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Supplementary Notes

Crystal field levels of Single-ion Co?* with spin-orbit coupling and trigonal distortion of ligand
octahedron. The significant XXZ anisotropy of Ba;La>CoTe2012 (BLCTO) presented in this work can
be understood by a combination of spin-orbital entangled Kramers doublet and trigonal distortion. This
can be described by the following single-ion Hamiltonian?:
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where Agoc is a spin-orbit coupling constant for single-ion Co?*, § is a trigonal crystal field energy,
and L (S) is an orbital (spin) angular momentum operator. A typical value of A5y for Co?" is known
to be approximately 26 meV, with possible material-dependent deviations of around 2 meV, depending
on additional covalency effects!:2. Also, positive § corresponds to trigonal compression, which is the
case of BLCTO. We can obtain an energy level diagram shown in Fig. 2e (the Kramer’s doublet ground
state was set to 0 meV) by diagonalizing Eg. 1. While the excitation energy from the Jet = 1/2 t0 Jetf =

3/2 state is %ASOC ~ 39 meV when § = 0, finite § gradually decreases this excitation energy.

In BLCTO, the above excitation energy was measured as 25.57 meV at 300 K; see the inelastic
neutron scattering (INS) spectra in Supplementary Fig. 3a. Indeed, this is much smaller than the
excitation energy expected for § = 0, indicating sizable §. Note that the increase of the excitation
energy at lower temperatures is attributed to magnetic correlation effects. Thus, the underlying
situation of Eq. 1, which does not include magnetism, is better represented by the measurement at high
temperature. A quantitative fitting to the 25.57 meV yields § /Agoc = 1.854 (see Fig. 2e). Such a large
trigonal crystal field is consistent with the crystal structure of BLCTO with significant trigonal
compression (see Supplementary Table 1).

Estimating the anisotropic g-factor. In a Co?* spin system with the Jer = 1/2 ground state, large
trigonal compression leads to strong anisotropy of its g-factor'3, in addition to the XXZ anisotropy.
As a result, the ratio gan/gc (gab (gc) is the g-factor for an in-plane (out-of-plane) magnetic field) of
BLCTO is expected to deviate from 1. Meanwhile, different gan/gc values can lead to distinct magnetic
excitation spectra since ga® and g¢? is multiplied to in-plane (Sxx or Syy) and out-of-plane (S:)
dynamical spin correlations in the INS intensity formula, respectively. Therefore, identifying a precise
value of gan/gc is important to provide a correct comparison between INS data and spin dynamics
simulations.

We estimated the gan/gc of BLCTO using two different methods, the results of which are
consistent with each other. First, gan/gc can be calculated from the ground state wave functions of Eqg.
1. The details of this calculation can be found in Ref. 1. Supplementary Fig. 3b shows the calculated
gab and gc as a function of § /Agpc. Using §/Asoc = 1.854 obtained from our INS data, we have gan/gc
= 1.77. Another method is utilizing the experimental M—H curve of powder BLCTO in Ref. *. The M-
H curve shows two different saturation fields: Hsy = Hsap =32 T and Hs2 = Hsc =41 T. This is attributed
to the XXZ anisotropy of exchange interactions (4, see Eg. 1 in the main text) and anisotropic g-factor
(gan/gc). The relation between these three quantities can be written as the following*®:
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Using Hsc¢/Hsap = 1.281 and A = 0.56 obtained from the fitting of paramagnetic scattering profiles
without J2 (Fig. 3), we obtain ga/gc = 1.81 from Eq. 2. This is very close to gan/gc = 1.77 estimated
from the first method. All spin dynamics simulations included in this work used gan/gc = 1.81. In
addition, the absolute values of ga» and gc can be estimated using gavg = (2gab + gc)/3 = 4.2, which is
derived from the saturation magnetization of powder BLCTO “. As a result, we obtained gap = 4.938
and gc = 2.724.

