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SUPPLEMENTARY NOTE I: PROOF OF THE
UNRAVELING OF THE NONDIAGONAL

LINDBLAD MASTER EQUATION

In the nondiagonal master equation (6) of the main
text, the positive semidefinite matrix fij can be diago-
nalized with a unitary transformation u:

f = uκu† , (S1)

where κ is a diagonal matrix with non-negative entries:

κ ≡ diag(κ1, . . . , κN ) . (S2)

Defining

Âi ≡
∑
j

ujiL̂j ,

dZi ≡
1√
κi

∑
j

ujidwj ,
(S3)

the Liouvillian (6) in the main text becomes

L(ρ̂) = −i[Ĥ, ρ̂] +
∑
i

κiD[Âi](ρ̂) , (S4)

where

D[Âi](ρ̂) ≡ Âiρ̂Â
†
i −

1

2

{
Â†

i Âi, ρ̂
}

(S5)

is the standard (diagonal) dissipator. The unraveling (1)
in the main text becomes

dρ̂ = dtL(ρ̂)
+
∑
i

√
κi

[
dZ∗

i

(
Âj − ⟨Âi⟩

)
ρ̂+ dZiρ̂

(
Â†

i − ⟨Â†
i ⟩
)]
,

(S6)
where the noise satisfies

dZi = 0 ,

dZ∗
i dZj = δijdt , dZidZj = 0 ,

(S7)

which implies that each dZi is a normalized com-
plex Wiener process and independent from each other.
Eq. (S6), being equivalent to Eq. (1) of the main text, is
the standard (diagonal-form) quantum state diffusion un-
raveling describing a heterodyne detection process, where
the operators Âi are being continuously monitored at
rates κi respectively.

For a pure initial state, this is equivalent to the follow-
ing stochastic Schrödinger equation,

d|ψ⟩ = −iĤdt|ψ⟩

+
∑
i

κi

(〈
Â†

i

〉
Âi −

1

2

〈
Â†

i

〉〈
Âi

〉
− 1

2
Â†

i Âi

)
dt|ψ⟩

+
∑
i

√
κi

(
Âi −

〈
Âi

〉)
dZ∗

i |ψ⟩ ,

(S8)
which preserves the purity of the state along every single
trajectory.

SUPPLEMENTARY NOTE II: MEAN-FIELD
EQUATIONS FOR THE POWER-LAW SPIN

MODEL

We derive in this Section the mean-field equations of
the power-law spin model defined in the main text. We
denote the average magnetization with

mµ ≡
⟨Ŝµ⟩
S

=
1

N

N∑
i=1

⟨σ̂µ
i ⟩ , µ ∈ {x, y, z} , (S9)

whose evolution under the Lindblad dynamics can be ob-
tained with the adjoint master equation [1]: for a time-

independent operator Ô, we have

d⟨Ô⟩
dt

= i
〈
[Ĥ, Ô]

〉
+
κ

S

〈
Ŝ+ÔŜ− − 1

2

{
Ŝ+Ŝ−, Ô

}〉
.

(S10)
Within the mean-field approximation, where we assume
the factorization ⟨σ̂µ

i σ̂
λ
j ⟩ = ⟨σ̂µ

i ⟩⟨σ̂λ
j ⟩ at N → ∞, and

that ⟨σ̂µ
i ⟩ has no i−dependence, we obtain the following

equations of motion for the average magnetization:

dmx

dt
= −4Jmymz + κmxmz ,

dmy

dt
= −ωmz + 4Jmxmz + κmymz ,

dmz

dt
= ωmy − κ(m2

x +m2
y) .

(S11)

The steady-state magnetization can be found by impos-
ing the time derivatives to zero, which yields

mz = −
√

1− ω2

16J2 + κ2
. (S12)
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Beyond the critical point ω
(c)
MF =

√
16J2 + κ2, this sta-

tionary solution no longer exists and the magnetization
admits only permanently oscillating solutions with zero
mean when averaged over long times. The mean-field
theory therefore predicts a continuous phase transition
from a stationary phase to a time-crystal phase on the
level of the Lindblad dynamics of the average state.

