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1. Histograms of characteristic Kkinetic times for the three different models that were discussed in
Figs. 2,3, and 4.
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Supplementary Fig. 1: Histograms of characteristic kinetic times. Histograms of the (a) catalysis times, T,,; and (b)
unbinding times, T, ¢, that were used in the three different models that were discussed in Figs. 2,3, and 4. These numerical

histograms give the probability density functions of catalysis, fr_,,(t) and unbinding, fr_ . (t), respectively. In the first

model, the exponential catalysis time (Exponential; blue) in panel (a) was combined with the exponential unbinding time
(Exponential; blue) in panel (b). In the second model, the Gamma catalysis time (Gamma; orange) in panel (a) was combined
with the exponential unbinding time (Exponential; blue) in panel (b). In the third model, the Gamma catalysis time (Gamma,;
orange) in panel (a) was combined with the Gamma unbinding time (Gamma; green) in panel (b). Details of the kinetic
parameters are provided in the Methods section. Codes employed for generating these PDFs have been supplied as
Supplementary Software.

2. Derivation of Eq. (7)

Using Eq. (1) and the conditional waiting times defined in Egs. (2) and (3) in the main text, we obtain
t t
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where g(t') = [ Ot Sron @) f orr (€' —t") dt"”. The first integral on the right-hand-side of Supplementary
ES

Equation (1) is the convolution of the binding time distribution, fr (t) with the conditional catalysis time

distribution f nggt(t). In the second integral, we have g(t) which itself is the convolution of the binding

time distribution with the conditional unbinding time distribution f W 77 (t). Since unbinding is followed
ES

by a fresh turnover cycle, the function g(t) should also be convolved with the probability distribution,

f T (t), of a new turnover time. Laplace transforming Supplementary Equation (1) we obtain
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where we used
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Furthermore, since Tf,,, is an identical and independent copy of Ty, We have thum k) =f rp.. (k).

The Laplace transform of the turnover time distribution can then be written as
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After some rearrangements, Supplementary Equation (4) can be rewritten as
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To proceed, we Laplace transform Eq. (6) in the main text. This gives
fWES(k) = ¢cat fAWEEgt (k) + (1 - ¢cat)fwggf(k); (6)

and using this relation to substitute for (1 — ¢.qr) fWoff (k) in Supplementary Equation (5) gives
ES
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Eq. (7) in the main text follows by assuming that substrate binding times are exponentially distributed with
rate k,,[S]. Under this assumption, we have

1 k
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and substituting back into Supplementary Equation (7) gives Eq. (7).
3. Derivation of Eq. (10)
Expanding the left-hand side of Eq. (9) from the main text in Taylor series, we get
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Now, we differentiate each term on the right-hand side of Supplementary Equation (9) with respect to k.
This gives Supplementary Equation (10).
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The normalization of the turnover time probability distribution function (PDF) and known relations
between the Laplace transform of a random variable and its moments, give the following equations:
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Using the above set of equations, we rewrite Supplementary Equation (10) as
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Similarly, the first and second terms on the right-hand side of Eq. (9) of the main text can be written as

follows
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Equation (10) follows from equating equal order k terms on both sides of Eq. (9).

4. Derivation of 4,, and B,, in Table I

To obtain the expressions in Table I, we differentiate the terms on the right-hand side of Supplementary
Equation (14) with respect to k. This gives
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Similarly, differentiating the terms on the right-hand side of Supplementary Equation (15) gives
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Then, given the normalization of f wgat (t) and fWE . (t) and known relations between the Laplace transform
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of a random variable and its moments, we get the following equations
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Substituting supplementary equations (18) - (21) into supplementary equations (16) and (17) we obtain
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Collecting coefficients corresponding to the same power of k from Supplementary Equations (22) and (23)
we obtain the analytical expressions for A, and B,, in Table 1. Therefore, the presented mathematical
procedure enables Supplementary Equations (13), (22), and (23) that eventually establish Eq. (10) as the
general form of Egs. (8), (11) and (12) of the main text.