Estimation of second nearest-neighbor exchange interactions (Jz2). Here, we argue the plausible
range of J> in BLCTO, which is an important variable to the phase diagram presented in Fig. 1. Given
that the theoretical calculations do not match perfectly with the data for T < Ty, estimating J from the
low temperature spectra is subject to ambiguity. Instead, we analyzed J; using the results for T > Ty,
following the same approach as introduced in Fig. 3. Supplementary Fig. 6 shows an overall effect of
finite J> on the paramagnetic excitation spectrum: it generally broadens a spectrum along the |Q|-axis
(see also Supplementary Fig. 8a). Yet, owing to its smaller magnitude, this effect is less significant
compared to that of A, resulting in substantial degree of uncertainty of J» from our analysis (~ 30 %).
Nevertheless, the goodness-of-fit to our paramagnetic excitation spectra identifies a well-defined
global minimum of y2(J1, J2, A) at J1= 2.7 meV, J, = 0.03(1)J1, and A = 0.54(3) across a vast three-
dimensional parameter space: 2 meV < J: < 2.9 meV, 0 < J2/J1 < 0.15, and 0.3 < A < 1.0 (see
Supplementary Figs. 6 and 8b—e). This result again demonstrates 4 much smaller than 1 (i.e. significant
XXZ anisotropy), in accordance with the optimal parameters derived in the absence of J> (J1 = 2.62
meV, A = 0.56(2)).

Bond-dependent anisotropic exchange interaction terms in BLCTO. Here, we discuss the bond-
dependent anisotropic exchange interactions in BLCTO 1) from a crystal structure perspective and 2)
based on our analysis of paramagnetic excitation spectra with the generalized spin Hamiltonian.
Extended from the Ji—J>-4 model argued above, the generalized spin Hamiltonian can be written in
the crystallographic axes frame (x // the a-axis) as &'

H= z Ji(SESF +S7SY + ASESF) + 2] 44 [(SFSF = S]'S)) cos po — (SES] + 5] SF) sin ¢
<i,j>q

+ 1,1 [(S7S7 + SES)) cos po — (SES7 + SES]°) sin ¢, |

+ Z J2(SESF + S7'S) + AS7SF), 3)

<0 j>y



where <i,j>n runs over the bonds between n nearest neighbours, and ¢, = {0,2?”, —2?”} is a bond-

dependent angle that follows the Cs rotation symmetry with the c-axis.

From a crystal structure perspective, it is important to point out that the edge-shared octahedron
network between Jef = 1/2 magnetic ions are required for the microscopic mechanism of bond-
dependent anisotropic interactions suggested by Jackeli and Khaliullin®?®°, On the other hand, the
CoOs octahedra in BLCTO are fully isolated from each other (see Fig 2a). Consequently, /.4 and J,.
would be less significant in BLCTO compared to the previous Co Kitaev systems with the edge-shared
configuration (e.g. see Ref. ). The case of BasCoSh,Qy is a nice example of such: the CoOg octehedra
are also isolated in this material, and its spin-wave spectrum has thus far been discussed without
accounting for bond-dependent off-diagonal interaction terms!*2,

Nevertheless, the above argument does not guarantee J, and J,4 is negligible (see the main
text). Thus, we further estimated /., and /,+ in BLCTO by comparing the paramagnetic excitation
spectra in Fig. 3a and LLD simulations of the J1—J>—4-/,.+—/,+ model. However, with more than three
parameters (Ji, J2, 4, J++, J,+), a brute-force scan of goodnees-of-fit (¥ throughout the entire
parameter space (such as Supplementary Fig. 8b) is not achievable due to an extremely long
computation time (> 1 month). Therefore, we adopted the Bayesian optimization algorithm to search
for a parameter set (Ji, J2, 4, J+4, J,+) that minimizes the chi-square between the measured and
calculated dynamical structure factors S(|q|, ®). The choice of this particular algorithm is because an
LLD simulation is time consuming — it takes 2~3 minutes to generate each spectrum in Fig. 3b—c. Thus,
it is very important to minimize the number of times LLD simulations are performed. In this respect,
Bayesian optimization is an ideal methodology as it is gradient-free and reaches an optimal solution
very fast through a smart suggestion of the optimal parameter set based on surrogate model and
acquisition function®. We used the Bayesian optimization package implemented in Python, which
uses Gaussian process for the surrogate model***°.

