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In this section, we summarize the equations of electrodynamics with y response providing them in the three-
dimensional and four-dimensional forms for future reference. We also summarize the boundary conditions which
could be obtained by integrating Maxwell’s equations over a pillbox. The detailed discussion and derivation of those

equations is provided in the main text and the sections below.

Maxwell’s equations with both xy and x in a vector form



10 47,
rot(H—XE):Ea (D—G—XB)—F?_], (S1)
div(D 4+ xB) = 47p, (S2)
- 190 -
div(B—xD)=0. (S4)

Here, D = ¢E and B = pH. p and j are the external charge and current densities. x and yx quantify the effective
axion and dual axion fields. In general, both could depend on time and coordinates.
In the absence of sources Egs. — are invariant under the following electromagnetic duality transformation

E—H, H— -E, (S5)
D—B, B— -D, (S6)
E— U, X4+ X- (S7)

Note that this transformation appears here in a different context compared to the Tellegen media literature [IH3],
where it is used as a computational tool to solve for electromagnetic wave propagation in Tellegen media.

Boundary conditions in the medium with both y and x

By integrating Eqs. (S1)-(S4) over a pillbox and assuming that the external sources are absent at the boundaries,
we recover the following set of boundary conditions:

Hi: — x1 E1e = Hot — x2 Eot (S8)
D1y + X1 Bin = D2y + X2 Ban (S9)
Ei +x1 Hie = Eor + x2 Hat (S10)
By — X1 D1in = Ban — X2 D2y, - (S11)

The subscripts ¢ and n indicate the components of the fields tangential and normal to the boundary, respectively.
Maxwell’s equations with both x and y in the covariant form

The same equations can be written in the 4D form. Here, we utilize the conventions u,v,a,3,--- = 0,1,2,3;
0,4,k 0, ---=1,2,3; g, = diag (1,—1,—1,—1) as in the classical textbook Ref. [4].

Four-vectors are defined as z* = (ct,r), j* = (cp,j), A" = (¢, A). The respective four-derivative is 0, = (% %, V).
Electromagnetic field tensor is defined by F,, = 0,4, — 0,A,. Fully antisymmetric fourth rank tensor etval s
defined by the condition €123 = 1. Accordingly, egi23 = —1. We also use the expression for the convolution of two

Levi-Civita symbols [4]
P egpap = —2 (08 55 — 34 6Y) . (S12)
Dual electromagnetic field tensor reads: EFH = %e’“’o‘ﬁ F.3. This expression can be inverted to yield F*" =

_1euvag
e )
2 af
In the three-dimensional space, we also define a second rank antisymmetric tensor dual to the given vector B:

B = eijk B*_ where "% is Levi-Chivita symbol with the normalization e'?? = 1, ejo3 = —1. Hence,
0 -B. B,
BX — BZ O *Bz , (813)
B, B, 0

where B,, B, and B, denote the contravariant components of the B vector B!, B? and B3. As a result, the action
of B* on the arbitrary vector a is equivalent to the vector product B x a.
In such case, the explicit expressions for electromagnetic field tensor and its dual take the following form:

0 E , [0 -E
R (% B o= (8 5) 10

- (0 B -w (0 -B
Fl“’_ <_B _Ex) ) F - (B _E><> . (815)



Since we consider the fields in the continuous medium, it is convenient to introduce one more four-tensor composed
of the components of D and H arranged in a similar way:

0 D , (0 -D
H,, = <_D HX) - (D HX) (S16)
- 0 H ) s, (0 -H
H,, = (H " ) o~ (H DX) , (817)

In turn, the connection between H and F' tensors is derived from the constitutive relations. As we assume here
D =¢E and B = ¢ H, we recover

H,, = dyodyg FO9 (S18)
where
1 fep O
o (18,

and I is a 3 x 3 identity matrix. We note that the duality transformation Egs. (S5))-(S7) connects the introduced
tensors in the following way

N O T (520)
HW s Frv, oy e (s21)

Using the above designations, the equations governing electrodynamics of the medium with y and x responses,

Egs. — are recast in the form
. 4
D (HM + X Py =T v (522)
c
Ou(F' — X HM™) =0. (S23)
Examining this formulation, we identify x term as one restoring the dual symmetry between the two pairs of Maxwell’s

equations in the presence of the axion field.

SUPPLEMENTARY NOTE 2. METAMATERIAL WITH y RESPONSE

This section supplements the discussion in the main text and provides a complete and rigorous derivation of x
response in a specific metamaterial. We examine a multilayered structure composed of gyrotropic layers with the
scalar and constant permittivity € and permeability of the form

poif(z) 0
iz ==ifx u 0], (S24)
0 0 pu

Here, the gyrotropy f(z) is a periodic function with the period a, so that its Fourier expansion

+oo ) 1 a 4
f(Z) — Z fn eznbz7 fn — 5/0 f(Z) e—znbz dZ, (825)

n=—oo

where b = 27 /a is the reciprocal lattice period, and fy = 0 as we consider magnetization distribution with the
zero average. For instance, such situation occurs in antiferromagnets. Having these expressions, we expand the
permeability in the Fourier series:

+o0 ) ~ O —1 0
pz)= > fin €™, fp=plon—ifnel, ef=[1 0 0 (S26)
e 000



where tensor e} acts as a cross-product with e,. Using the periodicity of the structure, we present the field inside
the metamaterial in the following form

E(r,?) E,(r)

H(I‘, t) _ i Hn(r) eik(")'r—iwt (827)
D(rt) | = 22 | D) ’

B(r,t) B, (r)

where k(") = (kz,0,k, +nb). k, and k, are the components of the Bloch vector parallel and perpendicular to the
layers, respectively. The component k, can always be set to zero by the choice of the coordinate system due to the
rotational symmetry of the system with respect to the z axis.

The components Eg, Hy, Dy and By are averaged (macroscopic) fields, while amplitudes with non-zero n describe
rapidly oscillating Floquet harmonics. We consider the metamaterial limit when the structure period is much less
than the wavelength. In the other words, £ = a/\ = ¢/b (¢ = w/c) plays the role of small parameter.

We aim to derive the macroscopic description of the structure in terms of the averaged fields. To that end, we
need to compute the amplitudes of higher-order Floquet harmonics expanding them in powers of small parameter
E=a/\=q/b.

Microscopic fields in the structure satisfy the conventional set of equations

V (divH) — AH = ¢*¢ B, (928)
divB =0, (S29)
B=H (S30)

with ¢ = w/c. Substituting expansion (527) into Egs.(S28)),(529),(S30|) above, we obtain the set of scalar equations

for the respective Floquet harmonics

2
(k@) Hyp — kok™ H,, = ¢* ¢ Bpy (S31)
2
[ki + (k) } Hyy = ¢°¢ Buy, ($32)
—ko k™ Hyo + k2 H,. = ¢*c B, , (S33)
kg Bne + k™ B, =0, (S34)
Bpo = i Hps +i Y foow Hury (35)
n'#n
Buy=pHpy =i > fow Hu s (536)
n'#n
Bn.=pH,.,. (S37)

with kﬁ”) = k, + nb. From this system of equations —, we express H,,,, Hy, and H,, up to second order of
the small parameter €.

