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1 Preliminaries

We consider spin systems on a (potentially infinite) discrete set of sites Γ and we adopt the operator
algebraic point of view. We describe the setup briefly here, and we refer to [1] or [2, Section 6.2] for more
details.

For any site x ∈ Γ, the local Hilbert space Hx ≃ Cd has dimension d. The Hilbert space associated to
a finite subset X ⊂ Γ is the tensor product HX = ⊗x∈XHx, and we let AX = B(HX) be the algebra of
observables supported on X. Let

Aloc =
⋃
X⊂Γ

X finite

AX (1)

be the set of local observables, and A = Aloc be its completion with respect to the operator norm, i.e.,
A is the C∗-algebra of quasi-local observables. (Obviously, when Γ is finite then Aloc = A = A is the
full algebra of complex matrices of size d|Γ| × d|Γ|.) A state is a linear functional ω : A → C such that
ω(1) = 1, ω(a∗) = ω(a), and ω(a∗a) ≥ 0 for all a ∈ A.

Hamiltonians Consider a Hamiltonian H, which can be formally written as

H =
∑
X⊂Γ

X finite

hX (2)

where hX ∈ AX are the local interaction terms. We assume that the Hamiltonian H is local, i.e., there
exists a constant r such that hX is nonzero only for X having size at most r, for every site x ∈ Γ,
|{X ⊂ Γ : x ∈ X,hX ̸= 0}| ≤ r, and that ∥hX∥ ≤ 1 for all X. In the case of the infinite lattice Γ = ZD,
we say that the Hamiltonian is translation-invariant if hX+x = τx(hX) for all X ⊂ ZD and x ∈ ZD, where
τx : AX → AX+x is the translation operator by x. If Λ is a finite subset of Γ, we let

HΛ =
∑
X⊂Λ

hX ∈ AΛ (3)

and
H̃Λ =

∑
X∩Λ ̸=∅

hX ∈ AΛ (4)

where Λ = Λ ∪ ∂exΛ, and ∂exΛ is the external boundary of Λ, i.e.,

∂exΛ = {y ∈ Λc : ∃Y ⊂ ZD, hY ̸= 0, y ∈ Y,Λ ∩ Y ̸= ∅}. (5)

When the lattice Γ is infinite, H is not a well-defined element of the algebra A; however for any a ∈ Aloc,
we formally write [H, a] for the well-defined element of Aloc that is equal to

[H, a] = [H̃Λ, a], (6)

when a ∈ AΛ.
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Ground states A state ω : A → C is called a ground state of H if

ω(a∗[H, a]) ≥ 0 ∀a ∈ Aloc. (7)

In the case of finite systems, this condition is equivalent to saying that the density matrix of ω is supported
on the eigenspace of H of minimal eigenvalue. To see this, we note that for finite systems, states are
described by density matrices ω(a) = tr[ρa]. Choosing the operators a in the above definition for a given
eigenbasis of the Hamiltonian ei as eje

∗
i , we see that

ρiiEj − ρiiEi ≥ 0 (8)

where we denote matrix elements ρij in the energy eigenbasis and the corresponding eigenvalues by Ei.
This is fulfilled only if ρii = 0 for all i corresponding to eigenvectors that are not in the ground-space
sector. By writing

ρ =

(
A B
B∗ C

)
(9)

where the blocks correspond to the ground-space and its orthogonal complement, we can see that C has
nonpositive diagonal entries, but is also positive semidefinite and thereby 0. By the Schur complement
lemma we can then conclude that B = 0 and thereby ρ is supported on the ground space.

Remark 1.1 (Relation to thermodynamic limit). Consider the case of a Hamiltonian on the infinite
lattice Γ = ZD. It is immediate to verify that the limit of ground states of finite Hamiltonians H̃Λ

of increasing size will automatically satisfy condition (7). Actually this is even true for any choice of
“boundary condition” ∆Λc acting outside Λ. Indeed, one can easily show that if ω is such that

ω(a) = lim
Λ↑ZD

⟨ΦΛ|a|ΦΛ⟩ (10)

where for each Λ, ΦΛ is a ground state of the finite Hamiltonian H̃Λ + ∆Λc , then ω will satisfy (7).
Imposing such arbitrary boundary conditions while taking the limit may actually be needed in order to
capture the different ground states in the thermodynamic limit.

To illustrate this, consider the following one-dimensional classical system with three states {0, 1, 2}
per site given by the Hamiltonian

hi,i+1(s, s
′) =


0 if s = s′ ∈ {0, 1}
2 if (s, s′) ∈ {(0, 1), (1, 0), (2, 2), (2, 1), (0, 2), (1, 2)}
−1 if s = 2, s′ = 0.

(11)

For the finite Hamiltonian H̃Λ with Λ = {−ℓ, . . . , ℓ}, the unique ground state is the sequence (2, 0, . . . , 0)
with energy −1. This makes it also the ground state of the infinite system corresponding to the limit
with open boundary condition. Importantly, note that for the observable O = |0⟩⟨0| at site 0, we have
that for any ℓ ≥ 1, its value in the ground state of HΛ is 1. However, another valid ground state of the
infinite chain is the all-1 state. For this ground state in the thermodynamic limit, the observable takes a
value of 0. It is realized by adding a boundary term hℓ+1(s) = −2δ1,s as it lowers the energy of the all-1
configuration below the open boundary ground state.

Beyond this simple but artificial example, there are many more classical and quantum models ex-
hibiting an analogous effect that are of current interest in quantum many-body physics. Due to the more
involved definitions and solutions of these models we refrain from giving them explicitly. Besides ubiq-
uitous examples like the 1D Ising model which can be solved, in [3] the example of degenerate ground
states of the quantum double model and an explicit construction of boundary conditions is given.
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Thermal equilibrium states For a finite system, the Gibbs state at inverse temperature β = 1/T ≥ 0
is given by the density matrix ρ = e−βH/ tr e−βH . An alternative characterization is via the so-called
Kubo-Martin-Schwinger (KMS) conditions, which takes the form (for finite systems)

ω(ba) = ω(ae−βHbeβH) ∀a, b ∈ Aloc. (12)

It is easy to verify that the Gibbs state ω(a) = tr(e−βHa)/ tr e−βH satisfies the equality conditions above,
and that it is also the unique such state. To state the KMS-conditions for infinite systems, one first needs
to introduce the time evolution operator

αt(a) = lim
Λ↑Γ

eiHΛtae−iHΛt ∀a ∈ Aloc, t ∈ R (13)

where the limit is taken over a suitable sequence of finite subsets Λ. For the local Hamiltonian interactions
we consider here, αt exists and is strongly continuous [2, Theorem 6.2.4]. For a given time-evolution
operator, there is a dense subset Aα ⊂ A such that F (αt(a)) is entire for all a ∈ Aα and bounded linear
functionals F [4, Proposition 2.5.22]. We say that a state ω : A → C is a β-KMS state if [2, Definition
5.3.1]

