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I. THEORETICAL ANALYSIS

In this section, we provide a brief overview of our cir-
cuit model and demonstrate its ability to exhibit many-
body localization (MBL). First, we outline the main
features of the circuit model under study. We then
present numerical observations of the MBL regime in one-
dimensional circuits and study its dependence on circuit
parameters. Our discussion then delves into a detailed
analysis of the methods used to study MBL-type dy-
namics, including spin imbalance and one-particle den-
sity matrix. We conclude with specific details regarding
the detection of local integrals of motion.

A. The model

This work presents an experimental study of a circuit
model that exhibits the many-body localization (MBL)
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regime [12] (which, potentially, corresponds to the MBL
phase in the thermodynamic limit [5, 6]) and its transi-
tion to the ergodic regime. Circuit dynamics are gener-
ated by applying the same pattern of gates to each cycle.
The output of the dth cycle is described by the state

[vha) = Ug|tbo), (S.1)

where |1)p) is the initial state and Uy is the Floquet uni-
tary [27, 28] of a cycle. We consider the Floquet unitary
composed of a number of layers,

Up = HUI(J’“), (S.2)
k
where U ék) is the layer unitary of the form
v =TIPten T ).
i=1 (4,7)€Cy (SS)

Gy (0) = Ui(O)U; (0)CZ
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where P;(p;) and U; () are single-qubit gates in Eq. (1)
in the main text applied to qubit i, G;(#) is a composite
two-qubit gate, and C’g is the controlled-Z gate applied to
qubits ¢ and j. Here, C} is a list of qubit pairs undergoing
a two-qubit unitary gate in layer k.

We first consider a one-dimensional brickwork circuit,
where each Floquet cycle consists of two layers (see
Fig. Sla). The first layer, represented as Ci, contains
gates acting on qubit pairs of the form (2i,2i+ 1), where
i ranges from 0 to |n/2] — 1. The second layer, sym-
bolized by C5, contains gates acting on pairs of the form
(2i+1,2i+2), where ¢ ranges from 0 to [n/2] —2. In con-
trast, each Floquet cycle of a two-dimensional circuit on
a heavy-hexagonal lattice consists of three unique layers.
The qubit pairs involved in each layer are indicated by
different colors in Fig. 4a, as also illustrated in Fig. S1b.
A crucial point to note is that each layer is completed by
successive disorder gates. The random angle ¢; € [—7, 7]
of each disorder gate acting on the qubit 4 remains con-
stant over all cycles and layers throughout the experi-
ment. This scenario is similar to static disorder in quan-
tum spin chains and differs from dynamic disorder, which
is essentially noise.

We always initiate the qubits in a product state in the
computational basis. Since each product state is a su-
perposition of many eigenstates of the unitary Up, this
circuit leads to far-from-equilibrium dynamics. The na-
ture of this dynamics depends on the values of the angle
0. As we will show numerically in the following section,
in one dimension there exists a critical value of 6, such
that for @ < 6. the spectrum of the unitary Ur behaves
similarly to a set of random phases, while the eigenstates
are low-entangled, signaling the presence of many-body
localization (MBL). In contrast, for 6 > 6. we observe
signatures of chaotic dynamics, including a spectrum re-
sembling a random matrix and high eigenstate entangle-
ment.

More details about the circuit are in the Section II, in-
cluding the implementation using native gates, simulta-
neous measurement of commuting observables, and error
mitigation.

B. Evidence of MBL regime

Here, we analyze the proposed model and demonstrate
the existence of the MBL regime through numerical sim-
ulations performed on systems with 8 to 12 qubits.

A crucial characteristic of the MBL phase can be iden-
tified in the spectrum of the Floquet unitary. To show
this, we examine the spectral decomposition

Urla) = exp(ida)la), (S.4)
where A\, € [—m, 7| are quasienergies and |a) are cor-
responding eigenstates. Assuming that A, are set in
increasing order, we define the spectral gaps as d\, =
Aa+1 — Aq- The main object we are interested in is adja-
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Fig. S1. Circuit model of Floquet dynamics. a. Gate
schematic of initialization and one cycle of our Floquet model
for an example of one-dimensional, 6-qubit lattice. All qubits
are initialized to the target initial state using single-qubit X
gates applied to the initial all-zero state. The boxed area rep-
resents a single Floquet cycle, which is iterated to advance
the dynamics of the system. b. Illustration of a single Flo-
quet cycle in a two-dimensional lattice, showcasing three in-
terconnected qubits. The colors of the connections on the left
represent the sequential application of the two-qubit gates
over their connectivity (i.e., graph coloring). Each layer con-
sists two-qubit C'Z gates (depicted as black dots connected by
lines), U(0) gates shown as green boxes, and disorder gates
P(¢;) depicted in orange. Visualizations were generated us-
ing Quantikz.

cent gap ratios [6, 27] that can be defined as

~ min(dAa, 6Aaq1)
" max(6Aa, OAag1) (8:5)

The statistical distribution of r,, in the large system limit,
denoted by P(r,), has different values in the ergodic and
MBL phases. In particular, the MBL phase has Poisson
level statistics, while the ergodic phase has the statistics
of the Gaussian orthogonal ensemble (GOE) of matrices:

2 .
P(r) = a2 (Poisson), 5o
27 r+r? '
P(r) = ZWLT)W (GOE).

The difference between these distributions can be used
to distinguish the two regimes. The associated order pa-
rameter is the mean spectral gap ratio 7 = 27" )" r,.
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Fig. S2. Quasienergy level statistics for the one-dimensional (1D) circuits. a. The adjacent gap ratio distribution
[see Eq. (S.5)] is depicted for the Floquet circuit at two different interaction 6: 0.1 (left) and 0.3 (right). The left plot
corresponds to the many-body localized (MBL) dynamical regime, while the right plot corresponds to the ergodic regime. The
green-shaded bars display the distribution obtained over 10° random disorder realizations of one-dimensional Floquet circuits
with 12 qubits. The solid blue and red curves represent fits of the numerically-obtained distributions using Poissonian and
Gaussian Orthogonal Ensemble (GOE) statistics, respectively. b. The transition from GOE to Poissonian statistics for different
system sizes as shown by the average adjacent gap ratio for circuits containing from 8 to 12 qubits. The average is taken over
10® individual circuits with different disorder realizations. The inset focuses on a crossover at 8 ~ 0.167 (indicated by a vertical
dotted line).
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Fig. S3. Entanglement entropy for the one-dimensional (1D) circuits. a. The average entanglement entropy Sz
of eigenstates per qubit across varying system sizes, as obtained from 10® disorder realizations for 8-qubit circuits and 102
realizations for 10- and 12-qubit circuits. The system demonstrates a crossover at 6 ~ 0.16w. b. The variance of entanglement
entropy 0% among different eigenstates. This function has a pronounced peak that becomes sharper and converges to the
critical point as system size increases.

In the MBL phase, we expect this mean to reach the
Poisson value 7 =~ 0.39, while the GOE distribution for
the ergodic phase has 7 ~ 0.53 [6].

The spectral properties of our circuit are shown in
Fig. S2a. Here we see that for 8 = 0.1xw the level statis-
tics almost perfectly follow the Poisson distribution. In
contrast, for § = 0.37 it changes to the GOE distri-
bution. This transition is illustrated for several circuit
sizes in Fig. S2b. The curves show a strong crossover
at 0, ~ 0.16m, indicating the presence of a transition
between different level statistics. While the fate of this
transition in the thermodynamic limit remains an open

question [11-13], this critical value clearly distinguishes
two dynamical regimes for small systems, which we refer
to below as the “MBL regime” and the “ergodic regime”.

Another measure of localization is the bipartite entan-
glement entropy of the eigenstates of the Floquet unitary.
To define it, we divide the system into two equal parts
and label them as subsystem A and subsystem B. Then
we can represent each eigenstate |«) using Schmidt de-
composition

|0[> = ZnauW;‘J ® |wfa>’ (87)
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Fig. S4. Antiferromagnetic order of the initial states. The illustration displays the configuration for the initial states
exhibiting antiferromagnetic order. Black circles represent qubits initialized in |0), while yellow those initialized in |1). a.
Configuration used for the 1D chain comprising 104 qubits. b. Configuration of the 2D heavy-hexagon lattice, comprising 125

qubits.

where [¢/L,) and [¢7) are some basis states of the sub-
systems A and B, respectively. The entropy of bipartite
entanglement is defined as

So 1= — Z U(Qyu 10g2 Ufw-
n

(S.8)

As an associated order parameter we use the average en-
tanglement entropy per qubit,

— 1

SE : - Sa‘

- 2"n

(S.9)
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For the MBL phase, we expect the entanglement entropy
to exhibit an area law, i.e. it remains constant indepen-
dent of the number of qubits n [6]. This means that in
the MBL phase it has scaling S = O(n™!). In contrast,
in the ergodic phase Floquet dynamics thermalizes the
subsystems to local infinite temperature. In this state
the entropy saturates at the Page value,

1 1

Sp~io
E= 9 on2

+0((27"). (S.10)
Thus it saturates to a constant in the large system limit.
Another test of the MBL phase transition is the variance

of the entanglement distribution over eigenstates, i.e.

