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Supplementary Note 1. Differentiation operations for onion epidermal cells.
[image: ]
[bookmark: OLE_LINK1]Supplementary Fig. 1. High-order differentiation operations for onion epidermal cells. a illustrates the experimental setup. b and d the experimental bright filed images of onion epidermal cells. c and e the corresponding first-order and second-order differentiated images, respectively. The white scale bar represents 100µm. The magnification of O1 and O2 are 20X and 10X, respectively. White circles are used to mark the onion cell nuclei.
As is well known, the target information of a biological sample is generally embedded in the phase distribution, which thus cannot be detected through directly bright field imaging. In order to evaluate the potential of our proposed scheme and the fabricated metasurface for revealing the edge information of the biological sample, we conduct an experiment using onion epidermal cells, whose characteristics are embedded in the phase information. For preparing the onion epidermal cell samples, we utilize tweezers to separate the onion epidermis carefully and subsequently mounted it onto a glass slide. The size of the onion epidermal cell is comparable to the pixel size of the CCD camera. To visualize the cells more clearly, we incorporate the objectives (O1 and O2) into the original setup (main text), as shown in Supplementary Fig. 1a. Here, without loss of generality, we perform first-order and second-order differentiation operations for onion epidermal cells, the experimental results are illustrated in Supplementary Fig. 1c and 1e, respectively. For comparison, we also acquire corresponding bright field images, shown in Supplementary Fig. 1b and 1d, respectively. By comparison, we can find that the edges of onion cells are clearly highlighted. Meanwhile there are obvious high-order differential features, namely multiple peaks, which prove that our proposed scheme also has the capability for biological imaging. Compared with the bright-field imaging, after performing the differentiation operation, edges with small phase jumps can still be revealed, which is an advantage of differentiation and can be seen in Supplementary Fig. 1. As marked by the white circles in Supplementary Fig. 1b and c, some onion cell nuclei, which are blurred and indistinguishable in bright-field imaging, are revealed through the differentiation operation.
Supplementary Note 2. Broadband operation of the high-order differentiation
[bookmark: _Hlk102766431][image: ]
Supplementary Fig. 2. Experimental observations for the broadband operation of high-order differentiation. a, b, and c illustrate the bright field images under the illuminations of 532nm, 632.8nm, and 810nm lasers, respectively. The corresponding differentiated images are presented in d, e, and f.
Unlike the propagation phase, Pancharatnam-Berry (PB) phase is primarily determined by the geometric orientation of the unit cell of the metasurface, with only minor dependence on the wavelength of the input light. This characteristic of the PB metasurface provides potential for broadband operation. In this section, we demonstrate the broadband capability of our fabricated metasurface. In the experiment, we sequentially use 532nm, 632.8nm, and 810nm lasers to illuminate the 1951 USAF resolution test chart. Without loss of generality, the light beams are then guided to pass through a standard 4f imaging system with the metasurface positioned at the Fourier plane (as shown in Fig. 3 of the main text) to perform the second-order differentiation operation. The corresponding experimental observations are illustrated in Supplementary Fig. 2d, 2e, and 2f, respectively. For comparison, the bright field images are also captured and presented in Supplementary Fig. 2a, 2b, and 2c, respectively. After differentiation operation, the distinct peaks observed at the edges of the test chart indicate that the fabricated metasurface is capable of broadband operation.
[bookmark: _Hlk174958144]Supplementary Note 3. The Refractive index of the α-Si film
[image: ]
Supplementary Fig. 3. The measured refractive index of the α-Si film with the ellipsometer. Here, n and k represent the refractive index and extinction coefficient, respectively.
Supplementary Note 4. The numerical simulation of high-order differentiation operation






The proposed scheme can be extended to embrace arbitrary order differentiation operation merely by setting a suitable gradient phase of the PB metasurface. Specifically, by selecting the value of , one can ensure that (Eq. (3) in the main text) can be approximated as  within a specific working region, thereby, enabling the arbitrary order differentiation operation. Here, as a reference, we design and optimize the parameters required for the 6th to 10th-order differentiation operations. As shown in Supplementary Fig. 4, we use a Gaussian beam as the input and achieve its higher-order differentiation operations by employing the optimized parameters, . The corresponding ​ required for each order are listed in the upper left corner of each figure. The parameters of the unit cell are consistent with those described in the main text. The separated lobes in Supplementary Fig. 4 are consistent with the theoretical predictions indicated by (seen in the main text), which implies that our approach can be extended to higher orders. However, for most functions, as the order of differentiation increases, the signal strength typically diminishes, which places higher demands on the detector's response. Additionally, the phase gradient of the metasurface for realizing higher-order differentiation rises exponentially, requiring more precise alignment, which is also indicated in Fig. 4b in the main text. Therefore, higher alignment accuracy is essential to achieve reliable results for high-order differentiation in practical experiments. Furthermore, orthogonal polarization filtering is required in our scheme, which also reduces the intensity of the differentiation signal.
[image: ]
[bookmark: _GoBack]Supplementary Fig. 4. Numerical simulations for the high-order differentiation. a-e correspond to the differentiation of Gaussian input from 6th to 10th-order. The white lines therein represent the intensity distributions along the center of the red patterns. The unit m⁻¹ for cn at the top-right corner is omitted.
Supplementary Note 5. High-order differentiation in two dimensions.


