ω(ba) = ω(aαiβ(b)) ∀a, b ∈ Aα. (14)

In fact, it is sufficient to ensure this condition for any dense α-invariant *-subalgebra of Aα. The set of
β-KMS states will be denoted by Gβ:

Gβ = {ω : A → C : ω(1) = 1, ω(a∗a) ≥ 0 ∀a ∈ Aloc, and (14)} . (15)

For translation-invariant Hamiltonians on the lattice Γ = ZD we will be mostly interested in translation-
invariant KMS-states

GTI
β =

{
ω : A → C : ω ∈ Gβ and ω(a) = ω(τx(a)) ∀a ∈ Aloc, x ∈ ZD

}
. (16)

The set Gβ (and GTI
β for translation-invariant Hamiltonians) is nonempty for all β ≥ 0. This can be shown

by taking an appropriate limit of finite Gibbs states on a sequence of Λ ↑ Γ. An important aspect of
infinite systems (i.e., systems in the thermodynamic limit) is that the set of thermal equilibrium states
Gβ is not necessarily reduced to a singleton. The existence of many β-KMS states signals the presence of
different thermodynamic phases.

2 Convex relaxations via energy-entropy balance inequalities

Our goal is to obtain a convex relaxation for the marginals of equilibrium states ω ∈ Gβ. A natural way
to obtain a convex relaxation is to impose only a subset of the β-KMS equality conditions (14) (which
corresponds to (12) for finite systems). The problem with the KMS linear equality constraints is that even
if a, b are local observables, the observable aαiβ(b) is in general not local (unless, say, the Hamiltonian is
commuting).

2.1 Energy-entropy balance inequalities

The energy-entropy inequalities is a family of convex inequalities that characterize β-KMS states and that
only involve local observables of ω. They were first derived by Araki and Sewell in [5].

Theorem 2.1 (Energy-entropy balance (EEB) inequalities, see [2, Theorem 5.3.15]). Let H be a local
Hamiltonian. Then ω : A → C is a β-KMS state if, and only if, it satisfies1

ω([H, a]) = 0 ∀a ∈ Aloc, (17)

ω(a∗a) log

(
ω(a∗a)

ω(aa∗)

)
≤ βω(a∗[H, a]) ∀a ∈ Aloc. (18)

1The function x log(x/y) is defined as equal to 0 if x = 0 and +∞ if x > 0 and y = 0.
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Remark 2.2. The cited theorem requires the conditions to hold for all elements in the domain of the
generator δ of the time-evolution operator αt. On Aloc this operator takes values δ(a) = i[H, a]. It is,
however, defined on a larger domain given by the closure of this operator, i.e., the commutator formula
on Aloc is a core for δ. By the definition of the closure of an operator, a ∈ A is said to be in the domain
of δ, i.e., a ∈ D(δ) if there exists a sequence ai ∈ Aloc such that ai → a and δ(ai) → δ(a). Due to the
latter, it is sufficient to impose the EEB inequalities on Aloc only, despite the lack of continuity of δ.

The convexity of the constraints (18) in ω follow from convexity of the function (x, y) 7→ x log(x/y).
Furthermore if H is a local Hamiltonian, and a is a local operator, then the constraints (2.1) only involve
local observables of ω. Note that for β = +∞ (zero temperature), the constraint (18) reduces to the
inequality (7) which characterizes the ground states of H.

Remark 2.3 (Relation to thermodynamic limit). Using conditions (2.1) one can show that any limit of
finite Gibbs states exp(−βHΛ)/ tr exp(−βHΛ) as Λ ↑ Γ will be a valid β-KMS state. Actually the same
is true for any sequence of finite Gibbs states of HΛ +∆Λc where ∆Λc is an arbitrary term acting only on
the boundary of Λ.

Similarly to the example for ground-states in Remark 1.1, we demonstrate how different thermal states
can arise from different choices of boundary conditions. Consider the 2D Ising model at some temperature
0 < T < Tc (where Tc is the critical temperature), and let for any ℓ ∈ N, ρℓ,β be the finite Gibbs state
on a region {−ℓ, . . . , ℓ}2 with open boundary condition. Then by the spin-flip symmetry of the Ising
Hamiltonian, we know that tr(Zxρℓ,β) = 0 for any site x in the region {−ℓ, . . . , ℓ}2. Thus this means that
for any limit ωβ of the finite Gibbs state with open boundary condition, we will have ωβ(Zx) = 0. It
is known however that for the 2D Ising model below the critical temperature, there are two (extremal)
infinite-volume Gibbs states ω+

β and ω−
β such that ω−

β (Zx) < 0 < ω+
β (Zx), which can be reached by taking

limits of finite Hamiltonians with fixed boundary condition, i.e., aligned spins on the boundary [6].

2.2 Convex relaxations

The EEB inequalities above can be used to obtain rigorous lower and upper bounds on the value of any
observable on thermal states via convex optimization. Let (Λℓ)ℓ∈N be an increasing sequence of subsets
of Γ such that the support of O is contained in Λ0, and such that Λℓ ↑ Γ as ℓ → ∞. To simplify the
presentation, we will further assume that Λℓ−1 ⊂ Λℓ for all ℓ, where, as before, Λ = Λ∪∂exΛ (see (5)). For
example, if Γ = ZD and H is a nearest-neighbor Hamiltonian and O is supported on site 0, one can take
Λℓ = {−ℓ, . . . , ℓ}D. For any ℓ, let Aℓ ⊂ A be the subalgebra of observables supported on Λℓ. Consider
the optimization problem

min/max
ω̃:Aℓ→C

ω̃(O) (19)

s.t. ω̃(1) = 1 (20)

ω̃(a∗a) ≥ 0 ∀a ∈ Aℓ (21)

ω̃([H, a]) = 0 ∀a ∈ Aℓ−1 (22)

ω̃(a∗a) log

(
ω̃(a∗a)

ω̃(aa∗)

)
≤ βω̃(a∗[H, a]) ∀a ∈ Aℓ−1. (23)

The feasible set of this convex optimization problem is an outer relaxation for the set of Λℓ-marginals of
thermal equilibrium states in Gβ, i.e., the optimization variable takes values in the set of states on Aℓ.
This relaxation is obtained by imposing the EEB inequalities on the finite-dimensional subspace Aℓ−1,
in addition to the normalization and positivity constraints (20), (21). Besides the linear equations (20)
and (22), the constraint (21) can be encoded as the positivity of a Hermitian matrix of size |Λℓ| × |Λℓ|.
However, the last set of constraints (23) form an infinite set of scalar inequalities, and it is unclear how
to formulate them in a compact way. This is due to the lack of linearity in the inequality. Imposing the
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inequality for a basis of Aℓ−1is not sufficient to conclude it on all elements of Aℓ−1, which is an infinite set.
Clearly one can sample certain observables ai ∈ Aℓ−1 (i = 1, . . . ,m) and impose the m scalar inequalities,
however, this poses the question of how to choose these ai’s.