Equation yvields Hpy, ~ ¢*¢/(n®b?) By 4+ O(€3). From Eq. (S36), we recover By, = —if, Hos + O(£%).
Combining these two results, we obtain

,oeq 3

Next, Eq. (S35)) yields B, = if, Ho, + O(£?) and Eq. (S34)) allows to calculate B,,.:

kx . kw kz 3

Using Eq. (S37)), we immediately evaluate




Finally, we use Eq. (S31) to calculate H,,, via already found B, and H,, which yields

ifn s k2 3
Hyw = 5 (ed - " Hy, +0(£3). (541)
Since rot H = —igD, we can calculate higher-order Floquet harmonics of D and E: D, = — [k(") X Hn} /4q,
E = D/e. This yields:

Enrc = *Z.fn % HO.’E + 0(52) ) (842)

Eny = 77;fn % HOy + 0(62) ) (843)

o kage
D,, = an W HO?c + 0(53) ’ (844)
k. H
Dy = fTO?’ : (S45)

Having the explicit expressions for the Floquet harmonics, we derive now the boundary conditions for the averaged
fields. The microscopic fields in the structure satisfy the conventional boundary conditions:

Hy|,_, = HY™, De|,—q = D™, (546)
Bil,_, = B B.|,_o = B™. (847)

First we examine the boundary conditions for the tangential component of the macroscopic H field and normal
component of the macroscopic D. We substitute expressions for Floquet harmonics of the fields Eqgs.(S41]),(S38]),(S44])

into Eq.(S46) and obtain
Hy: + 0(£%) = H{™, Do, +0(&%) = D™ (548)

Hence, these macroscopic fields are continuous up to second order of small parameter £. However, the second pair of
boundary conditions Eq. (S47) is modified, as some of the Floquet harmonics are proportional to the first power of

small parameter. Using Eqgs.(S39)),(S42)),(S43)),(S45)), we derive
Eo: + xHo; + O(£%) = Eg™, By, — XDy, + O(£%) = B, (S49)

where

Y= —z% 3 %” (S50)
n#0

At this point, we stress that the derived boundary conditions are the boundary conditions for x electrodynamics,
Egs. - with zero axion response x. Introducing gradients of the y field and using the procedure analogous
to Ref. [5], we arrive to the general Egs. (SI)-(S4) with x = 0 and nonzero x.

Hence, up to the first order in £ the designed metamaterial can be viewed as x medium. Therefore, it should exhibit
all the characteristic phenomena including Kerr rotation for the reflected plane waves. We verify this by numerical
simulations in the main text and the sections below.

SUPPLEMENTARY NOTE 3. METAMATERIAL WITH BOTH x AND yx

In this section, we discuss the possibility to achieve x and ¥ responses in a metamaterial simultaneously. As we
have seen before, the gyrotropic permittivity € of the layers is responsible for y response, while i enables y field.
However, there exist natural materials with both gyrotropic € and fi. We therefore anticipate that the metamaterial
composed of such bi-gyrotropic layers will exhibit x and y responses simultaneously.

Accordingly, we examine a metamaterial whose permittivity and permeability are spatially modulated:

€ ig(z) 0 iz if(z) 0
E2)=|—iglz) e O], fz)=(-if(z) wn 0]. (S51)
0 0 e 0 0 u



We assume that f(z) and g(z) are periodic functions of the same period a. In that case, we may still seek a solution
in the form of the Floquet series.

For clarity, we focus on the normal incidence scenario k = (0,0, k,) when all the fields are in Ozy plane and apply
the same Floquet expansion for the electromagnetic fields . Using Ampere’s and Faraday’s laws and keeping the
terms up to second order in small parameter £ = a/A < 1, we derive

B, —_% (1 _ k) fex x B, + O(¢%),

nb nb
_a(; Kk 3
H, = pa (1 nb> [e. x D,] + O(&°). (S52)

From the constitutive relations we can express n-th Floquet harmonics of B, D fields
B, = 1, Hy + Z finHpy_nry i = —ify e:
n'#n
D, =&,Eo+ Y évEn_p, &, =—igne} (S53)
n'#n

Combining Egs.(S52)),(S53|), we obtain expressions for the Floquet harmonics of the fields

H,, = ig, —-Bo+0(¢?). (S55)

In the case of normal incidence we are interested only in the boundary conditions for the tangential components of
the electromagnetic field, while the conditions for the normal components are fulfilled automatically. Substituting

Eqgs.(S54),(S55]) into conventional boundary conditions for microscopic fields Egs.(S46]),(S47) and keeping terms up

to first order of small parameter & we derive

E°" = E, + —i% 3 %” H, (S56)
n#0
Ho —Hy — [ 2522 | g, (S57)
b n
n#0

The boundary conditions above coincide with the boundary conditions for the media with both x and y Eq. ,

(S10), where

.q n
x=—ig > o (S58)
n#0
A S S
n#0

SUPPLEMENTARY NOTE 4. LAGRANGIAN FORMULATION OF x AND y ELECTRODYNAMICS

In this section we show how our system can be described using the language of the effective Lagrangian. While the
set of electrodynamics equations derived above allows one to solve any electromagnetic problem for ¥ medium, the
description in terms of the effective Lagrangian may prove useful for the comparison of our metamaterial system with
the systems arising in other contexts, for instance, in condensed matter. Below, we assume that the external sources
are absent and consider the reference frame associated with the medium.

We revisit first Lagrangian formulation of axion electrodynamics in the medium, next we consider a case with
pure X response and finally show how one may construct the Lagrangian description of a metamaterial featuring the
combination of y and x responses. Below, we exploit the notations of Sec. 1.



The Lagrangian of axion electrodynamics [6] in the medium reads:

1 X ~
Ly,=—-———H"F,, ———F,,F', S60
X 167c " 167c  * ( )

Ly La

where the first term describes the usual electrodynamics in the medium, while the second term is the axion contribu-
tion. Here, the potential is introduced in the usual way

F.,, =0,A,-0,A4,. (S61)
Such definition of the field tensor immediately yields the second pair of Maxwell’s equations. Indeed,
vaf

aﬂﬁ'/“’ = e

(0p00As — 0,05A4) =0

as Levi-Civita symbol is antisymmetric with respect to the permutation of the indices p and « as well as p and 3.
Hence,

D F" =0, (S62)

which is known as Bianchi identity.
The first pair of Maxwell’s equations is recovered by writing Euler-Lagrange equations for the potential A,. For
that purpose, we note that

O0F s
——— = §H 5 — & 6
d(9,A,) P BT
OHP

s = A A —ar

0(0,AL)
Straightforward calculation then yields:

Ou(H™ + xF") =0, (S63)

which is the 4D form of the axion electrodynamics equations [cf. with Eq. ]

The problem with the Lagrangian formulation of dual axion electrodynamics is that the second pair of Maxwell’s
equations is modified, and hence the potential cannot be introduced in the usual way. We overcome this issue by
requiring that the first pair of Maxwell’s equations plays the role of Bianchi identity. Specifically, we introduce
magnetic potential fl# defined as

H, =0,A, —-0,A,, (S64)
which immediately yields
0, H" =0. (S65)

This coincides with Eq. (S22) in the absence of the sources and axion field. The Lagrangian of x electrodynamics is
introduced as

1 X ~
L;=— H"FE,, — H"H,, . S66
X 167c " 167c ’ ( )

Ly Lp

Given the definition of H vy, Bq. (S64)) the rest of the tensors are calculated as
1 -
HM*Y — 75 etvabB Haﬂ ,
~1 —1
FNV = (d )/,La (d )1/,8 HO‘B

. 1
B =2 B Fg



Varying the Lagrangian Eq. (S66|) with respect to the magnetic potentials, we recover
9, (FW - ;zHW) ~0, (S67)

which is exactly Eq. (S23).