0% = 2%2(5(1 -5)2 (S.11)

[e3

The maximum of the variance og indicates the point of
the phase transition for n > 1.

The entanglement entropy for the Floquet unitary is
depicted in Fig. S3. Similar to the level statistics, the
entropy per qubit exhibits distinct behaviors on oppo-
site sides of the critical point 6, =~ 0.167 as the system
size increases. Notably, in the MBL regime, its value

displays a gradual decline with increasing of the system
size, whereas in the ergodic regime, it ascends towards
the Page value. The entropy variance also has a pro-
nounced peak near the transition point, which lends fur-
ther support to the existence of an MBL regime and its
transition into ergodic behavior in our system.

We do not present the evaluation of level statistics
or entanglement entropy for two-dimensional systems as
it technically challenging due to the exponential over-
head in classical complexity. Consequently, it remains
uncertain whether the regime we observe for low 6 val-
ues exhibits characteristic features of MBL. We nonethe-
less refer to it as the “prethermal regime” for simplic-
ity, predicated on the assumption that localization sig-
natures should persist in small two-dimensional systems
at shallow depths. Our study does, however, highlight
a significant disparity between the dynamics of one- and
two-dimensional systems when viewed from the lens of
the spectrum of the one-particle density matrix, as de-
picted in Fig. 2d and Fig. 4d (definition provided below).
It is worth noting that this observed effect could poten-
tially be a consequence of noise — a hypothesis that can be
confirmed in future studies with higher-fidelity quantum
hardware.

C. Spin imbalance

Unlike level statistics or entanglement entropy, the
spin imbalance — defined in the following paragraph —
is a localization measure that can be efficiently deter-
mined on real hardware without the exponential sam-
pling overhead. Its detection involves the preparation
of a structured initial state and the measurement of a
certain parameter that describes its local order. In the
MBL regime, the order parameter is expected to never



decrease below a certain value, since the local memory of
the initial state persists over time. Conversely, in the er-
godic phase, the local order dissipates rapidly, rendering
the initial state irretrievable.

A commonly used ordered state is the antiferromag-
netic ordered state (previous works also use the terms
“antiferromagnetic” or “Néel state”). Its layout in one
dimension is illustrated in Fig. S4a. To define the or-
der parameter, we group all qubits into set Sy, which
contains all qubits initialized in state |0), and set S7 con-
taining the qubits initialized in state |1). Then we define
the spin imbalance at Floquet cycle d as

d1 — 1do

Id = )
Nd1 + Ndo

(S.12)

where the average population ng of the qubits in the set
S) with size Nj takes the form

1 1
nak = 375N Z (alZila), |vba) = Uglyo). (S.13)
1€Sk

In two dimension s, the choice of the ordered state has
more freedom. We choose the antiferromagnetic state
shown in Fig. S4b, where the nearest neighbors are always
in different states. Note, however, that this configuration
has a larger number N; of |1) states than the number Ny
of |0) states.

The spin imbalance renormalized to compensate for
the effect of noise is shown in Figs. 2b and 4c. The details
of the renormalization and further experimental data are
given in Sec. IIT below.

D. One-particle density matrices (OPDMs)

Here, we study the one-particle density matrix
(OPDM), an n x n matrix with its elements defined for
an arbitrary multi-qubit state |¢) as

pij = (Vlalaj|v) — (Wlal|)(Wlas|v),

where we denote the Fock operator for hardcore bosons
a; = %(Xz — ZY;)

We can study the spectrum of the OPDM through the
eigenproblem

(S.14)

pler) = viler), (S.15)

where |p) are natural orbitals and vy, are ordered occu-
pation numbers, vi4+1 > 1. In the case of a Gaussian
state of fermions or hardcore bosons, the OPDM offers a
comprehensive description of the system. The state of the
system can be seen as a collection of one-particle orbitals
|pk) occupied with probabilities v € {0,1}. For other
many-body states, this description extends to a proba-
bilistic mixture of quasiparticle states occupying orbitals
with probabilities v [30, 31]. The conservation of occu-
pation numbers serves as a robust indicator of the stabil-
ity of quasiparticles [33].

S5

We evaluate OPDM for late-time state |1)p) with the
initial state of the system |¢)o) set to the CDW state
described in the previous section. As an order parameter,
we use the discontinuity parameter

§= <VN0+1 - VNo>disa (816)
where (.. .)qis is the disorder average. The the subscripts
Ny indicates number of qubits prepared in the zero state.
In the initial CDW state, the value of the discontinuity
is 0 = 1. For ergodic systems in both the thermody-
namic and large-depth limits D — oo, the discontinuity
vanishes, limp_,,,d — 0, as the system loses all local
memory of the initial state and the diagonalized OPDM
becomes proportional to identity matrix. In contrast, in
the MBL regime, the discontinuity saturates at a con-
stant value limp_.o. § > 0 due to the presence of stable
quasiparticles. For finite systems and restricted depth
D, we can use finite-size analysis of the discontinuity to

detect the presence of a phase transition, as we show in
Fig. 2¢ and d.

E. Local integrals of motion (LIOMs)

The central topic of our study are integrals of motion,
which we denote by symbol L. In particular, we aim to
find a set of real coefficients {a,} such that the operator

4" -1
L= a,b,
pn=1

is conserved, i.e. [L,Ur| =0, where P, denote all possi-
ble generalized Pauli operators except the identity (e.g.,
for 4 qubits this set would include, for example, the op-
erators like XIZY or 11X Z but not I1117).

In a quantum system comprising n qubits, there exist
precisely 2™ independent integrals of motion. One possi-
ble choice of these operators is the ket-bra set {|a){«|},
where |a) are the eigenstates of the Floquet unitary. It
is crucial to highlight that these integrals of motion are
nonlocal, signifying that they depend on Pauli matrices
P, acting on most of the qubits. However, for certain
integrable systems, sets of integrals of motion can be de-
rived from a closed set of local conserved operators. As
an example, a unitary classical spin system exhibits a
set of Pauli operators Z; that commute with the unitary
evolution operator. These operators can be summed and
multiplied between each other to generate arbitrary sets
of conserved operators.

In this context, the MBL phase can be understood sim-
ilarly to a classical spin system [9, 10]. In particular,
there are n local integrals of motion (LIOMs), similar to
Zi. Unlike classical systems, however, they are not di-
agonal and act on many qubits. For these LIOMs, the
coefficients follow an empirical bound

lau| < exp(=(|Pul +du)/8),

(S.17)

(S.18)



where |P,| is a full support of the Pauli matrix P,, d,, is
the distance between the central qubit of the LIOM and
the center of the operator P,, and ¢ is the localization
length. By full support here we mean the size of the
smallest continuous subset P, acts on non-trivially. For
example, in one dimension, both IIYZZ and IXIZI
have support 3. By the center of the operator P, we mean
the geometrical center that the subset is supported on,
or qubits 3 and 2 (assuming zero-indexing), respectively,
in the two previous examples.

Due the method’s error and effect of noise, obtained
LIOMs will be approximate, with deviation quantified as

_ e, Lills
2Ll

This quantity is bounded as 0 < € < 1 and vanishes
when [Up, L] = 0. The numerator and denominator of
this expression are given by

||[UFa HF 2n+22au uuau7

L7 =27 ap,
m

where we defined the matrix of the connected single cycle
time correlation function for two Pauli operators as

(S.19)

(S.20)

1 1
B;u/ = 5 (_TTI‘ (U}PHUFPV) + 5”’/) . (821)

2
To avoid confusion with other errors, we refer to e as
LIOM imprecision throughout the main text and subse-
quent sections. Using the matrix B, we can express the
LIOM imprecision as

1/2
c— [ZW apBuyay

a’ Ba, (S.22)

2
2 9
where @ = {a,} represents the vector of normalized co-

efficients a, = an//3_, a5
Let us evaluate the imprecision ¢y for the one-

dimensional circuit using L = Z;, where i # 1,n. To
do this, we note that

1
€ = 5oyt IUF, Zillr
1 S.23
= 5o | U0 ZU)CE (5.23)
— PY(¢:)Ui(0) Z,U:(0) P(6)|
where s = +1 for even ¢ and s = —1 for odd ¢. Here, we

used the Floquet unitary decomposition in Egs. (S.2) and
(S.3) and the fact that the Frobenius norm is invariant
to multiplication of the operator by unitary either from
the left or from the right. The operator terms inside the
norm can be expressed as

Cli JUi(0)Z:Ui(0)Cliy s = Zicos O + X Ziy s sinf
PT(¢:)U;(0) Z;U; () P(¢:) = Zi cos O + X, sin @ cos ¢;

+ Y} sin 0 sin ¢;.
(S.24)
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As the result, we have

sin 6 . sin 6
€0 = 2n/2+1 ||X ZH-& X,‘COqui —YismgbiHF = \/5 .
(S.25)

This result does not depend on ¢; and thus on the disor-
der realization or the qubit position (except for the first
and the last qubit we did not consider above). The value
of €g is shown as a dashed red line in Fig. 3e for § = 0.17.

