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1. Probabilistic Ising Machines

Probabilistic Ising machines follow the principle of the Boltzmann Machine binary neural network
1. Therefore, the probability distribution corresponding to a given state p(s) = 1

Z
e−H(s)/T where

Z =
∑

s e
−H(s)/T is the normalizing/partition function, s represents the states, T denotes temper-

ature coefficient and H(s) is Hamiltonian or energy function to be minimized. Ising Hamiltonian
is generally of the form H(s) =

∑
i

∑
j Wijsisj +

∑
i bisi, where si and sj represents the state of

spins taking binary values {0, 1}, Wij sets the interaction weight between these spins and bi is bias
value for spin si. The probability distribution represented by this Ising Hamiltonian is sampled
using Gibbs sampling 2 such that the Ising machine stochastically moves toward higher probability
states and lower energy. It is enabled by appropriately formulating the update rule, which for Ising
Hamiltonian, is given by P (si = 1|s) = sigmoid(−∆Hi/T ) where sigmoid(x) = 1/(1 + e−x).

This work particularly employs single flip Gibbs sampling to update the spins as illustrated
in Algorithm 2. For each spin update, the algorithm first calculates the change in Hamiltonian
(∆H) due to spin flip and compares sigmoid(−∆Hi/T ) with a random number from uniform
distribution of [0, 1] to update the spin. This comparison predominantly supports the spin flips that
cause Hamiltonian to minimize. However, there is still a non-zero probability that it would accept
spin updates that cause the Hamiltonian to increase 1, 3, 4. It gives rise to minor energy fluctuations
in energy exploration data reported in Supplementary Fig. S4.

2. Hyperparameter optimization for graph coloring

In order to make a fair comparison between Ising and vectorized mapping, a grid search-based
parameter optimization is performed for the parameters A in Eq. 1 and B in Eq. 2 in the graph
coloring Hamiltonian. If the connectivity weighting factor (A) for this constraint is set relatively
higher, the Ising machine may frequently violate the one-hot encoding condition. This can lead to
the exploration of invalid solution spaces or failure to enforce correct color assignments, resulting
in incorrect graph colorings. On the other hand, if one-hot constraint factor (B) is too high, the
machine may place too much emphasis on satisfying the one-hot constraint, which can hinder
the optimization of the actual coloring objective. As a result, it may become trapped in poor
local minima where valid but suboptimal solutions prevail. Supplementary Fig. S1 reports the
hyperparameter optimization where we report parameter search for each problems separately by
running it for 1000 iteration steps at T = 0.2 and reporting the coloring error (incorrectly colored
edges divided by total edges). The optimal settings from Supplementary Fig. S1 are chosen in
this work for testing graph coloring problem instances using the probabilistic Ising framework.
The simulated bifurcation framework5 used in this work only accepts the Ising Hamiltonian to
minimize. Accordingly, the parameters A in Eq. 1 and B in Eq. 2 are optimized by running
the framework for 10000 iteration steps. The optimal values identified in Supplementary Fig.
S2 are then used to construct the Hamiltonian, which is subsequently solved using the simulated
bifurcation method for the graph coloring problem. For vectorized mapping implementation, only
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temperature T effects the results and is chosen equal to 0.2 for all problem instances.

3. Vectorized Mapping Benchmark for Citation Graph Dataset

To demonstrate the scalability of vectorized mapping approach, we benchmark the citation datasets
(Cora 6, Citeseer 7, and Pubmed 8). These problems are often used for graph-based benchmark
experiments and have also been used for testing graph-coloring based algorithms 9, 10. Table 2
confirms that the solution accuracy advantage of the proposed vectorized mapping holds for large
size graph problems. Supplementary Fig. S5 shows the time-to-solution for these citation graphs.
It confirms that the vectorized mapping on GPU takes around one order of magnitude more time
compared to the Tabucol heuristics aligning with the scaling trends in Fig. 4c. Moreover, in
probabilistic Ising hardware, the overall hardware scaling is primarily influenced by the number
of physical nodes required to solve a problem 11, 12. As a result, it follows the scaling behavior of
physical nodes with respect to problem size illustrated in Fig. 4a.

4. Traveling Salesman Problem

The Traveling Salesman Problem (TSP) is a classic NP-hard optimization problem that aims to de-
termine the shortest possible route in which a given set of cities is visited exactly once. Owing to
its computational complexity and broad applicability in areas such as logistics 13, circuit design14,
and DNA sequencing15, TSP remains a central focus in combinatorial optimization research. Re-
cently, Ising machines are being explored to tackle this problem 16, 17. To solve N -cities problems,
these solvers require N2 spins modeled via a lattice-like graph representing city number and spin.
The Hamiltonian is given as follows:

H = A
∑
k ̸=l

∑
i

Wklsiks(i+1)l +B
∑
i

(1−
∑
k

sik)
2 +B

∑
k

(1−
∑
i

sik)
2 (S1)

where A is the connectivity weight factor, B one-hot constraint factor, Wkl represents weight de-
fined as distance between city k and l, and sik ∈ {0, 1} is the spin value for visiting k city at ith

position in the tour. The first term in the Hamiltonian represents the total weight for given values of
spins. However, the second and third terms are to enforce one-hot encoding constraints that penal-
ize assigning multiple cities for visiting at the same ith position and visiting a city multiple times
in a tour, respectively. In this work, we use the burma14 problem instance from the tsplib dataset
18 and use the first subset of the weight matrix to generate smaller problem instances. The weight
matrix is normalized with the maximum distance in it 17. For the Ising framework, we employ
Gibbs Sampling described in Algorithm 2 and choose temperature value 0.02. Further, we exploit
the grid-search hyperparameter optimization for parameters A and B as shown in Supplementary
Fig. S6. Each problem instance is run for 4000 iteration steps, and optimized for the optimality
gap. It is given by the Supplementary Eq. S2, where the optimal solution is calculated using the
Lin-Kernighan (LK) heuristics 19.
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Optimality Gap = 1− tour cost obtained by algorithm
optimal tour cost

