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Supplementary Figures

CIFAR-10 and Translation Training Convergence
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Supplementary Figure 1. The training convergence curves corresponding to the CIFAR-10 training comparison results, also shown in
Main Fig. 3, show that simmering (panel a) produces both the highest ensemble accuracy (red vs. green or blue rectangular marker,
panels b and c respectively) and the most significant ensembling advantage (red round vs. rectangular markers in panel a) compared
to early stopping (green round vs. rectangular markers in panel b), and dropout (blue round vs. rectangular markers in panel c). In all
panels, lines denote the individual model accuracy averaged over all weight updates of a given epoch, and round markers denote the
performance of individual models that are included in the ultimate ensemble.

Supplementary Figure 1 shows the training performance curves that accompany the CIFAR-10 test accuracy results
presented in Main Fig. 3. Simmering (Supplementary Fig. 1a) and early stopping (Supplementary Fig. 1b) converge to
similar individual-model training and validation data accuracies, and their ensemble predictions are aggregated in the same
manner (majority voting). However, the early stopped ensemble aggregate prediction accuracy is approximately the average
accuracy of its constituent models (round vs. rectangular markers in Supplementary Fig. 1b), whereas the simmering
ensemble significantly improves on its constituent models’ accuracies (round vs. rectangular markers in Supplementary
Fig. 1a). The model trained with dropout (Supplementary Fig. 1¢) outperforms the early stopping ensemble but does not
exceed the ensembled test accuracy of simmering for equivalent training time. Though all three model ensembles have
similar individual-model epoch-averaged validation and test accuracies, the ensemble collected via simmering yields the

highest ensembled prediction accuracy.

Supplementary Figure 2 shows the accuracy convergence curves that accompany the PT-EN translation test accuracy
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Supplementary Figure 2. The training convergence curves corresponding to the PT-EN translation training comparison results, also
shown in Main Fig. 3, show that simmering (panel a) produces both the highest ensemble accuracy (red rectangular marker, all panels)
and the most significant ensembling advantage (round vs. rectangular markers in panel a) in less than half of the training time (grey
vs. coloured line, and red vs. green or blue rectangular marker in panels b and c¢) compared to training with an equivalent learning
rate with early stopping (green lines and markers, panel b), and dropout (blue lines and markers, panel c). In all panels, lines denote
individual-model accuracy averaged over all weight updates of a given epoch, and round markers denote the performance of individual
models that are included in the ultimate ensemble. The simmering epoch-averaged validation curve and ensembled test accuracy (grey
line and red rectangular marker, respectively, in panels b and c) are provided for convergence timescale and performance comparison.

results (rectangular markers in Supplementary Fig. 2) shown in Main Fig. 3. Given an identical, fixed learning rate,
simmering converges to a higher individual-model training and validation accuracy than models trained with early stopping
and dropout in less than half of the number of epochs. As for CIFAR-10, simmering also displays the greatest ensembling
advantage relative to the test accuracy of ensemble members: the test accuracy of the early stopped ensemble is lower than
its most accurate constituent model (green round marker vs. green rectangular marker in Supplementary Fig. 2), whereas
the simmering ensemble accuracy is several percentage points higher than the most accurate constituent model. Dropout
converges the most slowly out of the three methods tested (red vs. blue rectangular markers in Supplementary Fig. 2).
Overall, given identical learning rates, simmering converges to a higher ensembled test accuracy than both an ensemble of

early stopped models and a model trained with dropout in a fraction of the number of training epochs.

CIFAR-10 Prediction Distribution Comparison

Beyond generalizable prediction, simmering also yields prediction uncertainty estimates that can reflect data difficulty.
Supplementary Fig. 3 shows how the three ensemble learning approaches predict two different CIFAR-10 test samples
(Supplementary Fig. 3a—b) chosen based on relative image difficulty (pixel-intensity standard deviation and Shannon en-
tropy). Though ensemble uncertainty estimates can be extracted either directly or indirectly (see Supplementary Methods)
from all three ensemble learning approaches, the ensemble generated by ab initio simmering allows for uncertainty esti-
mates that reflect relative image difficulty as shown in Supplementary Fig. 3c—d. Thus, the maximum entropy distribution
sampling that supports simmering provides generalizable predictions and may offer additional insight into the neural net-