The following sections describe the process of gener-
ating LIOMs. This process depends on an initial guess.
The accuracy of this initial guess is not critical, but an
improved estimate is expected to lead to better conver-
gence. We then present two strategies for formulating
this initial estimate: one based solely on theoretical anal-
ysis and the other based solely on experimental data. Fi-
nally, we examine the convergence of our approach and
its limitations, in particular those induced by the pres-
ence of noise.

F. Generating LIOMs via time averaging

Given an initial guess L(®), we derive the corresponding
approximate LIOM using the expression

LP) =Eqcp [EHLO)], (S.26)

where the inverse-time Floquet cycle map Er(-) and its
average Ey<p over cycles 0 to D cycles are defined as

Er(0) := UpOUY,,
1 D
D120
d=0

where {O4} is an arbitrary sequence of D operators. Note
that in the inverse time the order of the operator Ur and
the conjugate operator U} is reversed compared to the
forward time evolution of operators in the Heisenberg pic-
ture (or in the order corresponding to a density matrix).
This order is chosen so that it is convenient to express
L(P) below in terms of the evolution of the eigenstates
of the operator L(®). This operator becomes an exact
LIOM in the limit D — oo, i.e. [L(>), Ur] = 0. Indeed,

Ei<plO4] := (S.27)

D
1
UFL(OO)UIL _ [}Enoo D Z UgﬂL(o)UgHT — [(0)
d=0

(S.28)

In the following section, we explore the convergence of
this method for finite D (see Proposition 1).

The Pauli coefficients of the operator in Eq. (S.26) are

1
a, = —Tr (P, L")

2n
11 dt ©)) = - )
2nDZTUPUFL ZBZ 2(Py, L
d=0 d=0
(S.29)



which leads us to Eq. (3) in the main text in the limit
D — oo. Here, we used the notation

1
Wy(P,, L) = T UL PULL®). (S.30)

As the first step for evaluating the trace in Eq. (S.29),
we use the spectral decomposition of the inital guess op-
erator L(©) as

on
L(O) = Zpalwa><wa|7

a=1

(S.31)

where p, and |i),) are corresponding eigenvalues and
eigenstates. This expression leads us to

27’1,
1
Wy(P,, L)) = 3 > paltal U PuUR ). (S.32)
a=1

If we choose L(® to be an operator in the computational
basis, one could approximate the coefficients using a sum
over a limited subset of bitstrings S, which size |S| can be
small. (Although one could use Monte Carlo sampling of
these bitstrings, in the next section, we propose a more
efficient method that is also suitable for shallow circuits.)
Thus we get

1
Wa(Pu L) ~ 1 Y paltalUg PUE[G).  (S:33)
a€lS|

An advantage of this method is that it allows us to ob-
tain the coefficients a,, individually, without accessing the
whole operator L. Therefore, we can learn some proper-
ties of L without running out of classical memory to keep
its full representation. This is useful when the system is
close to the critical point where the correlation length &
in Eq. (S.18) is large, leading to a significant number of
relevant coefficients a,, that grows exponentially with &.
Another advantage of this method is that the noise may
partially self-average as a result of summing over many
Floquet cycles in Eq. (S.29).

In the literature, it is often considered a set of LIOMs
that are orthonormal with respect to inner products and
do not retain the properties of Pauli operators. Such
operators are commonly called logical bits or “I-bits”.
Our operators do not have such properties, but one could
obtain the set of 1-bits by classical postprocessing using
a nonlinear transformation of the obtained LIOMS.

G. Choosing the initial guess

In this section, we present and discuss several strate-
gies for selecting operators that can serve as initial
guesses.  The first strategy is the straightforward
selection of Pauli Z operators. The second strategy
requires an understanding of the Up structure of the
Floquet unitary and aims at minimizing the norm of the

S7

commutator [Up,L]. The third strategy extracts the
initial estimate from experimental data and reduces the
variance of the operator L(®) throughout its time evo-
lution. Both theoretical and experimental optimization
strategies are not perfect as standalone LIOM discovery
methods due to their lack of scalability: they require a
complete classical representation of the LIOM. However,
we believe they are adequate for making an initial guess
as we can limit our considerations to LIOMs with a
support that meets available computational resources.
In the following, we discuss each of these strategies in
further detail.

Strategy 1: a simple guess. Since the system is
strongly disordered in the z-direction, it is reasonable to
assume that the operators Z; for i = 1,...,n represent a
good option for the initial guess,

LO e {z;}. (S.34)

Due to the depth limitations (D ~ 10) given the existing
level of noise (see next section), we found this choice
to be the best at illustrating the capability of quantum
hardware to converge to better LIOMs. This is why it is
used in the main text. However, we also explored other
options that could generate even better initial guess
values. Below we list two such methods that may be
useful for deeper circuits.

Strategy 2: theoretical optimization. Let us as-
sume that we have an access to the full Floquet unitary.
We are looking for our guess in the form

LO) = Z auoPy, Zaio =1,
N

HEQ
where @ is a certain subset of Pauli operators with num-
ber ¢ of k-local Pauli operators. It is also beneficial to
choose only Pauli operators in the computational basis
to reduce the computational resources required to obtain
full LIOMs, as we describe further in the following sec-
tion.
Next, our goal is to minimize the error

U, LONE 7
€y = W = aq Bao,

where ag = {a,0,0...0} is the vector where all coefficient
for Pauli operators in () are replaced by a0, and the rest
of elements are zero. This can be done by solving the
eigenproblem for the matrix in Eq. (S.21),

g Buuau() = boaﬂo
veR

(S.35)

(S.36)

(S.37)

for the smallest eigenvalues by. The minimum error is
€ = v/by. Because vector ag has only g non-zero entrees,
we need evaluate only a block of size ¢ X ¢ corresponding
to nonzero a,g, not the entire matrix B.



Strategy 3: experimental optimization. Consider
U= {|1/)(()k))} to be a set of initial states and @ is the set of
Pauli matrices supported on a certain subset of qubits.
Using the decomposition in Eq. (S.35), we rewrite the
expectation value of the evolved initial guess as

WMNUHLOULE) =3 apo funa.
HES

(S.38)

where the coeflicients f,im are the expectation values for
Pauli operator P, after n cycles of evolution for the k-th
initial state, i.e.

k k
.fukd = <¢(() )‘U;‘dPMUg'hp(() )>

Then, the coefficients for an approximate LIOM can be
found by minimizing the variation

{au0} = argmin ZVardgp (Z auofuk-d)7 (5.40)
k

HEQ

(S.39)

where VardSD[Od] = Eng[OUQl] - (Eng[Od])2- In gen-
eral, the maximum circuit depth D and set size |¥| must
satisfy D|¥| > ¢ to avoid overfitting. Notably, this
method can be implemented even for shallow circuits.
Technically, for noiseless circuits, depth D = 1 is suffi-
cient if the set W is large enough.

The optimal values of a,o can be found by solving the
spectral problem

Avaso = way, (S.41)

for smallest possible w, where the matrix A is generated
as

A, = Z (Eng [fukd ford]
k (S.42)

—Ea<p|[fukalBa<p [fukd/]) .

Both strategy 2 and strategy 3 are not scalable be-
cause they require classical storage and processing of all
auo that define the LIOM. This number grows exponen-
tially with the support of LIOMs and quickly becomes
intractable, especially near the phase transition point.
However, by truncating the support, these methods can
be used to find a good initial guess.

H. Convergence and noise

This section focuses on evaluating the performance of
the proposed method under noise constraints. First, we
postulate two essential properties of the studied quan-
tum dynamics. These properties are then used to derive
two error bounds: with respect to finite depth and with
respect to noise. By combining these error estimates, we
determine the optimal circuit depth for the experiment.

The first property concerns the conservation of local
operators. In the MBL regime, the values of most of the
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local operators are partially conserved due to their over-
lap with LIOMs. A formal statement of memory preser-
vation can be expressed by an inequality applied to local
operators O,

Tr (U OUR0) > Xa(0)[0] 3, (S43)

where || - || is the Frobenius norm, Aq(O) > 0 is an
operator-specific memory parameter that remains con-
stant or decreases monotonically with increasing depth
d. In the MBL phase, we expect the parameter to re-
main nonzero, i.e. limgy o Ag(O) > 0. If the system is
egodic, we expect A\y(O) 2 exp(—d/Dyy) for local oper-
ators, where Dy, is the thermalization time scale. The
term “prethermal” refers to a regime in which thermal-
ization proceeds at a very slow rate, such that Dy, > D.
In other words, the thermalization time scale is much
larger than the number of observation cycles D.