SUPPLEMENTARY NOTE III: EXPRESSION
FOR THE ENTANGLEMENT ENTROPY UNDER

THE GAUSSIAN APPROXIMATION

Without loss of generality, let us consider a bipartition
of the spins where one subsystem contains spins indexed

from 1 to M . Denoting x̂i ≡ (b̂†i + b̂i)/
√
2, p̂i ≡ i(b̂†i −

b̂i)/
√
2 and r̂ ≡ (x̂1, . . . , x̂M , p̂1, . . . , p̂M ), the covariance

matrix Ξ for the Gaussian state of the subsystem has
components

Ξij ≡
1

2
⟨r̂ir̂j + r̂j r̂i⟩ − ⟨r̂i⟩⟨r̂j⟩ , (S13)

which can be expressed in terms of uij and vij . The en-
tanglement entropy SE is then given by the von Neumann
entropy of the subsystem (since the full system remains
in a pure state along the unraveled trajectory), which can
be expressed in terms of the symplectic eigenvalues {µi}i
of the covariance matrix Ξ as [2]

SE =
∑
i

[(
µi +

1

2

)
log

(
µi +

1

2

)
−
(
µi −

1

2

)
log

(
µi −

1

2

)]
.

(S14)

Operationally, the symplectic eigenvalues can be found
with the help of the symplectic matrix Ω defined as

Ω =

(
0 IM
−IM 0

)
, (S15)

where IM is theM×M identity matrix. The eigenvalues
of the matrix ΞΩ are then {±iµi}i, where the µi’s are
the symplectic eigenvalues of Ξ.

SUPPLEMENTARY NOTE IV: ADDITIONAL
NUMERICAL RESULTS

A Benchmark of SWQT on the steady-state of the
infinite-range model

In Supplementary Fig. 1, we compare the steady-state
of trajectory average quantities from the spin-wave so-
lutions on the infinite-range model as considered in the
main text, against the exact ones, for a wide range of the
drive ω. Panel (a) shows the magnetization and panel
(b) shows the half-system entanglement entropy. Panel
(c) shows the spin-wave density ϵ associated with the
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Supplementary Figure 1. Benchmark of the spin-wave method
on the steady state of the collective model with S = 64 and
J = 0.1κ. (a) Expectation of the collective z-magnetization as
a function of the drive ω obtained with the spin-wave quantum
trajectories and the exact solution (see legend). The mean-
field solution (see supplementary) is marked with the dashed
line. (b) Trajectory-averaged steady-state half-chain entan-
glement entropy obtained with the two methods [see legend
in (a)]. (c) Trajectory-averaged spin-wave density ϵ in the
steady state.

spin-wave solutions. The peak in ϵ corresponds to the
maximum in the entanglement entropy [in panel (b)],
where the difference between the spin-wave and exact
solutions is also more pronounced. This illustrates the
significance of the control parameter ϵ as a signal for the
validity of the spin-wave theory. On the other hand, the
qualitative behavior of the entanglement is correctly cap-
tured despite the relatively high spin-wave density at its
peak, and the magnetization predicted by the spin-wave
method [panel (a)] remains accurate for all values of ω
considered.
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〈Ŝ
α
〉(t

)/
S

(a) SWQT

〈Ŝx〉
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Supplementary Figure 2. Comparison between solutions given by the two different spin-wave methods. (a) Results from the
spin-wave quantum trajectories (SWQT) on the expectation value of the collective spin vector in the time-crystal regime with
parameters ωF = 1.25κ, J = 0.1κ and S = 64. (b) The solution given by the deterministic spin-wave theory (DSW) with the
same parameters. (c) Spin-wave densities associated with the two solutions.

B Comparison with other existing spin-wave
methods

In this section, we provide a comparison between our
method of spin-wave quantum trajectories (SWQT) and
the method proposed in [3], which is a deterministic
spin-wave method for dissipative systems (referred to
as “DSW” in this section). The latter assumes the
same approximations as in our method (i.e. lowest-order
Holstein-Primakoff expansion and Gaussian approxima-
tion) except that their approximations are performed on
the level of the averaged state (i.e. the density matrix)
and their dynamical evolution is derived from the deter-
ministic Lindblad master equation.

