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Supplementary Note 1. Thermal conductivity and thermal Hall effect measurements
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Supplementary Fig. 1 | Samples TC1 and TC2. a,d, Schematic diagrams of the thermal conductivity and thermal
Hall effect measurement setups, respectively. b,e, Single-crystal samples TC1 and TC2 of GdZnPO used for the
thermal conductivity and thermal Hall effect measurements. ¢,f, Temperature readings from thermometers and heater
power measurements for samples TC1 and TC2 during the collection of two representative data points shown
elsewhere. The dashed horizontal lines indicate the average values used to evaluate the longitudinal thermal
conductivity and thermal Hall conductivity. Two different heating powers were applied at each temperature 7§ to test

the reliability of our experimental setup (see text below).

We first conducted longitudinal thermal conductivity and thermal Hall conductivity measurements on
four randomly selected GdZnPO crystals TC1-TC4, as shown in Supplementary Figs. 1 and 2. The back-
scattering Laue x-ray diffraction (XRD; detector: LAUESYS_V_674, Photonic Science & Engineering Ltd)
patterns from the upper surfaces of these samples displayed sharp reflections (see Supplementary Fig. 3),
indicating high crystallization quality. The XRD results also confirmed that the longest crystal directions
were along [110] in the ab plane, ensuring the heat current predominantly flowed along this direction, with
the magnetic field applied along the c axis for all samples. The average cross-section areas of the heat flow

(thickness x full width) were measured using a microscope: A = 0.17x0.29, 0.06x1.63, 0.06x0.83, and
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Supplementary Fig. 2 | Samples TC3 and TC4. a,c, Single-crystal samples TC3 and TC4 of GdZnPO used for
thermal conductivity and thermal Hall effect measurements, respectively. b,d, Temperature readings from
thermometers and heater power measurements for samples TC3 and TC4 during the collection of two representative
data points shown elsewhere. The dashed horizontal lines indicate the average values used to evaluate the
longitudinal thermal conductivity and thermal Hall conductivity. Two different heating powers were applied at each

temperature 7| to test the reliability of our experimental setup (see text below).

0.03x1.74 mm? for samples TC1-TC4, respectively. Silver wires to the thermometers and a chip resistance
heater were attached to the sample surfaces with silver paint (Supplementary Figs. 1 and 2), guiding the
heat flow approximately along [110]. The measured distances between the temperature sensors were as
follows: between Ty and 71, along the heat flow, [ = 0.18 mm (Supplementary Fig. 1b) and 0.49 mm
(Supplementary Fig. 2a) for samples TC1 and TC3, respectively; between Ty and 71,; along the heat
current, [ = 0.47 mm (Supplementary Fig. le) and 1.01 mm (Supplementary Fig. 2c) for samples TC2
and TC4, respectively. The distances perpendicular to the heat current were w = 1.05 mm between 11
and 71,; for sample TC2 (Supplementary Fig. le), and 1.26 mm between Tiy2 and 711y for sample TC4
(Supplementary Fig. 2c).

All RuOs chip thermometers (111, 11, Tx1, 11,1, Tre, and T19; RX-102A-BR, LakeShore) were in situ
calibrated against a reference thermometer (7, RX-102B-RS-0.02B, LakeShore, calibrated down to 18
mK) prior to each measurement. Calibration was performed under the temperature range (0.03 to 2 K) and
magnetic field conditions (—12 to 12 T), by turning off the heater power (P = 0) at ¢ < ¢; (Supplemen-
tary Figs. lc,f and 2b,d). To ensure a high signal-to-noise ratio, all thermometers were measured using

Lakeshore Model 372 resistance bridges/temperature controllers equipped with specially designed internal



Supplementary Fig. 3 | Laue x-ray diffraction (XRD) patterns. a-d, Patterns measured on the upper surfaces of
samples TC1-TC4 following thermal conductivity and thermal Hall effect measurements. All Laue XRD
measurements were performed sequentially under identical conditions: tungsten target (20 kV, 15 mA), 400 s

exposure, and a consistent sample-detector distance.

lock-in amplifiers. The longitudinal thermal conductivity (x,;) and thermal Hall conductivity (x,) mea-
surements were conducted using a standard four-wire steady-state method [1] for the elongated samples
TC1 and TC3 (Supplementary Figs. 1c and 2b), and a five-wire steady-state method for the wider samples
TC2 and TC4 (Supplementary Figs. 1f and 2d). Measurements were performed in high vacuum using a
3He-*He dilution refrigerator (KELMX-400, Oxford Instruments). The lower and higher power data were
averaged over (1 + t2)/2 <t < tg and (t2 + t3)/2 < t < t3, respectively (Supplementary Figs. 1lc,f and

2b,d), and are presented in Supplementary Figs. 4 and 5 as solid and open data points.

The longitudinal thermal resistivity and thermal Hall resistivity are defined as w;, = AV,T/P and wy,
= AV, T/P, respectively, where V, T and V, /T denote the temperature gradients parallel and perpendicular
to the heat flow. Typically, |V, T'| (Jwsy|) is significantly smaller than V,T' (wg;). Consequently, the
longitudinal thermal conductivity is given by Ky = wWee/ (w2, + wgy) ~ P/(AV,T) and the thermal Hall
conductivity by Ky = W/ (w2, + wgy) = Kz VyTIV T For the elongated samples TC1 and TC3, V,T'
= (Ty — T1,)/l; and the sample temperature 7" = (T3 + 11,)/2. For the wider crystals TC2 and TC4, T
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Supplementary Fig. 4 | Responses to heater power measured on samples TC1 and TC2. a, Heating power (P)
applied to single-crystal sample TC1 and the resulting temperature gradient along the heat flow (V,7T'). b, Thermal
conductivity of sample TC1, k,,. c-f, Raw thermal conductivity data measured at ;o H = 2.5 T on single-crystal
sample TC2. The heating power P is shown in ¢, and the corresponding temperature gradients parallel and
perpendicular to the heat flow, V, T and VT, are shown in ¢ and e, respectively. kg, (d) and Kyy/Kqq (=
VTV, T) (f) were measured on sample TC2. Solid and open symbols represent lower and higher power data,

respectively.