The second property is localization. For all systems,
including localized ones, there is a Lieb-Robinson bound
that limits the instantaneous propagation of information
for large distances. For the MBL phase, this bound can
be expressed in a stronger, “logarithmic” form [37],

I[UEO0UE, 0| < |0 | 0xld e =002/,
(S.44)
where || - || is the operator norm, dis(O1,O2) is the dis-
tance between the operators O; and Os, & is the local-
ization length, c is a contant, and « > 0 is the exponent.
For slowly thermalizing ergodic systems, we expect this
inequality to hold empirically if we replace the constant
localization length by a slowly changing cycle-dependent
one, &g — &;. We further assume that the localization
length grows very slowly with cycle number d, so that its
change remains negligible within Dy, cycles.
Using the first property, we can show that as the maxi-
mum cycle depth D grows, the method progressively con-
verges to the target LIOM.

Proposition 1 (Depth convergence). For any Floquet
dynamics satisfying Eq. (S.43), the imprecision of the op-
erator in Eq. (S.26) is bounded as

LU 1

2[[ LB g Ap(LO)D

Proof. First, we rewrite the commutator as
(Up, L)) = (UpLPUL = L)) U

1 d+1 d+1
- B(UF+ LOUEH — 1O,

(S.46)

Next, using the invariance of the Frobenius norm under
rotations as well as the triangle inequality, we derive that

1
(D) _ d+17(0)rrd+1t _ 7(0) H
[Ur, L] 7 DHEdSD(UF LOUg L >UFF
1 d d+1
= 5 |[BacpUi LOUET - 2O
2
< ZLO 5.

(S.47)



Finally, we rewrite the norm of the operator L(P) using
its definition as

1LV p = /T (P2

= \/]EngTI' (U;éL(O)UgT L<0>) (S.48)

> \/Ap(LO) LD F,

where in the last step we used Eq. (S.43). By inserting
Eq. (S.47) and (S.48) into Eq. (S.45) we get the desired
result. This step completes our proof. O

Note that the right-hand side of the Eq. (S.45) depends
on Ap(L®). This implies that an accurate initial guess,
denoted by L(® can significantly improve the efficiency
of the procedure. In particular, increasing the value of
Ap(L©®) will reduce the corresponding error. Thus, the
selection of a better initial guess for L(®) is crucial to
minimize the error and improve the overall accuracy and
efficiency of the method. We also expect Ap(L(®) to
decrease exponentially with the localization length &.
Thus, systems with smaller localization lengths should
show significantly faster convergence.

Improvements made by increasing depth are limited by
the effects of noise. Two primary categories of noise affect
the system: systematic and stochastic. Systematic noise
comes from calibration and readout errors. Predicting
the influence of this type of noise is particularly chal-
lenging because it is hardware-dependent and can vary
subtly over time. However, its impact is most noticeable
for a few “problematic” qubits and/or qubit coupling, see
Fig. S6. For the majority of qubits, the main source of
error is stochastic noise.

We consider a simplistic noise model where we assume
that after each Floquet cycle the qubits are subjected
to a single-qubit depolarizing channel. In this context,
the unitary transformation £ previously described in
Eq. (S.27) must be replaced by its noisy version, which
has the form

Ep = ﬁ (a-pi+? ;AM)SF,

r=1

(S.49)

where p is the error probability, I is the identity super-
operator, and A, is a single-qubit Pauli channel.

Aar(') = Pa'r(')Par7 (850)

and P, € {X,.,Y,, Z,.} are single-qubit Pauli operators.
Consequently, the outcome obtained from the exper-
imental data corresponds is the modified approximate
LIOM L) that takes the form
L) = By p&(LO). (S.51)
To establish the effect of the noise, we prove the following
Proposition.
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Proposition 2. For any noiseless dynamics satisfying
(S.44), the noisy dynamics in Eq. (S.49) has the action

ERLO) = ER(LO) + 5Cy, (S.52)
where the correction operator 6Cy satisfies
I5Ca| o
IZo) = de;eXP(—Ar(L )/&a); (S.53)

and A, is the lattice distance between the qubit r and the
support of operator LO),

Proof. We start by stochastically decomposing the noisy
evolution superoperator as

rd d—d di—d de
Ex :E Pradlp T Aaym EF T P Aagry o Napr ERF

rad
= €0 D PraalT) AL, AL,
rad

(S.54)

where pram = (1 — p)"%(p/3)* represents the proba-
bility of a combination of 0 < k < nd single-qubit Pauli
errors a = {ay,...,ax} involving qubits » = {ry,...,rx}
at cycle depths d = {d;,...,dr}. Here we have intro-
duced the time-renormalized unitary error channels as

AD () = Eff Aar = VD (VT (S.55)
where we use the notation
v .—ulip, Ul (S.56)

and P, € {X,, Y., Z.} is single-qubit Pauli operator act-
ing on qubit 7.

Next, we rewrite the action of d cycles of noisy evolu-
tion as in Eq. (S.52), where we introduce the correction
operator as

0Com = EF Y pram (MDA .

ram

AL (L) — L(o>),

‘ ARk
(S.57)

Taking the Frobenius norm of this operator and using the
fact that it is invariant under unitary transformations Ep,
we get

[oC] < ZpradHA(dl)A(d2) AL (O — LO)| 5

airi*tasre * AETrk
rad

(.58)

Using the invariance of the Frobenius norm under unitary
transformations, we get

||A(d1) Ald2) A (dr) (L(O)) _ L(O)H

airi-azra ° ARTk

= ||[vid)ylde) | ylde) pO)))

airy " azr2 ° apTk’

< V), LN + -+ V), 2O

airy? apTr?

(S.59)
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Fig. S5. Noise form factor. Form factor K as a function
of correlation length &y for ¢ = 1. The blue curve shows K for
infinite one-dimensional circuits, while the red curve shows a
similar dependence for two-dimensional heavy-hexagonal cir-
cuits. The dashed curve shows the asymptotics K = 2§, and
the dotted curve shows K = 2mé2. The support of the op-
erator L in the two-dimensional case is a qubit with three
neighbors (the case of two-neighbor qubit is very similar and
is not shown).

Each of these summands can be expressed as

VD, 2O = Uk P, U, LO)|
< ¢ O d* exp(—dis(Pay, L) /£4)
(S.60)

where we used the condition in Eq. (S.44) with &4 as a
localization length. Therefore

A ALS) . AL (L) - 20
k
< CHL(O) |d* ZGXP(_diS(PMn’ L(o))/gd)v
=1

(S.61)

where we also used the inequality in Eq. (S.48). Using
the fact that the noise is homogeneous, i.e. applies to all
qubits with the same rate, we derive that

16Call < el L@ [pd* ' Y~ exp(=A (L) /€a).  (3.62)

Thus, we arrive at our main result. O]

For simplicity, we assume that the localization param-
eters remain constant over the time of our observation,
i.e. )\m(L(O)) ~ A and &, = &. Also, we introduce a
form factor

K =3 exp(—Ar, /&), (3.63)

where A, , is the distance between the qubits r and 7.
In essence, the form factor represents the degree to which

510

the effect of single-qubit noise is multiplied by the in-
teraction of the qubits for a given circuit geometry and
localization length. The dependence of form factor K
on the localization length for one- and two-dimensional
circuits we use is illustrated in Fig. S5.
Then the total error can be estimated as
,_ NUr, LM F

6 = - -, S.64
2NLO s (8.64)

where the “noisy” LIOM is

1 & 1 &
[ (D) _ rd(r(0)y — (D)
L _D+1ZEF(L )=1L + 57 2 9C
d=0 d=0
(S.65)
and we defined 6C' in Proposition 2. Next, we take into
account that the error grows monotoneously, ||6Cy||r <

[[0Cg41]|F- Thus the total error is

, - IUp, 2P
= 2O

16Cp |l F
ILP) || g’

(S.66)

Considering that |L(P)||z ~ ||[LP)||p in the limit of
small p, as well as the inequality in Eq. (S.48), we get

P (1 HéCDHF)’ (S.67)

¢ il
T VANDILO[p

where we used the invariance of the Frobenius norm to
the unitary transformation and Proposition 1. Next, we
use the inequality connecting the spectral norm to the
Frobenius norm, as well as the fact that L(©) is a Pauli
operator, which leads us to

16Cplr < 2*2(I6Cp |, LP]|F=2"2,  (S.68)
where n is the number of qubits. Using the expession for
|I6Cp|| from Proposition 2 and Eq. (S.63), we arrive at

the expression

!