For illustration purposes, let us consider again the col-
lective spin model defined in the main text. The solutions
given by the two methods are shown in Supplementary
Fig. 2 for comparison. Panel (a) shows the SWQT re-
sults for the parameters ωF = 1.25κ, J = 0.1κ, S = 64.
The solution with the same parameters given by DSW
is shown in panel (b), which is by no means close to the
exact solution. As explained in the main text, this is
a result of the highly mixed nature of the average state
that the spin-wave approximations fail to capture. Panel
(c) shows the spin-wave densities associated with the two
solutions, where the SWQT has a spin-wave density that
is smaller by several orders of magnitude, which is con-
sistent with its accuracy compared to the exact solution.

C Additional results for the power-law spin model
with α = 0.2 in 1D

We study the scaling of the steady-state spin-wave den-
sity of the power-law spin model on a 1D chain with
α = 0.2 as considered in the main text, as shown in
Supplementary Fig. 3 (a). When the system size N in-
creases, the spin-wave density is suppressed (including
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Supplementary Figure 3. Results for the power-law interact-
ing model in the case of α = 0.2, J = 0.1κ of different system
sizes in 1D (colorbar shared across panels). (a) The scaling
of the steady-state average spin-wave density ϵ as a function
of the drive ω, in log-linear scale. The vertical dotted lines
mark the critical point predicted by the mean-field theory

ω
(c)
MF ≃ 1.077κ. (b) Time evolution of the trajectory-average

entanglement entropy at a driving value close to criticality
ω = 1.06κ, in linear-log scale.

its peak value), which is a signature of the long-range
nature of the model: in the N → ∞ limit, a vanish-
ing spin-wave density suggests that the system becomes
equivalent to a mean-field (infinite-range) one. In Sup-
plementary Fig. 3 (b), we study the time evolution of
the trajectory-averaged entanglement entropy at a driv-
ing value ω = 1.06κ, which is close to where the maxi-
mum steady-state entanglement is achieved for the finite
system sizes we studied. Note that we are increasing
N exponentially between the different considered values,
while the entanglement quickly reaches the steady-state
value in all cases, suggesting the mitigation of the expo-
nential overhead for observing the entanglement transi-
tion via brute-force post selection.
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Supplementary Figure 4. Results for the power-law interacting model in the case of α = 1.0, J = 0.1κ for different system sizes
in 1D (colorbar shared across all panels). (a) Steady-state average z magnetization as a function of the drive ω. The dashed
line marks the mean-field solution. (b) Steady-state of the trajectory-averaged half-chain entanglement entropy as a function

of ω. The vertical dotted lines mark the critical point predicted by the mean-field theory ω
(c)
MF ≃ 1.077κ. Inset: scaling of the

maximum entropy versus N in linear scale. The dotted line is a linear fit for N ranging from 32 to 128 and we report the
coefficient of determination to be R2 = 0.9980. (c) Steady-state spin-wave density in log-linear scale. (d) Dynamics of the
trajectory-averaged half-chain entanglement entropy for a driving value ω = 1.06κ, in linear-log scale.

D Results for the power-law spin model with α = 1
in 1D

To study the effect of the interaction range on the en-
tanglement dynamics in the power-law spin model, we
also consider the shorter-range case with α = 1 on a 1D
chain for comparison. The steady-state magnetization

⟨Ŝz⟩, as shown in Supplementary Fig. 4 (a), exhibits qual-
itatively similar behavior to the long-range case, while
it shows more deviation from the mean-field prediction.
This could result from more significant finite-size effects
due to short-range interactions. (Note that the mean-
field theory does not account for the interaction range
parameter α and therefore gives identical predictions re-
gardless of α.) In sharp contrast, Supplementary Fig. 4
(b) shows that the entanglement entropy of the short-
range systems grows much faster with the system size N .
Finite-size scaling suggests a volume law for the maxi-
mum entanglement entropy as well as in a vicinity around
the critical point. The spin-wave density, as shown in
Supplementary Fig. 4 (c), also presents a qualitatively
different behavior from the long-range case. Close to
the maximal entanglement, the spin-wave density does
not appear to decrease with the system size N , and re-
mains around ϵ ≲ 0.2. This suggests that the short-range
model does not reduce to a mean-field (infinite-range)
one even in the thermodynamic limit of N → ∞, and
that higher-order corrections to the theory are expected
to have a more significant contribution. Finally, we show
in Supplementary Fig. 4 (d) the time dynamics of the
trajectory-averaged entanglement entropy at ω = 1.06κ.
Contrary to the fast saturation of entanglement in the
long-range (or infinite-range) regime, the time it takes to
reach the steady-state value scales rapidly with N . De-
spite the relatively high spin-wave density at the consid-
ered driving, we expect our result to hold qualitatively.

