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I. I. PROPAGATION OF LIGHT IN A
FLUCTUATING SPACETIME

In this section, we will solve the relativistic wave equa-
tion, applying necessary approximations, to obtain the
electric field of light propagating in a fluctuating space-
time.

The relativistic wave equation in terms of the electro-
magnetic field tensor Fz [1]

OFap + 2Rayps F7° = Ron FJ + Rgy F =0,

where
OF.5 = g"°V,VsFag
=g <85Xa,6’7 — 05 Xnpy — FzéXa"’Y
—rzéxagn) (1)
with
Xapy = 0yFap — ngFan =% s, (2)

Ragns = Gou [0 — 05T + T4, T ~ T4, T (3)

and

Rap = Reoups (4)

with the Christoffel symbol

IS, = 9*"(089uy + 0498, — Ougpy) /2. (5)

Here the Greek indices take values from the set
{0,1,2,3}, with 0 corresponding to the timelike compo-
nent and the rest to spacelike components.

Assuming the most general gg, without any further
assumptions, it can be trivially seen that it is not possible
to simplify the above relativistic equation. Therefore,
we consider the eikonal approximation to find a solution
to —cFy; (5 = 1,2,3) or equivalently, 57 the 3-vector
electric field.
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(i) Ansatz: Let us consider electric field of the form,

—

E(r) = Ey(r)e™*™), (6)

where k = 27 /A = Q/c with the wavelength )\ and
the frequency Q of the electromagnetic (EM) ra-
diation propagating in the fluctuating spacetime.
Also r = (t,x,y,2). To apply the eikonal approx-
imation, we use Eq. (6) in Eq. (1) and consider
k — oo. Note that this sets the wavelength and the
time-period of the EM radiation to be the smallest
length and time scales respectively in the system.

Using Assumption (i), we find that Eq. (1) reduces to
970,05 F.5 = 0. (7)

This is because in the presence of terms that are 2-order
derivatives of Fig, terms proportional to smaller order
derivatives don’t survive.

Let us now consider the following form of the metric
to simplify this further.

(1) We consider a spacetime metric of the form,
g = 4 20, (®)

where the 4 X 4 matrix w is a real, symmet-
ric, matrix that models fluctuations about the flat
Minkowski metric 7, with a signature (—1,1,1,1).

Applying both Assumption (i) and Attribute (1), we
find

_ =20 82 4 (14 200,002

+ (1 + 2w?2)(0,®)* + (1 + 2w**) (9, P)?
+ %(8,@) [0 (3, @) + w(9,®) + (2. )]

+ 4(0, @) [w'?(0,®) + w'?(0.®)] + 4w* (9,®)(9.®) = 0.
(9)
(ii) Slowly wvarying envelope approzimation (SVEA):
To be consistent with Assumption (i), we also con-
sider the following ansatz,

O(r) =ct — 2z + Pyp(r), (10)

with 8,®; < 1 (u=0,1,2,3).
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Using Assumption (ii), we neglect terms of order (9, ®)?.
With this, we find

_(1_2w00)_2(1_72w00)

(0rPr)
+ (14 2w3) — 2(1 4 2w**) (0, ;) + 4w (0, Py)
+ 4w2(9, @) + 4w (9, Py) — %wOB(atch) — 4%
— 4w'?(0,Py) — 4w* (0, ;) = 0. (11)
(2) We also consider the metric fluctuations to be
small, i.e., w" <1 (u,v=0,1,2,3).

Using Assumption (ii) and Attribute (2) together, we ne-
glect terms of order w*”(0,®:). With this, we find

2
—Z(0®y) — 2(0,Pp) + 200 4+ 2032 — 4w = 0. (12
C

A general solution is

—20% (r(t'))] , (13)

where F denotes any general function of the given argu-
ment. We choose the following solution as one that best
fits our initial conditions of an input Gaussian beam.

where

T
’ T Wo\/z?{ + zg
ikzoWE + 2212%

o K‘ 2WE(3 + 23

O(r)=ct—z+ c/dt’ [w™ (r(t) + w®® (r(t'))
0

) (z* + yQ)} éy, (15a)

—2uw” (r(t'))], (15b)

with é, being the unit vector along the y-axis, Wy the
beam waist, zg the position of the beam waist, and zg =
TWE/A\.