1 a+1
¢ 5 +PKD ) (S.69)

< —(

VAo
The optimal depth corresponding to the minimum error
and the minimum error value itself are given by the ex-
pressions

_1
Dopt = ((1 + a)pK) a“,

o (S.70)
€ i~ at2 1 ((1+a) K) o
min — o + 1 m p N

Assuming a = 1, and using realistic estimates for the gate
noise p ~ 1073 — 1072 and the parameters v/Ag, K ~ 1,
we derive Dope ~ 5 — 10 and € ~ 0.1. These values
are in agreement with the experimental results for the
majority of LIOMs, as shown in Fig. S6. Furthermore,
these results imply a polynomial convergence error of the
method with increasing gate fidelity, denoted by €nin =
O('/?).
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Fig. S6. Local integrals of motion (LIOMs) error due to noise. a. Noise error for 1D experiment. The plot shows

the deviation of the coefficients a = {a,} in Eq. (5.29) obtained experimentally from the same coefficients asim obtained by
noiseless simulation, as quantified by the noise error € = ||@ — @sim||2/||@sim||2. For illustration, the LIOMs are divided into
three groups: low precision (red, € > 0.14), medium precision (orange, 0.05 < £ < 0.14), and high precision (green, £ < 0.05).
Left panel shows the distribution of LIOMs as a function of their localization length (derived from simulations). The panel
shows that low- and high-precision LIOMs have similar localization lengths. Solid lines represent the theoretical estimate for
e in Eq. (S.70) for p/v/Ao = 1072 (green), 4 - 1072 (orange) and 1.2 - 1072 (red). The right panel shows the dependence of
the error on the position of the initial guess L(®). This panel shows that the high errors are clustered around certain regions
(shaded by red), suggesting that high errors are generated by a few “bad” qubits or connections. b. LIOM imprecision for a
2D experiment. Each qubit i is assigned a value of LIOM imprecision associated with the initial guess L©® = Z;. Values are
displayed in a 2D grid where neighboring cells correspond to neighboring qubits. As in 1D, anomalous values of imprecision

are concentrated in a few regions.

II. EXPERIMENTAL WORKFLOW
A. Hardware

This section provides details of the experimental imple-
mentation. The quantum circuits are run on supercon-
ducting quantum processors ibm_kolkata (27 transmon
qubits) and ibm_washington (127 qubits). The distri-
bution of coherence times for ibm washington is shown
in Fig. S7a. For this device, the median 77 time of the
qubits is 100 ps, while T5 is 95 us.

The circuit design for both one and two dimensions in-
volves nearest-neighbor coupling between qubits using a
single controlled-Z gate per cycle. This gate is further de-
composed into native gates, including a single two-qubit
controlled-X gate and SX and RZ gates. The error of
the controlled-X gate, with a median average of 1.15% on
ibm_washington, is typically one or two orders of mag-
nitude larger than that of a single-qubit gate, which has
a median error of ~0.03%; see Fig. S7b. The provided
median readout error is 1.47%. The provided gate errors
were measured for a simultaneous run, but for poten-
tially different order from our experiment. See also the
gate fidelity study for linear chain for ibm_washington in
Ref. [39].

The circuits are submitted to the cloud-hosted devices
via the Qiskit IBMQ provider, without exclusive access
to device-level calibrations. In total, the results in the
main text represent 35,364 raw circuits before error mit-
igation. Assuming a conservative sampling rate of 2 kHz
as in Ref. [38] with 8,000 shots per circuit (including error
suppression, such as twirling), the total quantum compu-
tation time for unmitigated results is ~40 hours. As we
discuss in the next section, the total overhead for error

mitigation is twice the number of shots, so the mitigated
results require a total of ~80 hours of QPU runtime.
Additionally, we use the shot budget for error mitigation
techniques such as twirling, as detailed below.

B. The algorithm

Our selected model promotes an efficient use of IBM
quantum hardware. In particular, each Floquet step re-
quires only gate depth of two, measured in two-qubit
gates, for one dimensional (1D) circuits. In two dimen-
sional circuits (2D), the required gate depth is three.
This is in contrast to a generic two-qubit gate which may
require a depth up to six (or nine), as in the case of the
first-order trotterized Heisenberg model.

The coupling between qubits is mediated by U(6) =
Us(0,0,m) gates (as defined by OpenQASM 3.0 conven-
tion). The coupling angle # ranges from 0 to m, with
0 ~ 0.16m marking the finite-size MBL phase transition.
Each U(6) gate can be decomposed into two hardware
native SX gates and two virtual RZ gates.

After each layer of CZ and U(f) gates, a phase gate
P(¢;) is implemented, representing a disorder ¢; for the
qubit ¢. The disorder phases ¢; are randomly drawn from
a uniform distribution between —m and w. The total
number of two-qubit C X gates can be calculated as (n —
1)D, where n is the number of qubits and D is the number
of Floquet cycles. For example, for the 1D spin imbalance
measurement on 104 qubits with Ngjoquet = 19 Floquet
cycles, this amounts to 1,957 gates in total.

The 2D circuits are similar to the 1D circuits, except
that due to the connectivity of the 2D heavy hexagonal
lattice, each Floquet cycle requires 3 layers of CZ and
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Fig. S7. Hardware error. a. Cumulative Distribution Function for 77 and 7% times for ibm_washington. The vertical
lines show the mean times, which are 98.6 us for 71 and 89.8 us for T>. b. Instruction errors: SX gate, CX gate, (red) and
measurement (green). As in the left panel, the vertical lines correspond to the medians for values of 2.81-10"* for the SX
gate, 1.15 - 1072 for the CX gate, and 1.47 - 102 for the measurement error.
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Fig. S8. Mapping virtual to physical qubits in the quantum processor. The figures depict the topology of the
127-qubit quantum processors ibm_washington overlaid with virtual qubit embeddings used in our experiments. Qubits used
in the virtual to physical mapping are shaded, colored, and numbered, while the remaining qubits are represented as open
rings. a. Schematic of the 104-qubit 1D chain used for studying spin imbalance. b. Schematic of the 124-qubit 2D lattice.
The various colors of the qubits illustrate the growth in system size for the OPDM experiments. Specifically, blue indicates the
smallest system (1-hexagon), orange indicates the additional qubits for a 3-hexagon system, green represents the increase to a
6-hexagon system, and red denotes the additional qubits used for a 10-hexagon system.

U(0) gates, where the layers correspond to the colors of  spin imbalances, one-particle density matrices (OPDMs),
the connections between qubits in Fig. 4a in the main and local integrals of motion (LIOMs). To obtain these,

text. The total number of gates is Neqges X NFloquets €-8- we employ the three-stage procedure on a quantum

the quantum circuit for the 2D spin imbalance measure- computer: state initialization, Floquet evolution, and

ment on 124 qubits with Neqges = 139 and Nrioquet = 19 the actual measurement process. In the following,

Floquet cycles has 2,641 CX gates. we detail the methods used to measure each of these
quantities, providing a comprehensive overview of our
approach.

C. Initialization and measurement protocols
Spin imbalance. Spin imbalance is defined to be

Our experimental approach involves measurements

aimed at reconstructing three distinct types of objects: e

: S.71
e (S.71)
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hibits a close match to the logarithmic scaling curve, depicted
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where ng and n; are the average occupation of the
sites initialized in the zero and one states, respectively.
All spin imbalance measurements were performed on
ibm_washington. The initial layout for the 1D chain is
shown in Fig. S8a. We initialize the system in a state
where each qubit is set to the |0) state. Next, we set cer-
tain qubits (see Fig. S4) to the |1) state using an X gate
composed of two hardware-native and low-error (typi-
cally ~ 3-107* as measured by fidelity) VX gates.

For each value of the coupling angle (6§ = 0.17 and
6 = 0.37), we independently run 20 circuits with the
number of Floquet cycles ranging from 0 to 19. For each
cycle, at the end of the evolution, we measure the spin
imbalance in Eq. (S.12) based on the expectation values
of the qubits in the computational basis. Since qubits
can be measured simultaneously, each spin imbalance
measurement requires a total of 20 different circuits.
Each circuit is run for 8,000 shots to collect the necessary
statistics for the expectation.

One-particle density matrix (OPDM). All mea-
surements are performed on ibmg.kolkata (1D) and
ibm_washington (2D). We use quantum hardware to ob-
tain the matrix elements of Eq. (S.14), which can be ex-
pressed as

1 . )
piy =7 ((XiX))e = iX0Y;)e +iViX))e + (ViY5). )

(S.72)

where (AB). = (AB) — (A)(B) is the connected correla-
tion function, and (A) := (1o |UL AU 1) is the expec-
tation of the operator with respect to the time-evolved
initial ordered state |¢g).