Supplementary Fig. 15 shows the sampled parameter sets over the 200 iterations of Bayesian
optimization, where the y-axis is the chi-sqaure (y?) described in the Methods section. No noticeable
improvement of ¥ was found compared to the minimum y2 found in the J1—J>—4 model (red circles in
Supplementary Fig. 15). Given the distribution of »2 as a function of each parameter, the optimal values
and uncertainties of the exchange parameters are: Ji1~ 2.69(7) meV, J2 ~ 0.02(2)J1, A ~ 0.49(4), J1+~
0.00(2) J1, and J,+~ 0.0(15) Ji1. Notably, the Ji, J2, and 4 values obtained from the optimization are
almost the same as those determined from the Ji—J>-4 model (J1: = 2.7 meV, J2 = 0.03(1)J1, and A =
0.54(3)). Another remark is that »? is very sensitive to J,, while it gives a large uncertainty of J, .
roughly ranging from -0.15J; to 0.15J:. To address J,+ more accurately, obtaining four-dimensional
S(Q, o) from single-crystal BLCTO is essential. Nevertheless, considering the prior section discussing
Jo, the current analysis demonstrates the validity of the minimal Ji—4 model with strong planar-type
XXZ anisotropy as the effective spin Hamiltonian of BLCTO.

The nearly-gapless excitation spectra of BLCTO is another crucial feature relevant to j,, and /..
The presence of bond-dependent off-diagonal interaction terms generally leads to a gapped mode,
whereas our INS data encompassing the sub-meV region does not show a clear indication of an energy
gap (see Supplementary Fig. 17). However, caution is needed when interpreting the vanishing energy
gap as an indication of negligible /., and J,.. Despite finite J,., and /., this energy gap does not
appear in LSWT due to the accidental U(1) degeneracy’, implying the requirement of quantum
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fluctuations (e.g. higher-order corrections in LSWT) to account for the gap. Even with quantum
fluctuations, the energy gap induced by such a mechanism are generally very small. Consequently, a
spin system may still exhibit a nearly-gapless excitation mode at the magnetic zone center even with
sizable bond-dependent off-diagonal terms and quantum fluctuations.

Schwinger Boson Theory. The Hamiltonian of the XXZ-model with nearest-neighbor ex-
change interactions is
H=> Jy(SrSy + SY5Y + AS;S7) (4)
(i)
with 0 < A < 1 for easy-plane anisotropy. The spin-1/2 operators are expressed in terms of
Schwinger bosons,

A

1ar «
S; = ébjabi (5)

where bt = (sz, b, ) and o = (0%, 0Y,07%) are the vector of Pauli matrices, that satisfy the local
constraint bmsz + bZ ¢bz , = 1. In the Schwinger boson theory (SBT), the spin-spin interaction
can be expressed in terms of bond operators ast!16-17:

Jij(SEST 4+ 8YSY + ASFSE) = — JH(1 +21)

5% g i ij g
— Ji;(l +&9) AiTjCA*ij: —|—JZ.;(1 — 82)DUZA7U + (J;Jrel + Jij52)52
(6)
with J5 = Jj;(14+A)/2, J; = Ji;(1 = A)/2 and,
At = 157 5 it BL=1S0t 7
ij_§ZUZU]U ij_EZio'ja ()
o="1l o="1l
A 1
T N _ NI
Cij - 5 Z szab]a Z bzabja (8)
o="l o=l

The bond operator description introduces continuous parameters, €; and 9, that represent
different saddle-point (SP) approximations'®. These parameters control the relative weights of
the anomalous (pairing) (Al, and D};) and normal (hopping) (B]; and CJ,) operators'®. Both
parameters were determined by fitting the magnon dispersion obtained with the Series Expansion
(SE) method 2°~%2.

