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Supplementary Note 1: Fermionic partial transpose in different representations

In this section, we briefly review the definition of fermionic partial transpose, which does not follow the original
definition [1] extensively used in bosonic systems. Consider a lattice model described by complex fermion operators

c; and c} satisfying anticommunication relations {c;, 02} = 0,k, where j,k =1,..., N are labels of sites (for simplicity
we omit the index for internal degree of freedom). For convenience, we also introduce the Majorana basis, denoted as
Yoj—1 = ¢j + c;r- and vy; = —i(¢; — c;r) Under a bipartite scheme that divides the total system as A = A; U A,, the

fermionic partial transpose with respect to subsystem As, denoted by O™ with O as an operator (like the density
operator p or just a single basis operator |{e;})({€;}|), is first defined in the coherent basis as [2]

Ua, (I{&}iearns {&}jea) ({Xitiears {)_(j}jEA2|)T2f UL, = & e {=ix5bea) ({Xi ean (=i jeasl, (1)

where |{¢;}) = e~ 2 gel 0) and ({x;}| = (0le™ 23 %% are the fermion coherent states, and Us, = [Tjca, 7251 is the
partial particle-hole transformation which only turns the particles (holes) in the subsystem A, into holes (particles).
After choosing an appropriate ordering such that As = {N; + 1,..., N}, one obtains fermionic partial transpose in
the occupation number basis by expressing the coherent states in Supplementary Eq. (1) in terms of Fock states [2, 3]

s = S n; n; — —
({ns}sean {nstiea) (s }iea i }ea )™ = (—1)2W D [0} e 0 {05} e a) ({0} jean {n}ieanl,  (2)
which is similar to the conventional partial transpose up to an additional phase factor
¢ ({n;},{n;}) = [(r2 + 72) mod 2] /2 + (11 + 71) (72 + T2) (3)

with 7, = ZjeAb n; the number of particles in subsystem A, (b = 1,2). The definition in Supplementary Eq. (2) has
been employed in the exact diagonalization calculations in Fig. 1 of the main text. Moreover, utilizing this definition,
it is straightforward to show that
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Specifically, note that (—1)?(n3-{n ) = 1 and ¢({n;}, {n;}) = ¢({7;}, {n,}), one can deduce that Tr[pTzf] = Trfp] =1

while Tr[(p% )2] = Tr[(pX2(7))?] with X; (8) = ¢! 2942 ™ being the disorder operator and nj = c}cj the local density
operator [4, 5].



In general, density operators can be written as a restricted superposition of products of Majorana operators.

Assume that there are k (1) sites in subsystem A; (Asz), in which the Majorana indices are denoted by {my, ..., max}
({n1,...,n2}), a density operator can be expressed as [6, 7]
P= D W TR ()
|1+ || ~even
where kK = (K1, - ,Ko;) and 7 = (71, -+ ,7Ty) represent various Majorana configurations. Here, k; and 7; are the
occupations of single Majorana modes, and |k[ = >, x; or |[7| = 3, 7; is the total number of Majorana fermions

in the corresponding subsystem. We note that w, » # 0 only if |x| + |7| is even since a physical state must have a
specific parity. Now, we evaluate the fermionic partial transpose pTi’f based on Supplementary Eq. (5), and for each
term, the operators in subsystem Ay would be transformed to ’Rg(*y;ll ooy52t). Tt turns out that the definition in

Supplementary Eq. (1) would give us a simple expression for the transformation Rg [7],
Ry(v) =iy, J € As. (6)

Under this fermionic partial transpose, a Gaussian state pg = det[14+-e"]~1/2 exp (% Yok Wkl’Yk’Yl) will be transformed

to another Gaussian state.

Supplementary Note 2: Determinant Quantum Monte Carlo Methods

In this section, we provide a brief introduction to determinant quantum Monte Carlo (DQMC) methods [8-10]. For
our purpose, both the zero-temperature projector scheme and the finite-temperature scheme have been used in the
main text.