513

For both, the 1D and 2D cases, we start by initializ-
ing the system in the geometry-dependent CDW state
and then evolve for 10 Floquet cycles. For both cases,
we measure qubits in the computational, or Z, basis, as
well as various combinations of the X and Y bases. The
number of combinations should be sufficient to determine
all expectations of the operators (X;) and (Y;), as well
as (X;X;), (YiY;), (XiY}), and (Y;X;). It is important
to note that measuring O(log(n)) random combinations
of X and Y bases is sufficient for this purpose [32]. We
further develop a simple optimization algorithm that re-
quires a smaller number of multiqubit bases compared
to random combinations. The sample complexity of the
resulting measurement sequence is illustrated in Fig. S9.

For the one-dimensional circuits, we perform measure-
ments in {7,9,10} multi-qubit Pauli basis combinations
for system sizes of {6,8,10} qubits each, using a single
initial state [10...10). The measurements are performed
for coupling angles 8/7 = {0,0.05,0.10,0.15,0.20,0.25}
and 100 disorder realizations, resulting in a total
of 15,600 circuits.  For the 2D OPDMs, we use
{11,17,21,22} multi-qubit Pauli basis measurements
for lattices with {1,3,6,10} heavy hexagons (or
{12,28,49,75} qubits) for the CDW initial state for
the same set of coupling angles. The layout is shown
in Fig. S8b. The number of disorder realizations for
system size containing n qubits is calculated as [625/n],
resulting in a total of 8,244 circuits.

Local integrals of motion. All measurements are
performed on ibm_washington (both 1D and 2D). To ob-
tain the value of the correlation function in Eq. (S.33),
we measure the quantities

Fudo = Wa|US PLUL ),

where [1,) denotes the initial states, P, € @ denotes
a collection of local Pauli matrices that are part of a
predefined set ). Similar to previous experiments, the
desired result can be achieved by running multiple runs
of a quantum circuit. This process involves initializing
the system in the state |, ), passing it through d Flo-
quet cycles, and then performing measurements of Pauli
operators F,. A major challenge in this procedure is to
determine the optimal set of initial states |1),,) to reliably
estimate the value of Wp(P,, L(®) in Eq. (S.33).

The simplest and scalable method for selecting initial
states is to assign them as random bit strings, using the
Monte Carlo method. While this method is scalable (re-
quiring O(1) states to estimate the expectation of local
operators), it is not an optimal use of resources for shal-
low circuits. In fact, to achieve an accuracy of 1%, we
need about 10* random initial states. Instead, we use a
technique that allows us to achieve comparable accuracy,
but with two orders of magnitude fewer initial states.

In one dimension, we choose a family of periodic states
[Va) = |wa) ® |we) @ -+ ® |wy), where |w,) represents
possible combinations of [ bit strings. The number of
such states is only 2'. At the same time, for any evolution

(S.73)
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Fig. S10. Cost-benefit analysis for LIOM reconstruction in the presence of noise. This analysis uses a noiseless
10-qubit chain simulation for cycle depth D = 9 with L chosen as the Pauli Z operator acting on the central qubit 5 (qubits
are numbered starting with 1). The results are averaged over 50 disorder realizations. a. The LIOM imprecision in Eq. (S.19)
for various settings as a function of the maximum operator support. Solid lines represent the (p,p,l) setting, dashed lines
represent the (p, k, 1) setting. Increasing the locality leads to a drastic improvement in imprecision. b. The dependence of the
error on the parameter [, which sets the number of initial states. c¢. The trade-off between the method error and the required
quantum computational resources for (p, k,1) schemes, where the dots represent different combinations of the settings 1 <1 < 4,
1<p<4,and 1 <1< 6. The red dot indicates the choice of the experimental setting ((2,4,6)).
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Fig. S11. Benchmarking error mitigation. This example illustrates the effect of error mitigation on the precision of
quantum evolution for local expectations, z;(t) := (Z;(¢)), using data from the ibm kyiv device, corresponding to Fig. 2b and
¢ for 6 = 0.17. a. The overall improvement in the signal z;(¢) (both raw and mitigated) is quantified by the deviation of

the time-dependent curves from the classical simulation of noiseless system z{'%(t), i.e. D; = \/ E; [2i(t)? — z51(t)?], where
the expectation is taken over the measurement cycles ¢t € {0,2,4,...,40}. b. An example of successful error mitigation for
qubit 65. The mitigated signal (diamonds, dashed lines) closely matches the classical simulation (squares, dash-dotted lines),
compared to the original raw data (circles, solid lines). ¢. An example of failed error mitigation for qubit 22. The mitigated
curve deviates significantly from the noiseless classical simulation and falls below the minimum physical value, zmin = —1. Both
successful and failed samples are included in the final results.

U¢ that transforms a local operator into an operator with ~ domized search algorithm that colors the graph using !
support on [ qubits or less, expectation over this set of  unique colors such that it minimizes the number of col-
initial states is as effective as over all 2" states. ors within r steps of each qubit. The result is equivalent
For the two-dimensional heavy hexagonal lattice con- to the initial set of 2! states, where each uniquely col-
figuration, we find a similar suitable set of states. We ored qubit represents an independently chosen value 0 or
first represent the Floquet cycle as a graph with vertices 1. As in the 1D case, the precision can be improved by
representing the qubits and the edges corresponding to choosing larger .
next-neighbor connections. Next, we construct a ran- Next, we develop a measurement protocol to get the
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one-dimensional 104-qubit chain, also shown in Fig 2c. The non-normalized curves correspond to the error-mitigated results
obtained from the device using Eq. (S.71). The normalization is performed by the average slope of the 8§ = 0 curve (dashed

curve). b. Similar curves for the 124-qubit hexagonal circuit.
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Fig. S13. Noise effect on spin imbalance. The plot

shows the relative comparison between classical numerical
simulation (blue empty points, dashed lines), experiment on
ibm kyiv (filled points) and ibm washington. The difference
between the devices can be potentially explained by the noise
effect.

values of the Pauli operators P,. In one dimension, we
choose to measure qubits at positions i, 7 + p, i + 2p, and
so on, in the same basis chosen from X, Y, or Z for some
integer p > 1. This pattern results in 3” measurement
combinations, which allows us to measure all local 4P —
1 Pauli operators P, with support p. In addition, the
protocol allows to measure some of the Pauli operators
with support & > p. We then measure all such Pauli
operators and include them in the set Q.

To choose the Pauli measurement in two dimensions,
we return to the graph representation of the Floquet cy-
cle. We then use an algorithm that solves a graph color-
ing problem using p colors so that each path containing k
qubits contains as many different colors as possible. Each
such color corresponds to an independently chosen qubit
measurement basis. This allows to measure all k-local
Pauli operators if p = k, and fraction of them otherwise.
For p = 2, the best choice is the antiferromagnetic color-
ing shown in Fig. (S4)b.

Combining the initialization protocol and the measure-
ment protocol, we obtain a method we call the (p, k,1)
scheme. For this scheme, we use 2 initial state combina-
tions and 3P Pauli measurement combinations to obtain
all possible expectations of Pauli operators with support
up to k. For any such scheme, the total number of unique
quantum circuits required to run is Neyye = D x 2% x 3P,
where the factor of D comes from the fact that we need
to perform the measurements for each depth instance
de{0,...,D—1}.

The analysis of different schemes in 1D, including
their effect on the imprecision and the number of circuits
required, is shown in Fig. S10. For example, Fig. S10a
and Fig. S10b show how the LIOM imprecision is
reduced by increasing p and [. While this reduction
can be significant, the number of circuits grows ex-
ponentially with these parameters. To make the best
choice, we perform the cost-benefit analysis shown in
Fig. S10c. We found that the best scheme to achieve
high precision with a reasonable number of circuits
that exhibits sufficiently wide LIOMs is the (2,4,6)
scheme (marked by the red dot). In our experiment
shown in Figs. 3 and 4 we use this scheme including
Neire = 10 x 64 x 9 = 5,760 of non-mitigated circuits in
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Fig. S15. One-particle density matrices (OPDMs) in 2D lattices.. We consider circuits containing 1, 3, 6, and 10
heavy hexagons for a state after 10 Floquet cycles. The anomaly at position 66 for the OPDM for the 10 heavy hexagon
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total. This allows us to evaluate all values in Eq. (S.73) in quantum computations. Two popular and primary
for all two-qubit Pauli operators and some three- and  strategies are zero-noise extrapolation (ZNE) [40, 41]
four-qubit Pauli operators. We use the same scheme and  and probabilistic error cancellation (PEC) [41-43], which
parameters for the two-dimensional setting, although we have recently been combined in [38].
are unable to estimate the precision classically. Here, we developed a tailored, composite error-
suppression and mitigation strategy that includes logical-
to-physical qubit mapping [44], M3 readout mitiga-
tion [45], Pauli twirling [46], and ZNE [40, 41, 44, 47].
D. Error mitigation This strategy is straightforwardly scalable to large sys-
tem sizes and accessible via open-sourced packages of-
Quantum error mitigation [38] describes strategies  fered through the Qiskit ecosystem.
aimed at mitigating the detrimental effects of noise First, virtual qubits in the quantum circuit are mapped



81 —— 1
3

—— 6

61 —— 10

Order parameter n X 6
N

0+, . ;
0.0 0.1 0.2
Angle 6/t

Fig. S16. Discontinuity in the one-particle density
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to physical qubits on the device. In the case of the
104-qubit 1D chain, the 124-qubit 2D lattice, and the
2D OPDM measurements, there are limited possibili-
ties for this mapping. For the 1D OPDMs measured
on 6, 8, or 10 qubits, the best qubits for a given cir-
cuit on a given device are selected using the Qiskit pack-
age mapomatic [44]. Based on the connectivity of the
transpiled circuit, mapomatic finds possible mappings be-
tween virtual and physical qubits of a given device, ranks
them based on a simple cost function that takes into ac-
count the characterized errors of each qubit and gate,
and selects the best one.

