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I Network Dynamics and Topologies

A Network dynamics

We study six representative one-dimensional homogeneous network dynamics spanning the
fields of biology, ecology, epidemics, and neuroscience.

Biochemical Dynamics (Bio): Biochemical processes within living cells are mediated
by protein-protein interactions in which proteins bind to form protein complexes [1].
Its dynamics of biochemical reactions can be formulated as: X;(t) = F; + B; X;(t) +
Z;V:l A, ;X;(t)X;(t), where X;(t) is the concentration of protein ¢ at time ¢, A; ; is the
effective rate constant of interaction between proteins ¢ and j, and F; and B; denote the
average influx rate and degradation rate of proteins i, respectively. For simplicity, we set
Fi =1 and B,L =—-1.

Gene Regulatory Dynamics (Gene): The dynamics of gene regulatory networks can be

described by the Michaelis-Menten equation [2, 3], given by X;(t) = —B;X;(t)! +
. h
Zjvzl AM%. The node state X;(¢) is the expression level of gene i. Parameter B;

controls the decay rate. When f = 1, the first term on the right-hand side represents
degradation, where the expression level of gene ¢ decreases over time. When f = 2, it
describes dimerization corresponding to two or two of the same molecules together to
form dimers. The second term captures genetic activation, where h > 0 represents the Hill
coefficient, quantifying the saturation rate affected by neighboring nodes. We set B; = 2,
f =1, and h = 2 here.

Mutualistic Interaction Dynamics (MI): The dynamics of mutualistic interactions between

. . . - X; X;
species in ecology can be described by X;(t) = b, + X;(¢)(1 — %)(ﬁ -1) +

Ci

Z;V:l A d,y—&-ejgz'%)}iji(L?Xj(t)' The abundance X;(t) of a captured species in a mutualistic
differential equation system [4] consists of an afferent migration term b;, a logical increase
in population capacity k;, an Allee effect with a cold starting threshold ¢;, and a mutual-
istic interaction term with the interaction network A. The parameters are set as b; = 1,
]ﬂi = 5, C; = ]., dz = 5, €; — 09, and hz =0.1.

Lotka-Volterra Model (LV): The Lotka-Volterra model (LV) [5] describes the population
dynamics of species in competition: X;(t) = X;(t)(a; — 6; Xi(t)) — Zjvzl A i X (6)X,().
Similar to mutualistic dynamics, the node state X;(¢) represents the population size of
species i, the growth parameters of species 7 denoted by «;, 6;, are both positive constants.
In experiments, we sample «;,6; from a uniform distribution within the range [0.5,1.5].
For specific simulations, we set the values of «; and 6; to 0.5 and 1, respectively.

Neural Dynamics (Neur): The firing rate of a neuron can be described by the Wilson-
Cowan [6] model as X;(t) = —X;(t)+ Zjv A; j(1+exp(—7(X;(t)—p)))~'. In this model,
X (t) represents the activity level of neuron 4, while the parameters 7 and p determine the
slope and threshold of the neural activation function, respectively. For our experiments,
weset 7 =1and p=1.

Epidemic Dynamics (Epi): Epidemic dynamics can be used to describe the outbreak of
infectious diseases [7] as: X;(t) = —&; X(t) + Z;V=1 A; (1 — X;(¢))X;(¢t). In this model,
each node can represent an individual, where the node state X; € [0, 1] corresponds to the
infection probability of node ¢. The parameter §; represents the rate at which individuals
recover from infection, which is set to 1.0 in our experiments.

Kuramato Dynamics (Kura): Kuramoto model [8] is a classical mathematical model
to study the synchronization phenomenon of coupled oscillators. Xl(t) = w; +
62?:1 A; jsin(X,;(t) — X;(t)), where X;(¢) denotes the phase (angle over time) of the
i-th oscillator. Let w; denote the natural frequency of the i-th oscillator, which follows a
Gaussian distribution. € represents the coupling strength, which controls the strength of
the interaction between the oscillators.

FitzHugh-Nagumo model (FHN): FHN is a neuron model that describes the excitatory
behavior of neurons. As a simplified version of the Hodgkin-Huxley model, it is pri-
marily used to study neuron action potentials.X;;(t) = X;1(t) — X7 (t) — Xio(t) +



€ Zjvzl A;j W, Xio (t) = a+bX;1(t)+cX; 2(t) The first component X; 1 denotes
the membrane potential containing the self and interaction dynamics, K, is the in-degree
of neuron 7 (denoting the number of afferent connections to node ¢), and e = 1. The second
component X; » denotes the recovery variable. We set a = 0.28,b = 0.5,c = —0.04.

Predator-Prey model (PP): This is a heterogeneous system [9], where the node state rep-
resents the position of each individual. Nodes are classified into two roles: a single predator

. Y X]‘ — X . . , _ i -
(i = 0, Xo(t) = 2megie) and multiple preys (i > 0, X;(t) = b=l +

+ Z;v:l (m%)(&((tt))lg +a(X;(t) — X; (t)))), leading to three types of pairwise interac-
tions: predator-prey, prey-predator, and prey-prey. The interactions between prey are
modeled to exhibit paired short-range repulsion and long-range attraction. we set a, b,
and ¢ to 1.0, 0.2, and 0.7.

Rossler system: The Rossler system is a set of ordinary differential equations describing
chaotic dynamics. X;1(t) = —X,a(t) — Xis(t) + 62;\/:1 A (Xj1(t) — X (), Xia(t) =
Xi1(t) + aXio(t), Xis(t) = b+ Xis(t)(X1(t) — ¢), where € = 0.15,a = 0.2,b = 0.2 and
¢ = 5.7 are system parameters. The first dimension shows that the change of X;; is
driven by the negative coupling of X;5 and Xj;3, which is similar to the damping effect.
The second dimension shows the variation of X;s consisting of the linear actuation of Xj;;
and its own feedback with the coefficient a controlling the strength of the feedback. The
third dimension is the key nonlinear term. The constant b provides the base growth rate
for X;3, while X;3(X;1 — ¢) introduces a threshold mechanism: when X;; > ¢, X;3 grows
exponentially; and vice versa. This ”switch” behavior leads to the stretching and folding
of phase space trajectories, which is the source of chaos. _

Lorenz system: Xﬂ(t) = a(Xig(t) — Xil(t)) + 62;»\[:1 Aij(le(t) — Xil (t)), Xig(t) =
Xl' (t)(?’ — X23(t)) - Xig(t), Xig(t) - le(t)XzQ(t) - szg(t), where a = 10,6 = 005,
r = 28 and b = 10/3 are system parameters. The first dimension indicates that the change
in X;; is driven by the difference between X;» and Xj;1, the coefficient a (Prandtl num-
ber) controls the transfer rate of the difference. The second dimension contains two key
roles: X;1(r — X;3) is the nonlinear coupling term that introduces the feedback from X;3
to X;1, and X5 is the damping term, which suppresses the growth of xz;5. The param-
eter r (Rayleigh number) determines the stability of the system. The third dimension
X1 X2 — bX;3 combines energy conservation and nonlinearity. The term X;; X;» denotes

the synergy between X;; and X5 to drive growth in X;3.

In fact, the ratio of nonlinear to linear coupling in our testing systems is 11:4. The spe-
cific description is shown in Supplementary Table 1. The experimental results in our work
indicate that the proposed LLC consistently recovers the network dynamics equations
accurately, regardless of whether the system exhibits linear or nonlinear coupling.

B Network topologies

Network topology plays a crucial role in the evolution of node states. In this work, we investi-
gate four network topologies: the Erdds-Rényi (ER) network [10], the Barabési-Albert (BA)
scale-free network [11], and two empirical networks, namely C. elegans [12] and Drosophila
[13]. Below, we describe the unique process used to generate each of these topologies.

Synthetic networks: (1) Erdés-Rényi (ER) network [10], also known as a random network,
is characterized by node degrees drawn from a Poisson distribution with mean degree
k = (n — 1)p, where p is the probability of edge creation. (2) Barabdsi-Albert (BA)
network [11] is characterized by a power-law degree distribution. The network topology
is constructed using a preferential attachment mechanism: starting with an initial set of
nodes, new nodes are iteratively introduced. Each new node connects to existing nodes
with a probability proportional to their degree.