E Results for the power-law spin model in 2D

In this section, we present additional results on the
power-law spin model for a 2D square lattice. Sup-
plementary Fig. 5 shows the steady-state magnetiza-
tion [panel (a)], trajectory-averaged half-system entan-
glement entropy [panel (b)], and the spin-wave density
[panel (c)], for the case of α = 0.2. As the system size
N = L2 increases, the magnetization shows the (dissi-
pative) phase transition predicted by the mean-field the-
ory. The entanglement also develops a log divergence at
the same critical point, accompanied by a maximal spin-
wave density (with respect to ω) that decreases with N .
As the interaction range is sufficiently long, these results
are similar to the 1D case with α = 0.2 discussed in the
main text, and both instances are showing essentially the
mean-field (infinite-range) physics. Note that we report
results for up to N = 32× 32 = 1024 interacting spins in
2D.

Supplementary Fig. 6 shows the results for α = 2.0,
which is the boundary case between our identification of
long-range and short-range regimes. Similar to the 1D
case with α = 1.0, the entanglement scaling at its max-
imum becomes asymptotically volume-law. The peak
spin-wave density no longer vanishes with N , yet still
remains bounded and small (< 0.1), suggesting the va-
lidity of the spin-wave approximations. The transition in
⟨Ŝz⟩ remains qualitatively similar to the mean-field solu-
tion (since this transition is driven by the infinite-range
dissipation and not the coherent interaction term), with
a small deviation originating from the quantum fluctu-
ations close to the transition. These features are more
manifest in Supplementary Fig. 7, where we study a mod-
erately short-range case with α = 3.0 . The entanglement
exhibits a volume-law scaling again and the magnetiza-
tion shows more deviation from the mean-field solution
due to the increased quantum fluctuations. Contrary to
the previous cases, the spin-wave density increases with
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Supplementary Figure 5. Results for the power-law spin model in 2D with α = 0.2, J = 0.1κ for the following trajectory-

averaged quantities in the steady state: (a) z magnetization ⟨Ŝz⟩/S with the mean-field solution marked by the dashed line,
(b) half-system entanglement entropy SE with its maximum value in the inset, and (c) spin-wave density ϵ, as functions of the
drive ω for different system sizes N = L2 (see colorbar).
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Supplementary Figure 6. Same as Supplementary Fig. 5 but for α = 2.0 : (a) z magnetization ⟨Ŝz⟩/S with the mean-field
solution marked by the dashed line, (b) half-system entanglement entropy SE with its maximum value in the inset, and (c)
spin-wave density ϵ, as functions of the drive ω for different system sizes N = L2 (see colorbar). The dotted line in the inset
of panel (b) is a linear fit for N ranging from 36 to 256 and we report the coefficient of determination to be R2 = 0.9991.
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Supplementary Figure 7. Same as Supplementary Fig. 5 but for α = 3.0 : (a) z magnetization ⟨Ŝz⟩/S with the mean-field
solution marked by the dashed line, (b) half-system entanglement entropy SE with its maximum value in the inset, and (c)
spin-wave density ϵ, as functions of the drive ω for different system sizes N = L2 (see colorbar). The dotted line in the inset
of panel (b) is a linear fit for N ranging from 25 to 100 and we report the coefficient of determination to be R2 = 0.9983.
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the system size N for drive values close to and beyond the
mean-field critical point. We therefore limit the system
sizes studied (up to N = 10×10 = 100 spins in 2D) such
that the spin-wave density remains small around ϵ ≲ 0.1.

