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Supplementary Note 1. Atomic force image of the MnBi:Tes flakes
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Supplementary Fig. 1 Atomic force image of the MnBi:Te4 flakes. The thickness of MnBi,Tes
flake is determined to be ~60 nm.



Supplementary Note 2. Ohmic contact and consistency of third-harmonic nonlinear response

We have measured the two-terminal /-} curves of the devices, as shown in Fig. S2(b). As can
be seen, all the /-V curves measured between the two probes of bulk MnBi>Tes marked in Fig.

S2(a) are of linear characteristic, which suggests the devices are of good ohmic contact.

We further measured the third-harmonic nonlinear Hall voltage for two pairs of Hall bar, as
shown in Fig. S2(c). The cyan curve is collected between the Hall bar probes 5-6 and is compared
to the previous measurement presented in the main text (purple curve). The orange curve is
measured between the Hall bar probes 3-4. As can be seen, the overall features of the sharp
transitions along with the magnetization transition of the bulk MnBi>Tes are well reproducible.
These results demonstrate a good consistency and reproducibility of the nonlinear transport

measurements in our work.
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Supplementary Fig. 2. (a) Optical image of the bulk MnBixTes devices. Six electrodes are
patterned on the bulk MnBi>Te4 flakes with the number of electrodes being indicated. (b) Two-
terminal /- curves of the devices measured between different probes indicated. (c) Third-
harmonic nonlinear Hall voltage as a function of the out-of-plane magnetic fields. The cyan and
orange curves are measured from the different Hall bar indicated. The purple curve is adopted from

the main text and was measured between the same Hall bar probes as that of cyan curve.



Supplementary Note 3. Nonlinear I-V characteristic of MnBi:Tes flakes and resistor
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Supplementary Fig. 3 Nonlinear I-V curves of MnBi:Tes flakes and resistor. Third-harmonic
longitudinal voltage as a function of first-harmonic current for MnBi>Tes (red curve, 2 K and 1 T)

and the resistor of 1 kQ (black curve, 0 T).
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Supplementary Fig. 4 I-V curves of MnBi:Tes flakes at different harmonics. First- (top panel),
Second- (middle panel) and Third-harmonic longitudinal (a) and transverse (b) voltage as a
function of first-harmonic current for MnBi,Tes measured at 7=2 K and B =1 T. The red curve

in the bottom panels is the fitting result following the relationship of V3¢ o (1®)3.
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Supplementary Note 4. Frequency dependent of the third-harmonic nonlinear response

We have measured the frequency dependent third-harmonic nonlinear /-V characteristic of
bulk MnBi,Tes flakes ranging from 73 Hz to 733 Hz for both longitudinal (Fig. S5a) and transverse
(Fig. S5b) directions at 2 K and 9 T. As can be seen, all the curves collected at different frequencies
are well overlapped, suggesting the nonlinear response of the MnBi,Tes4 flakes is independent of

the frequency of driving current.
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Supplementary Fig. 5. Third-harmonic nonlinear /-7 characteristic curves of MnBi,Tes flakes
along longitudinal (a) and transverse (b) direction measured at different frequencies indicated. The

red lines are the fitting curves.



Supplementary Note 5. Driving current dependence of the first- and third-harmonic

resistance/voltage

We have measured the temperature and magnetic field dependence of the first-harmonic
and third-harmonic longitudinal and transverse resistance/voltage under different driving currents
of 0.3 mA (black curve) and 0.6 mA (red curve), respectively.

As shown in Fig. S6(a) and Fig. S6(b) below, the 7n of bulk MnBi>Tes changed very little
with increasing driving current from 0.3 mA to 0.6 mA. The switching field of the magnetization
transitions of bulk MnBi>Tes is almost the same with increasing driving current, as evidenced by

the magnetic field dependences of the first-harmonic longitudinal resistance (Fig.S6(c)) and Hall

resistance (Fig. S6(e)) and the third-harmonic longitudinal scaling factor (Flg S6(d)) and

v, “’)3

transverse scaling factor (Vw)g (Fig. S6(1)).

Generally, the heating effect could amplify the magnitude of the high-order nonlinear signal.

When the applied current in the measurements is reduced from 0.6 mA to 0.3 mA, the heating
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obtained at lower driving current. However, as shown in Fig. S6b, 6d and 6f, we observed a higher

effect is supposed to be reduced. In this case, the smaller
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ratio for the smaller driving current of 0.3 mA (black curve). This discrepancy

validates the experimental observations are related to the quantum geometry effect of bulk

MnBi>Tes4 rather than stemming from the heating effect.
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Supplementary Fig. 6 Transport properties of bulk MnBiTes under different driving current.