For the Lagrangian description of the mixed (x, X) case we employ a two-potential approach to electrodynamics [7],
which is motivated by the fact that (y, X) case effectively contains both electric and magnetic sources. We write the
Lagrangian exactly in the same form as in the conventional medium:

1
L=———F, H". S68
16mc " (S68)
However, the definition of the field tensors is different:
Fuv = E) =X F3) . (S69)

where F,Sll,) and FF(L,Q,) are defined in terms of the two potentials as
1,2) _ 1,2 1,2
Fi? = 0,402 —0,A1? .

In this formulation, we consider F},,, and H,, as independent fields and do not impose the connection between
them in the form of the constitutive relations. We therefore can vary the Lagrangian independently with respect to
the two potentials, which yields the following Euler-Lagrange equations:

d, (HW + XFW) —0, (S71)
o (P x1) =0, (572
These equations coincide with Egs. (S22)), (S23|) in the absence of the sources.

SUPPLEMENTARY NOTE 5. ANALYTICAL SOLUTION FOR THE SLAB GEOMETRY

In this section we derive the transmission and reflection matrices for a slab possessing effective axion response
X, dual axion response Y or the combination of both responses simultaneously. The respective permittivity and
permeability are €12 and jiq 2.

xr
617/1'17 1 627/"’27 E:1711’[’17

X1, X1 X2, X2 X1, X1

e—iklz

R 1k1z
RVAVAVAVA e T
ik1z W

€ I

AVAVAVAV

4 > 2
0 L

Supplementary Fig. 1. Reflection and transmission of a plane electromagnetic wave from a slab with axion and dual axion
response x and .

We assume that the incident plane wave propagates along the z axis from medium 1 to medium 2 encountering
their interface at z = 0. The transmitted wave propagates through the medium 2 and then hits a second interface,
going back to the medium 1. The general case with both x and X responses is depicted schematically in Fig. [I]
Next, we derive the transmission and reflection coefficients for the axion case and the dual case individually. In the
last part of this section we compute the reflection and transmission coeflicients when both x and X responses appear
simultaneously.



Axion case Y1 =x2=0

In the pure axion case the boundary conditions Eq. (S8))-(S9) can be presented in the matrix form as follows:

Elt 1 0 E2t
(o %50 = (oo ) (M) 5

where e, operator is a vector product by e, expressed as a 2 x 2 matrix

eX = (2 01) (S74)

E; M1 Mo E;, +E,

This can be further recast as

= , (S75)
A /iEt M1 Mao £ (Ez — E'r‘)
2 H1
where M11 = 1, M12 = 0, M22 = 1, and
0 -1
Ma1 = (x1 — x2) Lol (S76)

The bulk transfer matrix for the propagation inside an axion slab is the same as in isotropic medium and reads

E:(2) E;(0) + E.(0) cos(k'z)  isin(k'z) ”

!

M M(z) = € (S77)

= M(z) 5 ) 7
B = (B(0) - B.(0) (k)5 costh)

where k' = kg+/i/e’ and corresponds to wavevector within the medium with & and p’. Using the transfer-matrix
method we can describe the transmission and reflection of the axion-slab. First, noticing Eq. (S75), we write the full
transfer-matrix

M MX2HX1M(L)MX2HX1 (878)

which describes the propagation throughout the axion slab of thickness L with axion field x5 from a medium with x;.
The transmission and reflection matrices can be computed directly from the transfer matrix in Eq. (S78]) which

yields
- [ L, - *M12 — Moy + M22] [\/ My, + M12 — Mz — M22} ; (S79)
T = [Mn + o LMy, + <M11 —4/ Mlz)] ‘R, (S80)

The components of the reflection and transmission matrices for the axion slab are

o;
ty =ty = ey |2 (S81)
g(x) V pape

R

tiz = ta1=0, (582)
1 €1 €2 2) .

r = rogg=——|————x"]sin(k2L), S83
W= me (22 (k2L (553)
T2 = —Tgo = —i1 = sin(koL) (S84)

12 21 900V X 2L),

where
g(x) =2i c1e2 cos(koL) + (51 24 X2> sin(ko L), (S85)
M1 2 H1 H2

X = X1 — X2, and ko = kg\/2€2.
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Dual axion case x1 = x2=0

The dual axion case uses the same equations with the only difference in the boundary conditions which can be
presented in the form

E; M1 Mo E; +E;,
_ , (S86)
\/ EEt Moy Moo \/ L (El - Er)
M2 H1
where M11 = 1, Mgl = 07 M22 == 1, and
0 -1
Mis = (X1 — X2) Lol (S87)

The bulk matrix propagation remains the same. Now, the full transfer matrix describing the propagation throughout
a dual axion slab is given by

M = My, 3, M(L) My, -, (S88)
Using the same formulation to derive the reflection and transmission matrix components for the dual axion slab we
obtain
_ _ 2 g
lin = tlog=—= ) (S89)
g(x) V e1e2
t1g = t21=0, (590)
1 te  p1 o 9 .
= = L koL S91
T11 22 7@ (52 o + X7 ) sin(kaL), (S91)
2 fpr.
r = —r9] = —— —xsin(k2L), S92
12 21 iV e (koL) (592)
where
3(%) = 20 B2 cos(koL) + (“1 v >z2> sin(kyL), (S93)
£1E9 €1 &9

and x = x1 — X2-

It should be stressed that both solutions predict Kerr rotation for the reflected wave and no Faraday rotation for the
transmitted light. Moreover, it is straightforward to verify that Egs. — are converted to Eqgs. —
using the mapping Eqgs. — and setting x1 = x1 = 0. This illustrates that the scattering experiments
typically used to diagnose the effective axion fields are insufficient to distinguish x and X responses.

Mixed axion case

In the presence of both axion and dual axion responses the boundary transfer matrix takes the form

E; 1 1 xef E;, + E,
_ L , (594)
g, | TEXX | yex 2 ,/il(Ei —ET)
H2 M1
where
0 —1
ey = . (S95)
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As done before, we compute the full transfer matrix by the multiplication of the boundary transfer matrices and the
bulk transfer matrix. The transmission and reflection matrix components for the mixed axion and dual axion case

read
21 - 1 2
b= e 2 (1) soo
11 22 AR + XX . (596)
tig = ta1=0, (S97)
1 Ho  p1 pif2 o o) L.
= rpp= o e Ve in(ko L S98
T11 722 AN <€2 E—— X~ + X" ) sin(k2L), (598)
2 Mo 2 .
12 T21 A(X»)Z) o (X €5 X) bln( 2 )a ( )
where
Ay, ¥) = 2i, |11k (1 n X;g) cos(koL) + (’“ ph2y Af2,0 >~<2> sin(kaL), (S100)
£1€2 €1 135} £1€2

As can be readily verified, Eqgs. (S96)-(S99) are converted to Eqs. (S81))-(S84]) using a more general form of mapping
Eqgs. (S152)-(S154). As expected, transmission and reflection data does not allow to discriminate the contributions
stemming from y and x responses.

SUPPLEMENTARY NOTE 6. TRANSFER MATRIX DESCRIPTION OF A MULTILAYERED
METAMATERIAL

In this section we present the transfer matrix method applied to the multilayered metamaterial structure and
validate the description of the metamaterial in terms of effective axion and dual axion fields.

