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Supplementary Note 1 — Clusters on decoding graphs

The primary motivation behind the LSD algorithm is to divide the decoding problem into smaller, more
manageable, sub-problems. This section investigates the conditions under which such a division is feasible.
We study the structure of clusters that form in decoding graphs of QLDPC codes under an independent and
identically distributed noise model, and we relate this structure to the runtime of the parallel LSD algorithm.

As discussed in the main text, a check matrix H — whether derived from a stabilizer code or its syndrome
extraction circuit — can be interpreted as the incidence matrix of a bipartite graph, G(H) = (Vp U Vg, E),
which we refer to as the Tanner graph of H. Although the Tanner graph encapsulates all the information
necessary to encode the decoding problem, it is beneficial to consider the projection of the Tanner graph
onto the fault nodes Vr when investigating the statistical distribution of errors under a determined noise
model. We call this projected graph, with vertices Vg, the fault graph, and denote it as F(H). Two vertices
v,v" € Vg are connected by an edge in F(H) if and only if v and v" have a common neighbor in G(H), i.e.,
if and only if there exists d € Vp such that (d,v) and (d,v’) are edges in G(H).

To model an error distribution on the fault graph F(H), we assume that each fault node is occupied
randomly with probability p and empty with probability 1 —p. Hence, for n faults, we expect np faults to be
occupied, and n(1 — p) to be empty. This setup defines a site percolation problem, which involves studying
the distribution of groups of neighboring occupied faults, called clusters. We call any instance of the site
percolation problem an error defined on the fault graph F(H), and we expect clusters to have varying sizes
and shapes depending on both the fault graph connectivity and the flip probability p.

Crucially, for low enough error probability p, random errors are likely composed of small disjoint clusters on
the fault graphs of bounded LDPC matrices H, and hence yield disjoint and independent decoding problems
that can be solved locally [1, 2]. This argument ultimately serves as the proof that (r,c)-bounded LDPC
codes, with distance scaling as ~ n® for a > 0, have a threshold [1, 3, 4]. In this section, we use similar
statistical tools to estimate the expected performance of the LSD decoding algorithm.

Knowledge of the cluster structure of an error would enable an exact and optimal factorization of the
decoding problem into smaller sub-problems. LSD initializes one cluster for each activated detector node on
the Tanner graph and uses prior knowledge of the noise model and the fault graph structure to grow each
cluster until it is valid, i.e., until it defines a solvable decoding problem. Provided that fully grown clusters
cover the original error clusters, the computational cost of a parallel implementation of LSD is bounded by
the computational cost of solving the decoding problem over the biggest cluster found.

In the best scenario possible, the guided cluster growth is perfect, meaning that the clusters grown by LSD
match exactly the actual error clusters. In this scenario, the running time of serial LSD is proportional to



1. the number v of clusters of the error and
2. the size k of the largest cluster of the error.

More broadly, the expected performance depends on the average size of the clusters of the error.

In general, if we assume sufficient parallel resources, the LSD algorithm can use v cores and run in O(x?)
time in the worst case, where k represents the size of the largest cluster in a given instance. However, from
a practical perspective, the largest cluster size for each sampled error (shot) is not the sole relevant figure
of merit. As our statistical analysis suggests and our numerical investigation confirms, most errors exhibit
minimal variance in their cluster size distributions, meaning that the clusters have the same size up to small
fluctuations. Consequently, a useful practical proxy for the expected parallel runtime of LSD is the average
cluster size per shot, k., rather than the worst-case cluster size.

Following this reasoning, we collect statistical data on these three quantities v, k and k,, for a given noise
model of interest. We study the expectation value of v,k and &, for:

(i) errors sampled according to the noise distribution on the fault graph;
(ii) final clusters found by BP+LSD on termination of the algorithm that is, when all clusters are valid.

The optimal LSD implementation is such that the statistics found at point (ii) match the one found at point
(1).

In Figure 3 of the main text, we report the statistics for the fault graph obtained from the circuit-level
noise simulation of the [144,12,12] code [5]. As we can see, for noise values below the threshold, there is
no statistical difference between the two different cluster distributions, indicating that the clusters found by
BP+LSD are of minimal size and hence (close to) optimal.

A. Analytic cluster bounds

In the remainder of this section, we discuss some known analytical site percolation results on the cluster
distribution on regular graphs. Instead of investigating average clusters properties via statistical tools as
proposed above, (see, e.g., Figure 3 of the main text), we present some upper bounds, which mainly make
use of approximation of regular graphs as regular trees [6, 7].