Empirical networks: (3) the neural connectome of the C.elegans [12], the nematode worm
Caenorhabditis elegans, consists of the 279 neurons between 2990 synaptic connections
on the cellular network. (4) Drosophila [13], the cellular connectome of the mushroom
body region in Drosophila melanogaster (fruit fly), which includes neurons that project



Supplementary Table 1: Description of coupling term types

Coupling Specific classifica- | Network Governing equations
term type | tion dynamics
FHN X)) = Xa — X3 — X -
(X;—Xi)
Linear Linear € Z; 1 z‘g R
Rossler XrL 1( ) = _Xz2 13+6E§V:1 AU(XJ _Xi)
LOI‘el’lZ xl 1(t) = 10( 2 — 11)+EZ§'V:1 A“(Xj _Xi)
Heat ()7052 Aij (X — X5)
Bio Xi(t) = 1—x1+2] 1A (X *X)
Multiplicative coupling | Gene X;(t) = —2.000z; + Z LA iy
. J
terms v Xi(t) = 05X, — X2 — Zjil A XX,
Nonlinear Epi Xl(t) =-z;+ Z]‘=1 A X5 (1= Xi)
High-order2 X;(t) = —-0.3X; + Z]’k Aiijij(l — | Xi))
Asymmetric/directional | MI Xi(t) = 1 — 0. 2X3 + 12X2 — X; +
1i N X; X
couping EJ 14 540.9%; +0 1X;
Ix;-x ;
Predator-prey Xot) = ~ EJ 1 ﬁ,){ix)(t) =

X; =X
bk xeE TN e 1<\X i TalX; X)>

Nonlinear  excitation

coupling

Kuramoto
Neural

High-orderl

Real datasets

Xi(t) = wi + 3250, Aijsin(X; — X;)

Xl(t) =-X; + z;vzl A”m
Xi(t) = S0 Aijrexp (X5 — X5 (X5 —
X3) (X — X))

Showing obvious nonlinearity,

and the inferred coupling terms

contain — <24 bX; aXi_ and so on
a+bX;+cX;’ X /X5 X;+b

their axons into bundles similar to paired mushrooms, can be accessed through https:

/ /neuprint-examples.janelia.org/.

The ER network is primarily used to generate data for comprehensive comparative
experiments on one-dimensional homogeneous network dynamics, while the BA network and
two empirical networks are mainly employed for data generation in the context of inferring
multi-dimensional, heterogeneous, and chaotic network dynamics.

Supplementary Table 2: Explanations of network extension and supplementation
in different experimental scenarios.

Scenario Topology

Bio ER, Poisson distribution, No Scale-free
Gene ER, Poisson distribution, No Scale-free
MI ER, Poisson distribution, No Scale-free
LV ER, Poisson distribution, No Scale-free
Neural ER, Poisson distribution, No Scale-free
Epi ER, Poisson distribution, No Scale-free

Multi-dimensional Dynamics (FHN)

Predator-prey network dynamics

Rosssler dynamics
Pedestrians dynamics
COVID-19 dynamics

Robustness valuation experiment

Barabasi-Albert, Power-law distribution, Scale-free

Drosophila, Power-law distribution, Scale-free

C.elegans, Power-law distribution, Scale-free
Fully connected, No Scale-free

BA, Power-law distribution, Scale-free
Dynamic topology, No Scale-free

BA, Power-law distribution, Scale-free

BA, Power-law distribution, Scale-free



https://neuprint-examples.janelia.org/
https://neuprint-examples.janelia.org/

C Initial conditions, sampling intervals, and end time of inferring
and predicting

To ensure the reproducibility of our findings, we provide a comprehensive list of parameter
settings on the initial conditions, sampling intervals, and end time of inferring and predict-
ing, where let T' and T,,4 denote the end time of inference and end time of prediction,
respectively. If not explicitly stated, the number of nodes (N) is set to 100. The simula-
tions encompass dynamics from time ¢ = 0 to T" or T¢,q with a step-size §t. Supplementary
Table 3 presents the initial conditions, sampling intervals, and end time of inferring and
predicting used to simulate network dynamics data.

Supplementary Table 3: Initial conditions, sampling
intervals, and end time of inferring (T') and predicting
(Tena) used to simulate network dynamics data.

Dynamics Initial Condition (¢ = 0) ot T Tena
Bio Uniform distribution(0,2)  0.0001 0.1 0.5
Gene Uniform distribution(0,2) 0.01 5 10
MI Uniform distribution(0,2) 0.001 1 5
LV Uniform distribution(0,5) 0.0001 0.1 0.5
Neur Uniform distribution(0,2) 0.01 5 10
Epi Uniform distribution(0,1) 0.001 1 5

D Description of mask settings
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Supplementary Figure 1: An illustration for O = X (t), A, M, M,. X(t) € RT*¥ stores
all observed time series and the mask has the same shape as X (¢), indicating which nodes
has been observed (its values on the corresponding position is set to 1,otherwise it is 0).
A €0, 1Y%V represents the topological structure at time. M, and A have the same shape,
indicating that the edge is valid during the experiment (its values on the corresponding
position is set to 1,otherwise it is 0).

The introduction of the observation mask M, and the topology mask M, during the
training process can effectively differentiate between real observations and missing data.
By leveraging the known node topology structure, these masks help reduce the uncertainty
caused by missing data or an incomplete structure. This leads to more accurate gradient
calculations, thereby improving training efficiency and convergence speed. In addition, this
mechanism enhances the robustness and generalization ability of the model, ensuring that



it can still maintain high prediction performance and adaptability in the face of irregular,
partially missing or unknown structure data. Supplementary Figure 1 gives a schematic illus-
tration of the interpretation for dimension. Specific mask settings for different scenarios are

listed in Supplementary Table 4 (M, (t,

;,:) = 0 means that all nodes are completely missing

observations at time t. M, (i,5) = 0,j € N'(i) indicates that the topological information at
node i are completely missing. )

Supplementary Table 4: Mask Settings in Different scenarios.

Experiment Settings for M, Settings for M,
scenarios
0, t>0.5T
One-dimensional M. (t,:,:) = { o= Ma(i,5) =1
network dynamics 1, otherwise
(Section 2.2)
0, t>0.5T
Multi-dimensional My (t,:,:) = { o Ma(:,:t) =1
network dynamics 1, otherwise
(Section 2.3)
predator: M, (%,5) =
1, i=0 1, i=0Aj€? ighb.
predator: Ma (4, ) — , 1 . , 2 .] € ©’s neighbours
0, otherwise 0, otherwise
Heterogeneous network ) rey: Ma(i, j) =
dynamics (Section 2.3) | prey: M, (:,4,:) = L i>1 prey: Malt,3) =
CTEA 0, otherwise 1, i>1Aj € i’s neighbours
0, otherwise
Chaotic systems Me(:,::) =1 Mq(::)=1
(Section 2.4)
Empirical pedestrians My(:y::) =1 Mqy(::)=1
dynamics (Section 2.5)
Total: My (:y:,:) =1 Total: Mg (:,:) =1
Empirical epidemic Each: M, (: i # target regi Noach: Mo (i, 5) i # target region
spread (Section 2.5) otherwise otherwise

Evaluation on
robustness (Appendix
D)

Noise state: My (:,:,:) =1

Topology missing: My (:,:,:) =1

Noise state:Mq(:,:) =1
Topology mlssmg Mo (i,5) =

1, ¢>1Aj € ’s neighbours
0, otherwise

II Details of Neural Architectures in Signal Decoupling

The detailed architectures of the neural networks P!, %, 9 and %2 in QG and
QU*er) are provided in Supplementary Table 5. They were trained using a random division

Supplementary Table 5: The detailed architectures of the neural networks
P! %, P9 and 92 in Q) and QUnter) where d is the state dimension

of the system.

Neural networks Pl )90 It p92
Linear(d,50) Linear(2d, 50) Linear(d,50) Linear(d, 50)
Rational Rational Rational Rational
Layers Linear(50, 50) | Linear(50, 50) | Linear(50, 50) | Linear(50, 50)
Rational Rational Rational Rational
Linear(50, 50) | Linear(50, 50) | Linear(50, 50)
Rational Rational Rational
Readout layer Linear(50, d) Linear (50, d) Linear (50, d) Linear(50, d)

of the timestamps into training and validation sets, with ratios of 0.8 and 0.2, respectively,



and trained for 1,000 epochs using the AdamW optimizer. The optimization process stops
when the error on the validation set falls below a certain threshold, or it stops early if
the multi-step validation error remains unchanged. The learning rate was searched in the
range of [1e-3, le-2], the weight decay value was set to 0.001, and the hidden dimension was
set to 50. Note that, we employ a smooth, trainable activation function derived from the
rational function in Supplementary Table 5. There are practical and theoretical reasons for
choosing rational functions. First, rational functions are computationally efficient, particu-
larly because the polynomials connected by the multivariate operators are well suited for
parallel computation. Second, rational functions can approximate a broader range of func-
tions more efficiently and accurately than polynomials, especially those with singularities
or sharp changes. The specific rational activation function can be formulated as:

PXi(t) _  ifyaiXi(t)
QX)) 14123200 X))

R(Xi(t)) =

where P and @) represent two polynomials, the numerator and denominator respectively.
rp and rg are set to be 3 and 2, respectively. The specific values of a and b are set as:
ag = 1.1915,a; = 1.5957, ax = 0.5000, a3 = 0.0218; by = 2.3830, by = 0.0000, by = 1.0000.