work’s learning process.
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Supplementary Figure 3. Ab initio simmering correctly classifies CIFAR-10 test images. Panel b shows an image with high pixel-
intensity standard deviation and low Shannon entropy, which depicts an automobile, with a clear foreground and with the automobile
in full view. Early stopping (green bars), dropout (blue bars) and ab initio simmering (pink bars) ensembles yield predictions with
similarly high confidence (high proportion of ensemble votes). In contrast, panel a shows an image with low pixel-intensity standard
deviation and high Shannon entropy, which depicts a truck at close range with low background contrast. Early stopping remains nearly
equally confident (panel c, green bar) whereas simmering predicts the correct class with lower confidence, aligning with the difficulty
of identifying the truck in the image. Simmering’s second-most voted prediction bears relation to the correct class (‘“automobile”
and “truck” have similar image features). Though dropout also predicts uncertainly, it predicts the correct label with near-equivalent
confidence to most other classes. Thus, ab initio simmering predicts images of varying difficulty accurately with confidence that can
reflect image difficulty.
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Supplementary Figure 4. Simmering (panel b), an implementation of sufficient training, produces a distinct training trajectory (black
curve, panel b) from the Adam optimizer (black curve, panel a). The Adam optimizer (black curve with arrow indicating direction of
traversal, panel a) traverses the training loss landscape (coloured contours in panel a) perpendicular to the loss contours, as expected in
gradient-based optimization. In contrast, simmering travels along equivalent-loss (coloured contours in panel b) directions in parameter
space, aligning with the information-geometric interpretation of sufficient training presented in Main Methods. The Adam trajectory
(panel a) corresponds to the entire Adam training phase of Main Fig. 1a (beginning and end marked by the green and red markers
respectively, panel a), and the simmering trajectory is a 100-epoch slice (endpoints indicated by green markers, panel b) of the simmering
sampling (after the target temperature is reached) shown in Fig. 1a. The loss landscape and training trajectories have been projected
onto the principal components (PCs) of the Adam and simmering training trajectories in panels a and b respectively.

Training Trajectory Visualization

Figure 4, generated using the loss visualization method of Ref.l, shows the difference in training dynamics between
Adam 2 a gradient-based optimizer, and simmering, an implementation of sufficient training. The Adam optimizer travels
perpendicular to the loss contours, wheras simmering travels parallel to the direction of near-equivalent loss. The first
principal component (PC) of Adam describes 90.44% of its trajectory variance in parameter space, and the second PC
describes another 6.12%. For simmering, the first and second PCs describe 99.9428% and 0.0324% of the parameter
space trajectory respectively. In the latter case, a larger proportion of the training trajectory is described by the first PC.
Since this PC points along the direction of equivalent loss in parameter space, Supplementary Fig. 4b shows that sufficient
training automatically identifies and samples along sloppy (equivalent-loss) modes in model parameter space as described
in Main Methods. Note that optimization-based training can also exhibit a form of oscillation that results from finite
differencing artifacts, whereas simmering is designed to exhibit thermal oscillations instead. These thermal oscillations

are a critical feature that simmering leverages to sample an ensemble of models.



Supplementary Methods

Simmering Notation

Supplementary Table 1 describes the notation used in Main Methods and Supplementary Methods. For each symbol, we

describe its physical meaning (in statistical physics literature) and its equivalent or analogous notation in machine learning
(ML) literature.

Symbol Physical Terminology Equivalent ML Terminology

x € RV Full parameter vector (weights and biases) 0 (trainable parameters)

L(x,D) Training loss evaluated on data set D L(0;D)

T=1/3 Temperature Temperature3#

p(x| D) Canonical distribution over parameters Tempered posterior* over weights

0(x,D) e R" Collective variables / collective coordinates Latent parameter; low-dimensional
embedding of models®

o—BF(0,D)

Effective free energy Energy in latent parameter space

p(0 | D) Distribution over collective variables Tempered posteriort over latent parameters