To compute the dynamical spin structure factor (DSSF), we use a large-N theory (N is the
number of flavors in the boson fields) based on the Feynman path integral formulation®3~24. In
this formulation, the partition function is written as:

Z[h] g /[Dbb] [D)\]ei fOf6 dT[Zia BiﬂaTbid+H(l_)7b)+iZi Ai(zo Eiabia )+Zua,31 z( )%Eza aﬁ 7«3] (9)

where the complex fields b and b are the eigenvalues of the Schwinger boson operators acting on
coherent states, f = 1/kgT, A is the Lagrange multiplier introduced to impose the constraint
of one boson per site, and h is the external magnetic field. Due to the quartic nature of the
Hamiltonian in the boson fields, we employ the Hubbard-Stratonovich (HS) transformation to
decouple them,
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where a HS field WX is introduced for each bond field X = A, B, C, D. The phases of these HS
fields and the Lagrangian multiplier are the gauge fields of the theory. By integrating out the
resulting quadratic action in the bosonic fields, we obtain the exact partition function

2l = [(DoDg] e Satéen (1)

where Seg is the effective action which is a function of the auxiliary fields ¢, = (WX, W;Y, A).

The lowest-order contribution of the large-/N expansion corresponds to the SP approximation

aSeff(qgv ¢, h = 0) _ aSeff(&? ¢, h = 0)
8¢o¢ sp N aqga Sp

~0. (12)

For the spin Hamiltonian of the triangular lattice antiferromagnet under consideration, the
magnetic order emerges at the SP level as a Bose-Einstein condensation of the Schwinger Bosons.
As emphasized in the study by Zhang et al. !, selecting a non-fragmented boson condensate is
essential to yield a finite correction from the specific 1/N contribution introduced below.

The Dynamical Spin Susceptibility is computed from the partition function as

9% 1n Z[h]
ohg,, oh’

—q,—w

Xop(qw) = (13)

where hg , is the v component of the external magnetic field in momentum and frequency space.
Expanding the effective action as outlined in the previous work?®, we obtain the dynamical
susceptibility beyond the SP approximation by incorporating the Gaussian fluctuations of the
auxiliary fields,

Xaﬁ(qvw) = szﬁ(q7 ) + Xaﬂ(qa ) (14)

where x;/; is the SP contribution, and Xf;lﬁ is a 1/N correction that includes a singular contri-
bution of order one which cancels the residues of the single-spinon poles of XZ% (i.e. it acts as
a counter-diagram for the SP diagram)!”. These two contributions are diagrammatically rep-
resented as in Supplementary Fig. 18, where the free-spinon propagator G*P is represented by
the solid lines, the external vertices are given by u®(q,w) = G~ /0Oh 7. couple the spinons to
the external fields ¢, the internal vertices as vy = 0G~ i /0¢ couple the spinons to the auxiliary
fields, the propagator of the auxiliary fields, also known as random phase approximation (RPA)
propagator, is given by the inverse of fluctuation matrix s> of = ;(82 et/ 000 00p) |sp-
Finally, the fluctuation-dissipation theorem states that

5°%(q,0) = Tl (,)] (15)

at zero temperature, where S’ is the dynamical spin structure factor (DSSF) measured with
inelastic neutron scattering.

As we already mentioned, the parameters e; and ey in Eq. (6) represent a family of SP
solutions. To determine the optimal decoupling scheme, we compared the magnon dispersion of
the SBT with SE results across a range of anisotropy values, from the isotropic limit (A = 1)



to the XY-limit (A = 0). As detailed in Ref. ', the introduction of Gaussian corrections to
the DSSF mitigates the sensitivity to variations in the decoupling scheme. Additionally, in the
large-S' limit, the LSW'T result is consistently obtained, irrespective of the chosen decoupling
scheme.