If H is an LDPC matrix with constant row and column weight r and ¢, respectively, the associated fault
graph F(H) is a regular graph of degree 6§ = ¢(r — 1), with 0 - n/2 edges. Let n?(v) be the number of clusters
of size s containing the vertex v. In general, this takes the form

ps(l _p)\pcrimctcr\7 (1)

where the perimeter of a cluster is the set of non-occupied nodes adjacent to at least one node in the cluster.
The probability that the node v belongs to a particular cluster of size s is nf(v)s, as v can be any of the
s nodes in the clusters. On our percolation problem, by assumption, the probability that a given node is

occupied is p. Moreover, if a node is occupied, it belongs to a cluster of size § for some § = 1,...,n, where
n is the number of nodes in the graph. Hence, for a given node in the graph, the probability p of being
occupied must equate the sum of the probabilities of belonging to a cluster of size s = 1,...,n. Hence, for

an arbitrary node in the graph, it holds that

an;(v)s =p. (2)
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Supplementary Figure 1. Distribution of the cluster size statistics of the [144,12,12] bivariate bicycle code of
Ref. [5] under circuit-level noise with strength p. Markers show the mean of the distribution while shapes are violin
plots of the distribution obtained from 10° samples. Yellow distributions show statistics for the optimal factorization
while the blue distributions show statistics for the factorization returned by BP+LSD. The dashed line represents the
expected average cluster size for the Bethe lattice, kq, for 8 = 139. Markers and distributions are slightly offset from
the actual error rate to increase readability.

That is, the probability n?(v) that a node belongs to an s-cluster times the number of nodes/choices for
that cluster. A quantity of interest for decoding is an estimate of the size of the cluster a random node
belongs to. In other words, the probability w, that a node is occupied and belongs to an s-cluster. Explicitly,
using Equation (2), we find

nP(v)s nP(v)s 3)

and therefore the average cluster size is given by
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For a general graph of bounded degree 0, these quantities are difficult to estimate. The distribution of cluster
sizes takes asymptotically the form s—7e~5/%¢ for large sizes s [7], with some characteristic cluster size s¢ and
for a suitable 7 > 0, but again, for our purposes, they are not easy to assess.

Nonetheless, we can find some upper bounds by looking at the same percolation problems on the Bethe
lattice. The Bethe lattice is an infinite tree where all vertices have the same degree. For instance, on each
f-bounded graph, the size of the perimeter of a s-cluster is upper-bounded by the size of the perimeter of
an s-cluster on the Bethe lattice of degree 6, that is the same for all s-clusters and it is maximal across the
perimeters of s-clusters for #-bounded graphs, taking the value (6 — 2)s + 2.

For the Bethe lattice, we can use self-similarity to compute the average cluster size k2¢*h¢. If v is occupied,
we can think of the cluster it belongs to as made up of the node v itself plus the sub-clusters, i.e., subsets
of connected vertices in that cluster, rooted in its occupied neighbors. Each occupied neighbor contributes
to the cluster rooted in v with itself (add 1) and the sub-clusters not rooted in v itself, which at most 6 — 1;



by self-similarity, these sub-clusters have same average size as the cluster rooted in v, and contribute to the
count adding at most (6 — 1)xE°the vertices. Thus, if the vertex v is occupied, it belongs to a cluster of size
1+ (8 — 1)xBethe. As each neighbor of the vertex v is empty with probability (1 — p), and occupied with
probability p, we find

KB = p (14 (6 — RBE), (5)
and via substitution:
Bethe p
. 6
W = T (6)

In conclusion, provided that the decoding problem of our interest is defined on a parity check matrix of
bounded column and row weight, we can upper bound the expected average cluster size with the expected
average cluster size K2°™"® on the Bethe lattice [6, 7].

As an example of this upper bound via the Bethe lattice, in Supplementary Figure 1, we plot cluster
size distributions against the physical error rate p in a circuit-level noise model for the [144,12,12] code.
The yellow distributions show the distribution of cluster sizes of the optimal factorization, and the blue
distributions are obtained from a BP-guided implementation of an LSD decoder (BP+LSD), where the
samples are post-selected on errors for which BP does not converge. That is, errors correctable by BP only
are not included here for the BP+LSD distributions. The dashed line represents the average cluster size for
the Bethe lattice as in Eq. (6) with the parameter § = 139.