IITI  Training Set for Transformer

We randomly synthesize a large number of expressions as the training set for transformer
model. Each randomly generated expression tree contains at most five non-leaf nodes, and
its operators and leaf types are sampled from a weighted distribution. After executing the
variable dependency rule, we convert the expression from prefix notation to infix notation,
simplify it with Python package “Sympy”, and insert constant placeholders for later regres-
sion. In fact, the specific details are consistent with the process of producing expressions in
the paper [14].

After generating the training set, we further verified whether the items of expressions
in the experimental network dynamics scenarios in this paper appear in the training set.
We conducted a matching statistics on the overlap between the testing scenarios and the
expressions in the training set. The results show that although some basic symbol forms
such as X;X;, X; — X; or sin(X; — X,;) may exist in the training data, the more complex
composite forms did not appear in the training set. In particular, many typical evaluation

2
systems, such as exp (I| X — X;|) [(X; — X;) + (X — X3)], X),?(ip axﬁib))(éﬁw etc. exhibit
complex or multivariate interactions that far exceed the simple symbolic expressions in
training set. This also demonstrates that pre-trained models on a large number of equations
may emerge to handle complex tasks.

To verify that overlap has nothing to do with the validity of this paper, we conduct com-
parative experiments with LLC+GP and GNN+GP, where neither method employs symbol
converters during inference. The results (Supplementary Table 6) show that LLC+GP con-
sistently maintains higher fidelity in recovering the underlying dynamics, especially on the
more challenging benchmarks. This demonstrates that the advantages arise primarily from
the decomposition strategy itself, rather than from any memorization by the pre-trained
transformer.

IV More Results of Inferring One-Dimensional
Network Dynamics

A Comparison of discovered equations

Supplementary Table 7 shows the discovered equations for each network dynamics scenario,
demonstrating the capability of various methods to learn interpretable network dynamics.
TPSINDy-H g, which includes only the basic operations, and TPSINDy-Hyy, which lacks
the function terms of the ground truth, both struggle to infer the correct form of the
equations for all dynamic systems. Although TPSINDy-Hy with a library containing the



Supplementary Table 6: Compares LLC+GP and GNN+GP in different scenarios

Scenario

True

GNN-+GP

LLC+GP

Ours

Xi(t) =1— X+

X, () = 1.130(1 — X;)+

X, (t) = 0.979 — X+

Xi(t) =1— X+

Bio SN AL (XiX;) SN AG(XiX;) SN A (X X5) SN LAG(XX;)
j=141ig\Aity j=141g i g j=14ig\Aity j=144ig\Aity
. X (t) = (0.5 — X;)X;—|X;(t) = (0.486 — 0.998X;) |X;(t) = (0.486 — 0.998X;) |X;(¢) = (0.5 — 1.002X;)
S AGXG X Xi =300 Aij X5 X, Xi = 300 A X5 X, Xi = 200 A X X
Epi Xi(t) = - X + E;'V=1 Xi(t) = —1.000X;+ X:(t) = —1.023X, + Zjv:l Xi(t) = —1.000X:+
Ay X (1= X3) (SN AGX (1 - X)) Ai1.023X;(1 — Xi) [0, A X5 (1 — X))
X, (t) = —2.000X;+ [X;(t) = —1.000X;+ X, () = —1.999X,; + X, (t) = —2.000X;+
2 2 2 2
Gene ZLAMﬁ Z_;_vzlAijﬁ zleA”ﬁ Z_ﬁilAnﬁ
oy [0 THES 0) = —osoex, + o[ T :ijf S :XJ-ZL
4TI Ay (027X, +0262) Ay A e
X (t) = 1.2X7 — 0.2X} Xi(t) = 0_722){3 +1  [Xi(t) =0.456 + (0.197X7 + 5.213)| X, (1) = X2(1.20 — 0.20X;)
i X1+ RN Ay —0.170X% + SN AL (0521 — X;) + 300 Aig| —Xi +0.854 + 3, Ay

XX

540.9X; +0.1X;

(0.192X; X; 4+ 0.004X
J J

XX,

XiX;

4.989 4 0.899X; + 0.100X;

4.864 + 0.905X; + 0.105X;

same function terms as ground truth, and TPSINDy-Hr with sufficient basis functions can
partially restore the terms of the equation, they still fails to accurately infer the coefficients.
That is to say, improper basis library settings, stemming from a lack of prior knowledge,
make it even more challenging for TPSINDy to correctly identify the dynamics equations.

On the contrary, the proposed LLC can directly and accurately infer the dynamics
equations from the node states. Additionally, it can further enhance the TPSINDy. When the
terms obtained through the LLC are used as the basis function terms for the TPSINDy, the
sparse regression method can accurately identify the dynamics equations. This is supported
by comparing the discovered equations of TPSINDy-Hy and LLC+TPSINDy.



Supplementary Table 7: Comparison of inferred equations of network dynamics.

Methods Bio Gene MI LV Neur Epi
0 N X . Y _ .
: N Xi = —2.000Xi+ Xi=1+X(1- )X - 1) Xi = 0.5X; — X7~ Xi= =X+ 354 Xi=—Xi+ 20,4
True Xi=1-X,+ ijlAini,X]' N X2 N 5 x N o4oxx 1 b% = ¥
D ] 2 =14 srvex soax, L= AuXi s 1te 5D )
X; = 0.004e N X, = —1.163X; + S0 . X; = —0.181X7— X; =-0.123X2+8.352+ X, = —0.769X7 + 30 Ay
TPSINDy—Hp R ‘ iy ey AT Sx. N : ’ e
A;;0.494X, X, Ay (2.008 4 0.026X ) SN A 1135X, X, >N A;1.1285in(X,) 1.330 (X; — X;)
TPSINDy_% X, = 0.078X% + Z;\il X, =2.071 — 0.853X;+ X; = 1.047X; — 0.015X7 + Z;,Vzl X; = —0.894 — 0.084X7? X; =—4.278X,428.343+ X; =4.126 + ZjvzlA”
y—7iN - X2 N —0.215
A;;0.923X, X ZLA,;JO.USOH;(? Aij (0.01X; — 0.281 (X; — X)) -3 A LA2X X, Vi Ay (~1.286X; — 0.147X; X;)
- ) 5 302X, 5 81872 —G32.033 : Y —
Xi =2a25cosX+ BB 555, §, = 22K oW Xi= ——po +5536sin(X,) X = gy + X0 Ay Xi= ey 15621 - 2L . —0.605X°
TPSINDy—Hw 3I51X,X;  0.590(X;—X;) Kiy 7 e(=(Xi=10) ¢ 047LX, X X, - X Xi= Trx Z;V:1Ai.i0-127
A X1 K ) Ajj1.204(X,-X0)/ Kin +9.506 + Y1 | 4;;0.002; (1499720202 Aij(0.074X; +0.321= L+ X
. \ —2.154el1 ¢ — —00-800 (X, . . ; 3
X, = —0.005X7 + N 4, = Xi= ooy F0T2eos(X) %, — 0200 1 Xi =—0.451X:40.150 X; = —0.259X7 +0.138+
TPSINDy—#r (0.859X; X 5(X,— X, CN 27.055X; N A 1.078X: X +3 N A8 N 4 —0.007(X;X;)°
0.859X; X;40.025(X; — X;)) ijlAijo_lﬁs +T +Zj:1AU0 ijl. i j=1441 e~ (%=1 ijl IR )
) Xi = —1.000X;+ X; = 0.722X2 - 0.170X7 + 14+ X; = 0.486X; — 0.998X? X, =—0.506x,+ S X, = —1.000X; + SN A,
GNN+GP X =1130(1- X)) + X Ay X, X, N X v ’ : ! . : i 6Xit Yo i i+ 2
i1 Aijarke 205214 (0.192X;X; + 0.004X;) =2 A XX A;j(0.237X;+0.262) X;(1-X;)
X; = —2.000X,+ Xi=1.136X2-0.197X3—0.534X:+ X, — 0.499X, — 1.000X2_ Xi = —Xi+ Y, Ay X; = —1.000X; + °F
LLC+TPSINDy | X, =(1-X)+ Y A, XX 2 ‘ ’ ' ' ST g
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save space, we overlook the time t when presenting the equations.