A. Finite-temperature Scheme

At a finite temperature 7', and assuming that the system of interest is in thermodynamic equilibrium, we can
analyze it within the framework of the grand canonical ensemble, using the partition function Z = Tr [e’ﬁH } A
generic Hamiltonian H consists of a free-particle term and an interaction term, denoted as H = Hy + H;. To
compute the trace over Fock space, we employ Trotter decomposition and Hubbard-Stratonovich (HS) transformation
to factorize the exponential operator e into a sum of products of Gaussian operators,
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where L, = 8/A; is the number of time slices, —A,Hy = cfKc with ¢ = (c1,...,en)T, and we have decoupled
the interaction term H; to fermion bilinears ¢V (I)c = ¢"V[s(l)]c coupled with spacetime-dependent auxiliary fields
s ={s;i5,i €1,....,Ngl =1,...,L;}. Here, s(l) includes all the auxiliary fields at time slice [ and N, represents
the number of coupling terms, which varies depending on the specific interactions and decoupled channels. For the
Hubbard model, we decouple it to the density channel,

e_AT% Zi(ni_l)Q _ Z (Hw(si)e—i,/ATUﬂn(si)) ei\/ATU/2 Zin(si)m7 (8)
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where y(+1) = 1+ v6/3,7(£2) = 1 — v6/3,n(£1) = £1/2(3 — V6) and n(£2) = +1/2(3 ++/6). Thus, for the

Hubbard model, N, is the number of sites N. For the spinless - model, we decouple it to the hopping channel [11, 12],

e ATV X iy (ni—3) (e —3) — Z (16‘/?7) & Zwy san(cjenteles) (9)
{sjr==1}



where cosh A = e 2~ Thus, for the t-V model, the subscript ¢ of auxiliary fields s;; denotes various nearest neigh-
boring (NN) bonds (]k> and N, represents the number of NN bonds (specifically, for bipartite lattices N, = Nz/2
with z being the coordination number). The trace of products of Gaussian operators over the fermionic Fock space
in the last line of Supplementary Eq. (7) can be expressed as a determinant,

Z=Y we=> asdet [T+ [ Bas(l)| with Bs(l) =e""eX, (10)
s s l=L,,-,1

where as denotes the coefficients before the exponential operators. For the Hubbard model, as = ([, Y(sig)e VAU 2n(sia)y

while for the ¢-V model, ag = H(J'k%l(%e_ V4AT). In addition, the expectation of arbitrary operator O can also be

decomposed into a sum over auxiliary fields,

T ﬁHO
(o) = Tle0] ZP ) + 0 (A2) with P, =

Ws
Es Ws '

Here, the expectation of O with respect to a specific configuration of auxiliary field is given by

(11)

l2
Tr [Ug(B, 7)OUg(7,0 . c c ctKe
(0)s = | éfUT)(ﬁ O)(T )] with Us(7s = A, 7 =hA) = ] (e V(e e K ) (12)
S\ I=l1+1

For instance, the most elementary observable, namely the equal-time Green’s function, can be calculated via

Gs,ij(1,7) = (cm}}s = (1 + Bs(T, O)Bs(ﬁ,T));jl where Bg(mo = LA, 71 = 1A;) = Hl 141 ( OPS ) is the ma-
trix correspondence of Us(7z,71).

In practice, the weighted sums in Supplementary Egs. (10) and (11) are conducted by using Monte-Carlo importance
sampling. Specifically, we adopt a local update scheme where the auxiliary fields are updated sequentially, and the
acceptance ratio is determined by the Metropolis algorithm. Let us consider an update which is proposed to happen

at time slice [ and site i, i.e., s;; — s;,;, which leads to a change of the determinant weight det[l + [], Bs(])]:

V' = (I+Ae V() For simplicity, we assume that A is a diagonal matrix with k& nonzero elements. Whether the

update is accepted or not is determined by the Metropolis acceptance probability P,.. = min {1 t’js' }, where the
update ratio can be calculated as
ws _ agdet[I+ Bs(8,7) (I +A) Bs (7,0)]
ws Qg det [I + Bs (8,0)]
ag det Gs (1,7)  ag

=_=_""85\ / _ det [I
as det Gy (1,7) O [+ VU]

(13)

Here, we have used the fast update formula for the Green’s function matrix,
Gy (1,7) = Gs (1,7) — Gs (1, 7) U(I;, + VU) 7'V, (14)

where we define U = PyxiD and V = Pyxn(I — Gg,(7,7)). They are rectangular matrices that satisfy A(I — Gg) =
UV. The projection matrices Pnyxjr and Pyxn are cropped from the identity matrix I = I, with columns or rows
corresponding to the non-zero entries of A. If the update is accepted, then we use the above formula to update Gs.
After finishing the updates of all sites at time slice I, we move to the next time slice by propagating the Green’s
function matrix using

Gs(T+ A7+ Ar) = Bs (I +1)Gg(7,7)Bs (I + 1)_1
Gs (T — A7 —AL) = B (1) Gs(7,7)Bs (1) .