Ti, Vi, My Real particle position, velocity, mass Parameter value 6;, momentum 7,2
(particle index i)

bl

per-param scale

Sk, Vs, Virtual thermostat particle position, velocity | Auxiliary thermostat states £, momentum P%
(chain index k)
a;(t) Real-particle acceleration Preconditioned / scaled gradient
as, (t) First thermostat acceleration Temperature control term
as, (%) Chain thermostat accelerations (k > 2) Coupled control terms
Qk Thermostat masses Hyperparameters controlling response time
NN Length of the Nosé—Hoover chain Thermostat depth
Tharget Target thermostat temperature Set-point for temperature
Treal Measured kinetic temperature Empirical Temperature / Scaled Momentum
Variance
At Integration time step / learning rate Step size n
vi0 /T /m Velocity initialization Momentum initialization consistent with 7%
t, tmax Iteration index and maximum iterations Training step k / total steps K

Supplementary Table 1. Symbols used to describe simmering and its implementation in Methods and Supplementary Methods, and
their analogues in machine learning (ML) contexts.



Numerical Implementation

To numerically integrate the particle positions over time, we discretize Main Equations 24-28 using a Verlet integrator for
position and velocity for both the real and virtual particles. Verlet integration is used here because it preserves Hamilton’s

equations.”® The resulting discretized equations of motion are

At
At
sop(t + At/2) = sop(t) + 5 Vsar (t) ()
—At At —At
USQk—l (t + At/Q) = USQk—l (t)eTAUSZk + 70’3%71 (t)eTAvs%v (3)
Vit + At) = v;(£)e A CFAY2) LA gt + AL/2)e” 7AW (1HAL/2) (4)
Sop—1(t + At) = Sok_1(t) + Atvsg,, (t + At/?) 5
Vs, (t + At) = v, (t)e_AtU52k+1 (t+At/2) + AtaSQk (t + At/2)€—%Atv52k+] (t-‘-At/2)7 (6)
At
At
Sgk(t + At) = Sgk(t + At/?) + 7’03% (t+ At) ®)
At
g s (0 A0) = vy (1 Aj2)em 80580 4 BRa (1 A0 )

where a;, aq, are defined in Main Equations 29-31. Given this numerical integration scheme, an ensemble of

ask,,lc¢1

neural networks can be generated by selecting an appropriate learning rate At and iteratively computing x(t + At).

Training Procedure

Algorithm 1 describes the implementation of simmering used to generate the results presented in this work. There are
two main stages of simmering: the equilibration stage, and the model sampling stage. The purpose of this algorithm is to
sample models from the canonical distribution of models at a given temperature, and the equilibration stage ensures that
the model parameter distribution reaches thermal equilibrium, i.e., is distributed according to the canonical distribution,
before models are sampled. The main simmering hyperparameters are the thermostat temperature 7, the particle mass m,
and the learning rate At. The thermostat temperature 7' can be either a constant or a schedule that depends on training
time ¢. Model sampling can commence once the average parameter temperature 7..,; over time is approximately equal to
the thermostat temperature 7'. Note that the precision with which the neural network parameter temperature will fluctuate
about 7" depends on the neural network parameter space dimensionality, so expect that T'..,; will fluctuate with a larger
amplitude for neural networks with less parameters. For our training experiments, all real and virtual particles had the same
mass, i.e., m; = QV i, k, based on Ref 2. Generally, decreasing the mass makes the parameter updates more sensitive to
the loss gradient (see m dependence in line 20) and thus can accelerate equilibration. The learning rate At is fixed and
identical for all particles (neural network parameters and NHC particles). We also note that we used a NHC length of 10

for all experiments.

To commence equilibration, provide the initial weights and biases of the neural network as x40, and proceed with

Algorithm 1. During training, before executing line 20 of the for-loop in Algorithm 1, set the neural network parameters



t0 Tqy,441/2, and use backpropagation to compute the gradient of the loss VL. Once equilibration is complete, reuse
the same algorithm for sampling models. The only difference in execution is that the model parameters and/or predictions
generated at the loss gradient computation stage (line 18 of Algorithm 1) are saved for offline ensemble analysis. There
is no prescription for sampling frequency. However, some options for sampling frequency include saving every iteration’s
predictions, saving the predictions at a fixed iteration interval, or saving randomly. If sampling at some fixed interval,
check that the samples are uncorrelated at that interval. After the desired number of samples have been collected, the set
of models and/or predictions can be aggregated or analyzed as a distribution of solutions in the ways described in the main

text.