Matrix EEB inequality We introduce the following matrix version of the EEB inequality which allows
us to impose the EEB inequality for all observables a in a finite-dimensional subspace. The matrix EEB
inequality makes use of the matrix relative entropy function [7, 8] which is defined as

Dop(A∥B) = A1/2 log(A1/2B−1A1/2)A1/2 (24)

for any two positive semidefinite matrices A,B ⪰ 0 such that A ≪ B (i.e., imA ⊂ imB). The function
Dop is the operator perspective [9, 10] of the negative logarithm function (which is operator convex) and
satisfies the following properties, see [8]:

• Homogeneity: Dop(λA∥λB) = λDop(A∥B) for λ > 0

• Operator convexity2: Dop(
∑

k Ak∥
∑

k Bk) ⪯
∑

kDop(Ak∥Bk)

• Transformer inequality: For any rectangular matrix K,

Dop(K
∗AK∥K∗BK) ⪯ K∗Dop(A∥B)K. (25)

Furthermore, the function Dop is closed, in the sense that {(A,B, T ) : A ≪ B and Dop(A∥B) ⪯ T} is a
closed convex set [11, Theorem B.1]. Convex optimization problems involving the matrix relative entropy
can be solved using interior-point methods [11] or via semidefinite programming approximations [12].

Theorem 2.4 (Matrix EEB inequality). Let H be a local Hamiltonian and ω : A → C be a β-KMS state.
Let a1, . . . , am ∈ Aloc and define the m×m matrices

Aij = ω(a∗i aj)

Bij = ω(aja
∗
i )

Cij = ω(a∗i [H, aj ]).

(26)

Then A,B,C are Hermitian, A,B are positive semidefinite with A≪ B and Dop(A∥B) ⪯ βC.

Proof. It is clear that A,B are Hermitian and that they are positive semidefinite. That A ≪ B follows
from the fact that for a KMS state ω(bb∗) = 0 =⇒ ω(b∗b) = 0 for any b ∈ A. (This can be seen e.g.,
from (18)). To see that C is Hermitian, note that since ω is a KMS state we have ω([H, b]) = 0 for any
b ∈ Aloc (see (17)). Then

Cij = ω(a∗i [H, aj ]) = ω(a∗i (Haj − ajH)) = ω(a∗iHaj −Ha∗i aj) = ω([a∗i , H]aj) = ω(a∗j [H, ai]) = Cji. (27)

We now prove the inequality Dop(A∥B) ⪯ βC. We present the proof here in the finite-dimensional
case. We treat the general case in Appendix A. We thus assume that A is a finite-dimensional matrix
algebra. Let L : A → A be the commutator operator with the Hamiltonian H, i.e., L(a) = [H, a]. The
map L is self-adjoint with respect to the Hilbert-Schmidt inner product. Observe that for any a ∈ A,
e−βL(a) = e−βHaeβH (this can be easily seen e.g., by checking that a(β) := e−βHaeβH is the solution of
the ODE a′(β) = −L(a(β)) with a(0) = a.) Let L =

∑
k λkPk be a spectral decomposition of L. By the

KMS condition we have

Bij = ω(aja
∗
i ) = ω(a∗i e

−βL(aj)) =
∑
k

e−βλkω(a∗iPk(aj)) =
∑
k

e−βλkA
(k)
ij (28)

2For homogeneous functions, convexity is equivalent to subadditivity
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where we let A
(k)
ij = ω(a∗iPk(aj)). Since

∑
k Pk = I and

∑
k λkPk = L, we have∑

k

A(k) = A and
∑
k

λkA
(k) = C. (29)

Then we have

Dop(A∥B) = Dop

(∑
k

A(k)∥
∑
k

e−βλkA(k)

)
⪯
∑
k

Dop(A
(k)∥e−βλkA(k)) =

∑
k

βλkA
(k) = βC (30)

as desired.

A convex relaxation using the matrix relative entropy We now consider the modified convex
optimization problem

min/max
ω̃:Aℓ→C

ω̃(O) (31)

s.t. ω̃(1) = 1 (32)

ω̃(a∗a) ≥ 0 ∀a ∈ Aℓ (33)

ω̃([H, a]) = 0 ∀a ∈ Aℓ−1 (34)

Dop ( [ω̃(a
∗
i aj)]ij , [ω̃(aja

∗
i )]ij ) ⪯ β[ω̃(a∗i [H, aj ])]ij . (35)

where in the last constraint, {ai} is a basis of Aℓ−1. One can show, using (25), that the infinite number
of scalar constraints (23) are implied by the finite positive semidefinite constraint (35). We prove this in
the next proposition.

Proposition 2.5. Consider the optimization problem (2.2) and assume {ai} (i = 1, . . . ,m) is a basis of
Aℓ−1. Then the constraints (23) are all implied by the matrix inequality (35).

Proof. Let a be an arbitrary element of Aℓ−1, and let a =
∑

i xiai, with xi ∈ C, be its decomposition in
the basis {ai}. Also let A,B,C be the matrices defined in (26), so that the inequality (35) can be written
as Dop(A∥B) ⪯ βC. If we let x = (x1, . . . , xm) ∈ Cm, then note that

x∗Ax =
∑
ij

xixjω(a
∗
i aj) = ω(a∗a)

x∗Bx =
∑
ij

xixjω(aja
∗
i ) = ω(aa∗)

x∗Cx =
∑
ij

xixjω(a
∗
i [H, aj ]) = ω(a∗[H, a]).

(36)

It follows from (25) that

ω(a∗a) log

(
ω(a∗a)

ω(aa∗)

)
= Dop(x

∗Ax∥x∗Bx) ≤ x∗Dop(A∥B)x ≤ βx∗Cx = βω(a∗[H, a]) (37)

as desired.

2.3 Convergence

Let (Pmin
ℓ ) and (Pmax

ℓ ) be respectively the minimization and maximization problems (2.2), and let pmin
ℓ ≤

pmax
ℓ be their optimal values. The next theorem shows the asymptotic convergence of pmin

ℓ and pmax
ℓ to

⟨O⟩min
β and ⟨O⟩max

β respectively.
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Theorem 2.6. Let H be a local Hamiltonian, O ∈ Aloc a local observable, and β ∈ [0,+∞]. Define

[⟨O⟩min
β , ⟨O⟩max

β ] = {ω(O) : ω ∈ Gβ}. (38)

Then pmin
ℓ ↑ ⟨O⟩min

β and pmax
ℓ ↓ ⟨O⟩max

β as ℓ→ ∞.

Proof. Note that Gβ is convex and weak-* compact [2, Theorem 5.3.30] and so {ω(O) : ω ∈ Gβ} is a closed
interval.