At each time slice, we perform one measurement of the observables of interest, which can be expressed by the Green’s
functions by means of Wick’s theorem For example, the density-density correlation function can be calculated as
(ninj)s = (czci>s<c;cj>s + <cjcj> (cic > After several updates across different time slices, the Green’s function matrix
requires numerical stabilization based on matrix decomposition. For instance, to stably calculate Gs(7, 7), we can first
perform singular value decompositions: Bg(8, 7)1 = Uy DV and By(7,0) = UpDrVg, and then calculate Gg(T,7)
using

(15)

-1
Gq(r,7) = UrDL} (DRAULULDLY + Dr-VaViDy-) - DRLUL, (16)

where Dy g 4 = max(Dy g, 1) and Dy g = min(Dp g, 1).



B. Zero-temperature Projector Scheme

In the projector DQMC scheme, the ground-state wavefunction of interest is calculated by projecting from a trial
wavefunction |U7). It is important to note that the trial wavefunction should not be orthogonal to the true ground
state 1) so that it is possible to obtain [¢) = lime o e |U7) for a sufficiently long projection length ©.
Analogous to the finite temperature case, the modulus of the ground state (which plays the role of the “partition
function”) and the ground-state expectation of some observable O are written as summations over auxiliary fields
after doing Trotter decomposition and HS transformation. The magnitude of the ground state is given by

(To | W) = (T [e7 M| Ur) ~ Y ws = asdet [PTB(20,0)P], (17)

where P is the coefficient matrix of the trial state determined by [¥7) = []2, (c'P), |0), with N, representing
the number of occupied single-particle states. Here one can also see that 20 plays a similar role to 8 in the finite-
temperature case. The observable expectation is given by

(0) = 3P0y, = 2222000 iy (), = (T 1l (20.7) O (7. O)[ ) (18)

s Ws (W [e=2OH| W)

For instance, the equal-time Green’s function can be calculated as Gs(7,7) = I — R(7)(L(7)R(7)) ' L(7) with R(7) =
Bs(7,0)P an N x N, matrix, and L(7) = P'Bs(20,7) an N, x N matrix.

In practice, we use a similar Monte-Carlo importance sampling method as the finite-temperature case to evaluate
the weighted sums in Supplementary Eqgs. (17) and (18). Instead of updating the Green’s function matrix G, it is
more efficient to update the matrices R and (LR)~! using

R =(I+A)R and [(LR)’l}/ = (LR)™! — (LR)"*U(I), + VU)~LV, (19)

where U = LAPny and V = kaNR(LR)_l. The acceptance ratio is given by
wy  agdet [(LR)]  ay

Ws ag det [LR] Qs et [l + VU] (20)
The propagation of L(7) and R(7) is straightforward using
L(t+A,) = L(7)Bs(1+ 1) and R(T + A,) = Bs(I + 1)R(7). (21)

As for the measurements, we note that to obtain an accurate representation of the true ground state, it is advisable
to only perform measurements around 7 = ©. Finally, the numerical stabilization of Green’s function matrix is much
easier in the projector scheme. For example, we can first perform QR decompositions: Ly,xn = Dr (UL) NyxN and

Ryxn, = (UR)Npr Dp, and then calculate G(©, ©) using

G=1—-R(LR)"'L=1-Ug(UUp) " Uy. (22)

According to the above formula, we can update the Ugr, U, and (ULUR)_1 matrices instead of R, L and (LR)_I,
respectively, which is more stable and utilized in practice.

Supplementary Note 3: DQMC implementation of fermionic partial transpose

In this section, we provide a comprehensive discussion of the DQMC implementation of fermionic partial transpose.
For completeness, we begin with the formulation of DQMC in the Majorana basis and then transition back to the
complex fermion basis.