Computational Complexity, Training Time, and Resource Usage

Simmering has a per-iteration complexity comparable to standard first-order methods (e.g., SGD with momentum), with
time complexity O(XN). The parameter updates involve only elementary operations (exponentiation and multiplication) on
a handful of variables and a single N-length dot product. The algorithm stores one momentum value per neural network
parameter (similar to momentum-based optimizers) and 2 x Ny g variables for the thermostat chain (e.g., 2 x 10 variables
for the tested problems). This is comparable to algorithms like SGD with momentum or Adam (which store one or two
extra tensors of size V). Therefore, memory usage scales as O(N), which is of essentially the same order as standard
training. Moreover, the extra computations for thermostat variable integration are a fixed small cost, independent of model

size. No large auxiliary data structures are needed beyond what typical optimizers use.

In practice, training time depends not only on per-iteration cost (discussed above) but also on the number of iterations
required to reach a target performance. Traditional ensemble methods like ensembled early stopping, bagging, or boosting,
require an independent training run per ensemble member prior to aggregation. In contrast, since it samples near-optimal
solutions rather than seeking a single loss minimum, simmering generates its entire ensemble implicitly within a single
training run. This reduces the overall training time significantly compared to traditional ensemble methods, particularly

when convergence is time-consuming, e.g., for large Transformers.

Model System Architecture

The examples shown in the main text demonstrate the performance of simmering on a variety of neural network problems.
Different architectures, activation functions, loss functions and initializations are used to highlight the breadth of contexts

in which sufficient training can be applied.

We implemented simmering using the TensorFlow library in Python. For each test case, the built-in training step in
TensorFlow is replaced with the Verlet integration scheme described in Equations (1)—(9) and Algorithm 1 to iteratively
produce sets of weights and biases. The acceleration a;(t 4+ At/2) in Equation (4) (line 20 of Algorithm 1) for each
iteration is supplied by the automatic differentiation of the loss with respect to the weights and biases in TensorFlow.
Unless otherwise indicated, both the real particles (neural network parameters) and virtual particles had a mass m; =

Qr =1V, k.

We have published an open-source version of the simmering code, which is available at Ref12. The published code



Algorithm 1 Simmering algorithm for a generic learning problem described by a differentiable objective function L which
has parameters z, based on the NHC thermostat dynamics integration in Ref.Z. In this integration scheme, particle positions
are integrated over one half-step, i.e., half of the learning rate, at a time, and corresponding velocities are integrated
forward by a full time-step at a time. The objective function parameters (neural network parameters) are treated as the
positions of N one-dimensional particles which evolve over time according to Supplementary Equations 1-9. In this
algorithm description, the first subscript of each variable indexes the parameters (i for the i" parameter, k for the k" even
or odd NHC variable), and the second subscript indicates the timestep of the associated variable. Note that since the NHC
particles are integrated differently based on their chain position (even or odd), the virtual particle index takes on values
k=1,...,Nnvuc/2. Unless otherwise indicated (e.g., with a particle index of all), operations are performed element-
wise for all elements in the given vector(s). If no initialization is specified, assume that a vector’s initial value is O for all
elements.