We expect the LSD cluster distribution to match the cluster distribution on a fault graph with a higher
vertex degree than the original fault graph, due to the uncertainty in the growth step guided by the error
likelihood vector A. For the fault graph of the [144,12,12] code considered here, which has average vertex
degree 6, = 103, and maximum vertex degree Oy,.x = 166, the fitting parameter § = 139 supports our
heuristic argument. We note that for lower noise rates, specifically when p < 0.1%, the Bethe lattice’s
average cluster size distribution does not upper bound the LSD distribution. This is consistent with the fact
that LSD is never called when the likelihood of error vector A perfectly describes the actual error, i.e., when
BP converges.

In conclusion, for low noise rates, the clusters found by LSD are small and closely approximate the optimal
size of the clusters induced by the original error. In the low-error regime, the local decoding problem within
each cluster is efficiently solvable.

Supplementary Note 2 — Parallel implementation

In this section, we propose a parallel version of LSD and analyze its time complexity. The central ob-
servations are that clusters can be grown and solved (using the on-the-fly elimination technique outlined in
Methods 4.2) in parallel and hence potential synchronization issues arise only due to cluster merges.

To enable efficient parallel merging of clusters, we represent the clusters by a parallel version of the union-
find data structure as proposed in Ref. [8], where the authors prove that the union-find operations can be
performed in parallel polylogarithmic time on each parallel resource with such a data structure. We detail
the key steps of the parallel implementation of the LSD algorithm, P-LSD, in Algorithm 1.

1. (Parallel) initialization: we create a cluster C; for each flipped detector node s; in the syndrome. We
then compute the set of candidate fault nodes at the boundary of each cluster: A(C;) = T'({s;}) — see
Def 4.3. Clusters are managed as a union-find forest in the parallel data structure U, see Ref. [9].



2. (Parallel) pre-growth step: for each invalid cluster in U, the FIND CANDIDATE function is used to
identify, among its candidate fault nodes, the one with the maximum probability to be in error according
to the soft information vector A. We call the set of all these selected nodes growth faults, one for each
invalid cluster.

3. (Parallel + synchronization) growth step: add one new fault node to each cluster and merge colliding
clusters [Def. 4.4 (Cluster collisions)| using the parallel union-find data structure U and its efficient
UNION-FIND operations. The PARALLEL _UNION routine [8] is used to efficiently determine which set in
U a node belongs to and to efficiently merge any two sets in U that correspond to colliding clusters.

4. (Parallel) validity check: Apply on-the-fly elimination in parallel for each cluster, see Methods 4.2..

5. Termination: Compute a local solution for each cluster and combine them to return the overall correc-
tion.

Algorithm 1: Parallel localized statistics decoding (P-LSD)

1 H: decoding matrix

2 s: syndrome support set

3 \: fault nodes error soft information

4 U: parallel union-find data structure

5 do in parallel for s; €s

6 | U < INITIALIZE_ CLUSTER(S;)

7 synchronize

8 while 3 invalid clusters do

9 growth faults <~ FIND _CANDIDATE(U, \)
10 PARALLEL _UNION(U, growth faults)
11 do in parallel for invalid C; € U

12 | Ci.ON_THE_FLY_ _ELIMINATION()

We now analyze the parallel time complexity of the main routine in P-LSD. To this end, we derive a bound
on the parallel depth of the main routine in P-LSD, where the parallel depth is defined as the maximum
number of dependent sequential steps in the computation.

1.

Initialization: O(1) parallel depth. This includes the identification of the candidate fault nodes set for
each cluster, which has size O(1) for bounded LDPC matrices H.

. Pre-growth step: iterate over the candidate fault nodes for each cluster, and identify the most suitable

fault node given the soft information vector A. This step can be performed in logarithmic complexity
in the size of the boundary using, e.g., a Fibonacci heap. Maintaining a list of candidate fault nodes
[Def. 4.3 (Cluster-boundary]| for each cluster throughout the algorithm incurs only a constant depth
overhead.

. Growth-step: using the methods presented in [8], growing and merging of clusters can be done in

O(polylog(n)) depth, where n is the total number nodes in the decoding graph.

. Validity check: the depth is dominated by the cost of the PLU factorization of each cluster matrix.

That is O(|C;[*), where |C;| indicates the number of columns of the cluster Hic,).

