonlinear time” line drawn97

by [1] on top of the plot by [3] does not have correspondence in our results.98

The analogue in Fig. S3D is the white line on the right side of the plot.99

Finally, we report in Fig. S3E the experiment by [3] about the sym-100

metrization timescale of an initially asymmetric spectrum, which shows closer101
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qualitative similarity with the timescale τ+nl(m,ω) = e(m,ω)/ė+(m,ω) in our102

analysis, where ė+(m,ω) denotes the positive-signed contributions to the rate103

of change of energy density. τ+nl is the timescale it takes a wavenumber to restore104

its initially depleted energy density, re-equilibrating with the rest of the spec-105

trum. Even for this different timescale, the high-nonlinearity levels concentrate106

on the far right end of the plot, contrary to the line drawn by [1]. In light of107

our results, and of the quantitative support they find in independent recent108

analyses [5–7], we consider the quantitative conclusions by [1] unreliable.109

For a GM76 spectrum, Fig. S3 shows that when the nonlinear timescales110

at play become comparable with the linear time, this happens for wavenum-111

bers that are close to the mc = 2π/10 m−1 boundary. Moreover, cancellations112

between positive and negative contributions to the time rate of change ė(m,ω)113

are such that the spectral evolution timescale τnl(m,ω) shown in Fig. S3B114

is shorter than the linear time only in the restricted range of scales in115

which ė(m,ω) < 0. In weak wave turbulence it is this timescale τnl(m,ω)116

(inverse of the so-called Boltzmann rate [5]) that is usually considered as a117

proxi for nonlinearity [4]: comparable positive and negative contributions to118

ė(m,ω) (Figs. S3D and S3F, respectively) will coexist and counter each other119

decreasing the effective nonlinearity (Fig. S3B).120

Moreover, the small nonlinear times τnl(m,ω) in Fig. S3B are an indication121

of the nonstationary conditions represented by the GM76 spectrum. If evolved122

forward in time, this would lead to a depletion of energy density in the frequen-123

cies just larger than 2f and at large wavenumber, and to a spectral distribution124

that is not separable in the frequency-wavenumber space. The observational125

trace of this specific issue in the form of a “mid-frequency dip” was discussed126

in section 5.1.2.3 of [5]. In this manuscript, our global-scale approach forces127

us to necessarily assume separability of spectra in frequency and wavenum-128

ber, so that we can approximate 2D spectra by cross-matching independent129

databases. Considering the time evolution would require high computational130

cost, and a detailed knowledge of the energy sources of the internal wavefield131

and of actual 2D spectra – a type of information that is rarely simultaneously132

available [5]. Such studies, which are the subject of ongoing research, require133

focusing on few select locations rather than on global patterns, outside the134

scope of the current work.135

The large number of spectra processed in our analysis requires us to assume136

a large wavenumber scale mc past which to evaluate the energy transfers. We137

made the choice of 10 m for this vertical threshold scale, due to its large138

significance in the literature [5, 6, 8]. We are aware that dealing rigorously139

with the issue of high nonlinearity would imply a choice of mc that is case140

dependent. This would compromise the feasibility of global-scale evaluations141

such as the ones that we perform.142

Here, our justification of this approach has a pragmatic basis. Below, a143

sensitivity test shows that our evaluations are weakly sensitive to the choice144

of the mc threshold. This near-independence of the threshold choice makes145

our results effectively free of any arbitrary degree of freedom. Therefore, we146
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chose to keep in our analysis spectra that have an elevated energy level and147

should raise a high-nonlinearity warning. A few considerations are in order:148

First, in absence of any alternative prognostic fully-nonlinear theories [9], the149

weakly nonlinear prediction is the only theoretical explanation available that150

does not include adjustable parameters. Second, when averaging over time151

and among different regions with similar turbulence production levels, the152

agreement between our first-principles weakly nonlinear predictions and the153

phenomenological strain-based FP predictions is striking (see Fig. 3B in main154

text). If anything, this is a clear a posteriori indication that weakly nonlinear155

interactions underly internal-wave driven turbulent mixing in the global ocean156

interior. Characterizing location-dependent departures due to violation of weak157

nonlinearity, but also possibly of other assumptions, are outside the scope of158

this manuscript, and are the subject of ongoing research.159

Sensitivity analyses160

High-wavenumber boundary161

Fig. S4: Sensitivity test of evaluation of TKE production rate upon halving
the value of the high-wavenumber boundary with the dissipation region. Both
panels are evaluated for the same GM76 spectrum.