II. II. HOLOMETER-TYPE SETUP: SPECTRAL
DENSITIES

In this section, we obtain the power and cross spectral
densities of the optical path difference between the two
arms of the Michelson laser interferometer (MLI) with no
arm cavities.

The electric field at the output port (see Fig. 1) of the
Interferometer p (p = L,11) is

- _ L gy
BTy (oA, A)) = ﬁ[E (ro(Ar, A))
—E®) (ry (A, A))e_%%”} . (16)

Here the detector is at rp(A-, A) = (10 + A, AL AA)
with A = 0 for Interferometer I and A = A, for Inter-
ferometer II. We note that 79 = 2£/c.

As a first step towards finding the spectral densities of
the interferometric output, we define electric field corre-

E(r) = Eip(x,y)e®®™), (14)  lation tensors of the form,
|
MEG () (1)) = B (ra) B2 (ra) - B (o) B () B2 (1) B () (7)
[
where ¢;,¢; € {C,D} for i = 1,2,...,m, j =  we define the correlation function M () {r'}) for
1,2,...,m/, with m not necessarily equal to m’ and ’

{r} = {r1,---rn}, ¢ = {c1, - ¢m}. The primed vari-
ables are denoted similarly. Here (m,m’) denote the or-
der of the electric field correlation tensor. For brevity,

the output field of an MLI in line with M_2" ({r}; {r'}),
except with Fg,¢ replacing the field components Eg(lc) and
EY) in Bq. (17).

The fourth-order correlation Mfﬁ (R; R) is written ex-

plicitly in terms of M{Q)’fy};{x,yy,} (R; R) as
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FIG. 1: A schematic diagram of the interferometric setup. (a) Michelson laser interferometer (MLI) with a laser
source at the input port A and a detector at the output port B with the two perpendicular arms denoted by C and
D. The 50/50 lossless beamsplitter is denoted by BS and is taken as the origin of the reference frame in our
computation. We can effectively assume the detector to be at the origin as any change suffered by the light after
interference at the BS is common to output field contributions from both the arms and therefore cannot be detected.
(b) Two co-located MLIs with input ports A; and output port B; with the two perpendicular arms denoted by C;
and D; each with arm length £¢ (i =I,11). We consider £' = £ = £. The origin is at BS;.

2,2 1 2,2 2,2 ot
Mg (R:R) = 4 Yoo D MP L BR) =Y M2 (R R) e

XE{C,D} YE{C,D} XE{C,D}
2,2 ] Y 2.9 ' 2o
= 2 MiGoppe BRI Y My o (RIB) €
Xe{C,D} Xe{C,D}
2,2 . —2ip, 2,2 ) dipy
Z M{D,x};{c,x} (R’ R) e PRt + M{c,c};{D,D} (Rv R) errert
Xe{C,D}
2,2 . —dip, 2,2 ) 2,2 .
+M{n,n};{c,c} (B R) e™ ™o + M{D,C};{c,n} (R; R) + M{C,D};{D,C} (B R) | . (18)

We find M2 (R; R) with R = {(79,0,0,0), (7o +A,, A, A, A)}. We discuss the salient steps involved in computing

out

Mfu% (R; R) by listing the steps in computing one of the terms in this moment, such as,

0 To+AT
exp [—m{ [ dt’ w(t',0,0,s())+ [ dt/w(t’,A,A,s(t/—AT)+A)}
0

o } . (19)

Mooy (B R) = [Ein(0,0)12|Bin(A, A) 2 .
exp [m{f at’ w(t',s(t'),0,0)+ [ df/w(t’,A+s(t’—A,),A,A)H
0 Ar

Here s(t) = ct if 0 < ¢t < 79/2 and s(t) = 2L — ¢t if 79/2 < t < 79. We define this function up to ¢ < 79 when we
consider the Holometer. We extend the definition when we consider LIGO.

To simplify M3 (R; R), we need to define two correlation integrals for which the following assumptions are required.