. Termination: finding a local solution given the PLU factorization of the check matrix of a cluster has

cost O(|C;]?).



In conclusion, the overall parallel depth for an iteration of the while loop in Line 8 of Algorithm 1 is in
O(polylog(n) + k3), where & is the maximum cluster size. Crucially, the maximum cluster size & is expected
to be small for QLDPC codes and low enough error rates, see Section 1. In fact, the average cluster size Kk,
can be bounded for regular graphs, such as the Bethe lattice by k, < 1_(19%1)1), where 6 is the vertex degree
of the graph and p is the physical noise strength.

The O(polylog(n) + %) depth bound is a loose upper bound and in practice the runtime of the algorithm
depends on multiple additional factors such as the concrete implementation, overhead of parallelization, and
the number of parallel resources available. The overall work, i.e., the total number of steps the algorithm
performs across all processes, depends on the number of growth steps. In the worst case, the number of
growth steps is proportional to the number of edges in the decoding graph, and the parallel union-find
data structure will have overall work almost linear in n, more precisely O (na(n)), where a(:) is the inverse
Ackerman function, which is a(n) < 3 for any practical situation [8, 10, 11]. However, if almost n growth
steps were necessary for P-LSD to terminate, the computed error estimate would probably have weight above
the percolation threshold of the graph, in which case decoding introduces a non-trivial logical error with high
probability. In other words, we expect almost n growth steps only in instances of the decoding problem that
have an intrinsically non-local structure, meaning instances that can not be divided into smaller decoding
problems. In such a case, there is no benefit in parallelization and hence the parallel runtime complexity is
only marginally meaningful.

Supplementary Note 3 — Numerical experiments

In this section, we provide further details on the numerical decoding experiments presented in the main
body of the manuscript.

A. Surface code decoding

The surface code [12, 13| is a “matchable” code, that is, qubits participate in at most two X and two Z
stabilizer measurements. Hence, syndromes come in pairs and thus the code is decodable using the minimum-
weight perfect matching (MWPM) algorithm [14, 15]. The surface code is one of the best-known quantum error
correcting codes and thus can be seen as a crucial “benchmark” case for decoders. This aspect is facilitated
by the high-quality open-source implementation of Stim [16]—a tool that can be used for automated circuit
noise simulations, which also makes comparing numerical evaluations between different authors consistent.
We refer the reader to Refs. [15, 16] for more details on Stim.

The BP+UF algorithm [17] is a combination of BP and Union-Find, where the BP soft information is used
to guide the cluster growth for the Union-Find algorithm. Note that in the case of a matchable code, the
validity check for clusters, which is equivalent to solving systems of linear equations in general, can be replaced
by a simple parity computation of the support vector of enclosed, flipped detector nodes and hence is more
efficient. Moreover, computing a solution for the Union-Find clusters can be done using a simple algorithm
based on spanning-tree construction and thus is also efficient for matchable codes. Note that BP+UF and
BP-+LSD share an identical cluster growth strategy and therefore should converge to the same set of valid
clusters, with the difference that BP+UF applies the peeling decoder [10] for finding a valid correction for
each cluster, while the LSD algorithm performs a (partial) inversion of the cluster check matrices Hicp to
determine the correction.



B. Hypergraph product codes

We investigate the decoding performance of a family of hypergraph product (HGP) codes [18] with rate
k/n > 1/25. The codes are single-shot decodable [17, 19], that is, a constant-sized decoding window is suffi-
cient for decoding codes of arbitrary size. This family of codes has been previously proposed and investigated
in Ref. [20] under a code capacity noise model, and later in Ref. [21] under a circuit-level noise model. In both
cases, decoding was achieved by a combination of BP and small set flip (SSF) [22]. Additionally, in Ref. [23]
the authors investigated this code family under a phenomenological noise model derived from a circuit-level
noise model that is inspired by a potential implementation in neutral atom arrays using BP for the bulk of
the decoding problem and BP+OSD in the last decoding round to ensure a correction that projects state
back into the code space. This family of codes is obtained from random (3, 4)—regular Tanner graphs with
girth at least 6. Since the construction is random, following Ref. [21], we generate 100 instances of each
check matrix and select the best one after performing code capacity simulations. Interestingly, we find that
in some cases the performance difference between the best and the worst performing codes is close to a factor
of 10. Here, we investigate the sub-threshold performance for a circuit-level noise model for 4 instances of
the family using our proposed BP+LSD decoder.