As a first step, we consider a one-dimensional (1D) photonic crystal (PhC) composed of two periodic gyrotropic
layers, A and B possessing gyrotropic permittivity and permeability tensors of the following form

e ig(z) 0 poif(z) 0
Ez+D)=¢é(z)=|—ig(z) e 0|, alz+D)=pz)=—-if(z) un O0]. (S101)
0 0 e 0 0 u

where D = d 4 + dp is the metamaterial period, and d, is the thickness of the « layer.

While the verification of the effective medium picture for the layered axion metamaterial by the transfer-matrix
method has been done in Ref. [5], here we focus on the two complementary cases: the dual-axion metamaterial and
metamaterial possessing the combination of axion and dual axion responses.

Dual axion metamaterial

In order to generate only the dual axion response, it is sufficient to introduce only magnetic gyrotropy in the layers.
The constitutive relations for a single layer o = A, B read

S ) a ifa O
B! = ui HI U= —ifs €a O (S102)
0 0 pa

where we assume f4 = —fp = f. Using a chiral basis, H, = H, x+inH, ¥y, where = +1 for right- and left-handed
polarization, we can write the B fields as

Bay = ,Uloz,nHoz,na Bam = Ha — N fa- (8103)
Therefore, we can construct the electric field propagating in a layer a as [§]

Ean = FEan eika'nzﬁn + Eém e_ika"nzﬁn (S104)
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and

HO"U = _in\/:TEa’n eika,nZﬁn + “7 Mga E(/l’77 e_ika’”zf}n, (8105)
a,n «,n

where

ka,n = kO\/ Ealla,n, (8106)

is the wave number, ko = w/c is a vacuum wave number, F, , and E&,n are the amplitudes of the wave travelling to
the right (left). Here, 0,, = 04 vector is given by

(S107)

By applying the conventional boundary conditions, i.e., the continuity of the tangential components of the H and E
fields at the boundaries of the layers, to Eqgs. (S104J),(S105)) we obtain

Es+EY\ = Eg + Ej, (S108)
EaBy — EAE) = EpEp — EBEg, (5109)

where £, = —iny/ea/la,n. From the latter set of equations, (S108)),(S109) we can write the 2 x 2 interface matrix

connecting the fields in layers A to B:

4 Yay Ya
Eg\ Ea 1 Ys Y,
(e7) =00 (£2), Mw=g|, Yi Y| (8110)
B Ys

We adopt a basis with the amplitude vector constructed as (Ea 4, E,, , Ea,,E}, )", where +(—) describes the
right- (left-) handed polarization. The 4 X 4 interface matrix is given by

Yais . Yas
E 1+ R : 0 0 E
B7+ %B’+ ¥B + A7+
B, - At g Yaq 0 0 B,
7 = _ YB,+ YBHF ’ (Slll)
Ep_ | 2 0 0 14iAa- g Ya- g 7
5 YB7— YB,— 5
Ya_ Ya_
E! 0 0 1-— ’ 1 ’ E’
B,— Y. + Ys _ A,—

where we define Y, ,, = \/€a/lta,n. Finally, for the case of an electromagnetic wave propagating inside the medium
a = A, B, with thickness d, and wavevector k, ,, the 4 x 4 bulk-propagation matrix is given by

eiko.+da 0 0 0
0 e tharda 0
MO( - Ma(da) - O 0 eika,—da O (8112)
0 0 0 e ka—do

The resultant transfer matrix describing the gyrotropic multilayered structure with even number of 2N layers then
reads

Mt 0
Mg = Mp_aie Map(MpaMpMapMa)?N Myjr—a = ( Blab M ) (S113)
slab

This matrix connects incident £, reflected E” and transmitted E? fields in the following way:

) = (2 (ot 312)
n) = M7 (AR M = 11 12 S114
( 0 slab _E‘77 slab Mgl M2772 ( )



Using this, we deduce the amplitudes of the transmitted and reflected wave for both polarizations

13

det(M™) _. Mo
t __ i ro__ 21 1
If the incident wave is polarized along the = axis, the amplitudes of reflected and transmitted waves read
1 (det(M*) det(M~ ; , (det(M™)  det(M~ ;
o (0000 ) (AT dOE)Y S116)
2 My, My, 2 My, My,
1 /M, M, - (M) My, 4
E = - <—2+1 —|——2_1)E1§<—£<—2+1——2_1)E1y (S117)
2\ My, My, 2\ My, My,

which yields the co- and cross-polarized transmission and reflections in terms of the components of the transfer-matrix

for the full multilayered slab

' (a)
©06 005 010 %}i 020 025 030 By ca—Ty %}i 0.20 0.3_(—)
0(;)-0 005 0.10 %;)SL 020 025 0.3—(-) 000 005 0.0 %}; 0.20 0.30
N
A e

000 005 010 015 020 025 030
D/A

Supplementary Fig. 2. Validation of the effective dual axion response. (a-e) Blue lines correspond to the effective medium
approximation and red lines to the results of the transfer-matrix method applied to the multilayered structure. Panel (a)
corresponds to the co-polarized reflection, (b) shows the co-polarized transmission coefficient, panel (c) illustrates the cross-
polarized transmission which is essentially zero, panel (d) corroborates that the momentum |T'|* — |R|* # 1 is not conserved,
and panel (e) shows that conservation of energy |T|*> + |R|?> = 1. Parameters: number of periods N = 50, €1 = 1,1 = 1,62 =

1.05, g2 = 1.05, f = 0.015.
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1 /det(M+ det(M~ i (det(M+ det(M~
Tmz(e(+>+e(_)>, sz=2<e(+)—e(_)>, (S118)
2 M22 M22 2 M22 M22
1/ M M, (M, Mg,
Rop =1 ( ; ) , - ( - ) . (S119)
2 M22 M22 2 M22 M22

In order to perform numerical validation of the effective medium description we consider a photonic crystal (PhC)
composed of 50 unit cells. Each unit cell consists of two gyrotropic layers of the same thickness D/2 and the same
magnitude fo = 0.015 but opposite directions of magnetization. The permittivity and permeability of the gyrotropic
layers are us = €5 = 1.05, and we assume that the PhC is placed in the vacuum p; =& = 1.

The effective axion response describes the boundary conditions, and the boundary conditions depend on the termi-
nation of the layers [9]. If the first layer has a positive gyrotropy, fo, then the effective dual axion response, Yo and
the effective permeability peg are given by

- ™ T 5o
Xeff = §f0£a MeH:M2+ Efof P (8120)

with eog = €2. Here, £(\) = k,/Q = D/ is the period-to-wavelength ratio, and A is the vacuum wavelength. The
transmission and reflection coefficients for the dual axion slab can be computed analytically as given by Egs. (S89)-
(S92)). The optical path inside the slab is defined as:

k’gL = Qﬂ\/ueﬁseﬂNf, (8121)

where N = 50 represents the number of periods in the multilayered structure. We plot the transmission and reflection
coefficients by varying the period-to-wavelength ratio & from 0 to 0.3. The results for the numerical validation are
shown in Fig. [2| and show adequate correspondence for the effective medium approximation D/A < 0.15 for most of
the components. The key parameters to track are cross-polarized transmission 77, and cross-polarized reflection R, .
The former vanishes in all three cases (axion, dual axion and combination of both responses), while the cross-polarized
reflection allows to determine the magnitude of those responses.