= (Tyy + T11)/2, and V,T(H) was calculated as [(Tia1 — T11)|g + (Tm — Tra)|—m)/(21) to eliminate
transverse responses caused by contact misalignment (see Supplementary Figs. 1e and 2c¢), since V7' is an
even function of the applied magnetic field H. Similarly, we evaluated V, T(H) = [(T1.2 — 111 )|# — (T12 —
Ti1)|-gl/(2w) and [(Tae — Tm)|g — (T2 — Tm1)|-g)/(2w) for samples TC2 and TC4, respectively, to
eliminate longitudinal responses, given that V1" is an odd function of H. For each sample and magnetic
field, the measured ~., remained independent of the heater power P, indicating a good linear response and
minimal heat leakage in our experimental setup (e.g., see Supplementary Figs. 4 and 5). Furthermore, the
measured Kzy/Kzz, and thus x4y, also showed negligible dependence on P within a reasonable error range

(see Supplementary Figs. 4 and 5).

For sample TC2, the measured longitudinal thermal conductivity k., = PI/[A(Ta1 — T11)] remains
independent of the magnetic field’s sign within a reasonable error range, as shown in Supplementary Fig. 6c,
confirming that both k., and VT are even functions of H. Conversely, the transverse-to-longitudinal
temperature gradient ratio, (112 — T11)/(wV,T), clearly depends on the sign of H (see Supplementary

Fig. 6a), reflecting the odd-function nature of V, 7" due to k., # 0. While the crystal size of sample
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Supplementary Fig. 5 | Responses to heater power measured on samples TC3 and TC4. a, Heating power (P)
applied to single-crystal sample TC3 and the resulting temperature gradient along the heat flow (V7). b, Thermal
conductivity of sample TC3, k. c-f, Raw thermal conductivity data measured at ;1o H = 6.8 T on single-crystal
sample TC4. The heating power P is shown in ¢, and the corresponding temperature gradients parallel and
perpendicular to the heat flow, V1" and V,T', are shown in (¢) and (e), respectively. kg, (d) and k,y/kr (=
V,TIV,T) (f) were measured on sample TC4. Solid and open symbols represent lower and higher power data,

respectively.

TC4 is sufficient for thermal Hall conductivity measurements, its lower crystallization quality—evidenced
by broader reflections in its Laue XRD pattern (see Supplementary Fig. 3)—distinguishes it from the other

samples.

In insulators, crystal imperfections can introduce carriers, potentially reducing electrical resistivity [13].
The GdZnPO single crystals are good insulators with high resistivity, pS, > 300 (2m, below 300 K (see
Fig. 2 in the main text). Sample TC4 shows a significantly smaller electric gap (~220 K) compared to
the other samples (>330 K), confirming its inferior crystallization quality. As the temperature drops below
~0.3 K, Kz,/T for sample TC4 shows a downturn with notably lower values, contrasting sharply with the
other samples (see Fig. 2 in the main text). Additionally, the r,, signals from sample TC4 are noticeably
noisier than those from sample TC2 (compare Supplementary Fig. 6d,e with Supplementary Fig. 6a,b).

From fitting x,, below 1 K, we obtained the phonon mean free paths, A\, ~ 4.8, 10.9, 14.5, and 13.8
pm for samples TC1-TC4, respectively—much smaller than the corresponding average sample width W =
2\/147/77 (~251, 353,252, and 258 um), where A denotes the cross-sectional area (see Supplementary Table

1). This suggests that the crystallinity quality of the randomly selected samples TC1-TC4 may simply have
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Supplementary Fig. 6 | Magnetic field dependence of longitudinal thermal conductivity and thermal Hall
conductivity. a, Ratio of transverse to longitude temperature gradients, (112 — 111)/(wV ;T'), measured at 1.5 K on
sample TC2 (see Supplementary Fig. 1f). b, Thermal Hall ratios, ky/kzq (= V,T/V,T). ¢, Longitudinal thermal
conductivity measured at 6.8 T and —6.8 T. d-f, Corresponding data measured on sample TC4. In a,b,d,e, error bars,

lo s.e.

been insufficient (see main text). In this work, we successfully identified an elongated single crystal, TC5 (A
= 0.056x0.63 mm?; . = 0.82 mm)—also oriented along [110] according to Laue XRD—with the highest
room-temperature electrical resistivity, p,(300 K) ~ 11 k{2m, among three crystals with suitable shape
and size. Notably, sample TC5 shows more than an order of magnitude higher resistivity than the earlier
samples TC1-TC4, which had p¢,.(300 K) ~ 0.38, 0.30, 0.42, and 0.35 k2m, respectively. The resistance
of TC5 is ~25 MS) even across a small contact gap of ~0.068 mm, exceeding the optimal measurement
range (<6 M(?) of the physical property measurement system at 300 K. As a result, precise resistivity data

for sample TCS below 300 K are not available.
The heat leakage of our thermal conductivity setup is negligible for the following reasons:

(1) To minimize heat leakage, we used a cantilever-based thermal conductivity setup that was thermally
isolated from all supporting components, except for minor additional heat flow mainly through the NbTi
superconducting leads (diameter dyp; = 63 um, length IxpT; = 13 mm) connected to the heater and ther-
mometers, as shown in the inset of Supplementary Fig. 7c. Prior to condensing the *He-*He dilution

refrigerator, the exchange helium gas was pumped out at 5-10 K for over 8 hours using a compound turbo
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Supplementary Fig. 7 | Thermal conductivity measured on GdZnPO sample TC5. a, b, Temperature readings
from thermometers (711, 11, Tiy) and heater power (P) during two representative measurements at O and 0.2 T.
Dashed lines indicate steady-state values used to evaluate x,.[(Ty + T1.)/2] = . P/A/(Ty — T1,), where [, = 0.82 mm
is the contact distance and A = 0.056x0.63 mm? is the cross-sectional area. Resulting values:—At 0 T: £,,(76.6
mK) = 0.430 WK~ m™!, k,,(103.3 mK) = 0.352 WK 'm ' —At 0.2 T: £,,(72.4 mK) = 0.259 WK~*m~!,
K22(95.0 mK) = 0.266 WK~'m~!. ¢, Temperature dependence of x,, at 0 and 0.2 T, fitted with x,, =

ko +r1T + K pT3 (blue and red lines), below 1 K. The inset shows sample TC5 after the measurements. The
vertical arrow marks the upturn onset in zero-field x, as T' decreases. d, Same data re-plotted as #, /T vs T?. The

olive and black lines show the /T and k1 + K, T components of the 0.2 T fit, respectively.

pump (nEXT85D, nXDS6i, Edwards), achieving a high vacuum of ~2.5x10~? bar. We made every effort

to suppress heat leakage during the measurements.

(2) A similar experimental setup was previously used to measure the thermal conductivity (x) of a-
CoV,0g single crystals, where magnetic excitations are gapped (~35 K), and phonons dominate thermal
transport below 2 K [1]. /1" decreases rapidly with decreasing temperature, following x ~ K pT3 down to
the lowest measured temperature, indicating negligible heat leakage in our setup. At ~ 0.1 K, we obtained
a reasonable thermal conductivity value of K ~ 1 mWK~'m~!, yielding a total heat conductance a1 =
kAlle ~ 0.1 uWK~! [1]. Therefore, the heat-leakage conductance of our setup at ~0.1 K must be less than

~0.1 uWK~!, which is more than two orders of magnitude smaller than the total heat conductance of the
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Supplementary Fig. 8 | Raw thermal conductivity data of sample TC5 at 0 T. a, Applied heating power (P) and
the resulting longitudinal temperature gradient (V7). b, Thermal conductivity divided by temperature, ~,./7T", with
the solid line showing a fit, k;,/T" ~ Ko/T+kK1 + KpT2, below 1 K. ¢, Total heat conductance between Ty and 17,
Ktotal = P/(T1 — I1,). Solid and open symbols denote data under lower and higher power, respectively. d, Heat-leak
conductance through six NbTi superconducting leads (diameter dnp; = 63 um, length IxpT; = 13 mm), calculated as

Kleak ~ 67T/€NbTid2NbTi/(4leTi), where the thermal conductivity knp; is adapted from Ref. [2].

GdZnPO sample TC5 (see Supplementary Fig. 8c).

(3) The thermal conductivity of NbTi wire is extremely low at ultra-low temperatures: KnpT; ~ 2 X 106
Wem K1 2x107% Wm K1) at ~0.1 K and ~ 1x107* Wem™ 'K~ (1x1072 Wm—'K™!) at ~1
K [2]. For our leads, this corresponds to Kiead = ThNbTIdR 11/ (4NbTi) ~ 5% 10711 WK1 at ~0.1 K and ~
2x1072 WK1 at ~1 K. Even with six leads, the total heat-leak conductance, Kjeax ~ 6Klead ~ 2.9x 10710
WK1 at ~0.1 Kand ~ 1.4x10~8 WK~ at ~1 K (see Supplementary Fig. 8d), is more than three orders
of magnitude smaller than the measured heat conductance of GdZnPO (sample TC5), Kiotal ~ 1.7x107°
WK~ at ~0.1 K and ~ 8.8x107° WK~! at ~1 K, and is more than two orders of magnitude smaller than
that of a-CoV50g (sample no. 1) [1], ~1x10~7 WK~! at ~0.1 K and ~1x10~* WK~! at ~1 K. Thus,
heat leakage through the superconducting leads is negligible.

We used NbTi wires with dyp; = 63 pm and Inp; = 13 mm, providing robust electrical connections for
the thermometers and heater while avoiding short circuits. As discussed above, the resulting heat-leakage
conductance is negligibly small, even in thermal-conductivity measurements dominated by phonons (e.g.,

a-CoV20g [1]).



Supplementary Fig. 9 | Laue x-ray diffraction (XRD) patterns of specific-heat samples and
thermal-conductivity samples. a-b, Laue patterns measured on the upper surfaces of specific-heat samples SH1 and
SH2, and thermal-conductivity samples TC4 and TC5. All measurements were conducted sequentially under
identical conditions: tungsten target (20 kV, 15 mA), 400 s exposure, and fixed sample-detector distance. Crystal

mass and room-temperature electrical resistivity p$ (300 K) are also listed.

To achieve a high signal-to-noise ratio, we applied a heat power of P ~ 4x10~% W at ~ 0.1 K for
GdZnPO sample TCS, producing a relative temperature difference 2(7y — 11,)/(1g + 11.) ~ 3-7% (e.g., see
Supplementary Fig. 7a,b). Compared to the typical value of P ~ 6x107'% W used in a-CoV,0g at 0.1 K
[1], the relatively large P used in this work reflects the unusually high residual k., (Or Kiota1) of GdZnPO,

which is associated with the spiral spin liquid (SSL) physics (see the main text).

As shown in Supplementary Fig. 11a,c,e,g and Fig. 3a of the main text, a weak low-temperature upturn
in Kge occurs only for TCS at 0 T below ~ 0.1 K. For TC1-TC4 and for TCS at finite fields, k., decreases
monotonically with decreasing temperature down to the lowest measured temperature (K, ~ ko + k11 +

K,T?), consistent with the SSL scenario.