C. Bivariate bicycle codes

We conclude our numerical decoding benchmarks by decoding instances of bivariate bicycle (BB) codes
recently investigated in Ref. [5], and originally proposed in Ref. [1]. The circuit-level noise simulations use the
publicly available implementation by Ref. [24] of the highly optimized syndrome extraction circuits described
in Ref. [5]. Detector errors are sampled using Stim [16]. Similar to our surface code experiments, we simulate
d rounds (where d is the code distance) of syndrome extraction and decode the full syndrome history at once.
The BB code family are CSS codes where the X and Z detectors can be decoded separately.

In Figure 6 of the main text, we show the logical Z error rate per syndrome cycle py,, for the BB code family
decoded with BP4+LSD-0. Our results show that BP4+LSD-0 achieves comparable decoding performance to
the BP+0OSD-CS-7 decoding results presented in Ref. [5] (where BP+OSD-CS-7 refers to the “combination
sweep” strategy for OSD higher-order processing with order w = 7, see Ref. [25]). This implies that, at
least for the case of the BB code family, higher-order reprocessing has minimal impact when decoding in the
sub-threshold regime. See Section 4 for further discussion of higher-order reprocessing.

Another interesting observation from our numerical decoding simulations of BB codes is that it is sufficient
to run BP+LSD with a low number of BP iterations: the BP+LSD simulations shown in Figure 6 of the main
text were run with maximum 30 BP iterations, compared to the maximum number of iterations of 10,000
for the BP4+OSD-CS-7 simulations in Ref. [5]. For BP-OSD, it is preferable to run BP until convergence to
avoid the cost of computing the inverse of the detector check matrix. In OSD, matrix inversion is performed
globally with worst-case cubic runtime complexity in the number of fault nodes in the Tanner graph n.
Therefore, the OSD runtime does not scale with the error rate and is independent of the number of flipped
detectors. In contrast, this is not the case for our proposed BP+LSD decoder. When run in parallel, the
LSD algorithm has an expected runtime in O(x?%), where r is the maximum cluster size. Further to this, the
number of clusters upon initialization is identical to the number of invalid detectors. We therefore expect
the decoding time to be proportional to the physical error rate. As such, in the sub-threshold regime, LSD
post-processing is much less costly than BP4+OSD. As a result, it is not detrimental to the decoder’s runtime
if a large portion of the computational load is shouldered by the LSD post-processing.

As mentioned in the main text, our implementation of BP+LSD uses BP solely to guide cluster growth.
For the codes studied in this work, it is possible to gain sufficient BP soft information after approximately
30 BP iterations.
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Supplementary Figure 2. Timing statistics for circuit-level noise decoding of the [144,12,12] bivariate bicycle
code at a physical error rate of p = 0.1%. The timing results are post-selected on BP non-convergence. Triangle
markers indicate the longest time BP took if it converged.

D. Runtime estimation

In this section, we conduct preliminary simulations to investigate the runtime of the proposed prototypical
open-source implementation of the decoder available at [26]. We would like to highlight that we leave an
in-depth investigation of a fully parallel and optimized implementation as future work. The results presented
here should be seen as a mere representation of the runtime of the currently available software implementation
acting as a benchmark for future developments, that is, in particular, it is not meant as a real-time decoder.

Supplementary Figure 2 shows timing statistics for BP4+LSD and BP+OSD. The violin plots depict the
distributions of the timings of BP+OSD and BP-+LSD, where circles represent the means. This data is
post-selected on cases where LSD/OSD is called, i.e., where BP does not converge, such that one measures
more accurately the performance of the post-processing routines. To highlight the overhead introduced by
the post-processor, triangles depict the maximum runtime of BP on shots for which it converged, presenting
a lower bound on the achievable timing statistics. For the BP decoder, we have used a parallel schedule and
min-sum update rules.

From the plot, it is evident that for the current software implementation of BP+LSD, the LSD step only
marginally increases the overall runtime, as opposed to for BP+OSD, where the OSD post-processing time
induces significant runtime overhead compared to the runtime of BP alone.