(iii) Stationarity assumption: w(r) is a stationary Gaussian random process with

w=0, and (20)
w(tl,Fl)U](tQ,FQ) :Fsp(ct12,7712). (21)

Here 012 = 01 — 02 (0 =t,7) with 7; = (z;, y;,2;) (i = 1,2) and T's is the strength of the fluctuations.
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(iv) Isotropy: The two-point correlation function p is isotropic in space, i.e., p (o, {d1,02,03}) = p (09, {d3,81,02}) =
p (00,{d3,02,61}) = ..., for any separation 6, (u = 0, 1,2, 3). To achieve this isotropy, we consider the correlation
to decay with a correlation scale ¢, in all three spatial dimensions. We also additionally consider the temporal
correlation scale to be ¢, /c.

We define the two correlation integrals as follows.

70 70
CI(A‘HA) = /dtl/dtQ p(c<t1 +AT _t2))A5AaS(t1) +A—S(t2)>
0 0

70 70

_ /dt1 /dtg plelts + Ar — 1), s(t) + A — s(t2), A, A), (222)
0 0
(A A) = /dt1 /dtz ety + Ar —t2), s(tr) + A, A, A — s(t)). (22b)
0 0

Here the 0(A;) = (1(A-,0) and £(A;) = (2(A4,0).
Using Egs. (19) and (22), we find

o o -Q? 5 1 ) 1 ) - ’ - T
M{Qé?c};{D,D} (R R) = M{fon};{c,c} (R;R) = |Ein(070)|2|Ein(AaA)‘2 e VT OA) 120 (A, A)226(0.8) 7264 A))

~ | Ein(0,0)|Eim(A, A)7 1 - Q%{%(o, A) +201(A7, A) = 20:(0,A) — 26(A-, A)} : (23)
Moy (R R = My 0 () = B (0,0)F1 By (5, A)fF 00802003, 8)-2:08)4268..8)
~ |Ein(0,0)]%|Ein (A, A)* [1 - QZFS{%(o, A) = 2G1(Ar, A) = 26:(0,A) + 2(o(A, A)} : (24)
Moy (B R) = MEZ oy (RiR) = M2 o (RiR) = M o (R R)
= [Ein(0,0)P|Ein (A, A)2 e~ THOOA=GOMY |5 (0,0)]%| Ein(A, A) 2 [1 - QQFs{Cl(O, A) = ¢(0, A)} (25)
The two-point correlation of output power is given by [2]

PP+ 80) = () [[ar s M (RiR) (26)

A

Here Eq. (26) can be used for any beam with cross-section area A. However, in our case, we use the assumption
that the width of the light beams is effectively zero. In other words, the light beams have been approximated to light
rays. Specifically, in Eq. (26), we have used this assumption to simplify the surface integrals to A2. Further, we also
use input power Py = 2¢gc A |Ein|2 to allow further simplification that leads to Eq. (28) in terms of Py. Here the
covariance of output power is

Cov; j(Pout) = Poiut(T)Pgut (T+A4A7)

— P (1) Pgut(T +Ar). (27)

Note that Cov; ;(Pous) 7 Cov;j i(Pout), in general.
The covariance using Eqgs. (25) and (18) for input power Py,

Cov; ;(Pout) = PTOQ ;(1 — Q2FS{2§1 (0, A) 4+ 2¢1 (AL, A) —2¢2(0,A) — 2¢62(A,, A)}) €08 4o
+ % (1 - 921“5{24“1(0, A) = 261 (A, A) — 265(0, A) + 26 (A, A)})

- (1 - Q2FS{2§1(0,A) - 2(2(0,A)}> cos® 200 | - (28)




We know that

A

2
—— | Cov; i (Pout)- 29
47T§00ffPO) ov aJ( t) ( )

Cov; ;(Az) = (

Using trigonometric identities,

2
P2
Cov; j(Az) = <)\) -2

% (1 - Q2Fs{2<1(07 A) +2G (A7 A) = 262(0,A) — 2G(Ar, A)}) (1 — 2sin® 2p05)

47T(poffP0 4
+ % (1 QT {2C1(0 A) =2 (A7, A) = 2(0,A) + 2C2(A7'7A)}>
- <1 - QQFs{QCl(Q A) —2¢(0, A)}) (1 —sin? 2%&)] (30)
Y % §in2 200
_ (W) T 2618 8) ~ 26(A,, ). (31)
Using sin? 2¢, ~ 4925 as poi < 1,
21’\%
COVZ'J' (Al‘) Cl (AT, A) CQ(AT, A):| . (32)

We need the optical path difference to be stationary to apply the Wiener-Khinchin theorem for obtaining the spectral
densities. For each correlation function, we check if the obtained autocorrelation is non-negative definite to check
for weak stationarity. We then obtain the PSD using a cosine transform of Cov; ;(Ax) (setting A =0, {3 — o and
C2 — &) while we obtain the CSD using a Fourier transform of the Cov, ;;(Az) (setting A = Ay).