First-harmonic longitudinal resistance (a) and third-harmonic longitudinal scaling factor — o w)3 (b)



of bulk MnBi>Tes as a function of temperature measured under 0.3 mA (black curve) and 0.6 mA
(red curve), respectively. Magnetic field dependent of first-harmonic longitudinal resistance (c),

Vix”
(Vix)?

third-harmonic longitudinal scaling factor (d), first-harmonic Hall resistance (e) and third-

3w

harmonic transverse scaling factor (1‘:93)3 (f) collected under 0.3 mA (black curve) and 0.6 mA (red

curve), respectively.



Supplementary Note 6. Magnetotransport properties of MnBi2Tes flakes
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Supplementary Fig. 7 Magnetotransport properties of MnBi:Tes flakes. (a) Temperature
dependent longitudinal resistance (Rxx) of MnBi>Te4 flakes at B =0 T. The magnitude of measured
direct current is set at 1 pA. The B-field dependence of longitudinal resistance (Rxx) (b) and

transverse resistance (Rxy) (c) of MnBi>Tes flakes measured at 7=2 K and /=1 pA. The carrier
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density is calculated to be ~ 2.06x10' cm™ from the linear fitting of Ryy.




Supplementary Note 7. Raw data of the third-harmonic voltages of MnBi:2Tes flakes
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Supplementary Fig. 8 B-fields dependent third-harmonic voltages of MnBi:Tes flakes. B-
fields dependence of V3% (a) and Vxﬁ,‘*’(a) of MnBixTe4 flakes measured at 7= 2 K and /ac = 0.6

mA. The red curves indicate the absolute value of phase for the third-harmonic voltages along with

the B-fields.



Supplementary Note 8. Theoretical calculations

In this section, we provide the details of the effective Hamiltonian of MnBi,Tes flakes in our
theoretical calculations with a magnetic order A induced by the external magnetic field. As

mentioned in the Methods section of the main text, the effective Hamiltonian reads

H (k) = Hy(k) + A Hy (k) (Eq. S1)
where
(My(k) Ask, 0 Ak \
Ho(k) = €o(k) + Alkg _Aﬁjltik) Mf(z:)_ _31 "
Ak, 0 —Ak, —M,(k)
is the term which preserves the PT symmetry, and
M, (k) Aszk, 0 Ak_
Hou (k) = A?)kz —1\224(1? —1\71?(4:)_ Agkz
Auky 0 Aszk, —M,(k)
is the part which breaks the time-reversal symmetry.
The basis of the Hamiltonian is {|P1},T), |P2;,T), |P1},!), |P2;,1)}. Here, ky =

ky % ik, €0(k) = C + DykZ + Dy (k% + k), M, (k) = M + B/ kZ + B (k2 + k%), My (k) =
My (k) £ Mg(k), and M;(k) = Mg + Bljkg + sz(k,zc + k3) with j = a, . The parameters for
H (k) are adapted from Ref. [1] in the main text and listed in Table.SI.

TABLE SI. Parameters for the effective Hamiltonian # (k) of the MnBi>Tes flakes adapted from
Ref. [1] in the main text.

C(eV) | D;(eVA?) | D,(eVA?) | M} (eV) | BY (eVA?) | BY (eVA?) | 4 (eVA) | A,(eVA)
0.0539 | -4.0339 | 4.4250 | 0.0307 | 42857 | 83750 | 13658 | 1.9985
ME(eV) | Bf(eVA?) | B¢(eVA?) | MP(ev) | BP(eVA2) | BE(eVA?) | A3(eVA) | Au(eVA)
0.1078 | 0.6232 | 0.6964 | -0.0880 | 2.7678 1.9650 | -0.5450 | 1.1384
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Supplementary Note 9. Scaling law analysis of the third-harmonic nonlinear voltages

Scaling law analysis of the third-harmonic longitudinal nonlinear voltages

The C; symmetry of MnBi>Tes crystal requires the third-harmonic nonlinear longitudinal
conductivity can only come from the quantum metric quadrupole and Drude contributions, while
the third-order Hall conductivity is only contributed by Berry curvature quadrupole (BCQ) and
skew scattering. The quantum metric quadrupole and the Drude contribution have different
dependence on the scattering time 7. Therefore, we can distinguish them with the scaling law

analysis, as the reviewer suggested in the next question.