Based on Laue XRD photographs (see Supplementary Fig. 9), we find that samples SH1 and TC4
both exhibit relatively poor crystallinity, while SH2 and TCS show comparably higher crystallinity. The
observation of negligible sample dependence in specific heat between SH1 (lower crystallinity) and SH2

(higher), alongside the pronounced sample dependence in thermal conductivity between TC4 (lower) and
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Supplementary Fig. 10 | Sample dependence of specific heat and heat transport properties of GdZnPO. a,
Magnetic specific heat (Cy,) of samples SH1 and SH2, along with previously reported data. Colored lines represent
linear fits using Cy, = Cy + C1T'. b, Thermal conductivities of samples TC1-TCS5, with colored lines showing the
fits, Kz = ko + k1T + K, T3. The vertical arrow indicates the temperature where an upturn in TC5 at 0 T appears as
T decreases. ¢, Relative deviation of specific heat: C,,(SH2)/C\,(SH1)—1. d, Relative deviation of thermal
conductivity: Ky, (TC5)/k,,(TC4)—1.

TCS5 (higher), as shown in Supplementary Fig. 10, together provide a consistent and convincing resolution
to the sample dependence issue for GdZnPO.

In the k. plots (see Supplementary Fig. 11a,c,e,g), the fits generally agree well with the data, although
some deviations appear below ~0.3 K when the data are presented as r,,/T" vs. T? (see Supplementary Fig.
11b,d,f,h). Notably, sample TC4, which shows broader Laue patterns (see Supplementary Fig. 9), exhibits
Kz /T values falling below the fitted curve /T + 1+ KpT? below ~0.3 K (see Supplementary Fig. 11h).
Similarly, sample TC2 shows a drop in /T below ~0.15 K at a high field of ~12 T (see Supplementary
Fig. 11d). Such low-temperature suppression of /1" has also been reported in various magnetic systems,
including PbCuTesOg [3], YbMgGaOy [14], NagCosTeOg [15], and Cu(CgH5COO)2-3H20 [16]. This
phenomenon has been attributed to spin gap opening, many-body localization, and/or disorder effects that
suppress the transport of spin excitations [3, 14—16].

In the case of GdZnPO, the low-temperature drop in r;,/T is mainly observed in sample TC4, which
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Supplementary Fig. 11 | Fits to the thermal conductivity data of GdZnPO crystals. a,c.e,g, Thermal
conductivity k,, of samples TC1-TC4, fitted below 1 K using the expression k., ~ kg + 11 + K pT3, with all
fitted parameters constrained to be non-negative. The extracted values are summarized in Supplementary Fig. 12.

b,d,f.h, Corresponding plots of x,. /T versus T2 for the selected data.

exhibits broader Laue patterns and poorer electrical insulation, suggesting that the suppression is caused by
disorder effects. In contrast, the most electrically insulating sample TC5—with sharp Laue photographs (see
Supplementary Fig. 9)—shows no such drop (see Fig. 3 in the main text). Instead, its thermal conductivity
is well described by Ky ~ ko + k1T + KpT3 below 1 K. Remarkably, in zero field, sample TC5 even
exhibits an unusual upturn in k., below ~0.1 K. This upturn is suppressed by a small magnetic field of
~0.2 T. A similar phenomenon was previously reported in the Kitaev material NayCo2TeOg, where the low-
temperature rise in zero-field /1" was attributed to the recovery of thermal transport by itinerant excitations

at ultra low temperatures [17].

The fitted parameters from the fits below 1 K are summarized in Supplementary Fig. 12, for GdZnPO
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Supplementary Fig. 12 | Fitted parameters from the thermal conductivity data of various GdZnPO crystals
below 1 K. The data were fitted using k., = kg + k17T + KpT3. The optimized phonon coefficient K, and
magnetic terms x; and kg are shown in panels a, ¢, and d, respectively. b, Ratio of the phonon mean free path to
average sample width, A\,/W, where A, is calculated from the fitted K, in a, and W = 2\/A7/7r with A the
cross-sectional area. The weak field dependence of K, and A,/W may arise from phonon-magnetic excitation

scattering, as the GdZnPO spin system is gapless.

samples TC1-TCS. The phonon prefactor K, as well as the magnetic terms xo and x1, are significantly

enhanced in the highest-quality sample TCS.

The low-temperature magnetization of GdZnPO is presented in Supplementary Fig. 13a. If magnetic
hysteresis were present, one would expect Msweep down > Msweep up at low temperatures, in contrast
to our experimental observations. Therefore, no evident magnetic hysteresis is observed down to at least
50 mK in GdZnPO, consistent with the theoretical expectation of the SSL ansatz for the easy-plane J;-J>
honeycomb-lattice model in the classical level at 0 K [18]. Accordingly, it is not necessary to distinguish
between magnetization and demagnetization processes when antisymmetrizing the transverse temperature

gradient in GdZnPO (see above), in contrast to the case of the ferromagnet VI3 [19].

As shown in Supplementary Fig. 13a, the measured magnetic susceptibility, dM/dH, remains larger

than the Van Vleck susceptibility even at 12 T and 50 mK (~0.4%|0.,

, where 6, ~ —12 K is the Curie-
Weiss temperature), indicating that the GdZnPO spin system is not fully polarized. Both M and dM/dH

exhibit fine features that deviate from classical theoretical predictions as the applied field approaches the
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Supplementary Table 1 | Reported phonon mean free paths of various compounds, compared with GdZnPO
samples in this work. The cross-section area is A = thicknessx full width (in um?); average width W = 2,/A/ (in
pm). Listed are the reference phonon mean free path /\fff (in p4m), phonon coefficient K, (in WK~*m~1) at low

temperatures, and the mean free path )\ff“ (in ym) calculated from K.