To estimate the runtime behaviour of the decoder in the “realistic scenario”, for instance, in a numerical
experiment, we also investigate timing data that is not post-selected on the BP-non convergence. Supple-
mentary Figure 3 depicts the total timing statistics of a BP+LSD/OSD call, regardless of BP convergence,
i.e., for some samples, BP might converge and LSD/OSD is not called. We observe that with an increased
number of BP iterations, the decoding times decrease, perhaps due to more BP convergence and thus fewer
post-processor calls. The distributions of BP4+OSD exhibit a bimodal form, corresponding to the cases where
BP converges or does not. For a larger number of BP iterations, this effect diminished, again perhaps due to
the increased convergence rate of BP. This is not the case for BP+LSD, whose distributions do not exhibit
this bimodality form because the overhead induced by LSD is (on average) comparable to BP (and lower
than OSD), but its distributions feature long tails.
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Supplementary Figure 3. Runtime for the decoding of the [144,12,12] BB code instance at physical noise rate
p=0.1% (top left), p = 0.2% (top right), p = 0.3% (center left), p = 0.5% (center right), and p = 0.7% (bottom left),
that is, above the pseudo-threshold of the code [5]. Circle markers show average decoding time per shot.

Supplementary Note 4 — Higher-order LSD

Standard LSD achieves comparable decoding performance in terms of logical error rate as BP+OSD.
However, improved decoding accuracy can be achieved with higher-order reprocessing, i.e., BP+OSD—w for
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Supplementary Figure 4. Effect of higher-order reprocessing routines when decoding the [882,48,16] code with
(a) BP+OSD—w and (b) BP+LSD—pu. We observe that within the sampling variance, the logical error rates obtained
from both decoders are identical.

w > 0 [25, 27]. In a similar vein, we propose higher-order LSD, LSD—y, and denote by LSD—0 standard
LSD without further reprocessing.

The central idea of higher-order LSD is to add an additional reprocessing step to LSD—0 to achieve better
decoding accuracy. Once LSD—0 has terminated, meaning that all clusters are valid and local solutions have
been computed, we conduct, up to p additional growth step on each valid cluster. On the grown clusters,
we then apply standard OSD reprocessing: we do this separately on each cluster matrix and therefore we
preserve LSD locality. We note that:

1. The additional growth steps may lead to further cluster merges in general.
2. Clusters cannot become invalid due to the additional growth steps.

3. The number of columns added to each cluster is an important parameter that affects decoding perfor-
mance.

As such, the choice of the parameter, p, is important for the runtime as well as the error correction perfor-
mance of higher-order LSD.

Let us illustrate why it is important for higher-order reprocessing to perform additional growth steps of the
clusters once the validity condition sjc,) € IMAGE(H|¢,]) is fulfilled. Technically speaking, this is required to
ensure that the rank of the union of clusters Hjy, ¢, is close to the rank of the full matrix H. Otherwise, not
all possible codewords of the classical code H can be represented by the clusters H|c,], a condition required
in higher-order OSD reprocessing. To this end, we apply a heuristic approach where the parameter p is
chosen as a (constant) fraction of the total number of columns of the overall decoding matrix H. If p is
large enough, the cluster matrices have the desired property with high probability. Our numerical findings,
which we discuss in the remainder of this section, demonstrate that higher-order LSD can achieve improved
decoding performance compared with LSD—0. Moreover, the LSD—p performance improvements are on par
with performance improvements obtained from global OSD—w reprocessing.

For the local OSD reprocessing in LSD—pu, we use parameters chosen after initial decoding experiments.
We leave an in-depth exploration of LSD—p and corresponding optimizations open for future work.

a. Comparison of BP+LSD—u and BP+LSD—w To demonstrate the effect of LSD—pu, we compare its
decoding performance to OSD—w for a lifted product (LP) code instance from Ref. [27], in which the authors
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originally proposed BP4+OSD—w for decoding QLDPC codes. For demonstration purposes, we perform a
code capacity experiment where we sample error vectors x from an independent and identically distributed
noise model, where each qubit is flipped with probability p. Using different decoders, we try to infer whether
a logical Z error occurred on any of the logical qubits. For the higher-order reprocessing routine, we use an
exhaustive search (OSD-E) of order w = p for both LSD—p and OSD—w. That is, for LSD—u we choose,
heuristically, the number of additional growth steps per valid cluster to equate the local reprocessing order
of the OSD-E routine.