B More performance comparison

In addition to the two indicators presented in the main text, namely the R2 score and Recall,
we introduce more performance comparison metrics here to provide a more comprehensive
comparison.

e Mean Relative Error. MRE (Mean Relative Error) is the mean absolute difference
between the predicted and true values, normalized by the absolute value of the true values.
By accounting for the scale of the true values, it provides a consistent evaluation across
datasets with different magnitudes, making it universally applicable. It can be calculated

as:
N T 5
1 Xi(t) — Xi(t)
MRE = — _—
w22 T xm
where, N and T are the number of system nodes and the maximum prediction time,
respectively. X () is the predicted state of node ¢ at time ¢, and X, (¢) is the ground truth.
¢ Mean Absolute Error. MAE quantifies the mean absolute error between the predictions
and the true values over all nodes and at all times, which can be calculated as

1 A~
MAE = 7> 0 1Xi(t) = Xi(1)],

=1 t=1

where, N and T are the number of system nodes and the maximum prediction time,
respectively. X;(t) is the predicted state of node i at time ¢, and X;(¢) is the ground truth.

® L, error. This error provides a measure of how closely the identified coefficients match
the true coefficients in a relative sense, which can be seen as a quantitative indicator of
whether the discovered equation is correct in form.

|§pre - gTrue |2

Lo error =
? ‘gTrue ‘ 2

b

where &y represents the equation coefficients identified by a method and &1yye represents
true coefficients.

® Precision. This statistic measures the percentage of correctly identified coefficients out
of the total number of identified coefficients, which can be calculated as

— |§pre ©) gtrue|0

P
|£pre |0

b

where ® represents the element-by-element product of two vectors, | - [p denotes the
number of non-zero elements in the vector.

Supplementary Figure 2 shows the performance comparison on the based above metrics.
MRE and MAE values closer to 0 indicate smaller discrepancies between the predicted and
true values. Compared to TPSINDy, the performance variations of our proposed methods
across different dynamics are significantly smaller. Notably, the results of the proposed LLC
are nearly optimal. Furthermore, in the comparison of equation forms, the best TPSINDy
version can only identify ~66.7% of the terms in the target equations, whereas our proposed
LLC can identify nearly 100% of the terms.

Apart from performance comparison, Supplementary Figure 3 provides a visual exam-
ple of the results produced by various methods in the MI scenario. Our LLC outperforms
the others, which produces the predictive curve closest to the true values (see Supplemen-
tary Figure 3(a)). It is evident that the TPSINDy-Hy, exhibits the worst performance,
followed by the TPSINDy-Hg. The TPSINDy-Hy approximates the true value well up to
around 200 time steps, after which it gradually deviates from the ground truth and even-
tually and eventually maintains a stable distance around 600 time steps. In contrast, the
node trajectories generated by the proposed LLC and LCC+TPSINDy consistently align
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Comparison of MRE across all dynamics Comparison of MAE across all dynamics Comparison of Lzerror across all dynamics Comparison of Precision across all dynamics
Biochemical Biochemical Biochemical Biochemical
1.000 1.000 1.000
1.000 0.775 ).998 1.000 1.000 —

1.000 !
0998 1.000 1000 0.901

1.000

1000 1 000
Gene EPI!-002 YGene
 1.000 1.000

|

1.000

0.997 1.000
Ml Neural

1.000 0.9521.000
Neural MI Neural
1.000

~ 0.984

Supplementary Figure 2: Comparison of the accuracy on several metrics, including MRE
(a), MAE (b), Ly error (c), and Precision (d) for reconstructing dynamics from six sce-
narios, including Biochemical (Bio), Gene regulatory (Gene), Mutualistic Interaction (MI),
Lotka-Volterra (LV), Neural (Neur), and Epidemic (Epi) dynamics. TPSINDy’s results are
highly dominated by its choice of function terms and our LLC significantly outperforms
the comparative methods covering all network dynamics scenarios. For better visualization,
MRE, MAE, and Ly error are deflated transformed and mapped into [0, 1], and then the
mapped value is subtracted by 1.

the true trajectories, thereby demonstrating the effectiveness of the proposed method com-
pared to the TPSINDy. Supplementary Figure 3(b) shows the designed neural network fits
the differential of node activity well, and effectively decomposes signal into self and interact
components, as shown in Supplementary Figure 3(c-d). To visually illustrate the discrepancy
between each node’s predicted state and the ground truth, we employ the NED heatmap.
It reveals that our LLC and LCC+TPSINDy exhibit minimal differences, while the oth-
ers, although fitting well for some nodes, exhibit errors exceeding 1 and even reaching a
maximum deviation of 3 in many other nodes, as shown in Supplementary Figure 3(e).

500 T T T T T T T T

00l | e ] e True xses=
e Neural network fitting X — I
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e T T T T T T T
TRSINDy-H5
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3
2
2

TRSINDy-76 H I 15
GNN+GP .
o
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Supplementary Figure 3: Comparison of results produced by various methods on the MI
scenario. a. Comparison of the difference between the predictive states and the true values
using various methods on a node in the MI scenario. b. The fitting results of the X;(¢) on a

node by neural networks. c. The decoupling results of the self dynamics on a node ( ) gﬁelf )).

d. The decoupling results of the interaction dynamics on a node ( Ag:te’")). e. NED heat
map across all nodes.

V Robustness Evaluation

A Noisy observations and missing topology

To assess the robustness of our tool, we evaluate its performance under two conditions: noisy
observations and missing topological structures. We choose the Kuramoto dynamics [8], a
mathematical model for studying how a set of mutually coupled oscillators can synchronize
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by interacting with each other, to evaluate the robustness, which can be formulated as

N
Xi(t) =wi+ ey Aijsin(X;(t) — Xq(t)),
j=1

where X;(t) denotes the phase of the i-th oscillator, e = 0.015 is the coupling strength, and
w; is the natural frequency distributed according to a given normal distribution N (1,0)
with o = 1. The time step was set to 6t = 0.01, T'=5 and T¢,q = 100. We assume that the
underlying topological structure is a BA network with N = 100.

Complex network systems typically have two sources of noise: measurement and topolog-
ical noise. The former is mainly arises from inaccurate measurement results from unstable
sensors. The latter is caused by the deletion or addition of nodes or edges, resulting in
incomplete captured topology [15]. To better understand how the framework performs under
different types of noise, we have conducted experiments in Kuramoto dynamic. The amount
of noise can be measured by the signal-to-noise ratio (SNR) [16], and the larger its value,
the less noise is added. The specific experimental Settings are as follows:

¢ Gaussian Noise: The noise is uniformly superimposed at all time points and exhibits
continuous and symmetric random fluctuations. The noise is uniformly superimposed at
all time points and exhibits continuous and symmetric random fluctuations.

) Var (X;(t

X?OISB (t) = X1 (t) + €gaussian ; €gaussian ™~ N (Oa 02) ’02 = ﬁ

¢ Poisson noise: The noise appears as a discrete disturbance and is more significant in low
intensity signals. If the original signal itself is a count, Poisson noise will directly reflect
statistical fluctuations.

noise . Var (X; (t))
Xi ) (t) =X (t) =+ €possion ; €possion = POSSIOD</\) — A A=max <1OS(NR’/10’ 0

® Phase noise: Noise causes random shifts in phase values, but a phase jump such as a
jump from 2 7 to 0 . May introduce discontinuities due to periodic boundary conditions.

Xinoise (t) _ (Xl(t) + €phase ) mod 271,7 €phase ~ N (070.2) , 0.2 — M

Robustness test on Gaussian noisy data Robustness test on possion noisy data " Robustness test on phase noisy data
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Supplementary Figure 4: The robustness of different noise types in Kuramoto model. The
horizontal axis represents the amount of noise which can be measured by the signal-to-noise
ratio (SNR), and the larger its value, the less noise is added.
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From Supplementary Figure 4, we can see that our LLC is superior to TPSINDy in
noise tolerance, regardless of the noise type. In addition, our LLC shows strong robustness
in the face of Gaussian noise, indicating that it can effectively ”smooth” the observed data,
minimize the variance introduced by the noise, and maintain a relatively accurate dynamics
fit. For non-Gaussian noise, our LLC still produces stable results with lower levels of noise.
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However, the performance of both methods declines compared to their performance with
Gaussian noise when higher levels of noise (SNR=30 for possion noise and SNR=40 for
phase noise) are introduced, especially in the case of phase noise. This results suggest that
the framework may need further optimization when dealing with non-Gaussian noise, which
may be left for future work.