Axion and dual axion metamaterial

In the case when there is both electric and magnetic gyrotropy in the layers, the system features both axion and
dual axion effective responses. The constitutive relations for a single layer a = A, B are

€a ifa O

Bjx = /J'ij ng ij =|—-ifa €a O , (S122)
0 0 pa
€a 9o O

Di i B e = | —ige 20 0|, (5123)
0 0 o

where we will consider g4 = g = —¢gp. Using a chiral basis, E, = E,x + inE,y, where n = +1 for right- and
left-handed polarization, we can write the D fields as

Doy = eanFon o = Ea — NYas (S124)
Ba,n = H’OLJIHOZJ]’ Ha,n = Ha — nfa (8125)

Therefore, just as we did previously, we can construct the electric field propagating in a layer « as
Eaon = Ean eika’”z@n + E(/w’ e_ika’nzﬁn (S126)

and

. €an ka2 . Can o —ikamzs
H,, = —in . Eqpn een®p, +in T E, e Y, (S127)
a,n a,n
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Supplementary Fig. 3. Validation of the effective axion plus the effective dual axion response. (a-f) Blue lines correspond
to the effective medium approximation and red lines to the results of the transfer-matrix method applied to the multilayered
structure. Panel (a) corresponds to the co-polarized reflection, panel (b) shows the cross-polarized reflection coefficient, panel
(c) illustrates the co-polarized transmission, panel (d) illustrates the cross-polarized transmission which is essentially zero,
panel (e) corroborates that the momentum |T)? — |R|?> # 1 is not conserved, and panel (e) shows that energy |T|? +|R|> = 1 is
conserved. Parameters: number of periods N =50, e1 = 1,41 = 1,62 = 1.05, u2 = 1.05,g = 0.01, f = 0.015

where

kan = ko/Eamtan, (S128)

is the wavevector and ky = w/c is a vacuum wave number. The computational procedure is the same as in the dual
axion case; the only adjustment is the replacement:

€a = €an = €a — NYa- (S129)

From now on we can use all the previously developed machinery.

The results of numerical validation are depicted in Fig. 3] and also show that the effective medium approximation

remains adequate provided D/ < 0.15. The agreement is good both for co- and cross-polarized reflection and
transmission coefficients.

SUPPLEMENTARY NOTE 7. MAPPING BETWEEN y AND x

As discussed in the main text, there exists a remarkable parallel between the electromagnetic properties of the
medium with ¥ response, permittivity ¢ and permeability u and a medium with renormalized permittivity &', per-
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meability p’ and an axion response x’. We derive the detailed mapping between the two descriptions below. For the
sake of generality, we assume that all of the material parameters depend on time and coordinates.

This derivation relies on the following principle: the averaged electromagnetic fields arising in the effective descrip-
tion of metamaterials are auxiliary quantities and cannot be measured directly inside the structure. The only quantity
of physical relevance is the combination of electric and magnetic fields entering the Lorentz force and defining the
motion of external charges. Another crucial requirement to the transformation is to keep the fields outside of the
metamaterial intact, as those fields are measured experimentally.

In this spirit, given the fields E, B, D and H in y medium, we introduce the redefined fields as

E' =E+ xH, (S130)
B’ =B — D, (S131)
where D = ¢E and B = pH. The equations governing the electrodynamics of y medium read:
10D 4
rotH=-""+""j divD =4mp, (S132)
c Ot c
rot (E+xH) = —EQ(B— xD)
X - c 675 X )
div(B-xD)=0. (S133)

Clearly, the transformation Eqgs. (S130)-(S131)) converts the second pair of Maxwell’s equations Eq. (S133)) to the
standard form

1 0B’
rotE' = —- —  divB' =0. (S134)
c Ot
Next we examine the transformation of the first pair. To this end we introduce the redefined effective parameters
/ EU
g =—, S135
ex? + p ( )
W o=ex?+ . (S136)
/ EX
= S137

and calculate H and D in terms of the redefined fields Egs. (S130)),(S131|) and material parameters Egs. (S135)-(S137)).

Straightforward calculation yields:

H=-YE +H, (S138)
D=D+x'B. (S139)
This immediately transforms the first pair of Maxwell’s equations into
10 47
t(H — YE)=~-= (D 'B')+ —j S140
rot (H' —x'E) = - = (D' +x'BY) + 3], (S140)
div(D' + x'B’) = 4mp , (S141)

where D’ = ¢/’E’ and B’ = p/H’. These equations coincide with a pair of equations - of the usual axion
electrodynamics. Taken together with , this proves the equivalence between dual axion response y and an axion
response Y. Hence, we conclude that in the absence of sources the dual axion medium is equivalent to the conventional
azion medium and any experiment measuring the fields outside of the metamaterial cannot distinguish between the
dual axion medium with the material parameters (g, i, ¥) and an axion medium with parameters (¢/, i/, x’).

However, the parallel between the two responses breaks down once the sources are introduced into the medium. As
the Lorentz force is an observable quantity, the redefinition of the fields E and B should necessarily be accompanied
by the redefinition of the external charge and current densities to ensure that the Lorentz force remains invariant.

Since the mapping transforms electric fields into a combination of electric and magnetic fields, we assume that the
electric charges are mapped onto a combination of electric and magnetic sources. More specifically,

Sources: pe, je Sources: pL,jL, physim
Fields: E,B,D,H — Fields: E', B’, D’ H’
Parameters: €, u, x Parameters: eofr, fleff, Xeft

1 1 1
f=pE+ E[jeXB] — f/:P/eE/+EUIeXB/]*‘PRH/—EU%@XD']
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We require that the equivalence f = f’ holds for any velocity of the charges and therefore

peE = pLB + pl, H' = p(E + YH) + pl, i/~ (uH — X<E) , (S142)
jexB=j, xB +j, xD' =, x (B~ D) ~j, x<'(e'D+xu'B). (S143)

Since electric and magnetic components are independent, we derive a system

Pe = pPe+X'Pm
XPe + 1 pl, =0

S144
Je = J:a + X/j;n ( )
o8 /=1, 3 _
Xie + 0™ 1) =0,
the solution of which reads
. ~ . . M .
(Prsdm) = —X(pese)s  (Pesde) = ;(pe,Je)- (S145)

Note that the factor p/u’ can also be presented as (1 + x'x).

This calculation suggests that in order to preserve physically observable Lorenz force acting on the external sources,
we need to transform the source density simultaneously with the fields and the material parameters. As a consequence,
the equations governing the dynamics of the redefined fields read

19 4
rot (H' — X'E/) = - = (D' + X'B') + %j; : (S146)
div(D' + x'B’) = 4npl, , (S147)
10B" 4
ot B = - = - %j/m, (S148)
divB' = 4npl, . (S149)

We conclude, that in presence of the external sources — electric charges and currents — the dual axion medium can
be effectively described as an ordinary axion medium, but with the external electric and magnetic charges. Similar
conclusion could be made from a purely topological perspective - since field mapping , effectively maps
potential field onto the solenoidal field, one needs to introduce effective magnetic charges to fix that.

We can make even more general statement: in the absence of sources, a given medium with spacetime-dependent x
and Y responses can be described with a single effective parameter x’. To prove that, we apply the same redefinition
of the fields Eqgs. , to the material with both types of responses. The starting equations are

rot(H — xE) = %%(D +xB), div(iD+xB) =0, (S150)
rot(E + YH) = %%(BﬂzD), div(B — D) = 0. (S151)

Next we identify the effective material parameters as

14 =52
W= p—"— (S152)
1+ xx
14+ xx
r_
13 —5@7 (8153)
I
X — £X
r_ H S154
X T (S154)
and check the behavior of the two field combinations:
1+xx _ _ X~ £X %
H-YE="—"22 " 1B-—eyE)— — 2 (E+2B)=H - yE S155
X 1+%>22u( exE) 1+ﬁ~2( +u) XE, (S155)
1+ x¥ X X — 5X ;
D’ B =e—2% =B — (B -eyE)=D B. S156
XB = e (B UB) + 1B eAB) = D+ x ($150)
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From this we observe that the first pair of equations remains invariant, where all fields and material parameters
are replaced by their redefined values. At the same time we see that the equation is precisely . Hence,
in the absence of the sources our procedure allows to describe the medium with x and x responses with a single
nonreciprocal magneto-electric parameter.