Supplementary Fig. 19 shows the comparison of the magnon dispersion obtained with SE
and the DSSF for the optimal decoupling scheme for thse cases A = 1.0, 0.8 and 0.6. For
simplicity, the cases with A = 0.4,0.0 and the isotropic case with Jy = 0.02J;,0.04J1 are
not shown. Empirically, we have observed that the optimal decoupling scheme adheres to the
following relationship: £y = —0.140.4/(1+A) and €5 = —0.35. We highlight that this empirical
law matches the decoupling scheme used for the nearly isotropic triangular antiferromagnets
BazCoSbhyOg ' and for KYbSe, '°. The main effect of increasing the parameter £; is to enlarge
the bandwidth of the magnon dispersion and to lower the magnon peak at K and K’ in relation
with the bandwidth. Additionally, a negative €, narrows the magnon bandwidth and transfers
spectral weight from the magnon peaks to the continuum. By carefully adjusting the values
of €1 and &5, we were able to accurately match the shape and energy scale of the SE magnon
dispersion, with the exception of the roton-like minimum at M mode, as we pointed out in Ref.
. In the SE calculation, the roton-like minimum persists in the whole range of anisotropies
from A =1 to 0.

In the XY-limit, the SBT successfully replicates the SE magnon dispersion, albeit with the
majority of the spectral weight residing in the two-spinon continuum. However, given that the
XY-model is farther from the quantum melting point that signals the continuous transition into
a spin liquid phase, a semiclassical treatment, such as the non-linear spin wave approach might
provide a more accurate description of the DSSF. As previously noted in Ref. 7, the SBT
is most appropriate near the isotropic scenario, which is in closer proximity to the spin liquid
phase?6:6.



Comparison between the spin model and the experimental M-H curve. The experimental M—H
curve reported in Ref. 4, which show saturation field values and the trace of a 1/3-magnetization plateau
phase, provide a good opportunity to crosscheck the exchange parameters of BLCTO derived in this
study. The saturation fields perpendicular (HP) and parallel (HS) to the c-axis are extracted to be 32
T and 41 T, respectively in Ref. *. However, there is some ambiguity in these values due to the smooth
variation of the M—H curve around the saturation, likely due to powder averaging in conjunction with
anisotropic g-factors, and strong planar XXZ anisotropy (4 < 1). A fairer estimation of H*? and H¢
considering these uncertainties and based on the dM/dH curve would be approximately 302 T and
402 T.

HE and HEP for the J1-4 model are estimated as follows using the linear spin-wave theory (see
Ref. %):

v = 1150 ; jffB /10) 16)
e = JiS(3+64+2(1+ 4)(J. //1))’ (17)

gclip

where Jc is the interlayer coupling strength, g.» (g.) is the g-factor perpendicular to (along) the c-axis,
and ug = 0.05788 meV/T. Using the anisotropic g-factors presented in the previous Supplementary
Note and the optimal parameter set [J1 = 1.77 meV, A = 0.56, J> = 0] with Jc =0 (J1 = 1.77 meV is
from the Schwinger Boson calculation result in Fig. 4), we obtain H3? = 27.9 T and HS = 35.7 T,
respectively. A more realistic assumption, Jc ~ 0.05J1, yields H? = 28,5 T and HS = 36.6 T. These
values are 90~95 % of the experimental saturation fields.

Several factors may contribute to the 5~10% underestimation of H&? and H¢. First, introducing
J> = 0.03J; to the model (see Supplementary Fig. 8) increases optimal J1 derived from the Schwinger
Boson theory to 1.87 meV, 6 % larger than J1 = 1.77 meV (Supplementary Fig. 13). While this will
likely reduce the underestimation of the saturation fields, further quantitative estimation is limited by
unclear effects of J> on the M—H curve. Another factor could be the influence of J,:+ on the saturation
field, which may range from -0.15J; to 0.15J; according to our LLD analysis (see Supplementary
Notes above). Indeed, this effect was not included in either the Schwinger Boson calculation or the
theoretical estimation of the M—H curve. Thus, given the simplicity of the J-—A model suffering from
the systematic errors, achieving 90~95 % consistency in the saturation field analysis is reasonable.