To construct incomplete topologies we randomly add or delete a proportion of entries
in the true adjacency matrix A; ;. The specific noise addition process is as follows:

N
Xi(t) = Q(Xi(t) + D A ,Q™ (Xi, X;),
j=1

where A;,j =A4,;-(1-I{A; ; =1 and R < n})+(1—-A4; ;) I{A;; =0 and R < n}. A random
variable R is drawn from a uniform distribution within the range [0, 1]. The spurious links
probability is designated as 1. I is an indicator function that assumes the value of 1 when
a condition is met and 0 otherwise.

x107 Robustness test on incomplete topo
T T

‘—{— LLC —§— TPSINDy|

35

4 v
f

20 ) 30 40
Observational incomplete topo (%)

Supplementary Figure 5: Comparison of performance (MSE) as the percentage of spurious
topology increases.

Supplementary Figure 5 shows the comparison of performance (MSE) as the percentage
of missing topology increases, where the horizontal axis represents the percentage of missing
edges. The results indicate that both methods have the extension completion ability, but
the performance of our tool can accommodate more missing information.

B Comparison of different sampling frequencies

To evaluate the impact of different sampling frequencies on the performance, we have con-
ducted experiments on two scenarios, i.e., heat diffusion and Kuramoto. The sampling
interval influences the sampling frequency directly. A larger interval results in a lower sam-
pling frequency, leading to sparser data. The specific sampling time interval is from 0.0001,
0.001, 0.01, 0.1 to explore the performance of LLC under different sampling frequencies.

From Supplementary Figure 6, we can see that varying sampling intervals can indeed
affect the experimental results. If the sampling interval is too large (e.g. 0.1), the results
tend to deteriorate noticeably. Furthermore, different scenarios impact the results in distinct
ways, as evidenced by the comparison between the orange and blue lines in Supplementary
Figure 6. As mentioned in the main text, we actually utilized the simulated annealing
method to optimize for various scenarios, ensuring the reliability and effectiveness of our
framework. Empirically, most of the experimental scenarios in the main text choose 0.01 as
the time interval to obtain satisfactory performance.
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Supplementary Figure 6: Performance comparison of different sampling time intervals in
the Heat and Kuramoto scenarios.

C Comparison of difference methods

We have added a new experiment to compare and analyze the performance of three finite
difference methods. The specific Settings are as follows:

Second order central difference method: The calculation is simple, but the accuracy is
low. And it has a relatively low requirement for the smoothness of the function and is
suitable for most smooth functions.

o = Xt 5t)2—6txi (t — 61)

Fourth order central difference method (5-point approximate difference): The accuracy
is significantly higher than that of the second-order method and it is more sensitive to
high-frequency noise. It is required that the function be differentiable within a larger
neighborhood.

Xi(t —20;) — 8X;(t — 0¢) + 8X;(t + 6¢) — Xy(t + 26)

Xi(t) = 126,

Sixth order central difference method: It features ultra-high precision and is suitable for
extremely smooth functions, but there may be slight noise in the method data.

—Xi(t — 3(575) + 9Xz(t — 25t) — 45Xz(t - 575) + 45X1(t + 5,5) + 9Xl(t + 26t) — Xi(t + 35t)

Xi(t) = 609,
1.2 Experimental results of different difference methods
1 M adjusted_R2 m Recall
0.8
0.6
0.4
0.2
0
Central difference Sixth order central difference Fourth order central difference

(5-point approximate difference)

Supplementary Figure 7: Comparison of the average performance of different finite difference
methods in six one-dimensional network dynamic scenarios.
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Supplementary Figure 7 shows the average results using these three difference methods
over six network dynamics scenarios under the same experimental conditions. The results
indicate that the framework performs well with medium accuracy when using the fourth-
order difference approximation. However, while the sixth-order central difference method can
effectively reconstruct the skeleton of equation, its prediction accuracy is lower than that of
the LLC method. This discrepancy arises because the LLC requires the recovered equation
to be sufficiently smooth and the boundary conditions to be extendable. Additionally, the
second-order central method exhibits a large error due to its lower accuracy. Therefore, this
work empirically selects the fourth-order difference approximation (a five-point approximate
difference method) as the derivative calculation method to strike a balance between accuracy
and efficiency.

VI An Ablation Experiment to Evaluate the
Effectiveness of the Signal Decoupling
Architecture Design

In order to verify the necessity of combination of $°(X;, X;) and 99" (X;)9?*(X;) in the
neural network in the first part of LLC. We have constructed an ablation experiment to ver-
ify the necessity. The specific settings are as follows: we compare the effects of the five variant
methods on network dynamics scenarios, including: Biochemical (Bio), Gene regulatory
(Gene), Mutualistic Interaction (MI), Neural (Neur), and Epidemic (Epi) dynamics.

® go moudle: It only keeps the 19 to process the input signal for capturing interactive
dynamics.

. ggeep moudle: The same architecture as the 9% (X;, X;) was used, but the number of
hidden layers was set 5 to verify whether the neural network with higher depth could
improve the expression effect of interactive information.

® g1 * go moudle: It uses only the 99! (X;)9%(X;) part of the original design to capture
interactive dynamics.

. g‘liee” * go moudle: The 9?2 (X)) part is kept unchanged on the original ¥9' (X;)9?*(X;)
structure, and the number of hidden layers of 17" (X;) is set 5 to verify the role of ¥9* (X)
depth in capturing complex dynamics.

® g x ggeep moudle: The 7' (X) part is kept unchanged on the original 7" (X)) (X})
structure, and the number of hidden layers of 472 (X) is set 5 to verify the role of 972 (X})
depth in capturing complex dynamics.

Ablation study

1 @ adjusted_R2 Recall
0.8
0.6
0.4
0.2

Recall
0 adjusted_R2
8o godeeP 80"81 Bl g gt gdeer LLC

Supplementary Figure 8: Comparison results of average performance across six network
dynamics scenarios from five variants and our LLC.

Supplementary Figure 8 shows the average performance of five variants and our LLC
in terms of adjusted R? and Recall. We see that the variants with independent use of
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Y7 (X;, X;) and ¥ (X;)99(X;) perform poorly, and the independent increase of depth
can indeed enhance the performance, but the improvements are still limited. Our LLC
considers both multiplicative decomposable and non-decomposable cases by combining
Y7 (X;, X;) and 97 (X;)9?(X;), which may make model learning easier and obtain the
optimal performance empirically.

VII Inferring Higher-Order Network Dynamics with
Multi-Node Interaction

To verify the effectiveness of the proposed method on higher-order dynamics, LLC is applied
to the continuous dynamic [17] development of consensus processes in higher-order networks,
where the node dynamics are described by the following system of equations:

Xi(t) = Aijwexp (11X — X;1) (X — Xi) + (Xp — X5)]
jk

X;(t) is the state of node ¢ at time ¢ (such as opinion, preference, etc.), and
Aiir € (0, I)NXNXN is a 3-hypergraph adjacency tensor representing triadic interactions.
exp ({| X% — X|) is a nonlinear scaling function that modulates the effects of j and k on node
1. is a parameter that controls the sensitivity of opinion differences: If [ > 0, the node prefers
to synchronize with neighbors with similar opinions (homophily). If I < 0, the node may be
influenced by neighbors with large opinion differences (heterophily). (X; — X;) + (Xi — X;)
indicates that the state of node 7 is jointly influenced by j and k, similar to the action of
the higher-order Laplacian. Under the ER network topology complement setting, we gener-
ate random trajectories for N = 100, T' = 0.03 and é¢ = 0.0001.The dynamical interaction
equation inferred by our approach from the data generated on a ER network with [ =1 is

Xi(t) = Aijrexp (|Xk — X;)) [(X; — Xi) + (X — X3)]
ik

Another case for higher-order interaction dynamics is opinion dynamics [18]. The system
is tested on scenarios containing self-dynamics and higher-order interactions. This scenario
describes that in a social network, individual opinion evolution is affected by a three-person
group, and the specific equation is as follows:

Xi(t) = —pXi + Yy Aijn X X0 (1 - | X,))
Jk

where X; € [—1, 1] represents the opinion tendency of an individual ¢, and is a third-order
tensor (3-hypergraph adjacency tensor), denoted as A;;r € (0, 1)NXNXN, which represents
the influence weight of a trio. p denotes the individual opinion decay rate, and v denotes
the group coupling strength. When the opinion of individual 7 is consistent with the group
opinion (X; X} > 0), its opinion is shifted towards the group direction. The nonlinear term
(1 —|X;|) prevents the opinion from exceeding the boundary [—1, 1]. We set the parameters
as follows: p = 0.3,y = 1, N = 100, and the network topology is a random network. The
equations inferred by our approach from the data generated on ER network is

Xi(t) = —0.298X; + ) A; jx X; X5, (1.006 — | X;])
jk

Supplementary Figure 9 shows the results under two scenarios in terms of various evalua-
tion indicators. By properly extending the signal decoupling module to support multi-nodes
interactions, we can accurately infer higher-order components using our LLC. This demon-
strates its flexibility, as our LLC can effectively handle high-order network dynamics
involving multi-nodes.
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Supplementary Figure 9: Performance evaluation of two high-order dynamics scenarios
under six evaluation indicators.