If ω ∈ Gβ, then for any ℓ, its restriction to Aℓ is feasible for the optimization problems (2.2). Thus
this means that pmin

ℓ ≤ ⟨O⟩min
β ≤ ⟨O⟩max

β ≤ pmax
ℓ for any ℓ. Furthermore, observe that pmin

ℓ is monotonic
nondecreasing, and pmax

ℓ is monotone nonincreasing. Indeed assume ω̃ℓ : Aℓ → C is feasible for (2.2) and
consider its restriction to Ak for k < ℓ. We want to show that it is feasible for the level k of the relaxation
(2.2). It is immediate that the restriction satisfies the constraints (32)-(34) at the level k of the relaxation.
To prove (35) we use the transformer inequality (25). Let {bs} be a basis of Ak−1 and note that we can
express each bs as a linear combination of the ai ∈ Aℓ−1, i.e., bs =

∑
iKisai for some Kis ∈ C. As such

we have
ω̃(b∗sbt) =

∑
ij

KisKjtω̃(a
∗
i aj) (39)

so that we can write [ω̃(b∗sbt)]s,t = K∗[ω̃(a∗i aj)]i,jK and similarly for [ω̃(btb
∗
s)]s,t. Hence we get

Dop([ω̃(b
∗
sbt)]s,t , [ω̃(btb

∗
s)]s,t) = Dop(K

∗[ω̃(a∗i aj)]i,jK ,K∗[ω̃(aja
∗
i )]i,jK)

⪯ K∗Dop([ω̃(a
∗
i aj)]i,j , [ω̃(aja

∗
i )]i,j)K

⪯ βK∗[ω̃(a∗i [H, aj ])]i,jK

= β[ω̃(b∗s[H, bt])]s,t,

(40)

as desired.
Since (pmin

ℓ ) and (pmax
ℓ ) are monotonic and bounded they must have limits pmin

∞ := lim pmin
ℓ and

pmax
∞ := lim pmax

ℓ respectively. We want to show that pmin
∞ = ⟨O⟩min

β and pmax
∞ = ⟨O⟩max

β .

For each ℓ, let ω̃ℓ : Aℓ → C be a feasible solution to (2.2) such that pmin
ℓ ≤ ω̃ℓ(O) ≤ pmin

ℓ + 1/ℓ (if the
minimum value of the optimization problem is attained, we simply take ω̃ℓ the optimal solution which
satisfies ω̃ℓ(O) = pmin

ℓ ). We can extend ω̃ℓ to a state on the full C∗-algebra A [4, Proposition 2.3.24].
We now have a sequence of states ω̃ℓ on A. Since the set of states on A is weak-* compact [4, Theorem
2.3.15] we can extract from ω̃ℓ a subsequence ω̃n(ℓ) that weak-* converges to a state ω̃ on A.

We now show that ω̃ is a β-KMS state by showing that the conditions (2.1) hold. Let a ∈ Aloc. Since
a is a local observable we have a ∈ An(ℓ)−1 for all large enough ℓ. Hence this implies that

ω̃n(ℓ)([H, a]) = 0

ω̃n(ℓ)(a
∗a) log

(
ω̃n(ℓ)(a

∗a)

ω̃n(ℓ)(aa∗)

)
≤ βω̃n(ℓ)(a

∗[H, a])
(41)

for all large enough ℓ. By taking the limit ℓ → ∞ this shows that ω̃ satisfies the conditions (2.1) and is
thus a β-KMS state. Finally note that

ω̃(O) = lim
ℓ
ω̃n(ℓ)(O) ≤ lim

ℓ
pmin
n(ℓ) + 1/n(ℓ) = pmin

∞ . (42)

Since pmin
∞ ≤ ⟨O⟩min

β ≤ ω̃(O) we necessarily get equality pmin
∞ = ⟨O⟩min

β . The same argument can be used
to show that pmax

∞ = ⟨O⟩max
β .
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Translation-invariant Hamiltonians We now prove the main theorem, which we restate here.

Theorem 2.7 (Certified algorithms for expectation values of equilibrium states). Let Λ0 ⊂ Λ1 ⊂ · · · ⊂ Γ
be an increasing sequence such that the support of the local observable O is contained in Λ0. For any
ℓ ∈ N, let pmin

ℓ and pmax
ℓ be respectively the minimum and maximum values of the convex optimization

problems (2.2) with Λ = Λℓ. Then we have

pmin
ℓ ≤ ⟨O⟩min

β ≤ ⟨O⟩max
β ≤ pmax

ℓ . (43)

Furthermore, pmin
ℓ ↑ ⟨O⟩min

β and pmax
ℓ ↓ ⟨O⟩max

β as ℓ→ ∞.

For translation-invariant Hamiltonians, one can adapt the hierarchy (2.2) so that the resulting se-
quences (pmin,TI

ℓ ) and (pmax,TI
ℓ ) converge to ⟨O⟩min,TI and ⟨O⟩max,TI respectively. It suffices to add the

following translation-invariance linear constraint in the convex optimization problem:

ω̃(τx(a)) = ω̃(a) ∀a ∈ Aℓ ∀x ∈ ZD s.t. τx(a) ∈ Aℓ. (44)

To prove convergence, one simply needs to show (using the same notations as in the proof of Theorem
2.6) that ω̃ = weak*-lim ω̃n(ℓ) is translation-invariant. To do this, let a ∈ Aloc and x ∈ ZD. Since a is a
local operator, we know that a, τx(a) ∈ An(ℓ) for all large enough ℓ. This means that

ω̃(τx(a)) = lim
ℓ
ω̃n(ℓ)(τx(a)) = lim

ℓ
ω̃n(ℓ)(a) = ω̃(a) (45)

where the middle equality follows from the translation-invariant constraint (44) imposed in the optimiza-
tion problem. This is true for all a ∈ Aloc and x ∈ ZD, and so ω̃ is translation-invariant.

2.4 Decidability

It has been shown in [13] that computing the phase diagram of a 2D nearest neighbour translation-
invariant Hamiltonian in the case β = ∞ is undecidable. This is shown for both a definition of phase in
terms of gapped and gapless Hamiltonians as well as in terms of an order parameter. It is interesting to
compare the latter with our result. More precisely, the construction of the authors gives a Hamiltonian
(described by a nearest neighbour interaction h(n)) for every input n to a universal Turing machine and
a local observable O such that

• If the Turing machine halts on input n then for any sequence of ground states |ψL⟩ of the Hamiltonian
on an L× L square with open boundary conditions limL→∞⟨ψL|O|ψL⟩ = 0.

• If the Turing machine does not halt on input n, then for any sequence of ground states |ψL⟩ of the
Hamiltonian on an L× L square with open boundary conditions limL→∞⟨ψL|O|ψL⟩ = 1.