compounds sample no. |thickness x full width| T /\;ef K, )\;al Ap/W
PbCuTe; O [3] S1 720x880 898 15.49/0.0206| 7.5 |0.0061
S2 7501040 997 19.56| - - 10.0096
P 200x1220 557 (513 - - 10.0092
U0, [4] A<100> 1000x 1000 1130(13.1| - - 10.012
NazCoyTeOg [5] A 1001000 357 |42.1| - - | 012
Z 1001000 357|132 - - | 037
NagBaCo(POy), [6] - 140%x 630 335 - 10297 | 43 | 0.13
SnSe [7] - thickness: 700-1000| - | 54 - - -
PbS [8] - - - | 61 - - -
a-CoV20g [1] no. 1 110x450 251 {120 0.514 | 120| 0.48
no. 2 150600 339 | - 0477|116 0.34
Ho,TioO7 [9]  |large (6 T) 340x350 389 190 | - - | 049
small (6 T) 100170 147 {101 | - - | 0.69
KBaYb(BO3), [10] A 60x810 2491360 - - | 145
B 80x430 209 {300 - - | 144
GdZnPO TCl1 170x290 251 0.0229] 4.8 | 0.019
(this work) TC2 60x1630 353 0.0521|10.9| 0.031
TC3 60x830 252 0.0693|14.5| 0.058
TC4 30x1740 258 0.0657|13.8| 0.054
TCS 56x630 212 0.94 |197| 0.93

crossover value of 12 T [12]. Similarly, clear discrepancies are observed between the experimental spe-
cific heat (see Supplementary Fig. 13b) and the semi-classical spin-wave simulations (see Fig. 4b in
the main text). These deviations can be attributed to the finite spin quantum number S = 7/2 of the real
GdZnPO system, whereas the current theoretical model employs classical spin vectors (S = +00) to re-
duce computational cost. As a result, the total entropy per spin is reduced from an unbounded value in
the classical limit to RIn(2S + 1) = 3RIn2 in the real system, giving rise to quantum fluctuations at low
temperatures. While the classical easy-plane .J;-J5 honeycomb-lattice model predicts a crossover field of
poH. = S[2D + 3J1 + 9J2 + J2/(4J2)]/(gus) = 12 T between the SSL and the polarized phase [12], a
significantly higher field would likely be needed to fully polarize the GdZnPO spin system. Therefore, the
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Supplementary Fig. 13 | Field dependence of isothermal magnetization, thermal conductivity, and magnetic
specific heat. a, Dc magnetization (M) of GdZnPO measured at 50 mK during field sweeps up (red) and down
(blue) using a Faraday force magnetometer [11]. The sold olive line shows dM/dH, with the dashed olive line
indicating the Van Vleck susceptibility. b, Thermal conductivity of the highest-quality sample TCS5 and specific heat
of SH1 at 0.1 K. The dashed black line marks the crossover field o H, ~ 12 T. ¢, Temperature dependence of
thermal conductivity at 0 and 12 T. Colored lines show fits to k., = kg + kK171 + K, pT3 below 1 K. The thin black
line is a linear fit at 7' < 0.14 K, where the phonon term K, 7% (< 0.018 WK~ 'm™1) is negligible. d, Magnetic
specific heat measured at 0 and 12 T. Colored lines show linear fits (C\, = Cp+C1T) below 0.7 and 0.12 K,
respectively. The magnetic field is applied along the ¢ axis. e, Ay,ovUmo = 3NaA Vorko/Co. £, Am1vm1 = 3NaAVor1/Ch.
Here, Vi = 67.6 A? represents the volume per formula. Solid and open symbols show calculations using the fitted

values of k¢ (k1) below 1 K and below 0.14 K, respectively (see c).

absence of a sharp drop to zero in the low-T' k., (see Supplementary Fig. 13b) or in the residual xq (see
Fig. 3 in the main text) up to 12 T is physically reasonable. In this work, we have successfully measured
the specific heat of GdZnPO down to ~0.043 K, revealing the presence of a small residual term even at 12
T, Cy = 0.042+0.01 JK~!/mol (see Supplementary Fig. 13d). Therefore, the observation of a finite residual
thermal conductivity at 12 T (see Supplementary Fig. 13¢)—#xg ~ 0.05 WK~ m~ (from the fit below 0.14
K) or 0.09 WK~'m~" (from the fit below 1 K)—does not seem implausible. Unfortunately, our current ex-
perimental setup is limited to a maximum magnetic field of 12 T, and ultra-low-temperature measurements
beyond this field are not yet available.

The sharp drop in the low-T specific heat near 12 T (see Supplementary Fig. 13b) is primarily attributed
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Supplementary Fig. 14 | Thermodynamic and thermal transport properties of GdZnPO. a, Temperature
dependence of magnetic specific heat (C',,) and magnetic susceptibility measured along the c axis [12]. b,
Longitudinal thermal conductivity (%) and thermal Hall conductivity () measured along the c axis. The dashed

line indicates the crossover temperature 7, corresponding to the peak in Cy,.

to the suppression of the residual term Cj (see Fig. 3 in the main text). Therefore, the absence of a
sharp drop in the low-T' k,, or in the residual o should be phenomenologically attributed to a sudden
enhancement of the mean free path and/or group velocity of the zero-energy excitations along the SSL
counter, Apy,0vmo, near puoH. ~ 12 T (see Supplementary Fig. 13e), likely driven by quantum fluctuations.
This observation calls for further theoretical investigation.

As shown in Supplementary Fig. 14a, the temperature dependence of magnetic susceptibility exhibits
no evident anomaly near the crossover temperature 7. In contrast, the classical Monte Carlo simulations
of susceptibility display a clear peak or kink at 7" ~ 2 K (see Fig. 3b in Ref. [12]), likely associated with
the spontaneous breaking of chiral symmetry. Moreover, the simulated specific heat shows a significantly
sharper peak at T* compared to the experimental data for GdZnPO. These discrepancies are most likely due
to quantum fluctuations arising from the finite spin quantum number S = 7/2 of Gd®* ions, which reduce
the total entropy per site from an infinite value (in the classical limit) to RIn(2S + 1) = 3RIn2. However,
existing theoretical and numerical studies of the easy-plane J;-J2 honeycomb-lattice model remain at the
classical level, and accurate simulations of a frustrated S = 7/2 quantum spin system remain extremely

challenging.
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Therefore, it is not particularly surprising that no evident anomaly is observed in the temperature de-
pendence of k;; and Kk, /T around 1™, as shown in in Supplementary Fig. 14b. Even in the experimental
specific heat, the peak near 7 ~ 2 K is broad, indicating a crossover from the high-temperature paramag-

netic phase to the putative SSL of GdZnPO, rather than a sharp phase transition.