Although we merely perform the partial derivatives along the x-direction, based on the coordinate equivalence and the proposed theory in Eq. (2), our proposal can be extended to realize the arbitrary order analog full derivatives, namely, perform high-order differentiation in two dimensions. Based on the concept of high-order differentiation, the higher-order derivatives of a bivariate function  can be expressed as , with . To realize its optical analog operation, one needs to construct a complex amplitude filter, , in Fourier space. Actually, the design in the main text can be directly used for partial derivatives along the y-direction via rotating the device 90 degrees, namely, converting the phase gradient along the y-direction. Since the variables x and y are independent, we only need to multiply the phase gradients in both directions to construct the required complex filter. Here, we use  as an example for illustration, and all components of third-order derivatives include, , , , and . The corresponding required gradient phases  are , , , and , respectively, where the value of  is the same as those in the main text, and  is the coordinate in the Fourier plane. In other words, it denotes the position on the metasurface. Based on the principle of the PB phase, we simply arrange the orientation angle of the unit cell of the metasurface as . As shown in the top row of Supplementary Fig. 5, we illustrated the designed gradient phase for realizing the full third-order derivatives. Then, we use a Gaussian beam as input to characterize the performance of high-order differentiation in two dimensions. The corresponding results are illustrated in the bottom row of Supplementary Fig. 5. These patterns are consistent with the theoretical model , thereby, indicating that our proposal can be extended to perform high-order differentiation in two dimensions. 
[image: ]




Supplementary Fig. 5. High-order differentiation in two dimensions. a-d correspond to the gradient phase of the PB metasurface for realizing the high-order differentiation , , , and , respectively. e-h illustrate the corresponding high-order differentiation of Gaussian input.

Supplementary Note 6. Optical super-resolution with unknown incoherent and coherent illumination.
In the main text, we use two independent laser sources for optical alignment, which are incoherent with respect to each other. Note that the intensity and number of the lasers are known in advance. In some practical applications, the intensity and number of point sources may be unknown, and the light source could be incoherent, such as incoherent imaging and fluorescence microscopy. To simplify, here, we take the one-dimensional case as an illustrative example. Assume that there are 𝑛 unknown point sources distributed along the x-axis, and their positions can be expressed as di. For each point source, after passing through the metasurface, the resultant incoherent light can be expressed as,

              (S1)

where  is the Gaussian function, which is exactly the transfer function of a point source, as indicated in the main text, and Ai is the amplitude of point source i, m is the order of Hermite polynomial and also corresponds to the order of differentiation, and cm is the constant coefficient of m-order differentiation. Being different from the coherent illumination, in order to acquire the component of fundamental mode with incoherent source, we routinely need to perform ensemble averaging1, namely,

          (S2)
According to the property of incoherent, namely,

     (S3)
In this regard, Eq. (S2) can be expressed as,

        (S4)
which is exactly similar to the incoherent imaging system in Fourier optics2. By leveraging the integral formula,

     (S5)
we conclude that,

   (S6)
Considering all unknown point sources, for m-order differentiation, the total signal can be expressed as,

                        (S7)
[bookmark: OLE_LINK2]After performing a series of high-order differentiation operations, the positions and intensities of the unknown point sources are embedded in the coefficients of the Hermite polynomials, which subsequently influence the intensity of Pm. It is similar to computational ghost imaging3, where a series of spot patterns with specific spatial distributions, such as Laguerre-Gaussian modes, Hermite-Gaussian modes, and Hadamard orthogonal matrices, are successively used to illuminate the object. The transmitted or reflected light intensity from the object is then detected by a bucket detector. This intensity corresponds to the coefficients of the corresponding modes, which are subsequently processed to recover the information of the object under test. Accordingly, based on Eq. (S6) and Eq. (S7), the positions and intensities of the unknown point sources can be estimated. However, it’s hard to obtain a clear analytical expression. Some advanced inverse solving algorithms or neural networks can be used to tackle this issue.
If the light source is coherent, namely, these unknown point sources are coherent with each other, such as the coherent imaging, this problem is exactly consistent with the computational ghost imaging or state tomography. Specifically, based on the Eq. (8) in the main text, for each point source and a certain differentiation operation, the signal induced by the proposed super-resolution device can be expressed as,