It is interesting to compare this to our algorithm by asking what the output of our algorithm would be
given the construction above as its input. We leave a full resolution of this question to future work.
However, in light of the proven undecidability we can rule out that there exists a constant ε < 1/2 such
that the interval provided by our algorithm is below ε for all Hamiltonians arising from halting instances
and above 1− ε for all non-halting ones.

We can however say the following to partially explain how the proof in [13] would not extend to
arbitrary boundary conditions. The limit values in this construction crucially depend on the choice of
boundary conditions. While the boundary condition is not mentioned explicitly as it is always kept open,
in fact a technique from [14] is used to encode a boundary term corresponding to an energy shift of a
Hamiltonian into the translation-invariant interaction term. Before this shift the construction yields a
nonnegative ground-state energy in the nonhalting case and a negative one in the halting case. Adding this
energy shift and adding a subspace {|0⟩} with a trivial product state with zero energy to the Hamiltonian,

8



the ground state in the nonhalting case will be given by this product state. The observable O = |0⟩⟨0| is
then given by a projector onto this subspace.

The definition of ground-states in our work is different and in fact the set of equilibrium states G∞
includes the limits of ground-states of Hamiltonians for any boundary condition, see Remark 1.1. In
this version, as opposed to the one above, our hierarchies do prove the decidability of the equilibrium
observable problem as given in the following definition. This means that the problem solution is defined
over the set of all boundary conditions, not that the problem can be decided for every choice of boundary
condition.

Definition 2.8.

Equilibrium Observable Problem

Input: Local dimension d, local Hamiltonian term h with rational coefficients, local
observable O with rational coefficients, rational number a, temperature β ∈
[0,+∞]

Promise: Either ⟨O⟩min,TI
β > a or ⟨O⟩max,TI

β < a

Question: Output YES if ⟨O⟩min,TI
β > a, NO otherwise

Supplementary Box 1: Definition of the Equilibrium Observable Problem

Theorem 2.9. The Equilibrium Observable Problem is decidable.

Proof. Let us start with the case β = ∞. The algorithm consists of iterating over ℓ = 2, 3, . . . and alter-
nating between the minimization and maximization of the convex relaxations (2.2) with the translation-
invariant constraint (44). Note that for the ground-state Eq. (35) reduces to 0 ⪯ β[ω̃(a∗i [H, aj ])]ij , such
that the problem becomes an SDP in rational coefficients that can be solved exactly. More specifically, we
use quantifier elimination [15, 16] to decide whether the hierarchy augmented by ω̃(O) > a or augmented
by ω̃(O) < a is feasible. The algorithm stops as soon as one of them becomes infeasible and outputs NO
or YES respectively. Due to Theorem 2.7 this is guaranteed to happen at sufficiently large ℓ.

In the case β <∞, we face additional difficulties due to the matrix logarithm, as our convex relaxation
is no longer an SDP. We will use SDP approximations of the logarithm, however, those have convergence
guarantees that are only uniform on intervals that are bounded away from 0. A way to deal with this
issue is to strengthen our convex relaxation by an a priori lower bound on the moment matrices derived
from an analysis of the Hamiltonian. This is proven in the following Lemma by adapting a result from
[17] to the infinite system moment problem setting.

Lemma 2.10. For a given local translation-invariant Hamiltonian H on ZD and temperature β, there
exists a KMS-state ω ∈ Gβ such that the following is true: for any finite set Λ ⊂ ZD, there exists an
explicit constant CΛ > 0 depending on β, the locality and norm of the Hamiltonian, and Λ, such that the
marginal ρΛ ∈ AΛ of ω, defined by

tr[ρΛa] = ω(a) ∀a ∈ AΛ (46)

is lower bounded
ρΛ ⪰ CΛ. (47)

Proof. Without loss of generality we assume that the Hamiltonian is defined on qubits since general

qudit systems can be embedded by encoding each qudit in a Hilbert space C2m
D

such that d ≤ 2m
D
,

corresponding to a hypercube of spins. This results in a Hamiltonian with higher but still finite range.

9



In [17, Corollary 2.14] it is shown that for a given qubit HamiltonianHV on a finite set V and for a fixed
Λ ⊂ V there exist explicit constants cΛ, c

′
Λ such that the following is true: for any Hermitian observable

X =
∑

i xiai supported on Λ ⊂ V (here, xi ∈ R and ai is the orthonormal Pauli basis supported on Λ)
we have

tr[X2ρ̃V ] ≥ exp(−cΛ − βc′Λ)maxx2i , (48)

where ρ̃V = e−βHV / tr e−βHV is the Gibbs state at inverse temperature β for the given finite Hamiltonian
HV . Crucially, the constants cΛ, c

′
Λ do not depend on |V |, but only on the locality of the Hamiltonian and

the degree of its so-called dual interaction graph, which are fixed.3 If we take the weak*-limit of Gibbs
states ρ̃V on increasing system sizes V ↑ ZD (taking an appropriate subsequence to ensure convergence,
see [2, Proposition 6.2.15]) we get a KMS-state ω which satisfies

ω
(
X2
)
≥ exp(−cΛ − βc′Λ)max

i
x2i (49)

for all X ∈ AΛ, where the xi are the coefficients of X in the Pauli basis of AΛ.
Now let ρΛ be the marginal of ω on Λ, and let X be the projector onto a one-dimensional eigenspace

of ρΛ with lowest eigenvalue. Note that the xi are real as X is a Hermitian operator and that

max
i
x2i ≥

1

4|Λ|
∥(xi)i∥22 =

1

4|Λ|
∥X∥2F =

1

4|Λ|
. (50)

Thereby, we conclude

ρΛ ⪰ tr
[
ρΛX

2
]
= ω

(
X2
)
≥ 1

4|Λ|
exp(−cΛ − βc′Λ) =: CΛ. (51)

We now choose the basis of AΛ in our convex relaxation (2.2) to be orthonormal. We see that the
above Lemma proves a lower bound on the lowest eigenvalue of the moment matrix ω that corresponds
to the KMS-state given in the Lemma:

min
∥x∥22=1

⟨x|[ω̃(a∗i aj)]ij |x⟩ = min
∥x∥22=1

∑
ij

xixjω(a
∗
i aj) = tr[ρX∗X] ≥ CΛℓ

tr[X∗X] = CΛℓ
(52)

and similarly for [ω̃(aja
∗
i )]ij . We use this to strengthen our convex relaxation (2.2) by adding the contraints

[ω̃(a∗i aj)]ij ⪰ C ′
Λℓ
> 0,

[ω̃(aja
∗
i )]ij ⪰ C ′

Λℓ
> 0

(53)

where C ′
Λℓ

is a rational lower bound to CΛℓ
. Note that Lemma 2.10 need not hold for KMS states that

arise from different boundary conditions as those might come with different constants c, c′. In the promise
problem setting this is not relevant though as the relaxation still contains at least the open boundary
Gibbs state and thereby the respective SDP problem is always feasible. Therefore, the optimal values
of the modified problems are two sequences pmin

ℓ ≤ p
′ min
ℓ ≤ p

′ max
ℓ ≤ pmax

ℓ . Note that monotonicity and
thereby convergence are no longer guaranteed for p

′ min
ℓ , p

′ max
ℓ . However, we only need that the optimal

values exceed the decision threshold, which is guaranteed by convergence of pmin
ℓ , pmax

ℓ and the above
inequality.