In light of our analysis of nonlinearity level, highlighting the presence of162

high nonlinearity at large vertical wavenumbers, it is important to study the163

sensitivity of our results with respect to the location of the boundary mc164

defining the dissipation region. If the flux across the boundary is insensitive to165

the position of the boundary itself, we are free to exclude the most nonlinear166

scales which hinder the weak-nonlinearity assumption. In Fig. S4 we repeat167

our analysis for the GM76 spectrum, by halving the value of mc. We show that168

this changes the calculated value of TKE production rate by less than 5%,169

adding to the robustness of the theoretical calculation of P. Also, notice that170

the increased nonlinearity at the transition to strong turbulence in proximity171

of mc is expected, since the instability mechanisms at the onset of turbulence172



Springer Nature 2021 LATEX template

8 Supplementary Information

itself are strongly nonlinear. It thus appears to be natural to have values of the173

nonlinearity parameter rnl(m,ω) of the order of unity in proximity of m = mc.174

In order to compute the transfers through the boundary mc, we have to175

assign a spectral distribution in the dissipation region, past the mc bound-176

ary. Lacking knowledge, in general, of these scales, operationally we extend177

the spectral slope past the mc boundary. A key observation that justifies this178

operation resides in the fact that the transfers are dominated by local inter-179

actions, and we confidently estimate that most of the interactions transferring180

energy past mc involve wavenumbers that are smaller than 2mc. A sensitivity181

test performed in [5] shows that cutting off completely all wavenumbers with182

m > 2mc implies no perceived change in the time rate of change for wavenum-183

bers with m < mc. We do not repeat such a test here. We opted for this184

choice for simplicity, since the introduction of a sixth spectral parameter would185

make a full exploration of the spectral parameter space unattainable by our186

numerical method. Moreover, the poor observational handle on these small-187

scale wavenumbers would have made the uncertainty on this extra parameter188

very high. On the other hand, the physicality of our choice relies on the fairly189

small bandwith in vertical wavenumber involved in the transfers past mc, due190

to the local character of the wave-wave interactions.191

Similar in spirit, a sensitivity test on the location of the high-frequency192

threshold, which we placed at 20f , was carried out in [10]. They showed that193

moving the high-frequency boundary past which the energy transfers are com-194

puted by a factor of
√
2 implied a total difference in the turbulence production195

of no more than 10%. We refer to that test without repeating it here, since196

their non-rotating approximation is retrieved by our high-frequency regime,197

and our results generalize consistently the results of [10].198

We end this section by noting that the weak sensitivity to the location of199

the spectral boundaries in our framework has to be ascribed to the dominance200

of local interactions in determining the spectral transfers. This stands in con-201

trast to the eikonal framework, in which large scale separation between small202

scale waves and large scale background shear implies a high sensitivity to the203

wavenumber thresholds of scale separation and of wave breaking [11, 12]. The204

array of sensitivity tests here described ensures the robustness of our quantifi-205

cations, as they do not depend upon arbitrary degrees of freedom that could206

serve as tunable parameters. Furthermore, they should not be substantially207

impacted by the gradual breakdown of weak wave turbulence near the spectral208

boundary mc.209

Finestructure contamination210

The analysis of ocean data is predicated upon a Reynolds decomposition and211

vertical scale separation, for which we direct the reader to [13] for a discus-212

sion of ‘best practices’. The most problematic issue here is the assumption213

that the perturbation fields represent internal wave dynamics. Experience from214

a variety of internal wave climates away from boundaries demonstrates that215

this assumption is more of an issue for finescale buoyancy gradients than216
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for finescale shear [14], especially if the data contains healthy near-inertial217

signatures.218

Finescale buoyancy variability may have a quasi-permanent component219

associated with either (i) the generation of potential vorticity anomalies at220

boundaries by topographic torques and the consequent injection of those221

anomalies into the ocean interior [15], (ii) generic upper ocean variability, either222

resulting from patchiness in forcing and restratification [16] or through the223

development of submesoscale variability [17], (iii) internal wave-driven scarring224

of the thermocline on vertical scales larger than those of overturning events225

[18, section 5.2], and (iv) up-gradient buoyancy fluxes associated with double-226

diffusive phenomena that spontaneously creates finescale variability [19, 20].227