We simplify the PSD expression as follows. We consider

L/c L]c
amgzl dhA d@%@h—m+A¢qh—mﬁn)
oL

2L
—I—,O(C<C—t1—t2+A ) c(ty — ta), 0,0> +p(0<t1 +t2—C+AT),C(t1—t2)7O7O)

+ p(C(tQ — 11+ AT), C(tl — tg), 0, 0):| .

L/c L/c
f(AT) :/ dtl / dtz |:p(0(t1 — t2 + AT),Ctl,O, —Ctg)
0 0
2L

2L
+p (C < 7t1 7t2 +A.,—> ,ctl,O, Ctg) +p <C (tl +t2 - +A7-) ,Ctl,(), Ctg)
C C

+ p(C(tQ —t1 + AT), cty, 0, —Ctg):l .

Applying the cosine transform first over each of the four terms of the two correlation functions and using trignometric
identities, we obtain a simplified expression of the PSD. We rewrite this simplified PSD S(f) as S(v) in terms of

v=nfL)c=mf/(2fir) using A, = (0,0, L (uy —uz)) and A, = (Luy, 0, —Lus), as

S(v) = 2PS /1 /lduQ cos (2v (1 — uy)) cos (2v (1 — u2)) 7chos (2u> (p(cT, Ay) — p(cT, &C)> . (33)
0 0 0

III. III. HOLOMETER-TYPE SETUP: RESPONSE FUNCTIONS

In this section, we obtain the interferometer response function for a Holometer-type setup.



We describe an effective phase difference between the two arms of an MLI, given by,

Ar+To

A, (1o + A A) = <Poff+9/
A,

dt’ lw(t’, s( — AL+ AAA) —w(t, AA s(E — AL) + A). (34)
We can verify that this effective phase difference gives Eq. (32) multiplied by a factor of (47/A)?, on computing
Cov; ;(AD,) = AD, (70,0) AD, (10 + A, A) — AD, (19,0) AP, (19 + A-,A). Further, by using this effective phase
difference, we implicitly assume Attributes (1)-(2) and Assumptions (i)-(iv) listed in Secs. I and II, used in obtaining
Eq. (32).

Defining the transform,

w(r) = w(t,7t)) = / d*k / - dwy B(wy, by ) el (@rt+HRem) (35)

— 00

we rewrite Eq. (34) as
AD, (’7’0 + AT, A) = Poft + Q/d3E1 / dw; 1}7(0.)1, El) eiﬁl'ﬁr

Ar+T0 ) P, , . T s /
/ ar’ €z<w1t +h1ens(t' —AL)) _ ez(wlt +hi-és(t'—A5)) . (36)
A,

Here A, = (A, A, A). Using the definition of s(t),

Ar+ . kr-6,)20 iwy T . Fie)T0
/ i At/ (1t HRieas(t! =) _ cin A, eilrtehs e_‘) 2 -1 4 e~z — el(wi+c 1:6:) 5 .
A, t(wy + cky - éz) i(wy — cky - é,)

This implies that

o0

Q - N
A(I)I (TO —+ AT’ A) = Qoff + i / d3k1 / dwy ’[17((4)1, kl) ezk1'Ar,.€zw1A'r
C

i £ (wy4cky-é : £ L. .5 iw cq; L [N
[6121:0( 1teki-ée) {Slnc (QC(wl + cky - 690)) + e™1£/eGine <20(w1 —cky - ez))}
£ (w +cky-é : £ 4 w1 L/cq; L 7oA
—etze(witekies) dQine [ Z(wy + cky - é.) | + e E/Sine | = (wy — cky - €,) (37)
2c 2c
To obtain Cov; ;(A®,), we find using Eq. (35) that

w =0 because w = 0. (38)
— 0 — 0 = — . 7 — . -
w(ty, m)w(ts,13) = / &’k / dwy / d*ky / dws B(wr, k1) B(ws, ky) ellertitFiri)gilwatatharz) (39
—00 — 00