The position of the 1/3-magnetization plateau in the M—H curve can provide additional
diagnostic insights into our parameter set, although it is subject to greater systematic errors compared
to the saturation field analysis. A rough crosscheck of J: can be made by comparing the experimental
(9 < H < 16 T) and simplified theoretical (Hi3 ~ 3J1S / ganpis, See Ref. °) field position of this plateau
phase. A combination of J; = 1.77 and the g factors presented in Supplementary Notes results in His3
= 0.3 T, aligning with the experimental plateau range. Nevertheless, we caution more quantitative
interpretations. First, the smoothly varying M—H curve gives rise to ambiguity in determining the
precise range of the plateau phase (it is not perfectly flat). Second, the M—H curve in Ref. 4 was
measured at finite temperature (0.4Tn), which could affect the plateau position and result in
discrepancies with the theoretical estimation at T = 0 K /. Third, some systematic errors are expected
due to the simplicity of the J1-4 model, as discussed above.
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Supplementary Fig. 1 | CoXs octahedron (X = O, S) with its (111) parallel to the c-axis. The
difference between 6; and 6, which is zero in a regular octahedron without distortion, quantifies the
degree of trigonal distortion of a material. See Supplementary Table 1.

Supplementary Table 1 | Comparing the degree of trigonal distortion (61 - 82) and XXZ
anisotropy (4) in several Co?* materials. The values are from Refs,11:2835

61 - 02 A
CoPS3 -9.28° 0.6
NazBaCo(Po4)2 6.56° 1.7
Ba3C08b209 -0.14° 0.935
Ba3CONb209 -0.34° 0.996
BazCoTeO6 0.1° 0.96
Ba_La_CoTe O
2 "2 2 12 14.36° 0.54(3)
(This work)
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Supplementary Fig. 2 | Powder neutron diffraction profile of BLCTO. The data were collected at
200 K, using a constant neutron wavelength A = 1.539 A. A solid black line is the simulated pattern
from the Rietveld refinement result which is consistent with the crystal structure reported in Ref. 4. A
solid blue line denotes the difference between the measured and simulated profile. 26 regions close
to the Bragg peaks of Aluminum sample holder (the second array of green vertical ticks) are masked
and were excluded from the Rietveld refinement analysis.

Supplementary Table 2 | Crystal structure of BLCTO derived from the Rietveld refinement of
the diffraction profile in Supplementary Fig. 2. The result is consistent with that reported in Ref. 4