0.4 T T
T C
bt
£ o2 I 15K
v ? }
= A . ) 'y
E 2 s/
Koo ° NV
k)( o !
a n L
B 3 6 9 12
HoH (T)
' I LR
f RN
. f} RN
An ] | | [N
Eo2t /I R
- I RN
é % | | I 1
| 1 11
E Y
(R | o | @ | 1l
~ | | | |
ki‘ | \é/ | é\ 11
I T
| | | 1
0.09- .
0 1 10
HoH (M

Supplementary Fig. 15 | Thermal Hall conductivity of GdZnPO sample TC2. a, b, Temperature dependence of
the thermal Hall conductivity (x4y). The colored lines show the fits using Supplementary Eq. (1), in panel a. ¢, Field
dependence of thermal Hall conductivity at 1.5 K. The black line shows a linear fit above ~6 T, augH + b, and the
olive line represents the estimated phonon contribution aoH, with a = 244 x107 WK~'m~!T~!. d-f, Thermal
Hall conductivity at 7' = 1.5 K, plotted as k,/T" versus pioH, g YH=1, and log1o (1o H), respectively. Dashed lines

indicate the field values at which k,,,/T" exhibits local maxima or minima.

At selected magnetic fields, the thermal Hall conductivity (x.,) measured on sample TC2 of GdZnPO
can be analyzed similarly to Ref. [20]. Notably, at applied fields above ~1.5 T, x,,/T" increases with rising
temperature, reaching significant values above ~1.2 K (see Supplementary Fig. 15a,b). These observations
suggest that the excitations are bosonic. Using the two-flat-band approximation [20], the experimental r,
can be approximately fitted by,

Ry k]%cs /oo r2e® /00 22e%
wy _TC 4 _rtet X
T hdinter[ oy (e —1)2 . oy (e% —1)2 ], (D

where +C is the Chern number of the lower (w7) or higher (w2) band, respectively, and diyger = ¢/3 (~10.2

A) is the average interlayer distance between neighboring GdO honeycomb layers in GdZnPO [12]. By
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fitting the data at 2.5, 4.7, 5.7, 8.9, 9.9, and 11 T (see Supplementary Fig. 15a), we obtained Cs = 1.18,
1.13,0.99, 0.67, 1.21, and 1.13, Aw; =5.4,7.9, 6.8, 6.4, 6.5, and 6.9 K, hwy = 16, 28, 27, 30, 10, and 28 K,
respectively. The fitted C; values are close to the integer value “1”, supporting the validity of the two-flat-
band model analysis [20]. The fitted values of w; and hwe values are nearly an order of magnitude lower
than the phonon energies, characterized by the Debye and Einstein temperatures, ©p and Oy, (n =1, 2, 3,
see Supplementary Fig. 16).

The energy scale of phonons (characterized by the Debye temperature, >100 K) is significantly higher
than that of spin excitations (given by the absolute value of the Curie-Weiss temperature, ~12 K) in the
oxide GdZnPO. Therefore, the phonon contribution to the thermal Hall effect is generally expected to be
small at low temperatures (<2 K). For example, in SrTiOs at low temperatures, the phonon thermal Hall
conductivity behaves as rhy ~ —agT?, with ag ~ 8.4x107™* mWK5m~1 at 12 T [21]. At T = 1.5 K, this
yields x5y ~ —0.0043 mWK ™~ 'm™!, whose absolute value is more than one order of magnitude smaller
than the observed xy ~ 0.15 mWK~'m~! at 12 T in GdZnPO (see Supplementary Fig. 15c).

Since the energy scale associated with ~12 T (Zeeman energy ~ 10 K) is much smaller than that of
phonons (>100 K), a linear field dependence of the phonon thermal Hall conductivity, by, ~ auoH, is
generally expected below ~12 T within the linear response approximation—see, for example, Fig. 1(d) in
Ref. [21]. Here, a is constant. We performed a linear fit to the high-field ~,,, data using the form auoH + b.
The estimated phonon contribution, apoH, remains significantly smaller than the measured r,,, across the
entire field range (see Supplementary Fig. 15c).

While a periodic thermal Hall effect in j A1 has been reported in CsV3Sbs [22], no convincing
periodicity in poH, pg YH-1 or log10(uoH) is observed in the GdZnPO sample TC2 (see Supplementary
Fig. 15d-f). Therefore, it is more likely that the oscillation-like feature arises from normal measurement

noise.

Supplementary Note 2. Lattice specific heat

The magnetic specific heat of GdZnPO (see the main text) was obtained by subtracting the lattice con-
tribution, estimated from the specific heat of the nonmagnetic reference compound YZnPO (Supplementary
Fig. 16). The specific heat of YZnPO can be fitted using a Debye-Einstein model similar to that in Ref-
s. [1, 23, 24],

Okn

o — BwoRT? / T et an@%n )
tTzeh Uy SRRy S 1y

where Z = 6 represents the number of formulas per unit cell of YZnPO (or GdZnPO), and the weight factors
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Supplementary Fig. 16 | Specific heat of the nonmagnetic reference compound YZnPO. The blue line shows the
fit using the Debye-Einstein lattice model (see Supplementary Eq. (2)), with the fitted parameters listed. Error bars,

lo s.e.

wp =3, w1 =6, we =27, wy =36 are fixed (wg + w1 + ws + w3 = 3x4x Z) for simplicity. The fitted Debye
and Einstein temperatures, ©p and Oy, are listed in Supplementary Fig. 16. At T < Op (~117.5 K),

the lattice specific heat (per mole formula) is proportional to T’ 3 Cla ~ 1?;5? ? (CraT73 ~1.997 x10~*
D

JK~*/mol), where R = 8.314 JK~!/mol is the gas constant.