Require: 7" > 0: Thermostat temperature

Require: At: Learning rate

Require: L(x): Objective function L with parameters x

Require: x4 0: Initial neural network parameter vector, of dimension N

Require: m: Neural network parameter mass vector, of dimension N

Require: t,,,,: Number of iterations

Require: Q: NHC particle mass vector, of dimension Ny ¢

1: function PosiTioN_FORWARD(a, b, dt) > Integrator for parameters x; and positions sai, Sog—1.
2: return a + dt - b
3: function VELocITY_FORWARD(a, b, ¢, dt) > Integrator for velocities (v;, sy, , Vsyr 1 )-
4: return aexp (—dt - ¢) +dt - b-exp (—dt/2 - ¢)
5: function AcceLERATION_S1(v, m, T, N, Q1) > Acceleration of the first NHC particle (as, ).
6 return (Y- mjvi — N -T)/Q:
7. function AccELERATION_SK(v, T, b, ¢) > Acceleration of all other NHC particles (as,,, , Gsyy 1 )-
8: return (c-v? —T)/b
9: function ReaL_T(v,m) > For computing the parameter temperature.
10: return (3, mjvi)/N
11: w0 4= % > Initialize velocity vector elements.
122 Trear < T > Define initial parameter temperature.
13: t+0 > Initialize timestep.
14: while t < t,,,4, do
15: Tj 4412 < POSITION_FORWARD(Z; ¢, Uy ¢, At/2) > First half-step update to x;.
16: S2k,t+1/2 < POSITION_FORWARD(S2%, 1, Vs, ¢, At/2) > First half-step update to sa.
17: s, ¢ < ACCELERATION_S1 (Vi1 t, Mait, T N, Q1)
18: Aoy 11t ACCELERATION_SK(’USQ(k_l)’t7 T, Qar—1,Q2(k—1))
19: Vsgp_1,t4+1/2 < VELOCITY_FORWARD(Vsy, 15 Qsyy_y 5 Vsyy,ty AL/2) > First half-step update to vs,, ;.
20: Uipg1/2 & =V, L(Tqui41/2) /M > Use loss gradient here!
21: Vi t4+1 ¢ VELOCITY_FORWARD(V; ¢, Qi t11/2; Us, t41/2, At) > Full-step update to v;.
22: Sok—1,t+1 ¢ POSITION_FORWARD(S2%_1 ¢, Vsgn1,t41/25 At) > Full-step update to Sop—1.
23: Qs t41/2 < ACCELERATION_SK(Vs,, | ¢41/2, T, Q2r, Q2r—1)
24: Vsgpin, t+1 <= VELOCITY_FORWARD (Usy, 1, Qsyy 14+1/25 Usgpr1,t41/2> At) > Full-step update to vs,, .
25 VUsp, t+1 ¢ VELOCITY_FORWARD(Usy ¢, G5y 141/2, 0, Al) > Full-step update to v .
26: Tj 41 < POSITION_FORWARD(Z; 4 41/2, Vi i1, At/2) > Last half-step update to z;.
27: S2k,t4+1 < POSITION_FORWARD (82 141/2, Vsyy 141, At/2) > Last half-step update to sa.
28: s, t+1 ¢ ACCELERATION_S1(Vgi1 t41,Mait, Ty N, Q1)
29: Aoy 1oq 41 < ACCELERATION_SK(’USQ(,C_U’t+1, T, Qar—12£1, Qa(k—1))
30: Vsyp_1,t4+1 = VELOCITY_FORWARD (Us,, | t41/2) Qsap_ 1,641 Usap,t+1, At/2) > Last half-step update to v, _, .
31: Trear < REAL T(Vair 141, Matr) > Optional: Track parameter temperature throughout sampling.

32: t+—t+1




allows for retrofitting and ab initio sufficient training to be conducted on the CIFAR-10 dataset, with sample analysis shown

in Supplementary Fig. 3.

Retrofitting Overfit Networks

To retrofit a neural network, we use the final set of (overfit) weights produced by a traditional optimization algorithm
and a first order approximation of the neural network parameters’ final velocities as the retrofitted neural network’s initial
conditions. The final parameter velocities can be computed using the last and second-last iterations’ weights,

Tit — T t—1

A (10)

Vit ~
where At is the learning rate. We use both the final weights and velocities to ensure that the neural network is initialized in
the exact location in phase space where the optimizer stopped. We then define a temperature schedule for the thermostat,
starting at 7' = 0 as the network was not coupled to a thermostat during optimization. The published code has the option
to implement a temperature schedule that increases in a step-wise manner at equal intervals from 7" = 0 to the user’s target
temperature choice. Main Fig. 1a shows an example of this temperature schedule, and this type of step-wise temperature
change was used for all examples shown in panels Main Fig. le-f. Once the target temperature is reached, we collect
a finite-temperature ensemble to generate ensemble predictions. For the classification examples shown in Main Fig. 1e,
majority voting was used to aggregate the classifier predictions. For the regression examples in Main Fig. 1c,d.f, the

ensemble samples were averaged to obtain the ensemble prediction.