T=200K Space group: R -3 (No. 148)
Cell dimensions: a=b=5.7109(1)A, ¢=27.6501(9) A, a=B=90°, y=120°
Atom Wychoffletter xla yib zlc
Ba Bc 0 0 0.1365(2)
La 6¢c 0 0 0.2892(1)
Co 3a 0 0 0
Te 6c 0 0 0.4161(2)
01 18f 0.4655(6) 0.4673(6) 0.1165(1)
02 18f 0.4293(8) 0.4560(7) 0.2956(1)
Overall B factor: 0.32(3) A2
Agreement factors: R, (%) =7.39, R, (%) = 9.41, R, (%) =6.98, x?=1.82
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Supplementary Fig. 3 | Nature of the Jers = 1/2 ground state in BLCTO. a, The Jett = 1/2 2> Jest =
3/2 transitions of BLCTO at four different temperatures measured by INS. Error bars (= standard
deviations) are much smaller than the data symbols. b, In-plane (ga,) and out-of-plane (gc) g-factors
of the Co?* Kramers’ doublet ground state as a function of trigonal crystal field (3), which are calculated
from Eq. 1 in Supplementary Notes. A blue dashed line indicates the position of BLCTO (A/Agoc =
1.854)
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Supplementary Fig. 4 | Effects of XXZ anisotropy (A) on a powder-averaged paramagnetic
excitation spectrum. a, The INS data from Ei=6 meV and T = 5.3 K (1.63Tn) and b, corresponding
simulations with different A and J; = 0 (see Methods).
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Supplementary Fig. 5 | Comparison between measured paramagnetic scattering profiles and
LLD simulations with and without planar XXZ anisotropy. Orange (red) solid lines are the
simulation results from A = 0.56 (1.0). The data and simulation plots of T = 1.63Tn in b used the
energy integration range from 0.28 to 0.6 meV. All other plots in b used the energy integration range
from 0.6 to 0.9 meV. Error bars (= standard deviations) are much smaller than the data symbols.
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Supplementary Fig. 6 | Effects of J, on a powder-averaged paramagnetic excitation spectrum.
a, The INS data from Ei=6 meV and T =5.3 K (1.63Ty) and b corresponding simulations with different
J> and A = 0.54 (see Methods).
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Supplementary Fig. 7 | Best fit of powder-averaged paramagnetic excitation spectra with finite
J2. a, The INS data of BLCTO same as those shown in Fig. 3a. b, The best fit of the LLD simulation
to a with finite j2: J1= 2.70(5) meV, J2 = 0.03(1)J1, and A = 0.54(2).
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a, Effect of J, on the low-energy excitation spectra of paramagnetic BLCTO. Error bars (= standard
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the data in Fig. 3a, across a wide three-dimensional parameter space of Ji, J2, and A (see Methods).
Green stars in b—c denote the positions of minimum 2, namely J; = 2.70(5) meV, J, = 0.03(1)J:, and
A = 0.54(3). d—e, One-dimensional cuts of along the red dashed lines in a. The y2(J1, J2/J1, A) is not
perfectly smooth due to a systematic uncertainties inherent in the analysis (e.g., the paramagnetic
excitations are broad and the data is noisy). Therefore, the data points inside the red shaded regions
in b—c are considered to have the equal goodness-of-fit, from which the uncertainty of our best fit was
determined: J, = 0.03 + 0.01 and A = 0.54 + 0.02. The uncertainty of the best fit without J, (A =
0.56 + 0.02) was determined by the same method.
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Supplementary Fig. 9 | Data with Ei =10 meV (black circles) and model fits (red lines) to energy-
integrated magnetic diffuse scattering data. 160 K data set was subtracted from the 20 and 40 K
data to remove nuclear and background scattering. Data points near Bragg positions were excluded
where this temperature subtraction introduced artifacts. Refinements of the values of J; and A were
performed using the Spinteract software, details of which are provided in Ref. *. Spins were taken as
classical vectors of length [S(S+1)]*? (with S=1/2) and the g-factor ratio gas/gc = 1.81 was included.
An overall intensity scale factor was also optimized to match the experimental data. The results
obtained from this approach, J. = 2.6(1) meV and A = 0.53(9), are in excellent agreement with those
reported in the main text. Error bars indicate the standard deviation of each data point.
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Supplementary Fig. 10 | Effects of XXZ anisotropy (4) on a powder-averaged spin-wave
spectrum from linear spin-wave theory (LSWT). Top-left shows the INS data from E; = 6 meV and