Supplementary Note 3. Linear spin-wave theory for the spiral spin liquid

Under a magnetic field (H) applied along the ¢ axis, the S = 7/2 Hamiltonian of GdZnPO can be
approximated as [12]
H=J1 ) Sjo-Sp+d Y Sjo-Spp+D) (5)°—mHgus) S, 3)
(70,51) ((40,52)) J0 30
where J; ~ —0.39 K and J3 ~ 0.57 K denote the first (( )) and second ({( ))) nearest-neighbor couplings,
respectively, D ~ 0.30 K represents the easy-plane anisotropy, and g ~ 2 is the g factor. The combination
of J; and Jy induces spin frustration on the honeycomb lattice. At the classical level, the ground-state state

of Supplementary Eq. (3) is expected to be a SSL [18], with

Sj‘ = Slcostpcos(Q - R;),cossin(Q - Rj),sine)] and 4)

SP = Slcoscos(Q - R; + ¢), cossin(Q - Ry + ), sin ], ©®)

for spins on the sublattices A and B of the honeycomb lattice, respectively, where Q = hbi+kbo is the

ordering wave vector, by and by are the reciprocal lattice vectors, and R ; denotes the position vector of the
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j-th unit cell. Using this ansatz, we calculate the system’s energy per site as

3J
E=(D 71+3J2)52 sin? ¢+ hy S sin 1 +

J152 cos? ¢
2
+ J95? cos® p[cos(27h) + cos(27k) + cos(2rh + 27k)],  (6)

[cos ¢+ cos(¢p—2mh) +cos(¢p — 2mh —27k)]

where hy = —uoH gup. By minimizing Supplementary Eq. (6), the angles ¢ and 1) are determined as cos ¢

= I sing = —2—, and sin® = —2%7. Here, f1 =1 + cos(2whg) + cos(2mhg + 27kg), f2 =

N N

2
sin(2mhg) + sin(2rhg + 27kg), and = D + 321 + 8‘]712 + 22 along with the degenerate spiral contour,

1 2
cos(2mhg) + cos(2mkg) + cos(2mhg + 2mkg) = (4J—le —
2

=5 )- (N

Using the ground state described in Supplementary Eqs. (4) and (5), a new spin coordinate system for

S’ is defined as

S}“ =R*(Q-Rj)RY(m/2 — w)S']A and (®)

SP = R*(Q-R; + ¢)RY (/2 — 1)S'7, ©)

where R*(6) denotes a spin rotation operator about the « axis (o = y or z) by an angle 6. The spin

Hamiltonian in Supplementary Eq. (3) is then expressed in the S’ coordinate system as

H=T Y {[sin®¢cos(Q-Rj1— Q- Ryjo+¢)+cos® ¥| S5 + cos(Q-Rj1 — Q- Ryjo + ¢)S74SH
(40,51)

+[cos? ¥ cos(Q-Ryj1 — Q- Rjo+¢) +sin” 9] S75.97 —sin ¢ sin(Q-Rj1 — Q-Ryjo+9) (55557 — S70577)}

+J2 Z {[sin*1 cos(Q - Rja — Q - Rjo) + cos? Y]S5 4+ cos(Q - Ry — Q - Rjo)S;yOS;%
((40.52))

+ [cos® P cos(Q - Rz — Q - Rjo) + sin” 9] 57557 — sinsin(Q - Rjo — Q - Rjo) (5657 — S0575)}
+ D) [sin® (S5)? + cos Y(S75)%] + hzsing > S+ (SjoSH, S48, S56S5, S4Sih terms).

Jo~y
30 30
(10)
We apply the Holstein-Primakoff transformation,
SIA* =~ V/28a;, 547 ~ V28dl, S = S — alay, (11)

B+ . Q!'B— T !Bz _ Ty
SIPt ~V/28b;, S1PT ~ V28D, 1P = 5 — blb;, (12)
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f

] and b} (aj and b;) are bosonic creation (annihilation) operators, and S;i = SJ@ + iS;y. Performing

where a

the Fourier transformation, we derive the spin-wave Hamiltonian,
1
How = 3 ij Ui (k) H (k)W (k), (13)

where (k) = [a(k);b(k);af(—k);bl(—k)]. At Q = Qg = hgbi+kgbs, the Bogoliubov-de Gennes

(BdG) Hamiltonian adopts the general form,

" (-k, Qc) E°(-k Qq)

with
=(k, Qc) = =°(k, Qa)oo + =7 (k, Qa)ow + =¥ (k, Qa)oy, (15)
I(k, Qc) = I°(k, Qg )oo + II* (k, Qa )0 + 1Y (k, Qa) oy (16)
10 01 0 —i . i .
Here, 0¢ = , Ogp = ,and o, = represent Pauli matrices. Using Supplementary E-
01 10 i

gs. (10)-(13), we determine all the prefactors in Supplementary Eqgs. (15) and (16),

20=—-J.8 z:[cos2 1 cos(Qg-Ro1+¢)+sin? ] —Jo.S Z{sim/J sin(Qg-Ro2) sin(k-Roz)+cos? 1 cos(Qa-Rog)
Ro1 Ro2

+ sin? ) — %[(1 + sin? ) cos(Qq - Roz) + cos? ] cos(k - Rgz)} + DS(1 — 3sin 1)) — hy sin,