5. Proof that fwgét(t), fwors (t) and fy,  (¢) are identical for Markovian enzymes
ES

For the classical Michaelis-Menten reaction, where all the kinetic processes are exponential, the PDFs of
substrate unbinding and catalysis times read

fToff(t) = koff e_kofft’

and 24)

chat(t) = kcat e~ earf,
Substituting Supplementary Equation (24) into Egs. (4) and (5) of the main text gives the following
conditional waiting times distributions
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Also, in this case the splitting probabilities for catalysis and unbinding are ¢, = kk+': and 1 — @oqr =
catThoff

kk%, respectively. Now, substituting Supplementary Equations (25) and (26) into Eq. (6) in the main

catThoff

text, we obtain the PDF of the waiting time distribution function in the ES state. This is given by
fWEs(t) = (kcat + koff)e_(kcat+k0ff)t_ (27)

Supplementary Equations (25), (26) and (27) show that within the classical framework, the conditional and
unconditional PDFs, fWEggt(t), f Woff(t) and fy, .. (t), are identical. Hence, we have ((WEEH™y = (W) =
ES

n
(W),
6. Proof that B,, A3 and B3 in table I are zero for Markovian enzymes

Following Supplementary Equations (25) and (27), we can calculate the mean conditional catalytic time
and the mean time spent by the enzyme in the bound state, ES. Since their functional forms are the same,
we get (Wgs) = (WEEY =1/ (kcat + koy f). Utilizing basic properties of the exponential distribution we
2 3 .
also have (Wis) = ((W§§)?) = 2/ (kear + kogr)™ and (Ws) = ((Wg§)3) = 6/(kear + kops)” With
these expressions at hand, it is easy to see that for Markovian enzymes B, = 2(WE W W) — (Wis) = 0.

cat)? 3 caty 2 cat)?
Similarly, 45 = (Wgety? — LED) _ ¢ gng p, = Wes) _ WENWESD |y qypcarye  WesHOEE))

6 2
0.

7. Normalized standard deviations of the estimates in Fig. 5 obey ~ 1/+/N scaling law

To quantify the improving accuracy trend of our inference procedure, we plot in Supplementary Fig. 2 the
normalized standard deviation (E) of the data presented in the box plots of Fig. 5 as a function of the

number of simulated turnover cycles per substrate concentration, (N). We find that the normalized

standard deviations of our estimates obey the typical ~ 1/v/N scaling law.
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Supplementary Fig. 2: Relative standard deviations as a function of the number of turnover cycles. Log-log plot
presenting the normalized standard deviations of the inferred (inf) to the actual kinetic parameters: kf;';‘f / k,n (blue circles),
inf

cot [ kear (black triangles) vs. the number of simulated

(j)éZ{ /®car (orange squares), k;’;’; / k¢ (green diamonds), and k
turnover cycles per substrate concentration, N. Here, the binding rate, the splitting probability of catalysis, the rates of
unbinding, and catalysis are given by kopn, Pcar, koff, and Kcq, respectively. The substrate concentration values lie in the
range: 0.2K,, — 4Ky, where K), is the Michaelis-Menten constant. Refer to Methods for further details. The standard
deviations (o) are normalized by the corresponding mean values (u). All normalized standard deviations obey the typical

scaling law, o/u~ 1/+/N. They have the same slope, m = —0.5. Source data are provided as a Source Data file. Codes
employed for generating these data sets have been supplied as Supplementary Software.

8. Mapping the Kinetic scheme in Fig. 6a onto the renewal kinetic scheme in Fig. 1a

To describe the kinetic scheme in Fig. 6a using the renewal approach to enzyme catalysis, we first need to
find the corresponding times for binding, T, , unbinding, T, s, and catalysis, T.,; (Fig. 1a in the main

text). By construction, the binding time distribution in Fig. 6a is exponential with rate as k,,[S]. We thus
have

fTon(t) = kon [S]e_kon[s]t- (28)

The substrate binding event leads to the first bound state ES; which is further irreversibly transferred to
the second enzyme-substrate complex, ES,. Noting that the substrate unbinds from both these enzyme-
substrate complexes at the same rate, k¢, we have

_ 29
fToff(t) = kOffe kofft) ( )

for the unbinding time distribution. Finally, we note that the product can only be formed from ES,. Thus,
the PDF of catalysis times, fr. . (t), is a convolution of two exponentially distributed processes with rates

kl, and kZ,;, respectively. We thus have

(e~*eart—eKeact )icky kZy, (30)

1 2
kcat—Keat

chat(t) = f(f(kgate_kg“tt,)kgate_kgat(t_t,) dt' =

In this way we have coarse grained the two bound enzymatic states, ES; and E'S,, into a single bound state
ES, thus transforming from the sequential description of Fig. 6a to the renewal description of Fig. 1a.