A. Decomposition of interacting density matrix

Before starting the discussion, we first introduce the so-called product rule of Gaussian states, which means that
the product of two Gaussian states is still a Gaussian state. This property can be proved using the Baker-Campbell-
Hausdorff formula,

W = W W' JWAW 3 [W W] 35 ([W [W W]+ W [W W] )+

e’e (23)
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and the following commuting relations

Yivm, vk = —2%730kn + 27%Vk05n + 2907500 — 270 VK01, (24a)

[c;cn, c}ck} = czrck(Snk — c}cnélk. (24b)

As a result, provided that both eW and eW’ are Gaussian states (up to normalization), we can assert that W is a

. . . it . . . .
fermionic quadratic, thus e"" is a Gaussian state (up to normalization).

In the framework of DQMC, the partition function is given by Z = 3°_ Tr[[T/7, e¢'Kilsle] | where K; combines the K
and V(1) in Supplementary Eq. (7) by means of the product rule of Gaussian states. We then convert to the Majorana
basis by rewriting the decoupled Hamiltonian as ¢ K;[s]c = vT h[s]y/4, where h; is a 2N x 2N antisymmetric matrix
satisfying the antisymmetric condition h; = —h;‘r and v = (y1,...,%n). It is worth noting that this form can
encompass terms beyond particle-number conserving terms, such as pairing terms [13-15]. The partition function in
the Majorana basis is given by [11, 14, 15]

7 = ZTr [e%'rThLT[S]'r S e A1 e%'rThl[S]‘r] = ZTr [ei'rTWs'r}
S S

(25)
=3 det [T et et ]2 =3 dedet [14 ]2,
s S

where we have introduce Wy by further utilizing the product rule of Gaussian states. Therefore, the density matrix
of an interacting system can be decomposed to a sum of Gaussian states [16]

p= pepss po=det [I+eMe] T2 i, (26)

s

B. Fermionic partial transpose of a single Gaussian state

First of all, we discuss the fermionic partial transpose of a single Gaussian state, i.e. the pg in Supplementary
Eq. (26). We may abbreviate the subscript s. These results are related to the Supplementary Egs. (2) and (3), and
also the statements around them in the main text.

The “Green’s function” in the Majorana basis is defined as I's i = ([vk, 11])s/2 = (377 O*v)s with matrix ijl =
20,1051 — 26,1655 T is also called covariance matrix which characterizes a Gaussian state with relation tanh(—1/2) =
I [6] or inverse relation W = In [(I +T')~*(I — T')]. To prove these relations, we treat y” O*!~ as a generic observable
and calculate its expectation as

1 1
Lo = (770 y)s =Tr |:ps47TOkl'7:|

= 2 InTr {e%'ﬂwﬂe%"“ﬁoklﬂ — } iTr In {I + eWsenokl]
n=0 2 67’] n=0 (27)
1 Way—1 Wekl] _ L War—1 . W Xl
:§Tr[(l—|—e )~ teV=OM] :5[(14—6 ) le ]jioij
= [(I+ V)71, = [(1+e")7le™] .
Based on the above relation, we can prove the relation between I' and W,
D= —(I+e") e e W (14 e W)
(28)

=— (eW/2 - e*W/Q) (ew/2 + efW/Q)_l = tanh (-W/2).

This relation is of importance because it indicates that a covariance matrix can be used to describe a Gaussian
state equivalently. We note that the above proof assumes that the trace in Supplementary Eq. (25) is without sign
ambiguity. One can find a more general proof in Supplementary Ref. [17].



The “partial transpose of the Green’s function” in Majorana basis is quite straightforward via Supplementary

Eq. (6),
£ rtoqriz
'z = (iI‘21 _r22 ) ) (29)

where T represents the block consisting of matrix elements with rows belonging to subsystem A; and columns

belonging to subsystem Ay . At the moment, our understanding is limited to the fact that 7 naturally represents
a new Gaussian state, which can generally be expanded using Supplementary Eq. (5):

p=> W R A (30)
K, T

We can further use Wick’s theorem for Majorana monomials (products of 20 Majorana operators with index different
from each other) [6],

l
Tr (p'Ynfynz e ’Ynzz) = Z Sgn(ﬂ') H Fna-r(2k—1))n7r(2k)’ (31)
™ k=1

to identify the new Gaussian state p’. Here, p is the Gaussian state associated with T', and 7 is a permutation
representing different pairs of Majorana operators. On the one hand, we can take p’ as the Majorana monomial

Tr(pp') =Y wl Tr (pyfh -y At - i) (32)