SUPPLEMENTARY NOTE 8. DISTINGUISHING x AND yx: STATIC DIPOLE IN A SPHERE

To provide a clear-cut distinction between y and x responses we consider the following geometry. A sphere of
radius R possesses permittivity e, permeability p and axion response y or dual axion response X being placed in
vacuum. We study the excitation of this sphere by the probe static electric dipole dg, static magnetic dipole mg or
their combination placed in the center of the sphere (Fig. We calculate the fields outside of the sphere extracting
from those fields effective electric and magnetic dipole moments of the system. Solving this problem analytically, we
illustrate that y and y responses can in principle be distinguished in an experimental situation.

We start with a dual axion sphere and an electric dipole put inside. We present the fields inside as a superposition
of the electric dipole field produced by the probe dipole dy and some constant boundary-induced field, containing
both electric and magnetic components:

1
Ein = 6?[3(11 . do)n — do] + EO 5 Bin = BO . (8157)
The fields outside are a superposition of electric and magnetic dipoles, as it was calculated in Ref. [I0] for an axion
case.

Bow = 5[3(n- dy)n — dy]. (5158)
Bouw = %[S(n Smg)n —mg . (S159)

Note that for the chosen geometry unit radius-vector n = r/r coincides with the surface normal of the medium and
therefore we denote them by the same symbol n. We use boundary conditions for the dual axion medium

[Bl, = xDn, [H]=0, (S160)
[Dln =0, [E]s = —Xx Hy, (S161)

where rectangular brackets denote the difference of the field components at the boundary in the inner and outer
domains. Inserting the expressions for the fields into these boundary conditions yields a system of equations

R*n-By—¥2n-dy =2n-my, (S162)

n x By n X mg

- 1
. ome (5163)
on-d

s( ng O+R3E0-n>:2n-di, (S164)

d B
_nx 0+R3n><Eo+>2R3nXM 0~ nxdyg. (5165)

Supplementary Fig. 4. Geometry of the problem: a sphere with x or ¥ response is excited by the static dipole sources.
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Since the boundary conditions should be fulfilled at all points of the boundary, multiplications by n can be omitted
and the system can be resolved as follows:

3(p+2)
d; = do S166
X7+ (e +2)(n+2) 0 (8166)
6x
S — do, S167
T e c () (8167)
d—d
Ey =2 €R3° , (S168)
m

The induced dipole moments dg and my are observable as they can be retrieved from the fields outside of the
sphere. Equations (S166),(S167)) should be compared to the dipole moments found for an axion case in the same
geometry [10]:

3(2+ )
d, = do S170
ot et et (8170)
m, = A do . (S171)

23+ 2+ p)(2+e)

A comparison of the results in equations (S166)), (S167) and (S170), (S171) reveals that the induced electric dipole
moments are practically the same up to the corrections quadratic in x and x. In contrast, the induced magnetic
moments are markedly different.

As a next step, we assume that the effective material parameters in ¥ and x case are connected to each other via

the mapping Eqs. ((S135))-(S137). Combining the mapping with Eq. (S171]), we recover:

my 3xe
= — — .
do 2(p+2) +e(p+2x2+2)

(S172)

Importantly, this differs from Eq. (S167) by a factor of —£/2, so the results for the axion and the dual axion media
are nonequivalent even if the respective material parameters are related to each other via the mapping.

To resolve this issue, we recall that the external sources should also be transformed accordingly, i.e. we need to
compare the excitation of y sphere by electric dipole dg to the excitation of x sphere by the combination of electric and
magnetic dipoles. To demonstrate that, we solve the same problem but with a combination of electric and magnetic
dipoles dg and my inside an axion sphere (Fig. 4). We chose the fields inside and outside in the same form and the
only difference is in the nonzero magnetic dipole field inside:

Ein — 6%[3(n-do)n—do] +Eo, (S173)
Bi, = 713[3(11 -mo)n —my] + By, (S174)
Eout = %3[3(n -d)n—d], (S175)
Bow = 5 [3(n - m)n — m]. (S176)

The boundary conditions for the axion case are known to be

[Bl, =0, [H];=xE, (S177)
[E]; =0, [D],=-xBn, (S178)

where the difference of the fields in inner and outer domains is denoted by the square brackets. Resolving the system
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of equations with respect to the unknown parameters yields

d() —ed
Ej= ——~—— 1
0 ER3 9 (S 79)
m — 1m,
B, = QTO , (S180)
(e +2)mg — xpdg (s181)

2+ (e+2)(p+2)’
d— 6xmgo + 3(2 + p)do . (5182)
2+ (e+2)(p+2)

First, this result agrees with (S170]) and (S171) if we set my = 0. Second, we analyze the situation when the sources
are defined as

- p
mo=—xdi, do= g >~<25d1 (S183)
in agreement with the mapping, while the material parameters are expressed via Egs. —. We recover
Eqgs. , exactly, which illustrates the validity of the mapping.
Thus, we conclude that the dual axion medium with electric sources inside can be effectively discribed as an axion
medium with both electric and magnetic sources. Since in the experimental setting the type of the introduced external
sources is known in advance, it is possible to distinguish between y and Y responses.

SUPPLEMENTARY NOTE 9. SOLUTION FOR AN OSCILLATING DIPOLE IN x OR x SPHERE

In the section above we analyzed the scenario with static electric and magnetic dipoles exciting the structure. While
being conceptually clear, this derivation misses one important aspect: the metamaterial we suggest features nonzero
X response only for the time-varying fields. Therefore, it is important to prove that x and y responses can also be
distinguished in the case of time-varying sources and fields. To that end, here we compute analytically the fields
produced by the oscillating electric dipole exciting x sphere. In our analysis we follow Ref.[I0] employing multipole
expansion technique.

Symmetry of the problem allows to significantly simplify the treatment. If the dipole is aligned with the z axis,
the system has a full rotational symmetry with respect to z. Hence, the field expansion only includes vector spherical
harmonics with the azimuthal index m = 0. Furthermore, the spherical shape of the boundary ensures that the
boundary conditions only couple electric and magnetic multipoles of the same order [. As a result, the multipole
expansion of the fields inside and outside of the sphere includes only the harmonics with { = 1 (dipole field) and
m =0 (no dependence on the azimuthal angle).