In each example shown in this work, the overfit networks were produced by training with the Adam optimizer, with
its default parameters in TensorFlow, and a constant learning rate of At = 0.002. In all cases, the batch size is taken to be

the size of the entire dataset.

Three different datasets were used to produce the classification results in Fig. 1e (main text): the MNIST handwritten

digits dataset'!, the Higgs dataset'2, and the Iris dataset!3.

The network architecture for learning the MNIST dataset was a LeNet-5 convolutional neural network!#, modified
to have ReLU activations rather than sigmoid activations for all layers. Categorical cross-entropy was used as the loss
function. 10,000 images were used for training, and 1000 for testing, both of which were selected randomly without
overlap from the dataset. The network weights were initialized using the Glorot normal initializer in TensorFlow, and
the network was trained using the Adam optimizer for 300 epochs. During simmering, the thermostat temperature was
increased from Tipjjar = 0 t0 Tigger = 0.001 in steps of AT = 0.001 every 200 iterations, with a learning rate of
At = 0.002. Simmering was conducted for 6,000 iterations, and the last 4,000 iterations’ neural network parameters were

used for ensemble predictions.

For the Higgs dataset example, the network architecture consisted of 4 512-unit hidden layers, and a linear output
layer. The hidden layers were given an exponential linear unit (ELU) activation. The loss, which was chosen to be binary
cross-entropy, was computed from logits to account for the linear output. 10,000 samples were used for training, and
1000 samples were used for testing, selected randomly with no overlap from the Higgs dataset. The network weights were
initialized using the TensorFlow Glorot uniform initializer. The network was trained using the Adam optimizer for 1000

epochs. During simmering, the thermostat temperature was increased from Tipjjar = 0 t0 Tiareer = 0.0001 in steps of



AT = 0.0001 every 500 iterations, with a learning rate of A¢ = 0.002. Simmering was carried out for 15,000 iterations,

and the models resulting from the last 12,000 iterations of training were used for producing ensemble predictions.

For the Iris dataset example, the network architecture consisted of 3 hyperbolic tangent-activated hidden layers, and a
linear output layer. The first hidden layer had 100 units,and the subsequent two hidden layers had 50 units. The categorical
cross-entropy was used as the network loss. The Iris dataset consists of four input features, but we used only the “sepal
width” and the “petal width” features to classify the flowers. 112 samples were used for training, and 38 were used for
testing, partitioned randomly without overlap. The input features were linearly rescaled based on the training data features
to map to the range [—1,1]. The network weights were initialized using the TensorFlow Glorot normal initializer, and
trained using the Adam optimizer for 200 epochs with no batching. During simmering, the thermostat temperature was
increased from Tipjiar = 0 t0 Tiarger = 0.1 in steps of AT = 0.01 every 200 iterations, with a learning rate of At = 0.002.

The simulation was carried out for 10,000 iterations, and 10% of the last 7000 iterations were used for ensemble predictions.

Two datasets were used to produce the regression retrofitting examples shown in Fig. 1f (main text): a noisy sine
curve and the Auto-MPG dataset'>. For both regression datasets, “min-max” scaling was used during training, which
performs a linear transformation on the input data such that all features map to the range [—1, 1]. The parameters of the
linear transformation are set before training based on the training data feature scales. The inverse of this linear scaling is

applied to the model output before it is compared with the training data targets.

The noisy sine curve data was generated by adding normally distributed noise to a sine curve in the following manner:

y=sin(2rz) + 0.1 N(p=0,0 =1). (11)

The inputs used were a set of 101 equally spaced points over the interval [—1, 1]. The dataset was split into a training set
of 65 points and a test set of 36 points, partitioned randomly with no overlap. The neural network used had two 20-unit
hidden layers, and 1 output node. The two hidden layers had a hyperbolic tangent activation, and the output layer had a
linear activation. The loss function used was sum-squared error (SSE). The network weights were initialized using the
built-in TensorFlow Glorot normal initializer. The Adam optimizer was used to train the network weights for 2000 epochs.
During simmering, the thermostat temperature was increased from Tiyia = 0 t0 Tigrger = 0.05 in steps of AT = 0.01
every 1000 iterations, with a learning rate of A¢ = 0.002. The simulation was conducted for 10,000 iterations total, and

the final 3,000 iterations contributed to the ensemble prediction shown in Fig. 1d (main text).