On the other hand, we can also use p’ as the Gaussian state to expand p

k41
T T f
’I‘I‘(p/p) = Z wm,TTr (P/’Yﬁfl o 7771221 7711 U 7n22ll) = Z W, Z Sgn(ﬂ-) H(FT2 )7r(2p71),7r(2p)
K,T K,T ™ p=1

k+1 (33)

=Y we AT sen(m) [] Trp—t)irizp) = Y werd T (vt - vi2E w92t ) -
K,T ™ p=1 K,T

Upon comparing the two equations above, we observe that the p’ linked with I'7 is in fact the partially transposed
Gaussian state pTéf.
In short, for each Gaussian state pg associated with a specific configuration of the auxiliary field, its partial transpose

§ f
can be expressed via the partial transpose of Green’s function in Supplementary Eq. (29), i.e., pst = po [FST2] with
poll] ~ "W and tanh(—W/2) =T.

C. Fermionic partial transpose of interacting density matrix

Finally, by partially transposing the auxiliary-field-dependent Gaussian states in Supplementary Eq. (26) separately,
we obtain the following weighted sum formulation of the partially transposed density matrix:

rf

¢ s f —1/2
T = S pepa®. pa’ =det [I + eWSZ} etV W, (34)
S

§ f f
where We? = In[(I + I )N - I )]. This formula can be re-expressed in the complex fermion basis, which is
more convenient for practical calculations

pT2f = z:pspsTZf7 pg"’f = det {Gzﬂ exp {CT In {(G?f)l - I] C} , (35)

where

f Gll ~G12
G = <iG21 Il_ G22 ) . (36)



Supplementary Note 4: Additional results of the Rényi negativity

For a more direct comprehension of the distinction between Rényi negativity (RN) and Rényi entropy, one can
see Supplementary Fig. 1. In this figure, we compare the Rényi entropy Ss, the Rényi negativity &£, and the Rényi
negativity ratio (RNR) Ry for a half-filled Hubbard chain. The Sy — L 4, curve in Supplementary Fig. 1(a) resembles
the findings of previous studies (e.g., see Supplementary Ref. [18]). As the temperature rises, the Rényi entropy So
experiences a quantum-classical transition, shifting from an area law (inclusive of a logarithmic correction) at zero-
temperature to a volume law Sy = L4, log 4 in the high-temperature limit. At finite temperatures, while the S; — L4,
curve exhibits asymmetry about L4, = L/2, the Rényi negativity (see Supplementary Fig. 1(b)) maintains an arc-like
structure. Moreover, the two endpoints of the & — L4, curve correspond to the thermal entropy Si' = So(La, =
L) = &(La, = 0) = E(La, = L) = —In(Tr[p?]). Upon subtracting the thermal entropy from &, the negativity
ratio Ry (see Supplementary Fig. 1(c)) emerges as a more capable indicator of finite-temperature entanglement, given
its monotonic decrease with rising temperature. In the high-temperature limit, the Ry — L4, curve becomes flat for

bulk L4, values. This plateau can be well described by the formula £(LT > 1) = 3 [ln ’gsinh (ﬂLﬁAl )‘ - WLﬂAl} +
O (e=™LT') obtained by conformal field theory [3] and reflects the area law.

&= T/t=00 10log 4
[ —=— T/t=01 ~~ T TTTTTT7C ==
—— T/t=02
12,% T/t=0.5
—3— T/t=10
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—— T/t =200
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Supplementary Fig. 1. Comparision of different entanglement measurements for a half-filled Hubbard
chain. The comparison of the Rényi entanglement entropy Sz, the Rényi negativity &, and the Rényi negativity
ratio Re as functions of the subsystem size L4, is presented for a half-filled Hubbard chain with a length of

L =10(= La, + La,) at various temperatures. The dashed line signifies the thermal entropy in the limit as T
approaches infinity, represented by S§*(T — oo) = L4, log4 [18]. The error bars represent the standard errors from
Monte Carlo sampling.