T =1.65 K (0.506 Tn) and the other panels show corresponding LSWT simulations with different A
and J; = 0. We used J; = 1.55 meV.
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Supplementary Fig. 11 | Effects of XXZ anisotropy (A) on a powder-averaged spin-wave

spectrum from non-linear spin-wave theory (NLSWT). Top-left shows the INS data from Ei = 6

meV and T = 1.65 K (0.506 Ty) and the other figures show corresponding NLSWT simulations with
different A and J> = 0. We used J1 = 1.55 meV.
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Supplementary Fig. 12 | Efects of XXZ anisotropy (A) on a powder-averaged spinon spectrum
from the Schwinger boson theory. Top-left shows the INS data from Ei= 6 meV and T = 1.65 K
(0.506 Tn). Other panels show Schwinger boson calculation results with different A and J, = 0. For
the calculations, we used J; = 1.77 meV. Brown arrows on the right indicate positions twice the
bandwidth of two-spinon bound states (1.6 meV), corresponding to the maximum energy of the two-
magnon continuum (= pair creation of two-spinon bound states) anticipated from the 1/N? order of
Schwinger Boson theory, where N denotes the number of bosonic flavors.
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Supplementary Fig. 13 | Comparison between the INS data (T < Ty) and the Schwinger boson
calculation with finite J,. a, The INS data measured at 1.65 K with E;= 10 meV and b the
corresponding theoretical spectrum from parton Schwinger boson theory with J; = 1.87 meV, A =
0.54, and J; = 0.03. ¢, The intensity-energy plot of a (grey circles) and b (a solid red line) with the |Q|
integration range set to [0.5, 1.5] A, d—f, Same as a—c, but from a different condition of incident
neutron energy E; = 6 meV. Note that larger J; is needed to match the observed excitation energy
scale when finite J; is used (the optimal value of J; is 1.77 meV when J, = 0; see Fig. 4d in the main
text). In c and f, error bars (= standard deviations) are much smaller than the data symbols.
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Supplementary Fig. 14 | Evolution of one-magnon dispersion along high-symmetry directions
due to planar XXZ anisotropy. The calculation results in the first (second) column are from the
NLSWT (Schwinger Boson) approach. The red dashed rectangles highlight the higher-order van-Hove
singularity at the K and I points around the critical anisotropy Ao.
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Supplementary Fig. 15 | Quantitative estimation of bond-dependent anisotropic exchange
interactions (J4+4+ and J,4) using Bayesian optimization algorithm. Each panel shows the chi-
square of the parameter sets sampled by the algorithm as a function of J1, A, J2/31, J,4/31, and J4/31.
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Supplementary Fig. 16 | A marginal effect of inter-layer coupling Jc in a powder-averaged

excitation spectrum of BLCTO. The calculation was done by linear spin-wave theory with A = 0.60
and J, = 0.
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Supplementary Fig. 17 | A spin-wave spectrum of BLCTO in the sub-meV energy region. a, INS
data measured with an incident energy Ei = 1.5 meV. b, Schwinger Boson calculation result with J; =
1.77 meV and A = 0.56 (i.e., no bond-dependent anisotropic exchange interactions). While the
calculation should produce gapless magnon modes, the effects of powder averaging and resolution
convolution can distort the gapless feature in the spectrum, as illustrated in b. A comparison between
a and b implies no clear indication of an energy gap in BLCTO.
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Supplementary Fig. 18 | The diagrammatic representation of the dynamical spin susceptibility
in Eg. (14). On the righthand side (RHS), the first diagram corresponds to the saddle-point (SP)
contribution, while the second term represents a Gaussian correction acting as a counter-diagram in
the presence of a condensate. In the diagrams, dashed lines symbolize the external fields, and empty
circles represent the external vertices. The solid lines denote the single-spinon propagator at the SP
level, whereas the solid circles represent internal vertices. The wavy lines depict the propagator of
the auxiliary fields, with their poles corresponding to the magnons of the theory.
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Supplementary Fig. 19 | Comparison of the S;,(k, w) of the SBT with the magnon dispersion of
the Series Expansion calculation for different values of anisotropies. Panel (a) shows the
isotropic case (4 = 1) with €; = 0.1, panel (b) shows the anisotropic case A = 0.8 with €, = 0.122 and
€, = —0.35, and panel (c) shows the anisotropic case A = 0.6 with €; = 0.15 and €2 = —0.35. The solid
white line represents the SE magnon dispersion?.
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