After this modification, since the moment matrix is bounded away from zero and upper bounded by
1, the eigenvalues in the argument of the logarithm for the matrix relative entropy are contained in an
interval [a, 1/a] for some a > 0. We now introduce a semidefinite approximation of Dop from [12]. For
any integer m ≥ 1 let hm(x) = 2m

(
x1/2

m − 1
)
which satisfy log(x) ≤ hm+1(x) ≤ hm(x) and note that

3The dual interaction graph has nodes for each Hamiltonian term and edges between terms that overlap
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hm → log uniformly on any compact interval in (0,∞) since 0 ≤ hm(x)−log(x) ≤ 2−m[(x−1)2+(x−1−1)2]

for all x > 0. Consider the noncommutative perspective [9, 10] of −hm which we denote by D
[m]
op :

D[m]
op (X,Y ) := P−hm(X,Y ) = −X1/2hm(X−1/2Y X−1/2)X1/2. (54)

Then D
[m]
op is jointly convex in (X,Y ), has a finite semidefinite programming formulation [12], and satisfies

D
[m]
op (X∥Y ) ⪯ Dop(X∥Y ) since −hm ≤ − log. By changing the function Dop in the entropy constraint

(35) by D
[m]
op we get a semidefinite program (P

′ min
ℓ,m ) with rational coefficients whose optimal value satisfies

p
′ min
ℓ,m ≤ p

′ min
ℓ and analogously for the upper bounds.

Furthermore using the constraint (53), the uniform convergence of hm to log, and the continuity of
Dop on positive definite matrices, we know that p

′ min
ℓ,m ↑ p

′ min
ℓ and similarly p

′ max
ℓ,m ↓ p

′ max
ℓ as m ↑ ∞. By

choosing an exhaustive sequence (ℓi,mi) of N+ × N+ and deciding the two feasibility problems as in the
ground-state case we obtain an algorithm that decides the problem in finite time.

2.5 Commuting Hamiltonians and the high-temperature regime

In this section we focus on commuting Hamiltonians H which satisfy [hX , hY ] = 0 for any X,Y ⊂ Γ.
For concreteness, we choose to focus on H translation-invariant on Γ = ZD. For such Hamiltonians one
can define a convex relaxation for the set of thermal equilibrium states directly from the KMS equality
condition. Indeed, in this case if b ∈ AΛ ⊂ Aloc where Λ is finite, then

αt(b) = lim
Λ′↑ZD

eitHΛ′ be−itHΛ′ = eitH̃Λbe−itH̃Λ (55)

where H̃Λ is as defined in (4). Clearly, in this case αt(b) can be extended to an entire function for all
b ∈ Aloc. As such, the β-KMS condition for a state ω can be written as

ω(ba) = ω(ae−βH̃ΛbeβH̃Λ) ∀a ∈ AΛ̄, b ∈ AΛ (56)

for all Λ ⊂ ZD finite. (Recall that Λ = Λ∪∂exΛ where ∂exΛ is the external boundary of Λ.) A consequence
of these KMS conditions4 is that

ω([a, hX ]) = 0 ∀a ∈ AΛ̄, ∀X ⊂ Λ̄ (57)

for all Λ ⊂ ZD finite. Given a fixed Λ ⊂ ZD finite, let5

Gcomm
Λ,β =

{
ω : AΛ̄ → C s.t. ω(1) = 1, ω(a∗a) ≥ 0 ∀a ∈ AΛ̄,

ω(a) = ω(τx(a)) ∀a ∈ AΛ̄, x ∈ ZD s.t. τx(a) ∈ AΛ̄

and (56) and (57)
}
.

(58)

Since (56) is bilinear in (a, b) it only needs to be imposed on a basis {ai} of AΛ̄ and {bj} of AΛ. As such,
the convex set (58) is the feasible set of a semidefinite program. It is an outer relaxation for the set of
Λ̄-marginals of β-KMS states.

Given an observable O ∈ AΛ, one can consider the convex optimization problems

min /max {ω̃(O) s.t. ω̃ ∈ Gcomm
Λ,β }. (59)

4This is because αt(hX) = hX , since the Hamiltonian is commuting.
5Note that (56) for a fixed Λ only implies (57) for X ⊂ Λ (and not Λ̄). That’s why we impose (57) explicitly.
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The solution of this minimization (resp. maximization) problem is a lower bound on ⟨O⟩min,TI
β (resp.

upper bound on ⟨O⟩max,TI
β ).

The asymptotic convergence of the hierarchy (59) for a sequence of increasing finite lattices Λℓ to
⟨O⟩min,TI

β and ⟨O⟩max,TI
β can be proved in exactly the same way as in Theorem 2.6. For this hierarchy

however we are also able to give a quantitative rate of convergence in the high temperature regime.

Theorem 2.11. Assume that the Hamiltonian is translation-invariant, commuting and that the lattice
dimension D ≤ 2. For D = 1 and β1 = ∞ or for D = 2 and some β1 > 0, we have for all 0 ≤ β < β1,
and for any local observable O the following:

• ⟨O⟩min,TI
β = ⟨O⟩max,TI

β = ⟨O⟩TI
β

• If we let pmin
ℓ and pmax

ℓ be the optimal values of the convex relaxations (59) with Λ = Λℓ =
{−ℓ, . . . , ℓ}D, then pmin

ℓ ≤ ⟨O⟩TI
β ≤ pmax

ℓ , and furthermore

max
{
⟨O⟩TI

β − pmin
ℓ , pmax

ℓ − ⟨O⟩TI
β

}
≤ c1∥O∥e−c2ℓ. (60)

for some constants c1, c2 > 0 depending on the interaction, temperature and the support of O.

Proof. We start with an important lemma showing that states in Gcomm
Λ,β can be expressed as a product

of the local (i.e., finite) Gibbs state on Λ and a boundary term on ∂exΛ, after a suitable perturbation
that eliminates the surface interaction terms. The statement is closely related to [2, Prop. 6.2.17]. The
difference is that the state ω in the lemma below is not assumed to be a “full” KMS state, but just a
state in Gcomm

Λ,β .

Lemma 2.12. Assume H is a commuting Hamiltonian. Let Λ ⊂ ZD be a finite set, and let ω ∈ Gcomm
Λ,β .