Since the effects of spatially homogeneous x are manifested only at the boundary, the fields inside and outside
of a y sphere can be described in the usual way. Specifically, the fields are expanded in terms of vector spherical
harmonics [I1] as follows:

E = Z{ V x [ag(l,m)N;X; ] — anr(l,m) M X, } (S184)
B=>)" {aE (1L, m)N Xy + v x [anr (I, m) M X, m]}. (S185)
l,m

Here, ¢ = w/c, ag(l,m) and aps(I,m) are multipole coefficients, N; and M; are linear combinations of spherical Bessel
functions of the [-th order. Also,

1 N
Xim(0,¢) = mLYLm(ﬂ@)y (5186)

is a VSH of degree ! and order m, Y ,,(6, ¢) is a spherical harmonic of the same degree and order, and L=—irxV
is the angular momentum operator. Note also that in a spherical geometry surface normal vector n coincides with a
normalized radius vector n = r/r. We also use the identity

Vo (@) Xu] = - (g mx X /1T D2 (5187)
T ar | — T

Dofar) B
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Here we introduced for brevity a special derivative operator D, and an auxiliary VSH Z;,,. Note, that the first
term is tangential to the surface of the sphere and orthogonal to X ,,, and thus X ,,Z; ,, form a full basis in the
tangential space for each (I, m). The advantage of such multipole decomposition is that it allows to reduce the solution
of Maxwell’s equations to an algebraic problem of finding the expansion coefficients ag (I, m) and ays (I, m), and since
Xims Zim and nY] ,, are linearly independent for each (I, m) and between each other, if the boundary conditions are
also linear, we can find expansion coefficients separately for each set of [, m indices. This expansion is called multipole,
because every VSH of the I-th order corresponds to the respective term in the multipole expansion [11].

As we consider the excitation of the sphere by the dipole source, we include the terms of the multipole expansion
with [ = 1, while higher-order multipole harmonics vanish. The indices I and O correspond to the fields inside and
outside of the sphere, respectively. Then we write

VERS = 5V < (AR (@) + B (Qr) X0, )] = B (@r)Xao(6. ), (3188)
V) = (AR (Qr) + B (@) Xaolb.0) + 5V % 1B (Qr)Xao(6. ) (S189)
Eo = £V x [abh{" (ar)Xa0(6.0)] — alyhi" (ar)Xao(6. ), (S190)
Ho = alhi” (qr) X0 (0, ¢) + gv x [aX;hi) (gr)X10(0, 0))- (S191)

The radial functions for the fields inside and outside of the sphere are spherical Bessel function j;(gr) and spherical
Hankel function hgl)(qr), respectively. Here, ¢ = w/c, Q = /efiq. The electric dipole expansion coefficient A =
fidos,u3/2q3\/87r/3 is expressed via the dipole moment of the external source dy, while B,B,a% and afw are the
unknown coefficients. The choice of the radial functions is dictated by the physics of the problem: Hankel functions
for e™* time convention correspond to the outgoing spherical waves, while Bessel function is regular at the origin
and corresponds to the boundary-induced field inside the sphere.

For monochromatic fields it is sufficient to satisfy the boundary conditions for the tangential components, while the
conditions for the normal components are fulfilled automatically. The tangential boundary conditions read

Hlt == H2t, (8192)
Ey; — Eoy = xHy. (S193)
The tangential space of the sphere at each point is spanned by the vectors Xy and Zig. Therefore, each of the

boundary conditions (S192)), (S193)) yields two scalar equations. In total, at the boundary » = R we obtain four linear
equations with four unknowns B, B, a}, and a},

. A B
aShV(qR) = ——h" (QR) + —j1(QR), S194
rhi (qR) NG 1 (QR) \/ﬁjl(Q ) ( )
) B
@ Drhi(aR) = =D (QR): (5195)
B < - %
2 @QR) + iV (aR) = Xk (R), (5196)
A (1) B . <y (1) . (1)
D D —aXD = xaX,;D . 1
Vit rhy (QR)+6\/E rJ1(QR) — apDrhy ' (qR) = Xay, Drhy ' (qR) (5197)

We introduce the notations

71(QR)
== (S198)
h{"(gR)
Drji1(QR)
S\l B S199
Drh{" (4R) (5199)
h{" (QR)
= 200
! h{Y(qR) (5200)
5s_ Drhi"(QR) (5201)

Drh{"(qR)
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Supplementary Fig. 5. The ratios of the effective dipole moment to the dipole moment of the introduced source computed for
x and x spheres. For dual axion case the following parameters are chosen: R =1, =5, p =1, x = 0,03¢gR. For axion case,
the respective parameters e, fleff, Xeff are calculated via €, u, X using the mapping Eqs. (S135|), 18136 S137).

This allows us to rewrite our system in the matrix form

—« 0 1 0 Ay
Vi B Ay
oo | (B) [0
ol & x| (5202)
0 = X 1)l 0
8 0 -1 %) \ay A
e/l m
The solution of such system reads
A (e (8 — ap+ BX?) + d(ap - P))
B S
as(ap—B(R2+1) +B(B—ap) (5203)
z A/Epx(ad — B7)
b= 204
as(op—B(X2+1)) +B(B — an)’ (S204)
X _ Alap — B)(ad — Bv)
Y= (s (ap— B(E+ 1) + BB — ap))’ (S205)
ay = APx(By = of) (S206)

Vi (ez (B = ap+ BX?) + Blap — B))

Since the expansion coefficients of the fields outside the sphere are related to the effective dipole moments in the same
manner as the coefficients inside the sphere are related to the dipole moments of the external source, we evaluate the
ratios of the dipole moments as

a7E 3/2 i

el & (S207)
an 32 M

el & (S208)

For consistency, we check that the static limit of our solution coincides with an analytical result obtained in the
previous section. The static limit of our expression is obtained via Taylor series expansion and yields

m 6

dol,g P

do | 4= (e+2) (1 +2) 4 2ex?’ (5209)
d 3(u+2)

dofy_y : 21
dol,—g  (e+2)(n+2)+ 2% (5210)

This coincides with Egs. (S166)),(S167|) obtained previously.
The same calculation has been performed in Ref. [I0] for the axion sphere. The coefficients of multipole expansion
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in this case are

Ao — B)(ad — )
Vi (ae(op—B) + B (B —an(x* +1)))’
- adyix(ad — 3y) . (S212)

ag(B —oap) + Blap(x* +1) = B)

The other two coefficients are irrelevant to our purposes. Comparing this result to Eq. and , we observe
that in the first order in x and X coefficients a}, and a% coincide and their difference is of the second order at most.
Since the typical values of x are well below unity, the dipole ratios d/dy practically coincide. On the other hand, a},
and a}z/l differ already in the first order in x and y as illustrated in Fig.

Inspecting the obtained results, we observe that the induced effective magnetic dipole moment features the nontrivial
dependence on frequency. At certain frequencies the induced magnetic dipole vanishes which corresponds to the non-
radiative current configurations. For the case of axion sphere, the positions of these zeros are dictated by the zeros
of the Bessel function j;(y/2uqR), which can immediately derived from the fact that a}, is proportional to o. At
the same time, aij is proportional to 8. Therefore, in the dual axion sphere the non-radiative current configurations
appear at zeros of Dgji(y/Ef1qR).

Thus, frequency dependence of the induced magnetic dipole moment allows to clearly distinguish x and Y responses
in the dynamic case as well.

ak, = (S211)

a

:X

SUPPLEMENTARY NOTE 10. ADDITIONAL NUMERICAL SIMULATIONS

In this section, we provide additional numerical simulations aimed to clarify the physics of the dual axion response.