9. Derivation of Eq. (19)

To derive Eq. (19), we explicitly write the survival probability functions (FX(t) =1— [} fi(t" dt’) of

the unbinding time

FToff(t) = e—kofftl (31)
and catalysis time
_kgattkl _ —kéatth
= _ e cat — € cat (32)
FTcat(t) - kl kz
cat — "cat

Then, we substitute Supplementary Equations (31) and (32) into Egs. (4), (5), and (6) of the main text to
obtain the conditional and unconditional PDFs of the waiting time in the ES state

1,2
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)
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fuerr(®) =

1 2
e_(kcat+kcat+k"ff)t<—3kg“ftkgat(kgat+koff)+ek%“ttkgat(kgat"'koff)) (35)

fwgs (@) =

1 _ 52
kCllf kCllf

The first moments of these distributions can now be computed. These are given by

1 1
(Wegty = + : (36)
B kgat + koff k?at + koff
1 1 1
woITy = + —~ , (37)
ES kgat + koff k?at + koff kgat + k?at + koff
kl,+ k2, +k
(WE_s‘) _ cat cat of f (38)

(kgat + kOff)(kgat + kOff).

Equation (19) in the main text follows by taking the ratio of (Wgg) and (Wg&t).



10. Sensitivity of inference procedure for the sequential scheme in Fig. 6a
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Supplementary Fig. 3: Accuracy of the inferred kinetic parameters as a function of the sample size for the sequential
reaction mechanism. Boxplots for the inferred (a) binding rate (kf;?f ), (b) splitting probability of catalysis (d)é';{ ), (c)
mean conditional catalysis time ((W£#¢)™), and (d) mean waiting time in the bound-enzymatic state ((Wgg)™) normalized
by the corresponding true values (Ko, Pear, (WES), (Wgs)). Results are plotted as a function of the number of turnover
events per substrate concentration, N. For each N, 103 independent repetitions were performed. The bottom and top of each
box are the 25th and 75th percentiles of the sample, respectively, red lines mark the median value, and whiskers extend to

1.5 times the interquartile range. Source data are provided as a Source Data file. Codes employed for generating these data
sets have been supplied as Supplementary Software.

Boxplots in Supplementary Fig. 3, present the distribution of the inferred binding rate, the conditional
probability of catalysis, the mean conditional catalysis time, and the mean waiting time in the ES state,
against the number of turnover events per substrate concentration, N. Data were obtained by simulating the

sequential model in Fig. 6a with (T} = (ko [SD™1 = (5 % [S]) ™2 [s], (Top) = (kogs) = 1/10]s],

and (T,qe) = (kke) ™1+ (k2,) "1 = (10)71 + (20) 71 [s]. Consequently, we have Ky, = % = ﬁ =
1 on\WES

3 [uM]. To ensure consistency in analysis, we take the same substrate concentration values as those used
in Figs. 3 and 4.

The quantities (); and ), were estimated based on their relation to the turnover time moments (first
column of Table 1). They were then plotted as a function of the reciprocal of the substrate concentration,
which were taken in the range 0.2K,, — 4K, and fitted to obtain estimates of A4, By, 4,, and B,. Egs. (13)
(WEs)
WEg
To assess the fidelity of this procedure, it was repeated 103 times. The presented results show that 103
turnover events per substrate concentration were already enough to produce reasonable estimates, and that

10* turnover events per substrate concentration gave good estimates. More data leads to an even better

to (16), and the closure relation

= 1, were used to obtain estimates of Koy, Pear, (WEE), and (Wg).
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Supplementary Fig. 4: The n-step sequential mechanism. (a) A schematic representation of a model involving n identical
catalytic steps in sequence. The free enzyme, E undergoes binding with a substrate to form the first substrate-bound
conformer ES; that sequentially transitions to the second bound-enzymatic state, E'S,. From this stage of the network, the
bound-enzyme conformational interconversions sequentially progress till the nth bound state, ES,. Exclusively, this
conformer can form the product, P through an irreversible catalytic event. From all these bound-structural states, unbinding
events can occur that lead back to the free enzyme. The described kinetic processes are characterized by the rates of binding
(kon[S]) where [S] is the substrate concentration, unbinding events (koff), and the catalytic transitions (nkq;). (b) 2D

color map of the error factor (<Mw;f,ft)> calculated in the space of the normalized catalytic rate :E‘" and the number of catalytic
ES off

steps n. Here (Wgg) and (WSt are the mean waiting times of the bound-enzymatic state and the conditional catalysis times,
respectively.

accuracy, such that 10° turnover events provide estimates with very little statistical error. Note that here,
(Wgs)
wegt
top of the statistical estimation error, we also expect a systematic estimation error, which is seen clearly in
panels (a), (b) and (d) of Supplementary Fig. 3.