VIII Multi-Dimensional and Heterogeneous Network
Dynamics

A FitzHugh-Nagumo dynamics

The FitzHugh-Nagumo model (FHN) [19] is a neuron model that describes the excitatory
behavior of neurons. As a simplified version of the Hodgkin-Huxley model, it is primarily
used to study neuron action potentials. It can be defined by a set of two ordinary differential
equations that capture the main features of excitability in neural membrane dynamics.
These equations governing the dynamics are expressed as:

X1‘71(t) = Xi71(t) —Xi71(t)3 X172 —GZJ 1A ’JW’
XZ"Q (t) =a++ in,l(t) Xl’Q(t)

where the first component X, ; denotes the membrane potential containing the self and

interaction dynamics, K, is the in-degree of neuron ¢ (denoting the number of afferent

connections to node 4), and € = 1. The second component X; 5 denotes the recovery variable,

where a = 0.28, b = 0.5, ¢ = —0.04. We set the underlying topology to BA network with

N =100 and terminal time T" = 3, T.,q = 100 and time step 6t = 0.01.

For the detailed setting of the TPSINDy in this dynamics, we make the basic function
terms in the TPSINDy contain the polynomial terms, e.g., X;, X2, X; X2 X X;, X5 — X,
their associated trigonometric counterparts, e.g., sin(Xi),sin(X) sm(XX) sin(X; —
X;), X;sin(X;), and the rescaling functions, e.g., 1?1 , I)f , %X” and

Moreover, we apply our LLC to FHN on a Barabasi-Albert network and two empiri-
cal networks, including the C. elegans [12] and Drosophila [13], to assess the influence of
different topologies on the results. The experimental setup is delineated as follows. During
the training phase, we conduct experiments across three network topologies: BA, C.elegans,
and Drosophila. These topologies were chosen to represent different types of complex net-
work structures: a scale-free synthetic network (BA) and two real-world biological networks
(C. elegans and Drosophila). This diversity allows for a comprehensive evaluation of how
our LLC performs under varying structural conditions. The initial values for each node are
drawn from a normal distribution N (0, 1), with a time step interval of 0.01 and a total simu-
lation duration of T=3. We systematically identify the governing equations for each network
topology and subsequently perform comparative analyses on a selected network structure
(e.g., BA) to evaluate the resulting experimental trajectories and node-wise errors. The
comprehensive results of these analyses are depicted in Supplementary Figure 10(a). The
results clearly demonstrate that our tool effectively identifies the correct equations across
both synthetic and real-world network structures. The long-term predictive trajectories

i
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produced by the discovered equations derived from different topologies exhibit remarkable
consistency. Supplementary Figure 10(b) illustrates the node error distributions, revealing
that approximately 90% of nodes display NED errors near zero, with only a few nodes show-
ing errors around 0.1. The relative errors associated with the inferred equation coefficients
are presented in Supplementary Figure 10(c), where maximum coefficient discrepancies do
not exceed 3%. Finally, spatial trajectory comparisons depicted in Supplementary Figure
10(d) indicate that LLC demonstrates robust fitting capabilities across all dimensions.

FHN time series trajectory
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Supplementary Figure 10: Recognition results on different topological structures. a. Com-
parison of node activities for discovered equations. b. NED values of nodes. ¢. Comparison
of coefficient errors for discovered equations. d. Phase space trajectories of a specified node.
The results empirically demonstrate that our tool can obtain satisfactory equations and
predictive trajectories on both synthetic and empirical topologies.

B Predator-prey system

The predator-prey (PP) model is a heterogeneous system [9], where the node state represents
the position of each individual. Nodes are classified into two roles: a single predator (i =
0) and multiple preys (¢ > 0), leading to three types of pairwise interactions: predator-
prey, prey-predator, and prey-prey. The interactions between prey are modeled to exhibit
paired short-range repulsion and long-range attraction. Specifically, the form of the prey-
prey interaction is defined as follows:

N
1
Fi,prcy—prcy = N §
Jj=1j#i

(1 _
[ Xi(t) = X;(8)]

Here, re e
to X (t), while —a(X;(¢t)—X,(t)) corresponds a linear long-range attractive force in the same
direction. Although more generalized attraction-repulsion dynamics could be considered,
we focus on this specific form due to its ability to yield clearer and more definitive results
Assuming the presence of a predator, we denote its position to be denoted by Xo(t). The
predator’s interaction with the prey is modeled as a repulsive force, expressed as:

represents a Newtonian short-range repulsive force directed from X;(t)

- _p Xl) = Xo(®)
ppredator-prey = VTR iy ()2
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where b represents the intensity of the repulsive force. Based on the above considerations,
the predator-prey system can be formulated as follows:

B X, (£)—Xo(t)

Xo(t)=£ 300 1W’
: Xi(H)—X, X=X, (¢ '
) = S LT (S50 a0 - X)) >0,

where we set a, b, and ¢ to 1.0, 0.2, and 0.7, respectively. For the underlying topology, we

a Predator phase space trajectory b Prey phase space trajectory c

Supplementary Figure 11: Comparison of trajectories of the Predator-Prey system. a. Com-
parison of phase trajectories for each dimension of the predator. b. Comparison of phase
trajectories for each dimension of a prey. c. The comparison of predator and prey swarm
trajectories is shown, where the gray trajectories represent those generated by the true
equation, and the colored trajectories are generated by the equations discovered by our
LLC. Squares represent the predator, and circles represent the prey.

consider a fully connected structure in this system with N = 101.

For the compared TPSINDy, we utilizes a comprehensive function library consisting of
various terms, including polynomial terms X;, X2, X;, X ]2, X;X;, X; —X,;, exponential func-
tions eXi,eXi, eXiXi eXi=Xi fractional functions X%,X% 1

Xi()-X;(1)  _Xi(t)=Xo(¥)
[X: (1) —X; (D)2 [ X (1) —Xo()[*

Supplementary Figure 11 shows the comparison of trajectories of the predator-prey
system. From Supplementary Figure 11(a, b), it is evident that the proposed LLC fits
the real spatial trajectories very well. Additionally, we demonstrate how well the inferred
equations fit the predicted and actual trajectories. Supplementary Figure 11(c) provides
an example with 50 agents, where the colored portion represents the predicted trajectories
and the gray portion represents the actual trajectories. Both trajectories coincide to a large
extent, indicating that the equation discovered by LLC provides an accurate prediction for
this system.

» x> and repulsive force terms
i

IX Chaotic Networks Dynamics

A Lorenz system

The coupled Lorenz system [20] exhibits chaotic behavior, particularly sensitive dependence
on initial conditions, meaning that even small changes in the initial conditions can result
in drastically different system dynamics To verify whether the proposed LLC is sensitive
to initial values, we apply it to the coupled Lorenz system system with different initial
conditions and examine whether the discovered governing equations are consistent.
Specifically, we apply our LLC to a coupled Lorenz system [20] governed by

):(i,l(f) a(X
Xia(t)
Xi3(t)

12(t) = Xia (1) + €00, A (X5 (1) — Xia(t),
rXia(t) — ( ) Xi3(t) — Xia(t),
Xia(t) 1,1( ) —bX;3(t),
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where a = 10, € = 0.05, r = 28 and b = 13—0 are system parameters. Here, the interactions
are assumed to occur between the first component X; ; without lack of generality. Then, we
employ a BA network with NV = 100 as the topological structure to generate the dynamics
data of the Lorenz. We set the end time T = 3, T, = 100 and time step dt = 0.01.

We establish three distinct initial conditions as follows:

® Initial condition 1: A Gaussian distribution with zero mean and one variance;
e Initial condition 2: A uniform distribution within the range (0, 2);
e Initial condition 3: A fixed initial value of 0.1.