First, we examine whether one can observe any difference between axion and dual axion responses in the presence
of the material losses. To address that, we simulate the excitation of a spherical metamaterial structure by the finite-
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Supplementary Fig. 6. The influence of Ohmic losses on the distinction between the axion and the dual axion responses.
Spherical metamaterial structures have the same geometric parameters as in the main text, but with no cavity inside. The
antenna has length L = 4a, where a is the metamaterial period. The material parameters for the lossless case (a) are the same
as in the main text. In the case of lossy structure (b) we assume € =5+ 0.54, p =1+ 0.14, ge = 4 + 0.44. Parameters of the
dual axion medium are computed from the mapping. (a,b) Electric dipole moment of the structure versus frequency normalized
to the magnitude of the source electric dipole. Cases with no losses (a) and with losses (b). Solid and dashed lines correspond
to the axion and dual axion metamaterials, respectively. Red and green lines correspond to the electric dipole moment, blue
and orange curves correspond to the magnetic dipole moment multiplied by the factor of 2 for better visibility.
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length dipole antenna in the presence of moderate losses incorporated as imaginary corrections to the permittivity,
permeability and gyrotropy of the layers. Inspecting the field outside of the metamaterial and projecting it onto the
vector spherical harmonics, we extract electric and magnetic dipole contributions to the field produced by the entire
structure. These effective electric and magnetic dipole moments are evaluated for the entire range of the excitation
frequencies from 2 to 8 GHz. Compared to the lossless case [Fig. Eka)], the characteristic resonant peaks in the
spectrum become less visible [Fig. Ekb)] However, the two types of response can still be reliably distinguished due to
the different values of effective magnetic dipole moment.

Next, we have simulated a spherical metamaterial geometry with a void inside [Fig. Eka,b)] for the two representative
cases: (a) the size of the antenna is smaller than the void; (b) the size of the antenna is larger than the diameter of
the void. The rest of the parameters are identical to those in the main text.

In the former case, the fields outside of the structure computed for x and X cases are identical [see Fig. [7[c)]. This
result agrees with the mapping, which states that the response of the two media to the arbitrary field incident from
outside should be the same.

In the latter case, the antenna is larger and slightly penetrates into the metamaterial [Fig. [f{b)]. Quite remarkably,
the difference between x and x media already shows up resulting in the different values of the magnetic dipole moment
produced by the entire structure [Fig. m(d)] These simulations clarify when the sources could be considered “inside”
and when “outside” of the metamaterial.

Finally, we analyze the distinction between x and x responses when the planar metamaterial is excited by the
peridic array of point electric dipoles. The structure under consideration is based on a multilayer stack of alternating
magnetized layers [Fig. a,d)]. Each unit cell consists of two oppositely magnetized layers, each of thickness 2 mm,
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Supplementary Fig. 7. Probing the distinction between axion and dual axion responses using antennas of the different sizes.
(a,b) Considered geometries. The metamaterials have the same geometric parameters and material parameters as in the main
text. (c,d) Effective dipole moments of the structure normalized to the dipole moment of the introduced antenna as a function of
the driving frequency for the geometries (a,b). Solid and dashed lines correspond to the axion and the dual axion metamaterials.
Red and cyan lines depict the electric dipole moment, blue and magenta lines show the magnetic dipole moment multiplied by
the factor of 4 for better visibility.
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Supplementary Fig. 8. Distinguishing conventional (x) and dual () axion responses in a multilayer metamaterial in planar
geometry. We consider a multilayer stack composed of 18 alternating gyrotropic layers (9 unit cells). We use periodic boundary
conditions in the transverse (z and y) directions. The effective permittivity and permeability of the layers are chosen as ¢ = 5
and p = 1, while the gyrotropic coefficients g = 4 and g, = —0.8 are related via the mapping. (a) Electric field distribution
under plane wave excitation, illustrating the typical configuration used to probe metamaterials in reflection and transmission
experiments. (b,c) Reflection and transmission coefficients computed for x (gyroelectric) and x (gyromagnetic) media show
near-perfect agreement, in accordance with the mapping that renders these responses indistinguishable in the absence of sources.
(d) Field response under localized dipole excitation placed inside the multilayer stack and oriented along the y-axis. (e,f) The
electric field measured along the z-axis reveals a distinction in the F, component between x and x media, particularly between
3-4 GHz, while the E, components remain nearly identical.

resulting in a total of 9 unit cells for both the gyroelectric and gyromagnetic metamaterials. The material parameters
used are € = 5, u = 1, with gyrotropic coefficients g. = 4 and g,,, = —0.8 chosen to satisfy the theoretical mapping
condition.

Using this configuration, we first compute the transmission and reflection coefficients for a normally incident plane
wave polarized along the y-axis, propagating in the z direction [Fig. a)]. The electric field components are extracted
22 mm before and after the multilayer slab. The results, shown in Figs. b,c)7 are consistent with both the theoretical
predictions and the numerical transfer matrix results presented in the main text and the Supplementary Material.
As expected from the mapping between y and ¥ responses, the co- and cross-polarized transmission and reflection
coefficients are nearly indistinguishable for plane-wave excitation.

Next, we place an oscillating electric dipole source at the center of the multilayer stack, oriented along the y-axis
[Fig. a)]. In vacuum, such a dipole would radiate only an E, component along its symmetry axis (z-axis), but the
presence of magneto-electric coupling in the gyrotropic multilayer induces a nonzero F, component in the far field.
Due to the periodic boundary conditions applied in the transverse directions (z and y), the simulation effectively
corresponds to a planar array of synchronized dipole sources with 20 mm spacing. This experimental setup enables
a clear distinction between y and x responses, as evidenced by the pronounced difference in the x-polarized electric
field component shown in Figs. e,f). The simulations were performed using the commercial software COMSOL
Multiphysics, applying periodic boundary conditions in the transverse directions (x and y) of the multilayer stack.
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SUPPLEMENTARY NOTE 11. NONRECIPROCAL OPTICAL DECOY

The possibility of coexistence of both x and x responses in the same material, along with the mapping —
allows for the following interesting effect.

Consider a medium with the set of the material parameters €, u, x, X, and an arbitrary shape placed in the vacuum.
Additionally, assume that these parameters obey the relation ¥ = £x. In accordance with Eq. , this means
that the effective axion response yeg of such a medium is zero. In the other words, an arbitrary scattering experiment
will not reveal any sign of the material nonreciprocity; the effects due to x and x will be precisely compensated. This
agrees with the other results of our study. For instance, Eq. suggests that the planar metamaterial slab with
X = £x exhibits no cross-polarized reflection, providing only co-polarized components both in the transmission and
reflection.

At the same time, interaction of such a medium with the external sources could reveal the nonreciprocal nature
of the material. Indeed, one may solve the problem of a static dipole in a sphere composed of the mixed medium
analogously to Sec. 8. The fields inside and outside of the sphere are considered to be the same as —. The
boundary conditions are

[Bl, = X¢e B, [H]; =xE (S213)

D], = —xBin, [E]:= _%Blta (S214)

where index 1 stands for the fields inside. Resolving the boundary conditions as before, we will obtain for the induced
dipole moments outside

3(p+2)(xx+1) do

(XX +1u+2X2+2) + 2 (2 +p+2xx +2)
3(xx + 1) (px + 2%)

e (uxX +p+2X2+2) + 2 (ux? + p +2xx + 2)

ding = (8215)

do, (S216)

Mind = —

where dj is a dipole moment of antenna inserted inside.
In the limits xy = 0 and y = 0 we recover already known Eqs. (S166)), (S167)) and (S170|), (S171) respectively. If we
now require ¥ = £, these solutions turn into

3do _ 3do px

_ = . 8217
et [Mnd e u+2 ( )

dind

Thus, the effective magnetic dipole moment of the structure does not vanish, even though the signatures of nonre-
ciprocity in the scattering experiments are absent. We term this concept a nonreciprocal optical decoy.
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