= (0.8, which is obtained by substituting the abovementioned rate constants into Eq. (19). Thus, on

11. Error factor for the sequential kinetic scheme with n intermediate states
(WEs)
9 (WECgt)

To further evaluate the range of applicability of the Markovian assumption ~ 1, we consider here a

sequential kinetic scheme with n identical intermediate steps (see Supplementary Fig. 4a), where each
enzyme-substrate complex ES; can be transformed into the next complex, ES;, 1, (or in the case of i = n
to the product P) with rate nk.,.. Alternatively, at each step unbinding can occur with rate k, ¢ . Note that
rescaling the rate k., by a factor n is done (without loss of generality) to keep the mean catalytic time
equal to 1/k.4¢, as in the case of the classical Michaelis-Menten model. This allows for a fair comparison.

To describe the kinetic scheme in Supplementary Fig. 4a using the renewal approach, we first need to find
the corresponding times for binding, Ty, , unbinding, T, ¢, and catalysis, T¢4;. By construction, the binding

time distribution in Supplementary Fig. 4a is exponential with rate k,,[S]. We thus have fr (t) =



kon[S]e ¥onlSIt which is identical to Supplementary Equation (28). As all unbinding process follow an
exponential distribution with rate k,rr we have fr . .(t) =kos re ¥ofrt, which is identical to
Supplementary Equation (29). Finally, note that from E'S; a chain of irreversible transitions begins to reach
the ultimate bound conformer, ES,,, which can be transformed into the product. Therefore, the functional
form of fr_ (t) is equivalent to the convolution of n sequential steps where each transition occurs with the

same rate, nk.,;. The PDF of catalysis time is thus described by a n-step Erlang distribution function
(convolution of n independent and identically distributed exponential steps) which reads

(nkcat)ntn—le—nkcatt

I'[n]

froae(©) = (39)

From the above, it follows that the survival probability functions for fr_ (t) and fr, P (t) can be written

as
_ I'[n,nk.gt]
Froae® = —Frg— (40)
and
Fropy (8) = e7orr. (1)

In Supplementary Equation (40), T'[n, nk.qt] = fnoz x"1

.t e ¥ dx represents the upper incomplete
a

Gamma function. The algebraic sum of I'[n,nk.,t] and the lower incomplete Gamma function,

k . .
v[n, nk gt] = fon catt yn=1o-x dx oives the complete Gamma function, I'[n] = fooo x"le ¥ dx.

Substituting Supplementary Equations (40) and (41) into Egs. (4), (5), and (6) in the main text, we obtain
the conditional and unconditional PDFs of the waiting time in the ES state

nk "t (—+ L‘“) e n Koff
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WEs I[n]
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-n 1 Kcat
(t) = ((nkcat)ntn_l+koffF[n,nkcatt]enkcatt)e koff<n+koff)t 44)

fWES F[TL]

The corresponding means of these distributions are given by



1
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oI (” kOff)
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Finally, we obtain the following expression for the ratio ((;/VCEC%
ES
kear \"
Wes) _ (14 kear\ [ _ [ _Kors (48)
(Wgeh) n o Ko %+II:C—;; '
o
As expected, in the limit of a single catalytic transition (n = 1), this equation gives % = 1. However,
ES

for n > 1, we find that the error factor in Supplementary Equation (48) is smaller than one but larger than
1/n (see Supplementary Fig. 5). The latter value is obtained in the limit of k.4 < korf Where we have

(Wgs) = 1/kopp and (WgS') = n/k,sr; and consequently (Wgs)/(Wi$t) = 1/n.
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Supplementary Fig. 5: The error factor, ((:va“s% , for different values of the number of catalytic steps, n. The blue,
ES
(WEs) korf

orange and green solid lines show the behavior of from Supplementary Equation (48) as a function of for three

t
(WgShH cat

values of n: 2,4, and 6, respectively. Here n is the number of catalytic steps present in the network (see Supplementary Fig.

. Lk
4a). We see that the ratio ~2ES) decreases with <2
(Wgs™) Kcat

(Wgs)
wEgh
of the bound-enzymatic state and the conditional catalysis times, respectively. The unbinding and catalytic transitions are
respectively characterized by k¢ and K q;.