(S2)

We propose the vectorized mapping framework to tackle the TSP problem, which maps N
city problem to ⌈Nlog2(N)⌉. A spin vector Si represents the position of the city i in the tour and
is defined as {si0, si1..si(n−1)} where n = ⌈log2(N)⌉. Supplementary Algorithm A1 describes
the formulation of vectorized mapping Hamiltonian and operator function F . If Si and Sj are
consecutive cities, the Hamiltonian is incentivized to optimize for the tour cost. However, it is
penalized when two cities are visited at the same position in the tour guided by the hyperparameter
wt. Further, the formulation also restricts Si to be within its range of N. For the vectorized mapping
framework, we employ the Gibbs sampling described in Algorithm 2 and choose the temperature
value 0.2. The hyperparameter wt is optimized for the optimality gap, as shown in Supplementary
Fig. S7.

To evaluate the broader applicability of the proposed vectorized mapping framework, we
conducted additional experiments on the Traveling Salesman Problem (TSP). Both the Ising model
and the proposed vectorized mapping were implemented on Nvidia A100 Tensor Core GPU and
tested across TSP instances involving up to 14 cities. Each instance was solved 500 times, in-
volving 4000 iteration or update steps per run. As shown in Supplementary Fig. S8, the proposed
approach achieves higher success probabilities and shorter time-to-solution compared to the Ising
model. Additionally, it consistently produces tours that are closer to those found by the well-
established Lin–Kernighan (LK) heuristic, indicating improved convergence toward high-quality
solutions (see Supplementary Fig. S9). These results suggest that the vectorized mapping frame-
work is an effective strategy for addressing complex combinatorial optimization problems beyond
graph coloring, such as TSP.
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Algorithm A1 Vectorized Mapping for Traveling Salesman Problem (F -operator):
1: N ← total cities
2: H ← Energy Hamiltonian
3: wt← hyperparameter
4: n← ⌈log2(N)⌉
5: W ← weight matrix for traveling salesman problem
6: Wij ← normalized distance between city i and j
7: Si ← position vector for city i in the tour{si0, si1, . . . , si(n−1)}
8: Generate F operator in truth table format for any two city nodes (Si Sj):
9: input variables← {si0, si1, . . . , si(n−1), sj0, sj1, . . . , sj(n−1)}

10: if |Si − Sj| == 1 then
11: F ← 1 [Si and Sj cities are next to each other in tour]
12: H ← H +Wij

13: else if Si == Sj then
14: F ← −1 [Si and Sj cities are assigned same position in the tour]
15: H ← H + wt ∗ (

∑
i Wij) [penalize the energy hamiltonian]

16: else if (Si, Sj) /∈ [0, N − 1] then
17: F ← −2 [Si and Sj cities are assigned outside the time vector range]
18: H ← H +max(Wij) [penalize the energy hamiltonian]
19: else
20: F ← 0 [two cites are not next to each other in the tour]
21: H ← 0 [does not affect the energy hamiltonian]
22: end if
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Error (%)

Supplementary Figure S1: Parameter Search across graph coloring problem instances for prob-
abilistic Ising framework. It searches for the optimal value of the connectivity weight factor and
one-hot constraint factor to minimize the error. Error is defined as incorrectly colored edges di-
vided by total edges in the problem graph.
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Error (%)

Supplementary Figure S2: Parameter Search across graph coloring problem instances for Simu-
lated Bifurcation framework. It searches for the optimal value of the connectivity weight factor
and one-hot constraint factor to minimize the error. Error is defined as incorrectly colored edges
divided by total edges in the problem graph.
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Supplementary Figure S3: Distribution of number of incorrectly colored edges achieved after
completing each of 200 parallel runs while solving the graph coloring problem instances 20 on
Ising and Vectorized mapping framework.

8



Supplementary Figure S4: Evolution of energy while solving the graph coloring problem instances
20 on Probabilistic Ising and Vectorized mapping framework.
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Supplementary Figure S5: Time-to-solution (TTS) for citation graphs benchmarks of vectorized
mapping with Tabucol heuristic both implementated on GPU.
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Optimality 
Gap (%)

Supplementary Figure S6: Parameter Search across tsp problem instances for Ising framework.
It searches for the optimal value of the connectivity weight factor and one-hot constraint factor
to minimize the optimality gap. The optimality gap quantifies the relative difference in tour cost
obtained by the Ising machines compared with the optimal tour achieved using the Lin-Kernighan
Heuristic
19.
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Optimality 
Gap (%)

Supplementary Figure S7: Parameter (wt) Search across tsp problem instances for vectorized
framework.
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Supplementary Figure S8: Success probability and TTS metric for 99 % success comparing the
solution quality and efficiency of Ising and vectorized mapping framework for TSP problem in-
stances upto 14 cities.
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Supplementary Figure S9: Best Optimality gap achieved by Ising and vectorized mapping frame-
work for TSP problem instances upto 14 cities.
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Supplementary Figure S10: Performance comparison between CPU and GPU implementation of
Tabucol heuristics and Vectorized framework.
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