(17)
5T = % Z{[(l—i—sin2 V) cos(Qg-Ro1+¢)+cos? 1] cos(k-Ro1 +k-0) —2sin ¢ sin(Qg-Ro1 +¢) sin(k-Ro1 +k-6)},
Ro1
(18)
=Y = JITS Z{[(1+sin2 ¥) cos(Qq-Roy+¢)+cos? ] sin(k-Roy +k-6)+2 sin ¢ sin(Qq-Ro1+¢) cos(k-Ro1 +k-0)},
Ro1
(19)
0 = JQTS cos? ¢ Z[l — c0s(Qq - Roz)] cos(k - Rgg) + DS cos® v, (20)
Ro2
JlS .. 92 2
17 = 112 S (sin i — 1) cos(Qa - Rox + ) + cos? ] cos(k - Roy + k- 4). @
Ro1
JlS ) 2 :
v = - [(sin® ¢ — 1) cos(Qq - Ro1 + @) + cos” 9] sin(k - Rp; + k - §), (22)

Ro1
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where R = [0;0], [—1;0], [—1;—1] denote the vectors between unit cells for .J, Rgs =[1;0], [1;1], [0;1],
[—1;0], [—1;—1], [0;—1] are the vectors between unit cells for Jo, and § = [2/3;1/3] represents the vector
from the A site to the B site within a unit cell. The BAG Hamiltonian in Supplementary Eq. (14) can be

diagonalized using a paraunitary matrix 7 (k), which satisfies

100 0] 100 0]
01 0 0 01 0 0
T (k) T(k) = : (23)
00 -1 0 00 -1 0
00 0 —1] 00 0 —1]
and
(k)0 0 0 |
0 hwo(k) 0 0
THIHT (k) = 2 1)
0 0 hoi(=k) 0
0 0 0 huwn(—k)

Here, hw; (k) and fiws (k) (see Supplementary Fig. 17) match exactly with the calculations performed using
SpinW in MATLAB [25].

For each Qg, there are two energy dispersions, fwi(k,Qg) and hwa(k,Qg), with w; < we, since each
unit cell hosts two spins on the honeycomb lattice. When hyz < 25m, w; exhibits a zero gap at the I' point
(k =0), while displaying a local minimum near the K point—an effect attributed to the easy-plane anisotropy
(D > 0). Consequently, wy near the I' point predominantly influences the low-temperature thermodynamic
properties due to the Bose-Einstein distribution.

Similar to the Debye specific-heat model, we first determine the maximum frequency wy, by integrating
over the wave vector k across the first Brillouin zone (FBZ) and integrating Q¢ along the degenerate spiral

contour within the FBZ,

N( wi(k, Qc) < wm|dkdQg = 1, (25)

2 3
ﬁ) : k,QGEFBZ
where N (— co) denotes the number of unit cells along the a or b axis (accounting for a total of 2N2 spins),
and |by| = |ba| = 1.
As a result, the low-temperature specific heat per mole of spins (see Supplementary Fig. 18a) is calcu-

lated as

hwq
hwy \2

RN 2 s ( l) ekBT

Ccal _ 3 [Wl (k7 QG) < wm]%ddeG (26)

T2
" 2 V3" JkQuernz (el —1)2
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Supplementary Fig. 17 | Energy dispersions calculated using the linear spin-wave approximate at ;,cH =0T
(@),4T (b), 11.5T (c), and 12.5 T (d). In a-c, the spin system is in the spiral spin liquid with poH < poH. =

S[2D +3J1 +9J2 + J?/(4J2)]/(gus) (~ 12 T), while the system is fully polarized in d. The calculations are based
on the determined spin Hamiltonian of GdZnPO [12]. The inset in d shows the high-symmetry directions with

special Q points labeled, and the grey lines indicate Brillouin zone boundaries.

As N — 00, wy — 0, making the low-temperature C* predominantly influenced by the zero-energy
excitations along the spiral contour, as shown in Supplementary Fig. 18a. The average number of magnons
is given as

2 3 wi(k,Qg) <
Nm = N(7)2 / ( hwy )
V3" JkQeersz ik _

“m 1kdQq. (27)

Consequently, the mean magnon velocity along [110] (see Supplementary Fig. 18b,c) is obtained as

cal _ N2 3/ wl(k,QG)Smedm
k,QzcFBZ

N

)10 |dkd Q- (28)

Um_ii w 1.
NG AE dk

The calculated C< and vfﬁ, using Supplementary Eqs. (26) and (28), exhibit negligible dependence on
the system size [NV for N > 10,000 above ~0.1 K. Therefore, we present the calculations for N = 30,000 in
the main text and supplementary information. For hz < 2570 (i.e., H < H., with ygH. ~ 12 T), the low-

energy excitations of the spin system remain gapless at the I" point, as shown in Supplementary Fig. 17a-c,
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Supplementary Fig. 18 | Low-temperature specific heat and mean magnon velocity calculated using the linear
spin-wave approximation for GAZnPO. a, Specific heat (C\,), with the dashed black line showing the gap
behavior, Cy, « exp(—A/T), where A ~ 1 K. b, Temperature dependence of mean magnon velocity. ¢, Field

dependence of mean magnon velocity at 0.1 K.

and C<! remains large between 0.1 and 1.8 K. The low-T" value of C$3! ~ 4.2 JK~/mol (~R/2) at g H <
12 T is roughly consistent with classical Monte Carlo results (see the main text).
At poH > 12 T, the spin system becomes fully polarized with gapped spin-wave excitations, lifting the

degeneracy. The specific heat is then calculated as

hwy (2, ek T \2 12

(o) 1oy

cal __ E l (kB%) erst (kB%) ers’

m ( hwq + hwo ]dk (29)
23" Jxernz (eFsT — 12 (eFnr —1)2

The calculated specific heat shows exponential behavior, C$ oc exp(—A/T) with A ~ 1 K at 13 T (see

Supplementary Fig. 18a). As the applied field H increases, the gradient Vxw, around the I' point in the

reciprocal space (k) decreases (see Supplementary Fig. 17a-c), leading to reductions in vfﬁ (Supplementary

Fig. 18b,c).
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