, and eventually saturates at 1/n. The blue, orange, and green dot-dashed

lines show the limiting values of

for the corresponding values of 1/n. (Wgg) and (WEE") are the mean waiting times



12. Mapping the Kkinetic scheme in Fig. 7a onto the renewal Kinetic scheme in Fig. 1

To describe the kinetic scheme in Fig. 7a using the renewal approach, we again need to find the PDFs of
the binding, T, , unbinding, T, sf, and catalysis, T4, times (see Fig.1a in the main text). Here, there are
two competitive routes for substrate binding, which occur with probabilities p and 1 — p to enzyme-
substrate complexes, ES; and ES,, respectively. Therefore, the binding time PDF can be written as
fr,.(®) = pkop[Sle *onlSIE + (1 — p)k,, [S]e~*onlS)E =k [S]e konlSIE which is the same as in the
standard Michaelis-Menten model. Noting that the substrate unbinds from both enzyme-substrate

complexes with the same rate, k,rr, we have fr_ P (t) = kof fe_kof 7t for the unbinding time PDF. Once

the ES; or ES, complexes are formed, catalysis occurs at the corresponding catalytic rates, namely, kl,;

or k?,,. The catalytic transitions occurring via the two pathways are weighted by the splitting probabilities
p and 1 — p, respectively. As a result, the PDF of the catalysis time is given by a double-exponential
function.

Freae(®) = P klgre™ et + (1 = plkZgee™*eort (49)
In this way we have coarse grained the two bound enzymatic states, ES; and E'S,, into a single bound state

ES, from which product formation occurs with probabilities p at rate k},, and with probability 1 — p at
rate kZ,;.

13. Derivation of Eq. (20)

To derive Eq. (20), we explicitly write the survival probability functions (FX ®=1-{ Ot fx (&) dt’) of

the catalysis and unbinding times as

Fr . (£) = pe~kéart 4 (1 — p)ekeart (50)

Fr,, (t) = eorst (51)

Substituting Supplementary Equations (50) and (51) into Egs. (4), (5) and (6) of the main text, we obtain
the following equations

1 2
f (t) e—(kcat"‘kcat"‘koff)t(k:clat+koff)(kgat+koff)(pkg-atektz:atf+(1_p)kgatek%att) (52)
cat S )
WEs pkgat(kLz‘at'l'kOff)+(1_p)kgat(k:clat+k0ff)
1 2
£ () = e (KeartKEarthory )t(kgat"'koff)(kcz‘at+koff)(Pekgaft+(1—p)ekéatt) 53)
o =
Wgs p(kZae+kors)+(1=p)(kiar+kosys) ’

(1,1 2 2 1
furgs (8) = e~ (bar*earthorn)t (pekact (Ilyy + kogy) + (1 = p)ekéact (ke + Kogy) )- (54)



The corresponding means of these distributions are given by

k! 1 —p)k2
(kgat + koff)(kgat + koff)( PKcat + ( P)kéar )

(Wcat> — (kgat + koff)2 (kgat + kOff)2 (55)

5 pkéat(k?at + koff) + (1 - p)k?at(kgat + koff) ,
1-p)

(k1t+kff)(k2t+kff)< b4t 2)

(Woff) — i ’ i ’ (kcl'at + koff) (kgat + koff) (56)
= p(kcz'at + koff) + (1 - p)(kcl'at + koff) ’

p (1-p)
(Wgs) = (57)

(Klae +kopp)  (Klae +kopr)

Using the above expressions, we arrive at Eq. (20) for the ratio of (Wgg) and (Wg&

the main text.

') that is presented in

14. Error factor for the parallel kinetic scheme with probability p = 0.9

As noted in the main text, when the splitting probability is different from 0.5, one catalytic pathway is

(WEs)
(WEEE)

preferred over the other and deviations of the error factor from unity become less significant. We

illustrate this in Supplementary Fig. 6 for a splitting probability p = 0.9 which provides a strong bias
1 2
towards the first catalytic pathway that leads to the ES; complex. In this case for Keat and Leat that differ

of f koss
from each other by less than four orders of magnitude, the error factor is < 10.
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Supplementary Fig. 6: Error factor for the parallel kinetic scheme with p = 0. 9. 2D color map of the error factor weeh
ES

kg, k2 e
k”“t and —4£, (Wgs) and (W§EEY) are the mean waiting times of the
off off

calculated in the space of the normalized catalytic rates .
f

bound-enzymatic state and the conditional catalysis times, respectively. The kinetic processes are characterized by the rates

of unbinding (ko ff), the first catalytic transition (kl,.), and the second catalytic process (k2;.). The calculations were

performed for a splitting probability of binding, p = 0.9.