In addition to the consistent equations discovered at three different initial values pre-
sented in the main text, we also demonstrate the inferring results of a coupled Lorenz
system with 2,500 attractors under different initial conditions, as shown in Supplementary
Figure 12. It is evident that despite only minor variations in the initial conditions, there
are pronounced differences in the final states, as demonstrated by comparing the first two
rows. Notably, our LLC yields results similar those presented in the second row regardless
of varying initial conditions, as shown by comparing the second and third rows. To better
illustrate the differences between the ground truth and predicted outcomes, we visualize the
error at the final state, demonstrating that our LLC can make predictions with an error
margin approaching zero.
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Supplementary Figure 12: Inferring results of a coupled Lorenz system with 2,500 attractors
under different initial conditions. We rearranged all attractors in a 50 x 50 grid format. The
first row shows the initial state of each dimension, i.e., t = 0. The second row shows the final
state (Teng = 30) of the ground truth equation under different initial conditions. The third
row shows the predictive final state (T.,q = 30) produced by equations discovered by the
LLC under different initial conditions. The last row shows the error between the predictive
final state and the ground truth.
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B Rossler system

We extend our study to a coupled Rossler system, a classical model frequently employed to
explore chaotic dynamics and synchronization in complex networks. The data for chaotic
states is generated using the governing equations defined as

Xm(t) =—Xio— Xis+ GzyzlAi,j(XjJ - Xin)
Xi,z(t) =X;1+aX,» (I1)

Xi73(t) =b + Xi,3(Xi,1 — C)
where € = 0.15, a = 0.2, b = 0.2 and ¢ = 5.7 are system parameters. We employ a BA

network with N = 100 as the topological structure to produce the dynamics data of the
system. We set the end time T = 3, T¢,,4 = 100 and time step 6t = 0.01.
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We set up the function library for the comparison algorithm TPSINDy, which
includes the following: the polynomial terms, e.g., X;, X2, Xj, X?, XX, X5 —
X;, exponential functions, e.g., eXi,eXi, eXi¥Xi eXi=Xi X;eXi | trigonometric terms, e.g.,
sin(X;), sin(X;), sin(X; X;), sin(X; — X;), X;sin(X;), and activation functions, e.g.,
sigmod(X;), sigmod(X;), sigmod(X; X;), sigmod(X; — X;), X;sigmod(X;).

Supplementary Figure 13 shows the comparison of inferred results on a coupled Rossler
system. LLC and LLC+TPSINDy closely fit the original trajectories, while TPSINDy only
maintains a good fit during the initial segment, differing significantly from the true state
after approximately 3,000 steps, as shown in Supplementary Figure 13(a).

The comparison of coefficients of the equations discovered by different methods is shown
in Supplementary Figure 13(b). We find that the coefficients of the equation discovered
by TPSINDy slightly differ from the true coefficients. This also indicates that, for chaotic
systems, even a small change in the coefficients can have a significant impact on predic-
tive states, particularly in long-term forecasting. Supplementary Figure 13(c) shows the
NED values of each node under different methods, demonstrating that our LLC achieves
relatively high accuracy. For the first two dimensions, TPSINDy consistently yields NED
values greater than 0.1, whereas the NED values produced by our LLC predominantly
remain below 0.06. In the third dimension, the proposed LLC performs worse than the
TPSINDy method. However, the combination of LLC and TPSINDy effectively mitigates
this limitation, yielding NED values close to O.
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Supplementary Figure 13: Comparison of inferred results on a coupled Rossler system. a.
Comparison of predictive states from different methods in each dimension changes over
time. b. Comparison of coefficients of the equations discovered by different methods. c.
NED values of each node under different methods.

Compared to the TPSINDy on the Rossler system, our LLC reconstructs more accurate
governing equations (Fig. 5(c)) and achieves smaller predictive errors (Fig. 5(d)). Anal-
ysis of the state transition behavior of the Réssler system shows that the inferred and
true equations’ bifurcation diagrams closely align. This consistency in period-doubling pat-
terns and bifurcation points highlights the transition sequence from period-1 to period-2,
to period-4, to chaos, followed by period-3, and ultimately back to chaos (see Fig. 5(e)).

To further intuitively demonstrate the chaotic nature of the system, we utilize a Poincaré
surface to construct a bifurcation diagram, as shown in Fig. 5(e) in the main text. Specif-
ically, we select X; = 0.1 as the section, recording intersection points as the trajectory
crosses this plane. By documenting a substantial number of intersection points, we can gen-
erate the Poincaré section. If the system exhibits periodic motion, a finite number of points
will appear on the Poincaré section. For instance, period-2 will manifest as two points on
the section. Conversely, if the system exhibits chaotic motion, the Poincaré section will
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display a large number of densely packed points, revealing a complex structure. Supplemen-
tary Figure 14 visualizes the period-doubling and chaos of the Rossler system, showing the
consistent limit cycles and chaotic phenomena.
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Supplementary Figure 14: Period-doubling and chaos of the Rossler system. Comparison of
limit cycles at period-1 with ¢ = 2.5, period-2 with ¢ = 3.5, period-4 with ¢ = 4, chaos with
¢ =5, period-3 with ¢ = 5.36, and chaos again with ¢ = 5.7.

X Empirical Systems

For the real-world systems, we use two datasets from different domains, including the daily
global propagation data of real diseases [21] and real-world crowd trajectory dataset [22].

A Real-world global epidemic transmission

We collect daily global spreading data on COVID-19 [21], and use the worldwide airline
network retrieved from OpenFights [23] as a directed and weighted empirical topology to
build an empirical system of real-world global epidemic transmission. Only early data before
government intervention, i.e., the first 45 days, are considered here to maintain the spread
characteristics of the disease itself. For example, if a country reports its first case on January
19, data from January 19 to March 3 are used. It is worth noting that although the start of
transmission varies across countries, in the interaction dynamics QZ(-Z”W), time ¢ corresponds
to the same calendar date for all nodes. Our setup is consistent with [24], including the
selection of the function library for the TPSINDy. Supplementary Table 8 lists the governing
equations found by different methods. The performance of LLC+TPSINDy and LLCyotq; is
similar and clearly better than that of TPSINDy. This indicates that our newly discovered
disease transmission equations are more suitable for describing the epidemic spread. It
also aligns with the intuition that while the functional form of each region is the same,
the parameters may differ. Supplementary Figure 15 shows the comparative results of the
number of cases over time in sufficient countries or regions generated by TPSINDy, LLC.qcp,
LLC;otq; and LLC.4ep,+TPSINDy, demonstrating the effectiveness of our LLC-based in
discovering new symbolic models for real scenario with unknown dynamics.
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Supplementary Figure 15: Comparative results of the number of cases over time in sufficient
countries or regions generated by TPSINDy, LLC.4cp, LLC;ota1, and LLC,qcn,+TPSINDy.

Supplementary Table 8: Comparison of governing equations found by different methods in
real-world epidemic system

Country TPSINDy LLC.,.,+TPSINDy LLC;,, LLC..:
Xz(t) =aX;+ X,(t) —aX; +iAij Xz(t) =aX;+
Templates & b i=1 ul bx; N/A
P > i xy b+ X, > A= /
= 1 Xi+caXj+e3 =t
4 — 0.042 a=1,b=-0.224 a=1.015, X(t) = 1.060X; + 2.512¢ 1199X:/X5) |
Iceland T 60 =2.600,¢p = 2.277 b=0.021 N eap—X,/(8.620X; + 24.685)
b ="708.343 Ajj : .
Co =2.894,c5 = 5.444 ¢ = —15.682 ; 7 X;/(1.886X; — X; + 1.689)
_ — — y N
o = 0.080, a=10.980,b=66.174 a = 1.015, X(t) = 1.070X; + ijlAij
Canada b — 98.534 co = 9.385,¢1 =3.157 b=0.018 —24.733/X;
T = 4400,¢5 = 3.955 ¢ = —27.418(0342X: — 2.268) ——=
N
a=0.112 a = 17 b=2.530 a = 10377 X(t) — 1.059X; + ZAijO-OQ
Algeria " co=3.551,¢; =1.130 b=0.018, =1
b=123.971 24.519 — 5.011X;
co =4.534,c3 = 5.846 ¢ = —16.059 ewp(f)
J
N
o= 0011, a=1.049,b=4.028 a=1.014, X(t) = 1L.057X, + ZAij
Burkina Faso co = 4.150,¢1 = 1.261 b= 0.068, j=1
b= 922518 (8-625X;-4755.94
co =4.514,¢3 =5.989 c¢=—-27.418 —
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continue 8