Let
W =

∑
X∩Λ ̸=∅
X∩Λc ̸=∅

hX ∈ AΛ̄ (61)

be the surface interaction term. Let

φΛ(x) =
tr(e−βHΛx)

tr e−βHΛ
. (62)

There exists a state ω̂ : A∂exΛ → C on the boundary such that using the product state ωW : AΛ̄ → C
defined by

ωW (xc) = φΛ(x)ω̂(c) (63)

we can express ω as a perturbation of the local Gibbs state with a boundary condition

ω(O) =
ωW (Oe−βW )

ωW (e−βW )
. (64)

Proof. We define

ωW (a) =
ω(eβWa)

ω(eβW )
=
ω(aeβW )

ω(eβW )
, (65)

where the equality follows using the β-KMS condition and the fact that H is commuting. We first prove
that it has the claimed form, i.e., is product with the factor on Λ being φΛ. Let a, b ∈ AΛ and c ∈ A∂exΛ.
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Then condition (56) tells us that

ωW (bac) =
1

ω(eβW )
ω(baceβW )

=
1

ω(eβW )
ω(aceβW e−βH̃ΛbeβH̃Λ)

=
1

ω(eβW )
ω(ace−βHΛbeβHΛeβW )

= ωW (ace−βHΛbeβHΛ)

= ωW (ae−βHΛbeβHΛc)

(66)

where in the last line we used the fact that c ∈ A∂exΛ and so it commutes with e−βHΛbeβHΛ ∈ AΛ.
From (66) we get that for any fixed c ∈ A∂exΛ, the state x ∈ AΛ 7→ ωW (xc)/ωW (c) satisfies the

KMS condition for the finite-dimensional Hamiltonian HΛ. Since this is a finite system, this means that
necessarily for any x ∈ AΛ,

ωW (xc)

ωW (c)
=

tr(e−HΛx)

tr e−HΛ
. (67)

This proves that ωW is product and has the marginal on Λ as claimed. We conclude by computing by

ω(O) =
ω(O)

ω(eβW )

ω(eβW )

ω(I)
=
ωW (Oe−βW )

ωW (e−βW )
, (68)

using the definition of ωW twice. This proves Lemma 2.12.

We are now ready to prove exponential convergence of the convex optimization hierarchy to ⟨O⟩β
for 0 ≤ β < β1. We start with the 1D case. Our main tool will be the decay of correlations and local
indistinguishability of Gibbs states for one-dimensional chains [18]. Without loss of generality let us
assume a 2-local interaction; the general case follows from blocking the sites first. Let ω ∈ Gcomm

Λℓ,β
and

consider the perturbation ωW from Lemma 2.12. The surface interaction term W has support on the
sites −(ℓ+ 1),−ℓ, ℓ, ℓ+ 1 and ∥ exp(±βW )∥ ≤ exp(2β∥h∥) is bounded by a constant. We first apply the
decay of correlations to bound the effect of the perturbation. From Lemma 2.12 we have

ω(O) =
ωW (Oe−βW )

ωW (e−βW )
. (69)

Let us introduce the operator Y = (idΛ ⊗ ω̂∂exΛ)(e
−βW ) ∈ AΛ, which satisfies ∥Y ∥ ≤ exp(2β∥h∥). We

further decompose Y = YLYR where YL, YR are supported on −ℓ and ℓ respectively. We can write

ω(O) =
φΛ(OY )

φΛ(Y )
(70)

and thereby

|ω(O)− φΛ(O)| ≤ |φΛ(OY )− φΛ(OYL)φ
Λ(YR)|

φΛ(Y )
(71)

+
|φΛ(OYL)φ

Λ(YR)− φΛ(YL)φ
Λ(YR)φ

Λ(O)|
φΛ(Y )

(72)

+
|φΛ(O)φΛ(YL)φ

Λ(YR)− φΛ(O)φΛ(Y )|
φΛ(Y )

(73)

≤ ∥O∥K ′ exp(−αℓ) (74)
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where to each term we can apply the uniform clustering from [18, Theorem 6.2], which extends the decay
of correlations already known from Araki’s seminal paper [19] to the case of Gibbs states on finite intervals.
The constant K ′ here comes from the interaction dependent constant from the cited result combined with
the (constant) norms of Y −1, YL, YR and the locality of O reducing the distance between the supports of
O and Y . The constant α depends on the interaction.

We conclude by [20, Theorem 4.16 (ii)] (see also [19]), which proves that expectations in the global
Gibbs state are approximated by local ones, with an error decaying exponentially with the distance to
the boundary, i.e.,

|φΛ(O)− ⟨O⟩TI
β | ≤ ∥O∥K ′′ exp(−δℓ). (75)

Again, δ and K ′′ depend on the interaction and the latter in addition on the locality of O. This proves
Theorem 2.11 in the case D = 1, for all finite β ≥ 0.

In higher dimension we expect the theorem to break down for arbitrary temperatures due to the
existence of phase transitions. Nevertheless, at sufficiently high temperatures, the two main ingredients,
decay of correlations and local indistinguishability still hold. A technical problem we are facing is however
the (super)exponential growth of eβW since the support and norm of W scale with ℓD−1, where ℓ is the
distance between O and the boundary. In 2D, however, we can still trade off this exponential growth
against the decay rates by choosing sufficiently high temperatures. We closely follow the proof of the
1D case. Again we define Y = (idΛ ⊗ ω̂∂exΛ)(e

−βW ) ∈ AΛ. This time, however, we can only bound
∥Y ∥, ∥Y −1∥ ≤ exp(βℓr∥h∥), where r is a constant depending on the locality of the Hamiltonian. For the
decay of correlations we can resort to the high temperature result in [21, Theorem 2]. Below a critical
inverse temperature this gives

|ω(O)− φΛ(O)| = |φΛ(OY )− φΛ(O)φΛ(Y )|
φΛ(Y )

(76)

≤ ∥O∥∥Y ∥∥Y −1∥C exp(−γℓ) (77)

≤ ∥O∥C exp((2βr∥h∥ − γ)ℓ) (78)

where C and γ depend on the interaction and temperature. Note that γ grows unboundedly for β → 0.
By choosing β sufficiently small such that 2βr∥h∥ < γ this implies exponential decay.

Finally, local indistinguishability is proven in [21, Corollary 2] again above the same critical tempera-
ture and with the same decay rate. The formulation proves convergence of marginals in 1-norm distance
but by choosing the region to be the support of O the result for observables follows:

|φΛ(O)− ⟨O⟩TI
β | ≤ ∥O∥K ′′ exp(−γℓ) (79)

Remark 2.13. We remark that in the proof above, we do not make explicit use of the uniqueness of
the β-KMS state for 0 ≤ β < β1. This uniqueness actually follows from the proof since it holds for
any choice of KMS-state and any observable. The used results on decay of correlations based on cluster
expansions are in fact the same techniques used to prove the uniqueness of the KMS-state at sufficiently
high temperature.