In order to mitigate coherent errors during runtime, we
employ a combination of two strategies. The first strat-
egy involves applying a technique known as “twirling”
to the noise present in the two-qubit gate layers of the
circuits [46]. For a tutorial on twirling, see Ref. [48].
This approach entails the addition of random single-Pauli
gates before and after the noisy two-qubit gates. These
gates serve to “mix up” the noise, helping to reduce its
impact. Notably, the errors associated with the two-
qubit gates are typically an order of magnitude larger
than those of the single-qubit gates. We randomly sam-
ple the twirled circuits Niwir1 = 5 times and run each
twirled circuit with 1/Nyyin of the shots for the origi-
nal circuit. The second strategy is dynamical decoupling
(DD), which can suppress crosstalk errors [49, 50]. Here,
we insert evenly spaced XY4 pulses in idle periods for
1D single particle density matrix measurements, but do
not use DD for spin imbalance and local integrals of mo-
tion measurements on larger systems as the brickwork
quantum circuits have little idle time.

We also mitigate readout and incoherent errors by run-

S17

ning additional circuits. Readout errors are mitigated on
the noisy bitstring-level with the quasi-probability-based
M3 method [45]. The “balanced” version of the method
requires 2Nqupit Teadout calibration circuits to be run as
opposed to the full matrix-inversion method that requires
2Nawie calibration circuits [51], which is infeasible for the
system sizes considered here. We empirically find that
the readout calibration need only be repeated every hour
or so to maintain the performance of readout mitigation.
Because many of the circuits—over many Floquet cy-
cles, measurement bases, and initial states—in this study
are run on the same qubits, running the readout calibra-
tion circuits incurs only a small overhead. Incoherent
errors are mitigated with digital zero-noise extrapolation
(ZNE) [40, 41, 47]. In dZNE, additional digital quan-
tum gates that resolve to identity are inserted into the
circuit to amplify the noise. Expectation values are com-
puted at multiple noise factors, where a noise factor of
1 corresponds to the original circuit and, e.g., a noise
factor of 3 corresponds to appending the inverse of the
circuit followed by the circuit itself. Then, the zero-noise
expectation value is estimated by extrapolating from the
expectation values at these non-zero noise factors. In this
study, we use noise factors of 1 and 3, and we use linear
extrapolation, which generally underestimates the mag-
nitude of observables but is more stable than exponential
extrapolation.

We quantify the improvement in noisy expectation val-
ues in Fig. S11 with and without quantum error mit-
igation on ibmq kyiv for a 104-qubit Floquet circuit
with § = 0.17r and find that error mitigation allows
the noise error to be reduced. More information on
the performance of error mitigation in this regime for
ibm_washington can be found in Ref. [44]. For example,
Fig. 9 there shows the simulation of a 104-qubit 1D chain
with @ = 0 using a nearly identical error mitigation pro-
tocol — the only difference being that noise factors of 1.0,
3.0, and 5.0 are used instead of just 1.0 and 3.0. Finally,
error due to shot noise propagated through the error mit-
igation pipeline and data post-processing is quantified via
bootstrapping over the bitstring counts.

Overall, this composite error mitigation strategy in-
volves minimal additional classical compute to twirl the
circuits and insert DD pulses, as well as minimal over-
head of quantum resources—the total shot count of the
entire composite strategy is just twice that of the unmit-
igated execution due to ZNE.

E. Precision of the individual LIOMs

In Figs. 3e and 4f in the main text, we quantify the
precision of the LIOMs using the localization length. The
localization length is calculated for the kth LIOM using
the definition

A=Y W(z)d(e,zo), (S.74)
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larger 104-qubit system.

where wy, is the kth LIOM amplitude at qubit « and
d(x,xo) is the Manhattan distance between qubits with
coordinates x and xy. The relative error can be expressed
as

AP = x|

- S.75
)\?Clm ? ( )

Tk =

where A\ and A5™ are localization lengths derived
from experiment and numerical simulation, respectively.
There relative errors are shown in Fig. 4e by colors of

data points.
We can also quantify the quality of the LIOMs by the
normalized error in their commutator with the Floquet

cycle unitary,

e = [, Urlllr/2| LIl F, (S.76)

where L is the LIOM operator and || - ||r is the Frobe-
nius norm. Notably, numerical evaluation of this LIOM
imprecision € is only polynomial in the number of Pauli
terms and their locality. Moreover, it is independent of
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k=3

k=1

Fig. S19. Structure of local integrals of motion (LIOMs) in a 2D lattice. The figure illustrates the decomposition
of the “average” LIOM into contributions from k-local Pauli operators, for £ in the range from 1 to 4. The blue bars represent
the two-vertex configuration, while the orange bars represent the three-vertex configuration.

the number of qubits for large systems. Note that, since
we do not estimate coefficients for all Pauli operators,
the derived quantity for a truncated LIOM serves as an
upper bound on the its precision. For our initial guess
ng) = Zj, the imprecision is ey = sin 6/y/2 (= 0.2185 for
6 = 0.17) regardless of the qubit index k and disorder
realization. Finding better precision compared to ini-
tial guess strongly indicates that the quantum algorithm
works.

To distinguish system dynamics and noise effects,
Fig. S20a compares the imprecision of the LIOMs ob-
tained from noise-free simulations (sim) and experiments
(exp), yielding an average ¢ = 0.16. Absent experimen-
tal noise, all points would lie on the diagonal. Notably,
several extracted LIOMs fail (dots in shaded area, rep-
resenting 13% of the total), attributed to outlier readout
and gate calibration errors on a few qubits. Nonetheless,
87% of the LIOMs surpass the initial prediction. Overall,
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noise contributes a 0.05 increase in net average impreci-
sion compared to noiseless simulations, suggesting poten-
tial for improvement with enhanced devices and mitiga-
tion strategies [36]. In comparison, for ergodic side of
the dynamics (6 = 0.37) the initial guess yields ¢y = 0.57
and would not be substantially improved upon applying
our method.

In Fig. S20b, we report the experimental imprecision
for each type of bulk LIOM for 2D setting. Most LI-
OMs outperform the initial guess (bars on the left of the
vertical dashed line) except for outliers associated with
qubits experiencing poor performance. In 2D, larger con-
nectivity and localization lengths lead to slower LIOM
convergence and higher susceptibility to noise.

III. ADDITIONAL DATA

In this section, we present additional experimental
data to support the claims of the paper. Below, we sim-
ply list the additional results and provide the accompa-
nying description.

Additional data on spin imbalance. Figure S12 extends
the plots presented in Figs. 2¢ and 4c by showing non-
normalized imbalance values and the dynamics of the cir-
cuits for both # = 0 and § = 0.057. The plots show a
significant decay of the imbalance at # = 0, even though
the circuit must exhibit no dynamics if applied to a state
in the computational basis. This decay can be attributed
to the presence of noise. To mitigate the effect of noise,
we perform a partial compensation by renormalizing the
remaining curves using the average decay curve of § = 0,
which is represented by the dashed black curve. The
result of this normalization process can be observed in
the right subpanels and is also shown in the main text.
Also, Fig S13 compares signal from two similar devices:
ibm kyiv and ibm_washington.

Additional data on OPDMs. Figure S14 provides a
visual representation of the OPDM for one-dimensional

chains composed of 6, 8 and 10 qubits. This state
has evolved over D = 10 cycles for a specific disor-
der realization. In addition to the experimental data,
the figure also shows theoretical predictions. In the er-
godic regime (0 = 0.37), the off-diagonal elements be-
come more prominent, while the diagonal elements show
a more uniform pattern compared to the MBL regime
(6 = 0.17). The average spectra resulting from the diag-
onalized OPDMs are shown in the main text in Fig. 2c.