The Auto-MPG dataset was used for both single input (S) and multivariate (M) regression. In the single input case,
only the “horsepower” feature was used to predict the target (miles per gallon), but in the multivariate case, all six features in
the dataset to predict the same target (miles per gallon). For the single input case, the neural network architecture consisted
of 2 ReLLU-activated 64-unit hidden layers, and a linear output layer. The train/test split for the Auto-MPG dataset was
80/20 (313 train samples, 79 test samples) partitioned randomly with no overlap. The loss function used was SSE. The
network weights were initialized using the TensorFlow Glorot normal initializer, and trained for 3500 epochs with the
Adam optimizer. During simmering, the thermostat temperature was increased from Tiyjia1 = 0 t0 Tiareer = 0.4 in steps of
AT = 0.1 every 200 iterations, with a learning rate of At = 0.001. The simulation was conducted for 12,000 iterations

total, and the final 6,000 iterations were selected for use in the ensemble prediction.

For the multivariate Auto-MPG training problem, the neural network architecture consisted of 2 hyperbolic tangent-

10



activated 64-unit hidden layers, and a linear output layer. The train/test split for the Auto-MPG dataset was 315 train/77
test, partitioned randomly with no overlap. The loss function used was mean-squared error (MSE). The network weights
were initialized using the TensorFlow Glorot normal initializer, and trained for 1500 epochs with the Adam optimizer.
During simmering, the thermostat temperature was increased from Tinijjar = 0 t0 Tiarger = 0.5 in steps of AT = 0.1 every
200 iterations, with a learning rate of At = 0.002. The simulation was conducted for 10,000 iterations total, and the final

6,000 iterations were selected for use in the ensemble prediction.

Ab Initio Sufficient Training

For ab initio sufficient training, simmering was employed at the outset and a constant temperature was maintained for the

entire duration of the training process.

To generate the classification example in Main Fig. 2, the Iris dataset was used. The choice of dataset partitioning,
network architecture, batch size and loss function were the same as in the retrofitting example. The weights were initialized
using a Glorot normal initialization, and simmering was employed from the outset at a thermostat temperature of 7' = 0.002
for 25,000 iterations with a learning rate of At = 0.001. Over the last 10,000 iterations, 2,000 model samples are randomly
selected for the ensemble prediction. Simmering was conducted on models with 36 different random seeds (resulting in
distinct instances of the Glorot normal initializations) while keeping the data train/test partition fixed, and the ensemble
majority prediction was computed based on the total of votes across from all 36 replications’ sampled models. In Main
Fig. 2a, the result of the ensemble majority vote decision boundary is shown. The background colour in Main Fig. 2a is
a weighted average of the three class colours, and reflects what proportion of the ensemble of models voted for each Iris

species.

For the regression example in Main Fig. 2, the Auto-MPG dataset was used. As in the single variable retrofitting
example, the “horsepower” feature was used to predict the target (miles per gallon). The dataset was partitioned such
that there were 300 training samples and 92 test samples, categorized randomly with no overlap. In this case, the network
architecture consisted of 1 10-unit hyperbolic tangent-activated hidden layer, and a linear output. MSE was used as the loss
function. The weights were initialized using a modified Glorot normal initialization. The overall distribution of weights
for each layer has the same mean and width as the corresponding Glorot normal distribution, but the range [—20, 20] is
split into n equal segments (where n is the number of input nodes to that layer), and each weight’s value is generated
from a normal distribution centred on the midpoint of one of the segments. Simmering was employed from the outset at a
thermostat temperature of 7" = 1 for 40,000 iterations with a learning rate of At = 0.002. In Main Fig. 2b, the ensemble
predictions are plotted every 40 iterations past 1000 iterations, but all 39,000 iterations are used to produce the ensemble

prediction and the uncertainty distributions shown in Main Figures 2e and 2f.