Finally, we show in Supplementary Fig. 8 the drive
value at which maximum entanglement is achieved, i.e.
argmaxω{SE}, for the different cases we considered in
both 1D and 2D. As the system size N increases, this
drive value becomes asymptotically independent of N
and converges to a value close to the mean-field critical
point.

F Benchmark of the binary approximation of the
Gaussian noise

In this section, we verify the validity of the binary ap-
proximation of the Gaussian noise presented in the Meth-
ods section by computing the trajectory-averaged quan-
tities including both linear and non-linear functions of
the state, and by comparing the results with the exact
solution obtained with the Gaussian noise. An exam-
ple of the benchmark is shown in Supplementary Fig. 9,

where we computed the magnetization ⟨Ŝz⟩, the half-
system entanglement entropy SE and the nonlinear quan-

tity ⟨Ŝz⟩2 from three different methods: 1) Spin-wave
quantum trajectories with binarized noise, 2) exact so-
lution of the stochastic master equation with Gaussian
noise and 3) exact solution with the binary approxima-
tion of the noise. In all cases, we observe excellent agree-
ment among the results obtained in these different ways.

SUPPLEMENTARY NOTE V: GENERALIZATION
TO SPIN-BOSON SYSTEMS

In this Section, we demonstrate a possible extension
of our spin-wave theory, which allows the investigation
of spin-boson systems. We adopt the same Gaussian ap-
proximation for the bosonic mode as for the bosonized
spins, such that the state of the entire system can be
characterized by the first and second moments, requir-
ing a quadratic number of variables to specify the Gaus-
sian variational ansatz in the general case. For illustra-
tion purposes, let us consider a driven-dissipative Tavis-
Cummings model with long-range spin interactions. The
spins are collectively driven and resonantly coupled to a
single-mode cavity (with annihilation operator â for the
cavity bosonic mode), and the cavity undergoes single-
photon dissipation. The Hamiltonian can be written as
follows,

Ĥ = ωŜx +
2sJ

N
∑
i ̸=j

σ̂z
i σ̂

z
j

∥ri − rj∥α

+
λ√
2S

(â†Ŝ− + âŜ+) ,

(S16)

which is essentially the spin Hamiltonian (7) in the main
text with an additional term (in the second line) describ-
ing the spin-boson coupling (with strength λ). The av-
erage dynamics of the system can be described by the
Lindblad master equation,

d

dt
ρ̂ = −i[Ĥ, ρ̂] + κD[â](ρ̂) , (S17)

where κ represents the loss rate of the cavity photons.
Let us consider the same quantum-state diffusion un-

raveling as in the main text. For a time-independent
operator Ô, the stochastic evolution of its expectation is
given by

d⟨Ô⟩ = idt
〈
[Ĥ, Ô]

〉
+ κdt

〈
â†Ôâ− 1

2

{
â†â, Ô

}〉
+
√
κ
{
dZ∗

(
⟨Ôâ⟩ − ⟨Ô⟩⟨â⟩

)
+

dZ
(
⟨â†Ô⟩ − ⟨â†⟩⟨Ô⟩

)}
,

(S18)

where the single-channel noise dZ satisfies dZ2 = 0 and
|dZ|2 = dt. This corresponds to monitoring the cavity
output field with a heterodyne-detection scheme.

A Equations of motion

As our model preserves the translational symmetry
of the state on the level of single trajectories, within
the Gaussian approximation for both the cavity and the
spins, we only need to keep track of the following quan-
tities to fully specify the state:
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Supplementary Figure 9. Benchmark of the binary approximation of the Gaussian noise in the heterodyne-detection unraveling.
We compare trajectory-averaged quantities obtained from different methods and different types of noise (see legend), namely
1) the spin-wave quantum trajectory (SWQT) method with binarized noise, 2) the exact solution of the stochastic master
equation with Gaussian noise and 3) the exact solution but with binary noise replacing the gaussian noise. Panel (a) compares

the results on a linear quantity ⟨Ŝz⟩. Panels (b) and (c) show the benchmark on two different nonlinear quantities, the half-

system entanglement entropy SE and the squared magnetization ⟨Ŝz⟩2 respectively. Parameters: ω = 1.3κ, J = 0.1κ, α = 0
and S = 64.
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Supplementary Figure 10. Results for the power-law interacting Tavis-Cummings model with α = 0.1, J = 0.01κ and λ = 0.2κ
of different system sizes (colorbar shared across all panels). (a) Steady-state average z magnetization as a function of the drive