           (S8)

where  represents the complex amplitude of the point source i. Considering all unknown point sources, for m-order differentiation, the total signal can be expressed as,

                        (S9)

If we consider the unknown point sources as a continuously varying image or wavefunction , Eq. (S9) can be expressed as,

         (S10)

The above overlap integral is exactly consistent with the mode filtering in structured light4. If we acquire the value of , the distribution of the unknown point sources can be revealed by,

             (S11)

Actually, Bm is a complex value. However, in the experiment, the power meter can merely acquire the intensity information, namely, . In order to acquire the phase information of Bm, similar to the polarization state reconstruction and state tomography5, it is necessary to introduce the superposition detection of different-order differentiations. The above theory of coherent and incoherent illumination could have potential applications in super-resolution imaging, and we leave these possibilities in our future studies.
Supplementary Note 7. The theoretical and numerical simulations of the metalens for high-order differentiation operations.
As well known, the important motivation for using metasurfaces is the miniaturization, especially in the direction of the optical axis. Here, we explore the potential of combining the phase of differentiation operation and the Fourier lens. Considering a situation where the transmission of the prepared metalens can be expressed as,

          (S12)

wherein the first term and second term represent the aperture and the phase of the conventional lens, respectively, and the third term represents the transfer function of the high-order differentiation. If the object  is placed at a distance of D1 in front of the metalens, and the receiving screen is positioned at a distance of D2 behind the metalens, meanwhile, D1 and D2 satisfy the thin lens equation, namely,

                       (S13)
where f is the focal length of the metalens. Thereby, based on the imaging with a single lens in Fourier optics2, the signal at the receiving screen can be expressed as,

      (S14)


where  represents the magnification, and * represents the convolution operation. The subscript 2 represents the coordinates on the lens plane.  represents an inverted image. By leveraging the formulas,

                  (S15)
the signal at the receiving screen can be concluded as,

        (S16)

In Eq. (S16),  is the point spread function of the conventional lens, which can usually be approximated as a Gaussian function. This is generally encountered in lens imaging. From Eq. (S16), we can see that the high-order differentiation can also be realized by combining the lens with the metasurfaces, thus providing a potential for miniaturizing the optical system in the direction of the optical axis. Also, by using the angular spectrum propagation method, we numerically simulated the high-order differentiation effects by integrating the lens with the high-order differentiation transfer function. The numerical results are shown in Supplementary Fig. 6, which demonstrate that it is indeed feasible to integrate the functions of other optical components, such as lenses (e.g., Fourier transforms), with the metasurface while maintaining high-order differentiation functionality.
[image: ]
Supplementary Fig. 6. Numerical simulations for the high-order differentiation operation with the differentiation metalens. a represents the original Gaussian mode. b-d corresponds to its first-order, second-order, and third-order differentiation. e represents the input image “cat,” f-h correspond to its first-order, second-order, and third-order differentiation. The insets in f-h show the magnified details. Where, the sizes of entire images and insets are 3 mm and 0.28 mm, respectively.
[image: ]



Supplementary Fig. 7. Experimental observations for high-order optical differentiation on phase image with different phase jumps. The first row (a-f) presents the differentiation on phase square with phase jump  successively from zero-order to fifth-order (from left to right). The second row (g-l) presents the differentiation on phase square with phase jump . The third row (m-r) presents the differentiation on phase square with phase jump .
Supplementary Note 8. High-order differentiation operation on phase image.



To demonstrate the effectiveness of the high-order differentiation on phase images, we perform the high-order differentiation on phase images with phase jump , , and . The corresponding experimental observations are illustrated in Supplementary Fig. 7 and Fig. 8, from which we can see that edges with small phase jumps can still be revealed after performing the differentiation operation, which is an advantage of differentiation. 
[image: ]




Supplementary Fig. 8. Intensity distributions along white dashed lines in Supplementary Fig. 7. The contrasts, defined by , are calculated as 11.8, 2.9, and 1.9 for the phase jump , , and , respectively.
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