The third-order nonlinear conductivity contributed by the quantum metric quadrupole is

4
Jabmo = %Gxxxng , Where Guxyy = — [, 0Z2Guxfo + %fk V2Gyfs can be expressed as the
integral of the quantum metric quadrupole 92 G, and the (normalized) quantum metric G,,.. Recall

2
the linear conductivity from the Drude formula o, = ?, we get the relation between the third-
eff

harmonic longitudinal voltage V;§, and the driving ac voltage (V;*)* as

Vidcq _ 1 €°Mers

ZOE =z flz‘fl XXXX (Eq. S2)
where L, e, mey;, h, and n are the length between the voltage probes, elemental charge, effective
mass, reduced Plank constant, and carrier density, respectively. Eq. S2 clearly shows that the
quantum metric quadrupole induced third-harmonic nonlinear longitudinal voltage is independent

of the scattering time T or the longitudinal conductivity g,..

On the other hand, the Drude contribution to the third-order longitudinal current is

e*r3

J3% = WDxxxxE;’ with Dyxyxy = [, 0¢e(k)fo , which yields the third-harmonic nonlinear

longitudinal voltage,

V,?_‘L‘)’ _ 1 mgffDxxxx 2
we)3 12 eZpind XX (Eq. S3)
Together, we obtain the total third-harmonic nonlinear longitudinal voltage,
v3© 1 mieD 1 e?
Lo =L 2 S Grxxx = aa)?x + B (Eq. S4)

(V,g‘))3_L2 eZptn3 XX 112 p2n
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Therefore, the slope « is directly related to the Drude-like contribution, while the intercept

characterizes the quantum metric quadrupole contribution.
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linear conductivity 62, at B=4 T and T'< 10 K for bulk MnBi>Tes. The red line is the linear fitting

Supplementary Fig. 9 The nonlinear longitudinal voltage as a function of square of the

curve.

The fitting of Eq. S4 to the experimental data is shown in Fig. S9 and yields a =
(=791 x 1071 £ 1.01 x 107?) V7202m? and B = (39.58 & 0.46) V2. At low temperatures
with 0,, = 6.76 X 10> S/m , we find the Drude-like contribution acZ, = —36.11V"2 is

comparable with the quantum metric quadrupole contribution 8 = 39.58 V2,

Scaling law analysis of the third-harmonic transverse nonlinear voltages

For the Hall response (the voltage perpendicular to the driving current), the third-order Hall
conductivity can only be contributed by the Berry curvature quadrupole (BCQ) and skew
scatterings due to the C3 symmetry of MnBi>Tes crystal.

The third-order nonlinear anomalous Hall effect contributed by the Berry curvature

4.2
quadrupole Q. 1S j;’fgcQ = eﬁ—;Qxszfj. Recall the linear conductivity from the Drude formula

et

Meff

Oxx , we get the third-harmonic Hall voltage
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3w w m2
y.BCQ _ eff
@3 13 win? Quxxz0xx (Eq. S5)

where W, L, e, mef, h, and n are the width of the device, the length between the voltage probes,

elemental charge, effective mass, reduced Plank constant, and carrier density, respectively.

On the other hand, the skew scattering induced third-order nonlinear anomalous Hall current

reads
39 = —e [ dev, ()£ (k) (Eq. S6)

where vy, (k) = %ays(k) is the group velocity, and fA(3) (k) is the third-order correction to the

Fermi-Dirac distribution function by skew scattering. fA(3) (k) can be estimated as

Te‘l,'

fA(3)(k) - 03 foE2 [2], where T is the skew scattering time, which yields the nonlinear Hall
voltage

V3w

2
ysk W _Merr 3
W23 L3 2e*n3epT Oxx (Eq. 57)

Together, we obtain the total third-harmonic nonlinear Hall voltage

3w 2
WO W Mo ga (WMerrg o pg2 g (Eq. S8)

Oxx (V)3 L3 2e*n3epT o t L3 h3n2
where we have divided the nonlinear Hall voltage with a factor of g, for the benefit of the fitting.

The fitting of Eq. S8 to the experimental data is shown in Fig. S10 and yields n =
(5.79x 10717 +£9.32 x 1071%) V203m3 and & = (—2.73x 107> +4.26 x 1077) V"2Qm .
Considering o,, = 6.76 x 10> S/m at low temperatures, we find the skew scattering contribution
nos, = 17.88 V"2 is comparable with the Berry curvature quadrupole contribution oy, =

—18.45V 72,
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Supplementary Fig. 10 The nonlinear transverse voltage as a function of square of the

linear conductivity 62, at B=4 T and T'< 10 K for bulk MnBi>Tes. The red line is the linear fitting

curve.
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