ω. The vertical dotted line marks the critical point predicted by the mean-field theory ω
(c)
MF ≃ 0.089κ. (b) Steady-state of the

trajectory-averaged entanglement entropy (between the spins and the cavity) as a function of ω. (c) Steady-state spin-wave
density. (d) Dynamics of the trajectory-averaged spin-cavity entanglement entropy for a driving value ω = 0.09κ, in linear-log
scale.

• First moments: α ≡ ⟨â⟩, β ≡ ⟨b̂n0
⟩ (where n0 is

an arbitrary spin index, whose value has no im-
portance due to the translational invariance of the
spins.).

• Second moments:

– Photon-photon correlations:

u(a) ≡ ⟨δ̂(a)δ̂(a)⟩, v(a) ≡ ⟨δ̂(a)†δ̂(a)⟩.
– Photon-spin correlations:

u(ab) ≡ ⟨δ̂(a)δ̂(b)n0 ⟩, v(ab) ≡ ⟨δ̂(a)†δ̂(b)n0 ⟩.
– Spin-spin correlations:

u
(b)
m ≡ ⟨δ̂(b)n0 δ̂

(b)
n0+m⟩, v(b)m ≡ ⟨δ̂(b)†n0 δ̂

(b)
n0+m⟩.

Here, we define δ̂(a) ≡ â− ⟨â⟩ and δ̂(b)i ≡ b̂i − ⟨b̂i⟩, which
are time-dependent operators. The spin correlators sat-

isfy u
(b)
m = u

(b)
−m and v

(b)
m = v

(b)
−m due to spatial reflection

symmetry in the considered model.

In the re-alignment step, as the rotation applies only
to the spin operators, the cavity mode is not affected.
Therefore, after obtaining the angular increments ∆θ and
∆ϕ from the incremented β using Eq. (28) in the main
text, we have the following update rules,

β ← 0 ,

u(ab) ← u(ab)e−i∆ϕ cos θ ,

v(ab) ← v(ab)e−i∆ϕ cos θ ,

u(b)m ← u(b)m e−2i∆ϕ cos θ ,

(S19)

and the other correlators remain unchanged.
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B Results on the driven-dissipative long-range
Tavis-Cummings model

Note that in the regime where the cavity dissipation
is much faster than any other time scale in the system,
i.e. when ω, J, λ ≪ κ, the cavity mode can be adia-
batically eliminated and this model reduces effectively to
the long-range spin model with collective spin dissipation
Ŝ− as considered in the main text, since the lossy cavity
acts as a Markovian reservoir for the spin system that
quickly evacuates entropy into the environment via the
spin-boson interaction. To illustrate the generalization
of our spin-wave quantum trajectory method to spin-
boson systems, we place ourselves close to this regime,
such that results qualitatively reminiscent of those in the
spin-only model as presented in the main text can be ex-
pected. We fix the parameters as s = 1/2, λ = 0.2κ,
J = 0.01κ and α = 0.1, and consider a 1D spin chain
in the cavity. The results are shown in Supplementary
Fig. 10. The spin magnetization [panel (a)] displays sim-
ilar behavior as compared to Fig. 3 (a) of the main text,
where a continuous dissipative phase transition predicted
by the mean-field theory emerges. This transition is also
accompanied by an entanglement phase transition [panel
(b)] for the entanglement between the spins and the cav-

ity, from an unentangled phase to an entangled one as
the driving increases. The spin-wave density [panel (c)]
displays a maximum close to the critical point, while the
peak value decreases with the system size N , which is
a signature of the long-range nature of the system. Fi-
nally, the spin-cavity entanglement also exhibits fast sat-
uration, as shown in panel (d) for the case close to criti-
cality. These results suggest a possible implementation of
the long-range spin model with collective dissipation (as
considered in the main text) in atom-cavity platforms,
and that the brute-force experimental detection of the
entanglement phase transition can also be realized with
mitigated post-selection overhead.
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