As shown in Supplementary Fig. 2, the super-area-law feature near the finite-temperature critical point of the ¢-V/
model is evident for two different values of V', a different lattice, and a different bipartition geometry. Figs. 2(a) and
(b) show the cases with interaction strengths V/t = 1.0 and V/t = 0.0 (free fermion case), respectively. The bipartition
geometry remains the same as that in Fig. 3 of the main text and is indicated by the right inset of Supplementary
Fig. 2(a). In the V/t = 1.0 case, the peak of Ry/L is located at T" = 0.833t ~ 2T, aligning with prior findings of
T./t = 0.4+ 0.1 obtained by DQMC [19]. In the free fermion case, since T' = 0 is the critical point, the LIn L scaling
is observed at low temperatures, likely associated with the entanglement entropy of the Fermi surface as previous
studies on negativity stated [3, 20]. Surprisingly, this scaling persists to a considerable extent at higher temperatures,
indicating a prolonged crossover. Supplementary Fig. 2(c) depicts the scenarios with V/t = 2.0 on a honeycomb
lattice. The super-area-law feature is still evident, and the maximum of Ry/L is observed at T = 1.111¢ ~ 27, which
is slightly higher than the previous result of T./t &~ 0.472 obtained by continuous-time QMC [21]. Supplementary
Fig. 2(d) presents the case with an equal bipartition geometry on a square lattice. Despite the subpar data quality,
the super-area-law feature around the same critical point as the quarter bipartition case is also observed.



Ro/L

Ro/(4L/3)

0.2f

0.1p

Ry/L

oo o0 e

0.3f

5 5
< »
-+ "
0 2.5 3.0
111(4L/3) |
2 3
T/t

(b)

2.5 T : T T T T
V/t=00 —— [=8 —— L=16
| | L=12 —— L=20

2.0t i :

! T 0.050 1 1.000
1 i 2.0F I |
\ {2 < 065 1

L5 it - = :
. | < 151 fit 3 fit |
' ! : 0.64}s : 4
i ! 20 25 30 20 25 3.0

1ok E E InL - InL E
1 1 T = 5.000 1
| | 0.07172 T |

0.5 i !

e TR

T/t
, @ , ,
09} V/E=20 —+= L=8  —+ L=16 |
' L=12
0.201 E
000000000
0.18} 3
~ 0.16f
=
= 0,14}
0.12f 2
B
0.10f =
0.08¢
| | InL | |
1 2 3 4 5
T/t

Supplementary Fig. 2. The beyond-area-law behaviors of the Rényi negativity ratio R; for the t-V
model in different cases. The area-law coefficients of the Rényi negativity ratio Ry as functions of temperature
for the ¢-V model. A super-area-law feature around the finite-temperature critical point is evident for (a) V/t = 1.0,
(b) V/t = 0 (free fermion case), (c) V/t = 2.0 on a honeycomb lattice and (d) equal-bipartition geometry. In panels
(a) and (b), the bipartition geometry matches that of Fig. 3 in the main text, as indicated by the right inset of (a).
The error bars represent the standard errors from Monte Carlo sampling.



Supplementary Note 5: Sign problem of Grover determinant

§
Using the expression for p;n" , we can calculate rank-n Rényi negativity within DQMC framework,

e~ (n=1E&n _ . K ) } Z P, .- Py Tr [psTff PZ}{]
51

o (37)
= Z Py, -+ Py, det gy = (det g)
S1...8n,
where we have defined the so-called Grover matriz g}
s s s L s
g =Gl Gl [I+(GT) (1-c&)-(cs1) (I—Gfs)} (38)

and its determinant det g called Grover determinant. As an entanglement measurement, &£, > 0so that 0 < (det g7) <
1. Tt is an interesting question whether for any specific configuration of auxiliary fields {si,...,s,}, we always have
det g > 0. Moreover, this condition is necessary for the development of an incremental algorithm [22, 23] that can
accurately compute Rényi negativity, as the weights of all incremental processes include a factor of (det gg)l/ N In
this section, we prove that the Grover determinant is real and positive for two classes of sign-problem-free models. We
note that these conditions are also applicable to the corresponding Grover determinant associated with entanglement
entropy, where all the G in Supplementary Eq. (38) are replaced by G42. We only consider models on bipartite
lattices and use the notion (—)* for staggered phase factor that takes 1 (—1) at sites belonging to sublattice A (B).