The results depicted in Supplementary Figure 4 demonstrate, on the one hand, that higher-order LSD
achieves a lower logical error rate for larger values of y, and on the other hand, that LSD—pu can achieve
a decoding performance that matches LSD—w within the sampling variance. Note that, however, a direct
comparison of the parameters p and w is not possible since they have different meanings. Additionally, we
note that performing 10 or 15 additional growth steps per cluster for the [882,48, 16] code corresponds to
growing each cluster additionally by around 1% to 1.5% of the total number of columns in the check matrix
Hx, implying that “microdosing” LSD-u is sufficient.

b. Runtime comparison of higher-order global OSD and higher-order LSD. To estimate the runtime of
our serial implementation of BP+LSD— g and to compare it against the global BP+OSD—w decoder, we plot
the runtime per shot — including the BP iterations and sampling overhead — in seconds for various physical
noise rates for the code capacity noise model described in the previous paragraph. The results are shown
in Supplementary Figure 5. This figure does not aim to qualitatively highlight the runtime of the decoder,
but instead intends to demonstrate that even with the added higher-order reprocessing and additional growth
steps, the locality of the decoding problem is, on average, preserved. In fact, if this were not the case, the
average decoding time for LSD—px would be on par with the decoding time of the global OSD—w decoder.
The plot in Supplementary Figure 5 indicates that, even for serial LSD-u, there is a significant runtime
improvement with respect to BP+OSD—w, due to the reduced size of the inversion problem, as well as the
reduced search space for the OSD-E reprocessing routine on each cluster.

c. Higher-order LSD decoding on bivariate bicycle codes Here, we investigate the decoding performance
of LSD—p for the three instances of the bivariate bicycle codes from Ref. [5] under the circuit-level noise
model described in Methods 4.3. In Supplementary Figure 6 the z-axis represents the additional growth

10_1 = T T T T T =
F =0— OSD-w = 10
F -3~ OSD-w = 15
—  }=o= LSD-u=10
— - =~ LSD-p = 15
S BP
@ 1072 3
8
o
o
E
=
107? 3 E

0.04 0.05 0.06 0.07 0.08
Physical error rate, p

Supplementary Figure 5. The time-per-shot for the [882,48, 16] LP code instance for different orders of OSD and
LSD reprocessing. Since our timings include the BP stage of the decoder as well, we find that LSD—p with p = 10 is
limited by the serial implementation of the BP decoder and other overhead for low error rates. At larger error rates,
its runtime matches the one of BP+LSD—0.
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steps per cluster of the LSD—p routine as a fraction of the total number of fault nodes in the detector error
model. For each data point, we have fixed the local OSD reprocessing method used in LSD—pu to OSD-CS-4.
We observe that for all noise values, the Z logical error rate is consistently reduced by increasing the number
of growth steps of LSD—pu. The improvements are relatively small, which is, however, also the case when
applying OSD reprocessing globally. Therefore, we explicitly highlight the LSD-0 performance for each code
instance and noise strength with horizontal dashed lines. We observe that the largest code, the [144,12,12]
code, benefits the most from the higher-order reprocessing.

d. Adaptive-order reprocessing. It is in principle possible to adaptively choose the order of higher-order
reprocessing routines based on the observed syndrome s, the soft information vector A\, and the linear de-
pendencies encountered during the construction of the information set I. This is in contrast to current
reprocessing routines, that have been implemented in the context of quantum error correction, which fix the
order in advance. In the classical error correction literature this adaptive strategy has been described by
Fossorier et al. in 1998 [28]. There, the authors describe a (not necessarily efficient) covering test that allows,
for each received syndrome, to obtain statements about whether an exhaustive search reprocessing routine
of order wo can improve upon an order w; < wsy reprocessing routine. Additionally, assuming that the soft
information vector A closely represents fault probabilities, this test bounds the probability that order wo will
improve over order wy reprocessing. As a result, given a certain target error rate, one can adaptively choose
the reprocessing order w to achieve that targeted error rate. We leave the implementation and potential
adaption of the covering test to the decoding problem of quantum error correction codes as an interesting
open question for future work.
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Supplementary Figure 6. Performance improvements of the bivariate bicycle codes of Ref. [5] for higher-order
reprocessing with the LSD decoder. Each cluster is grown a certain fraction p of the total number of fault nodes in
the decoding graph after an initial solution to the inversion problem is obtained. Then, a local reprocessing using the
standard OSD-CS-4 method is performed. Each panel shows a different error rate of the circuit-level noise model. (a)
p = 0.001, (b) p = 0.002, and (c) p = 0.003. The shading indicates hypotheses whose likelihoods are within a factor
of 1000 of the maximum likelihood estimate, similar to a confidence interval.
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