Country  TPSINDy LLC.,.,+TPSINDy LLC;,. LLC..cn
N
4 0.076 a=1.079,b=2.525 a=1.019, X () = 1.056X, + ZAH
Ghana T ¢y =3.762,¢; =1.137 b=10.231, i=1
b = 282.872 X;(0.366X; — 2.771)
Cy = 4.5367 C3 — 5.966 ¢ = —30.440 W
a=0949,b=5.641 a=1.014, X(&)=1066X, +7.99_ -
a=0.067, (t) = 1066 +7.09 — =
Cote d’Ivoire b 189751 co = 2.223,¢1 = 4.119 b= 0.676, iA~ 0.995X, — 2.771
co =2.905,¢c3 =3.377T c= —27.418j:1 Y X; — 1.031X; + 3095.15
a=1.042,b = —4.020 a = 1.015, ((t) = 1.056X;
Ni @ =0.028, 1.425,¢; = 1136 b=0.676 o
1ger = 1. = 1. = (.
8¢ b= 970.443 © el 37 A430.004(X; - X;)
co = 4.539,¢c3 =6.013 c¢=—27.418=1
oot O 1.202,b=29.153 a =1.014, N
= . 5 X = . X’L A1
Tunisia Co = 20.292,01 — 4914 b= 0.068 T LOXFLED Ay
b="77.143 =
¢y = 3.667,c3 = 3.851 c¢= —27.419 0.470¢32989/X;
a=0.997,b=17.603 a=1.051, x(— X:(001Xi+617)
. a = 0.237, 0.049.X; + 4.909
Belgium b < 8.970 co = 5.261,¢4 = 3.195 b= 0.068 i\]:A-- 0.356X,
co =4.579,¢c3 =3.974 c¢= —-27.419 P Y X + 102
N
o= 0291’ a = 1289, b =0 a = 0985, X(t) — 1.068X; +ZAU
Germany b 8 556 co = 2.509,¢c; = 3.407 b= 0.676 j=1
=—8. X; — 0.071X; — 2.458
co =4.261,c3 =4.413 c¢= —-27.419 2.142X, + T4.374
N
W ogss,  ©=Lb=14153 @ =101, 5~ 057X, + 3 Ay
Estonia b 358 7;)1 co =4.249,¢; =2.093 b= 1.068 i=1
= 358. 2.298X; — 9.732
Cy = 2.591703 =5.362 c¢=—27.419 m
N
o000 = 103L, b=9.625 a=1.017, (1) = 1070X, + 3" A,
Ireland b 153 0’27 co = —4.025,¢; = 1.144 b = 1.067 =1
= 153. B B B (X; — 5.211)(X; — 1.327)
co = 4.566,c3 =5.992 c= —27.4190.142)(]_(& ~1.327) 4 5211
a=1.093,b=1.193 a=1.017,
a = 0.047, _ N
Luxembourg b= 623410 © = 2.382,¢; = 0.884 b=0.067 X(t)=1.074X, + Y A4;;0.006X;
T 6y =4.275,¢53 = 5.948 ¢ = —27.419 =
a=1.092,b=55.859 a = 1.019,
a = 0.042, , N
Norway co = 223.949, ¢ = 2.2500 = 0.067 X (t) = 1.071X; + ZAijo.O(an
b = 515.3854 =
co =3977,c3 =4.234 c= —-27.419
a=0.972,0=10.025 a = 1.018,
a=0.072, _ N
Poland b— 201713 © = 9.100,¢1 = 3.183 b =0.068 X (t)=1.068X;+ »  A;;0.00
T 6y = 4.401, 63 = 3.998 ¢ = —27.419 =
N
Sweden cop = 3.654,¢; = 1.168 b = 0.067 j=1
b="7.410 0.354 & e—(0-354X;+15.327)
co = 4.567,¢c3 =5.985 c¢=—-27.419 =

Xi
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continue 8

Country TPSINDy LLC,.u.,+TPSINDy LLC;sa LLCeen

N

oo, @T09935=0120 a= 10T, g yomy s34,
South Africa b— 652 8;10 co = 0.609,c; = 3.526 b= 0.067 =1
O — 4743, e = 3975 = —27.419(0'304% - _ 0';3?’)
J i
ey 0= L030.6=2193 a=1012 N
Cameroon Z: L7 gy €0 = 2930.c1 = 1368 b= 0.067 X(e) = LOSTX: *;
O —4530,¢5 = 6.010 ¢ = —27.419 A,;0.4700-20-455/X,
N
ogse, O ONTE=ILS05 a =095, g0 gy S,
Mali o = 5.874,¢; = 3.008 b= 0.676 =
b = 201.836 0359,
Cy = 4366, C3 = 3.936 c¢=—-27.419 m
(gg 0 L093b=1193 a=0083 ~
a = 0.361, ) = 1. ; ij
Spain co=2.382.¢c; = 0884 b=2761 - )=LOOTX +Z;AJ
b—5.163 =

co = 4.275,c5 = 5.948 ¢ = —2.742 (0.241 + 0.003X; — 0.009X)

B Pedestrian dynamics

For the crowd trajectory dataset, we utilize an experimental dataset from a study on pedes-
trian dynamics, specifically focusing on unidirectional flow in a corridor, where a group of
individuals moves through the corridor in the same direction [22]. In the pedestrian dynamic
dataset, the network structure is dynamic in the actual situation and has the characteris-
tics of evolving over time. In fact, our approach also can handle both static and dynamic
network structures, i.e., the topology A can change over time, represented as A; ;(t).

ol : Lif j € N(i)
Xit) = QU () + 0 A (0L (X, Xp), Aig(t)=1q c
= ’ 0, otherwise
The specific neighbor selection relation: For node 7 , select the K nodes with its smallest
value as neighbors. The mathematical expression is as follows:

Ni(t) = {417 € argtopjl; (—d(X(t), X; (1)}, d(Xi(t), X;(t) = || X:(t) — X;(t)]2

Here, argtop™ denotes the node index that takes the first K minimum distance, as shown
in the specific Supplementary Figure 16. Given that we know X,;(¢) at any time ¢, i.e., the
positions of each person, we can dynamically construct A; ;(t) based on this positions when
inferring the governing equation. Then, by utilizing the signal decoupling module, we can
separate the self dynamics and the interaction dynamics using the previously mentioned
prior template. Finally, we employ symbol regression to identify the corresponding white-box
expressions.

Specifically, the experimental data were collected at a fixed time interval of 0.04 seconds
and established the training duration 7" as 6. The center of the corridor was designated as
the coordinate origin, resulting in a range for X of [—5, 5], where -5 denotes the starting point
and 5 indicates the destination. In this work, 17 participants commenced their journey from
the initial point towards the destination. During the testing phase, we selected trajectories
from all participants over the last 30 time steps to serve as testing set.

XI Pseudo-code of the LLC
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Supplementary Figure 16: Schematic diagram of dynamic topology for K-nearest neighbor
construction network. The value of K is 3.

Algorithm 1 Pseudo-code of LLC

Require:

X € RT*Nxd: Qystem state tensor

A € {0,1}V*N: Network adjacency matrix
M, € {0,1}TxNxd: State observation mask
M, € {0, 1}¥*N: Topology mask

Ensure:

»ow

(%28

e

10:

11:

12:

13:

14:

15:

16:

17:

18:

QESCH): Symbolic self-dynamics expressions

inter .. . . .
Ej ): Symbolic interaction dynamics expressions

Data Preprocessing;:

0t < IntervalSelect(X) > Identify the optimal time interval through an iterative
process that incorporates simulated annealing to achieve accurate signal decoupling
X, X « FiniteDifference(X, 6t) > Five point finite difference as Eq.(2)
sparse_A < Sparse(A) > The sparse representation of the topological structure A
Signal Decoupling:

QESEH) — P (X4(1)) > Self-dynamics fitting
QUM 90 (X3, X;) + 99 (Xi)%2 (X;) > Interaction dynamics fitting

> Qg?ter) + ScatterSum(Q™¢" N (i), dim_size = N) > Use ScatterSum to aggregate
neighbor nodes, N (i) denotes the neighbors of node 7

XXM, > X is masked in training
A+~ Ao M, > A is masked in training
Train f, 9, 91, 1p92 with £ in Eq.(5)

Symbolic Regression:

Input: QG Well-fitted self dynamics; QU2tr): Well-fitted interaction dynamics;

(Xsubs, @(SEH)) + KMeansSubsample(X, @(Self)) > KMeans sampling is performed on

sub
self dynamics

QESEH) + SymbolicRegression(Xgup, @:ﬁ%) > Self-dynamics expressions effectively

generate through a pre-trained symbolic regression method

(&5, Qinier) « KMeansSubsample(&;, QUr*er))  » KMeans sampling is performed on

interaction dynamics, &;; donates (X;, X;)
gj?ter) + SymbolicRegression( f]‘?b, ‘b‘ffg’r) > Interaction dynamics expressions

effectively generate through a pre-trained symbolic regression method

return QESEH), ng;ter) > Assess whether additional data is required to support the

equation, if so, restart Data Preprocessing; otherwise, return
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