In (i)-(iii) the dynamics of quasi-permanent finestructure is that of either228

stratified or rotating stratified turbulence, in which a horizontal wavenumber229

cascade is attained via horizontal stresses and horizontal rate of strain, with230

vertical coupling at scales limited by shear instabilities [21, 22].231

Fig. S5: Sensitivity test upon adding an extra 0.20 to the vertical wavenumber
slopes sm (yellow dots) obtained from the Argo strain spectra, compared to
the results in Fig. 3B (blue dots), in an attempt to roughly bound the effects
of finestructure contamination.

The coupling of internal waves with quasi-permanent finestructure through232

a wave breaking process (issue (iii)), however, implies our vertical wavenumber233

power law estimates are likely to be consistently biased high in association with234

an increasing contribution of quasi-permanent finestructure with increasing235

wavenumber. There is one reference analysis to constrain this potential bias:236

this comes from analysis of High Resolution Profiler data in the North Atlantic237



Springer Nature 2021 LATEX template

10 Supplementary Information

tracer Release Experiment (NATRE). In this instance, the observed vertical238

wavenumber spectral slope for velocity is -2.55. After subtracting the quasi-239

permanent signatures, the exponent is -2.75.240

We use this difference as a metric of potential bias, with the insight that241

the spectral slopes for the NATRE data set are an outlier in vertical wavenum-242

ber - horizontal wavenumber space [5] and that such bias cannot be properly243

assessed without a data set that combines high quality velocity and density244

finestructure. The result of the analysis upon adding the potential bias of245

0.20 to the vertical wavenumber slopes from Argo is shown in Extended Data246

Fig. S5. These new estimates of ϵ are generally lower than the original ones,247

roughly by a factor 3-4, which also impairs the agreement with the reference248

data set [horizontal axis; 23]. Note, however, that this reference data set is also249

derived from Argo float observations, assuming a constant wavenumber slope250

sM of 2. In a fully consistent comparison, we would have needed to account251

for the wavenumber slope bias also in this reference, which we do not attempt252

here owing to the high costs of creating such a global data set.253

Regarding issue (iv), we follow [24] and investigate the sensitivity of the254

wavenumber slope estimates to the Turner angle [25]. The Turner angle Tu is255

defined as256

Tu = atan

(
α
∂Θ

∂z
− β

∂SA

∂z
, α

∂Θ

∂z
+ β

∂SA

∂z

)
, (3)

where Θ is conservative temperature, SA absolute salinity, α the thermal257

expansion coefficient and β the haline contraction coefficient. Double-diffusive258

convection is characterized by Turner angles between 45◦ and 90◦, where pos-259

itive angles represent the saltfinger and negative angles the diffusive regime.260

Both regimes describe an instability emerging in hydrostatically stable den-261

sity profiles due to the vastly different molecular diffusivities of the tracers262

determining the density [i.e. heat and salt in the ocean, see e.g. 19].263

Fig. S6: Distribution of wavenumber spectral slope sM in the Pacific, Atlantic
and Indian Oceans, using (a) profiles with at least 50% of the Turner angle
estimates meeting 45 < ∥Tu∥ < 90 (DDC favorable); (b) profiles with at least
50% of the Turner angle estimates meeting 75 < ∥Tu∥ < 90 (favorable to
strong DDC); (c) all profiles except those identified in (a); (d) all profiles.

As illustrated in fig. S6, there is no clear change in the histograms when264

wavenumber slopes are estimated from profiles favorable to DDC compared265
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to using all profiles or only those without a DDC imprint. We thus conclude266

that finescale contamination by DDC (issue iv) is not an important source of267

uncertainty for the wavenumber slope estimates, which represent averages over268

more than 2 million individual estimates.269
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