A. Sufficient Condition I: G}, = (—)"*7(d;; — G17)

The first class of models includes the half-filled Hubbard model on bipartite lattices. After HS transformation that
decouples Hubbard term to density channel as in Supplementary Eq. (8), the spacetime-dependent Hamiltonian for a
specific configuration of auxiliary fields is given by

H =Y iCi(niy +niy — 1)+ > Dyj(chesy + el ey +he), (39)
i (4,5

where C; and D;; are real constant factors. Turn to a new basis via a partial particle-hole transformation ¢;; =

Cit, Ci = (—)icji, we obtain

H = ZIC R — Ny ) +ZD” c]¢+c 161 +he) (40)

This Hamiltonian possesses an anti-unitary symmetry i, /XC, where o, acts on the spin sector and K means complex
conjugate, so it is sign-problem-free. Since the blocks in spin-up and spin-down sectors are complex conjugate to each
other, Hy = H|, the two blocks in any eigenvector of Hamiltonian and hence the Green’s function are also complex

conjugate to each other, G‘fj = (cuc 0= GT = (é”E;T). Return to the original basis, we find that the Green’s
functions satisfy the following relatlon

o i+ T+
Gi; = (=) (0 — G3;), (41)
which can be rewritten as the following matrix form
Gr=U"(I-(GHNU (42)
with U;; = 5ij(—)i = 5ij(—)j a diagonal unitary matrix.

The condition in Supplementary Eq. (41) is sufficient for det¢g? > 0. Consider the spin-up block of partially
transposed Green’s function in Supplementary Eq. (36), which satisfies

. .
Ut (6V) U= VGV 41, with V = < ih ) . (43)
—112
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V is a diagonal unitary matrix satisfying V2 = —I. Reformulate the above relation we have
s AT
GhT = vyt <I - (6") > uv,
T
-GV —uv (61 viot, (44)

1-GHT —viut (6T )T Uv.
Using the above relations, one can prove that det g = det g™ det g”+ > 0 since
det g7 = det {Gi{TQf e {1 (™) (1—el) - (eh) (1= Gi;TQf)] }
N R e

:det{GZ;T"’f el {H (G;Tzf)_l (I_G;Tz") (Glﬁf)_1 (I—GILTJ>]}*

= (det g;ﬁ) '

B. Sufficient Condition IT: T} = (~)*+ir{})"

The second class of models, including the spinless ¢-V model on bipartite lattices, are proved in Majorana basis.
For convenience, let us first relabel the Majorana operators by introducing a specie index, i.e., we use fy( ) and ’y( )
to represent yo;_1 and ~yg,, respectively. After HS transformation that decouples NN 1nteract10n terms to Majorana
hopping channel as in Supplementary Eq. (9), the spacetime-dependent Hamiltonian for a specific configuration of
auxiliary fields is given by

H= ZC (1% ’y —|—17(2) ())’ (46)

where C; are real constant factors. This Hamiltonian possesses an anti-unitary symmetry T/C, where T transforms

(1) (%(2)) (— )i'yl@) ((—)ivgl))7 so it is sign-problem-free. Turn to a new basis via transformation ’~Y¢( ) = 71(1)7 72( ) =

(—) %( ), the Hamiltonian becomes

H= ZC” (1% 1%(2) (2 )) . (47)

(2)5(2)

.(1)%(.1) and 7, ;" are complex conjugate to each other, using similar arguments as the case

Since the coefficients of ¥;

of Hubbard model, we have the relation I'® = I'®*  Return to the original basis, we find that Green’s functions
satisfy the following relation

(2) _ (_yitip= @ — gtpr=
Ly = (=)™ or I = UV UL (48)
The condition stated in Supplementary Eq. (48) is also sufficient for det g? > 0. According to the expression of

partially transposed Green’s function in Supplementary Eq. (29) and W = In[(I+ FTZ{C)’l(I - I‘T'zf)], we can derive
the relationships between the two blocks pertaining to two distinct Majorana species sectors:

@ - iyt (T ) U and WO = iyt (WO ) U.J with J — < o ) . (49)
— 12

Write the Grover determinant in Majorana basis using Supplementary Eq. (34), and it can be easily proved that
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det " = det gg’(l) det gg’@) > 0 since
@272 .1 71/? @),1f @112
det g;’@) =det |:I + ewsl ’ :| ---det |:I + GWS" : :| det |:I + 6W51 2 N eWSn 2 :|
.rf 7 w.rf )72 .1 mrf 112 50
=det |:I—|—eW51 : :| ...det |:]+€Wsn 2 ] det |:I+eW51 B We :| (50)

=det g™V,
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