Comparison With Other Overfitting Prevention Methods

We conducted two comparisons between ab initio simmering and other overfitting prevention methods: one for the CIFAR-
10 dataset,1® to benchmark our algorithm’s performance on a standard large image classification problem, and the Portuguese-
English translation dataset from the Open Translation Project,!” to show the capacity of simmering for natural language

processing with Transformers. All experiments were simulated using TensorFlow!8 using the module or function’s default
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parameters unless otherwise indicated.

For training on the CIFAR-10 dataset, we used the same train-test (50k train/10k test) split and preprocessing steps
as Ref12, For both optimization and simmering we trained with a batch size of 128 images. For all cases we employed the
ConvNet architecture as presented in Ref.!® and used in corresponding comparisons in Ref1?. We created a validation set
by taking 5000 samples from the CIFAR-10 training set and used the performance on this subset to select the simmering
thermostat parameters: m; = 1 x 1077V 4,Qp = 1 x 107"V k, Tinermostat = 1 x 1078, At = 1 x 10~°. For overfitting

mitigation with optimization (early stopping, dropout), we used TensorFlow’s “SGD” optimizer!®

as-is. For early stopping,
we used TensorFlow’s “early stopping” callback with its default parameters, and for the dropout layers we used the dropout

rates given in Ref12. For all cases, the loss function was the Kullback-Leibler divergence in TensorFlow.18

The single early stopped model is provided as a reference point for the accuracy reached by a single optimized model
before overfitting begins. The particular model presented was chosen by its proximity to the average accuracy of the
corresponding ensemble’s members (71.60%). The ensemble of early stopped models was generated by training 100 inde-
pendent models with only optimization and stopping training as soon as the validation loss began to increase. The ensemble
of early stopped models had an upper limit of 50 training epochs but the sampled models trained for an average of 14.56
epochs (maximum 21 epochs) before being stopped by the callback. The ensemble predictions for both dropout and ab
initio simmering were generated after 20 training epochs. The models corresponding to the last 2000 weight updates were
included in the simmering ensemble. The dropout-equipped model’s inference mode prediction (in TensorFlow!®) was
taken to be its ensemble prediction?” since it has no explicit ensemble to aggregate. The early stopping and simmering
ensembles were each aggregated by majority voting.2! The three ensemble prediction distributions are presented in Sup-
plementary Fig. 3 for a comparison of the ensembling methods. The images shown in Supplementary Fig. 3 were classified

as relatively “easy” or “difficult” to learn based on their pixel intensity standard deviation and Shannon entropy.

For the transformer performance assessment, we employed a reduced version of the transformer architecture pre-
sented in Ref.22 with 4 decoder layers, 128-dimensional embeddings, and a 512-unit internal feedforward layer, to learn
the translation dataset. The loss function was Sparse Categorical Crossentropy in TensorFlow.!8 The tokenizers were pre-
trained BERT tokenizers for English and for Portugese available from Tensorflow.!®# To implement the transformer, we
used TensorFlow’s built-in base functions, early stopping callback and dropout layers. For the optimization trials, we used
the Adam optimizer with a constant learning rate of At = 1 x 1077, as larger learning rates led to slow or no convergence.
All training experiments had a batch size of 64. The early stopped model ensemble consists of 10 independently trained
models and had an average training time of 53.1 epochs (maximum 72 epochs). The single early stopping model was
chosen for presentation by its proximity to the ensemble member test accuracy average (39.17%). Based on the average
training time of the early stopped model ensemble, we optimized a model with dropout for 60 epochs. We used the stan-
dard training/validation/test split of the translation dataset and used the validation data performance to choose simmering
thermostat parameters, m; = 1 x 1078V 4, Qr = 1 x 1078 ¥V k, Tihermostat = 1 x 1077, and employed the same
learning rate for simmering as for optimization of At = 1 x 10~5. We found that simmering outperformed the accuracy
of dropout and early stopping after only 21 epochs, and reported the last epoch’s parameter sets’ ensemble performance
in Figure 3. For all training scenarios, we used a teacher-forced inference method for accuracy evaluation efliciency. The
ensemble predictions were all aggregated in the same way as their corresponding ensembles in the CIFAR-10 performance

comparison.
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