Figure S15 shows similar data for the OPDMs of 2D
lattices containing 1, 3, 6, and 10 heavy hexagons. These
correspond to 12, 28, 49, and 75 qubits, respectively. The
corresponding circuit layouts for these configurations are
shown in Fig. S8b. As with the one-dimensional system,
we consider a state that has evolved over D = 10 Flo-
quet cycles for a singular disorder realization. The gap
contrast of the spectra from the diagonalized OPDMs is
shown in the main text in Fig. 4d.

Figure S16 shows the rescaled discontinuity, similar to
that shown in Fig. 2d for the one-dimensional circuit.
However, unlike the one-dimensional system, this param-
eter does not exhibit a system-size scaling that depends
on the coupling angle 6 values for more than a single
heavy hexagon. This phenomenon can be attributed to
the strong influence of noise, which technically closes the
hard gap in the OPDM spectrum for small 0, resulting
in a “soft” gap (i.e. region of significantly reduced den-
sity without a real gap). As a result, the nd parameter
plateaus at a constant value that is independent of the
system size. The thermalization process of the system as
a function of system size can still be examined by observ-
ing the gap ratio in Fig. 4d, which is applicable to both
hard and soft gaps.

Additional data on LIOMs. Figure S17 presents ad-
ditional examples of individual approximate LIOMs for
comparison. Here one can compare individual LIOMs
with the ‘average’ approximate LIOM shown in Figure 3b
in the main text. For demonstration purposes, we have
chosen three LIOMs with different levels of imprecision:



the smallest, the median, and the highest. It is notewor-
thy that these operators have very similar shapes. We
also plot the time dependence of each approximate LIOM
as a function of cycle depth. As expected, the LIOM with
the highest imprecision shows noticeable oscillations.

In Fig. S18, we present a depiction of all 104 Local
Integrals of Motion (LIOMs), as experimentally recon-
structed in the one-dimensional, 104-qubit experiment.
Each LIOM is localized around a specific qubit site, ex-
hibiting a distinct spatial extent and profile influenced by
both the interactions and disorder realization. The am-
plitude of the weight assigned to each LIOM is plotted
to showcase the varying spatial contributions across the
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entirety of weight Paulis. Due to the substantial over-
lap among the LIOMs, we have opted to distribute them
across four axes for clearer visualization.

In Fig. S19, we decompose the LIOM density shown
in Fig. 4e into contributions from one-local to four-local
Pauli operators. Similar to the one-dimensional sce-
nario, the dominant contribution comes from the one-
local Pauli operators, with a single Pauli Z acting on the
central qubit having the largest contribution. Interest-
ingly, the three-local contribution is nearly equal to the
two-qubit contributions, suggesting quantum scrambling
dynamics in the system.

[1] V. 1. Arnol’d, Mathematical methods of classical mechan-
ics, vol. 60 (Springer Science & Business Media, 2013).

[2] J.-S. Caux, J. Mossel, J. Stat. Mech.-Theory E. 2011,
P02023 (2011).

[3] B. Sutherland, Beautiful Models: 70 Years of Ezactly
Solved Quantum Many-body Problems (World Scientific,
2004).

[4] N. Shiraishi, K. Matsumoto, Nat. Commun. 12, 5084
(2021).

[5] D. M. Basko, I. L. Aleiner, B. L. Altshuler, Ann. Phys.
321, 1126 (2006).

[6] A. Pal, D. A. Huse, Phys. Rev. B 82, 174411 (2010).

[7] R. Nandkishore, D. A. Huse, Annu. Rev. Condens. Mat-
ter Phys. 6, 15 (2015).

[8] D. A. Abanin, E. Altman, I. Bloch, M. Serbyn, Rev. Mod.
Phys. 91, 021001 (2019).

[9] M. Serbyn, Z. Papié¢, D. A. Abanin, Phys. Rev. Lett. 111,
127201 (2013).

[10] D. A. Huse, R. Nandkishore, V. Oganesyan, Phys. Rev.
B 90, 174202 (2014).

[11] W. De Roeck, F. m. c¢. Huveneers, Phys. Rev. B 95,
155129 (2017).

[12] A. Morningstar, L. Colmenarez, V. Khemani, D. J. Luitz,

D. A. Huse, Phys. Rev. B 105, 174205 (2022).

D. Sels, Phys. Rev. B 106, L020202 (2022).

J. Léonard, et al., Nat. Phys. 19, 481 (2023).

M. Rispoli, et al., Nature 573, 385 (2019).

A. Lukin, et al., Science 364, 256 (2019).

P. Roushan, et al., Science 358, 1175 (2017).

J.-y. Choi, et al., Science 352, 1547 (2016).

M. Schreiber, et al., Science 349, 842 (2015).

J. Smith, et al., Nat. Phys. 12, 907 (2016).

P. Bordia, H. Liischen, U. Schneider, M. Knap, I. Bloch,

Nat. Phys. 13, 460 (2017).

] P. Bordia, et al., Phys. Rev. X 7, 041047 (2017).

] Q. Guo, et al., Nat. Phys. 17, 234 (2021).

] X. Mi, et al., Nature 601, 531 (2022).

] D. Sels, A. Polkovnikov, Phys. Rev. X 13, 011041 (2023).

| See Supplementary Materials.

] L. Zhang, V. Khemani, D. A. Huse, Phys. Rev. B 94,

224202 (2016).

[28] P. Ponte, Z. Papi¢, F. m. c¢. Huveneers, D. A. Abanin,
Phys. Rev. Lett. 114, 140401 (2015).
[29] A. Nahum, S. Vijay, J. Haah, Phys. Rev. X 8, 021014

(2018).

[30] S. Bera, H. Schomerus, F. Heidrich-Meisner, J. H. Bar-
darson, Phys. Rev. Lett. 115, 046603 (2015).

[31] S. Bera, T. Martynec, H. Schomerus, F. Heidrich-
Meisner, J. H. Bardarson, Ann. Phys. (Berlin) 529,
1600356 (2017).

[32] A. Elben, et al., Nat. Rev. Phys. 5, 9 (2023).

[33] G. D. Mahan, Many-particle physics (Springer Science &
Business Media, 2000).

[34] M. Mierzejewski, P. Prelovsek, T. c. v. Prosen, Phys. Rev.
Lett. 114, 140601 (2015).

[35] A. Chandran, I. H. Kim, G. Vidal, D. A. Abanin, Phys.
Rev. B 91, 085425 (2015).

[36] Y. Kim, et al., Nature 618, 500 (2023).

[37] C. K. Burrell, T. J. Osborne, Phys. Rev. Lett. 99, 167201

(2007).

8] Y. Kim, et al., Nat. Phys. 19, 752 (2023).

9] D. C. McKay, et al., arziv:2311.05933 (2023).

0] Y. Li, S. C. Benjamin, Phys. Rev. X 7, 021050 (2017).

1] K. Temme, S. Bravyi, J. M. Gambetta, Phys. Rev. Lett.

119, 180509 (2017).

[42] E. van den Berg, Z. K. Minev, A. Kandala, K. Temme,
Nature Physics (2023).

[43] E. van den Berg, Z. K. Minev, K. Temme, Phys. Rev. A
105, 032620 (2022).

[44] P. D. Nation, M. Treinish, PRX Quantum 4, 010327
(2023).

[45] P. D. Nation, H. Kang, N. Sundaresan, J. M. Gambetta,
PRX Quantum 2, 040326 (2021).

[46] J. J. Wallman, J. Emerson, Phys. Rev. A 94, 052325
(2016).

[47] T. Giurgica-Tiron, Y. Hindy, R. LaRose, A. Mari, W. J.
Zeng, 2020 IEEE International Conference on Quantum
Computing and Engineering (QCE) (2020), pp. 306-316.

[48] Z. Minev, A tutorial on tailoring quantum noise -
Twirling 101 (2022).

[49] L. Viola, E. Knill, S. Lloyd, Phys. Rev. Lett. 82, 2417
(1999).

[50] P. Jurcevic, et al., Quantum Sci. Technol. 6, 025020
(2021).

[61] S. Bravyi, S. Sheldon, A. Kandala, D. C. Mckay, J. M.
Gambetta, Phys. Rev. A 103, 042605 (2021).

[3
3
[4
[4



	Contents
	Theoretical analysis
	The model
	Evidence of MBL regime
	Spin imbalance
	One-particle density matrices (OPDMs)
	Local integrals of motion (LIOMs)
	Generating LIOMs via time averaging
	Choosing the initial guess
	Convergence and noise

	Experimental workflow
	Hardware
	The algorithm
	Initialization and measurement protocols
	Error mitigation
	Precision of the individual LIOMs

	Additional data
	References