3 Numerical experiments

We consider the one-dimensional transverse field Ising model

H = −
∑
i∈Z

ZiZi+1 + gXi (80)
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where Xi and Zi are the usual Pauli matrices at site i and g ≥ 0. The model is exactly solvable [22], and
the ground state exhibits a phase transition at g = 1. For g < 1, the ground space is degenerate, and
for g > 1, the ground state is unique. The model is gapped for g ̸= 1, and gapless at g = 1. There is no
phase transition with respect to the temperature as this is a one-dimensional model.

Let Gg,β be the set of translation-invariant equilibrium states for the parameter g of the Hamiltonian,
and at inverse temperature β. For g < 1, |Gg,∞| > 1, while for g > 1 or β <∞ we have |Gg,β| = 1.

We focus on two observables, namely the Z-magnetization per site, i.e., O = Z0, and the nearest-
neighbour correlation function O = Z0Z1.

Magnetization When g = 0, the model is a simple one-dimensional Ising model, and there are two
translation-invariant ground states, namely the all-up and all-down states. This means that at g = 0 the
magnetization can take any value between −1 and +1. For general g ≥ 0, it has been shown that [22, Eq.
(3.12a)]

{ω(Z0) : ω ∈ Gg,∞} = [−Mz(g),Mz(g)] (81)

where

Mz(g) =

{
(1− g2)1/8 if g < 1

0 if g ≥ 1.
(82)

Table 1 shows the true value of the magnetization for g = 0.8 and g = 1.2, along with the bounds
obtained from the convex relaxation (2.2). The relaxations were solved respectively with a 4-site and
5-site region Λ. (Note that the semidefinite program for a L-site region involves a positivity constraint of
a matrix of size 4L−1.) We see as expected that the bounds with L = 5 are tighter than the bounds for
L = 4.

β = ∞ β = 1

g = 0.8 g = 1.2 g = 0.8 g = 1.2

True 0.8801 0 0 0
L = 5 u.b. 0.8809 0.0444 0.0844 0.0692
L = 4 u.b. 0.8823 0.2813 0.2146 0.1814

Supplementary Table 1: Bounds on magnetization ⟨Z0⟩g,β of the 1D TF Ising Model for different parame-
ters g and β. By symmetry of the model we have ⟨Z0⟩min

β = −⟨Z0⟩max
β . In the table we only show ⟨Z0⟩max

β

and upper bounds obtained from the convex optimization approach.

Spin-spin correlation function Next, we consider the nearest-neighbour correlation function O =
Z0Z1. The exact value for all choices of g and β ∈ [0,+∞] is given by [23, Eq. (10.58)]:6

⟨Z0Z1⟩g,β =
1

π

∫ π

0

1 + g cos k√
1 + 2g cos k + g2

tanh(Jβ
√
1 + 2g cos k + g2)dk. (83)

Table 2 compares the bounds obtained from the convex relaxations with the true value. For this
observable we see a bigger gap with the true value. We also notice that at β = ∞ (ground state), the
upper bounds are much closer to the true value than the lower bounds.

For β < ∞ the optimization problems involving the matrix relative entropy were solved using the
semidefinite programming approximations [12]. We used the Mosek interior-point solver [24] for all the
computations, except for the case L = 5, β <∞ where we used the first-order solver SCS [25].

6Here the interval reduces to a single point, even when the set of equilibrium states is degenerate for g < 1 and β = ∞.
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β = ∞ β = 1

g = 0.8 g = 1.2 g = 0.8 g = 1.2

L = 4 l.b. 0.2177 0.0716 0.3109 0.2843
L = 5 l.b. 0.4660 0.3697 0.4303 0.3735
True 0.8125 0.4685 0.6224 0.4941
L = 5 u.b. 0.8168 0.5239 0.7504 0.5937
L = 4 u.b. 0.8904 0.8201 0.7946 0.6458

Supplementary Table 2: Bounds on correlation ⟨Z0Z1⟩g,β of the 1D TF Ising Model for different parameters
g and β.
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A Proof of Theorem 2.4

Our proof is analogous to [2, Theorem 5.3.15]. Let {a1, . . . , am} be a finite subset of Aloc. Let (H, π,Ω)
be the cyclic representation for ω of A [2, Corollary 2.3.16] and

U(t) =

∫ ∞

−∞
e−iptdE(p) (84)

the canonical unitary group implementing the time evolution αt [2, Corollary 2.3.17] in its spectral
decomposition. Analogously to [2, page 88], we can define the following positive m × m Hermitian
matrix-valued measures µ and ν.

[µ(f̂)]kl = (2π)−1/2

∫ ∞

−∞
dtf(t)ω(a∗kαt(al)) =

∫ ∞

−∞
⟨π(ak)Ω, dE(q)π(al)Ω⟩f̂(q)dq (85)

[ν(f̂)]kl = (2π)−1/2

∫ ∞

−∞
dtf(t)ω(αt(al)a

∗
k) =

∫ ∞

−∞
⟨π(ak)Ω, dE(−q)π(al)Ω⟩f̂(q)dq (86)

Here, the first part of each definition assumes a compactly supported and infinitely differentiable
function f̂ and its inverse Fourier transform

f(z) = (2π)−1/2

∫ ∞

∞
f̂(p)eipzdp, (87)

whereas the second part of the definition of the measures defines their continuation to arbitrary bounded
continuous functions f̂ .

We see from the second part that [µ(1)]kl = ω(a∗kal) = Akl and ν(1) = B. Furthermore, we show that
dν(p) = epβdµ(p) following the analogous statement in [2, Proposition 5.3.14]. We do this by computing
for a compactly supported infinitely differentiable function f̂

[µ(f̂)]kl =

∫ ∞

∞
dtf(t)ω(a∗kαt(al)) (88)

=

∫ ∞

∞
dtf(t+ iβ)ω(αt(al)a

∗
k) = [ν(kβ f̂)]kl (89)

where kβ(p) = e−βp, also using the characterization of KMS-states from [2, Proposition 5.3.12].
We now prove the inequality Dop(A∥B) ⪯ βC. Let γ be the positive real-valued measure defined by

dγ(p) = tr[dµ(p)]. Since the trace is faithful, the measure µ has a matrix-valued density with respect to
γ, i.e., we can write dµ(p) = Ã(p)dγ(p) where Ã : R → Hm

+ (see e.g., [26, Section 4]). Then we can write

Dop(A∥B) = Dop

(∫
1dµ(p)∥

∫
1dν(p)

)
= Dop

(∫
Ã(p)dγ(p)∥

∫
epβÃ(p)dγ(p)

)
⪯
∫
Dop(Ã(p)∥epβÃ(p))dγ(p)

= β

∫
−pÃ(p)dγ(p) = β

∫
−pdµ(p) = C.

(90)
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