Here, in Eq. (39), due to stationarity (w(¢1,77)w(t2,72) is only a function of 77 — 75 and ¢; — t3) we require,

W(wy, k1) W(ws, k2) = Tsplwy, k)6 (wr 4+ wa)6®) (ky + k3). (40)

Therefore, the covariance of the phase difference becomes

Q)
Covij(A®) =T ( L) /ddkl/ dw; plws, ki) €
et e (w1+ck1 €x) Sinc (wl + Ckl é ) + ezwlﬁ/cslnc £(w1 _ CE] .é )
2¢ v 2% z
—e i (w1 +cki-e5) {Sinc (;:c(wl + CEl . éz)) + ewi1L/eQine (2£c(w1 — CE1 . éz)>}

2 .
erhr o (41)




The covariance of the optical path difference is

47

— T () /dgkl/ dwy plwr, k) €’

L s
cite (witcki-és) {Smc <2C(w1 + ck1 ex)) + e™1£/¢Sine (26(0.)1 —ckq - em)>}

. L . iw cQs L 4
—elze L (wy+cky-ez) {Slnc (20(0.)1 + ckq .ez)> +e 1£/eGine <2C(w1 —ckq - ez)>}

2
COVLJ'(AI') = <A> COViyj(Aq)I)

2 .
eBr(42)

The corresponding power spectral density (PSD) with A =0in A, = (A, A, A) is

S(f) = %/ dA, e 2" A Cov, i (Ax) (43)
Tr — 00

2
=Ty <§) /d3E1 p(2rf, El)

_eiF @Sk {Sinc <i(2w f+cky - éz)) + eI/ Sine (Qi(%rf — cky -éz)>}

elae L (2nf+cki-éx) {Sinc <2£(27Tf + CEl . éz)) + 27 L/eGine (;(27”0 _ CEl . éx)> }
C C

2 (44)

The correponding cross spectral density (CSD) with a non-zero A is

1 e ;
CS(f) =5 / dA, e 2" 2 Cov, j(Ax) (45)
T J_co
£\ 2 - v
=T (2> / &®ky p(27f, k) e*r R
i L (2 f4cky-és) : L .3 2w fL/eq; L .3
€'2e Sinc %(271']? +cki-é)) +e Sinc %(27# —cky - é;)

_ei%(Qﬂf+cl_$1.éz) {Sinc (;(27Tf + CEl . éz)> + ei2mfL/eQine (;(%rf _ C]_g‘1 . éz)) }
& &

2
(46)

We note here that by setting A =0 in A, we recover S(f).
Considering that the interferometer response function Y (f, k1) corresponding to the CSD, is defined using

CS(f) = / &Ry Ty 52 £ ) Xa(fs ). (47)

we find
- £\? = &
Xa(f, k1) = (2> et

ot (2mftcki-és) {Sinc <§(2wf + cky - éz)) 4 ei2nfL/egine <2£(27rf —cky - ém)) }
Cc C

2

¢ige (2mftcky-e.) {Sinc (;(27# + cky - éz)) + 27/ £/eSine <2£(2Wf — cky - éz)>} (48)
c c
This is rewritten as
£\? & - SNE
(f» kl) = <2> ezkl A Cm(fa kl) _Cz(fv kl) ) (49)
with
C;(f, kl) — T {Smc (fTJ(rj)) + ¢ Sine (fTSj))}, (50)

10 (R = 5 (14 55 R ) (=) G1)
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We note that the interferometer response function xo(f, El) corresponding to A = 0 for obtaining PSD S(f), is
denoted simply by X:(f, k1) for ease of notation. Here the PSD is then given by

S(f) = / ARy Ty 52m £, F) Tl ), (52)

vk = (5)

IV. 1IV. LIGO: SPECTRAL DENSITIES AND RESPONSE FUNCTIONS

with

Cof.F) — ()| (53)

In this section, we present the signal PSD of the opyical path difference between the two arms of LIGO setup. We
also present the interferometer response function in this setup.

LIGO is an MLI with cavities in each arm [3] as shown in Fig. 2. These arm cavities are formed by introducing a
mirror in each arm. The electric field at the detector B is

Eou(7,0,0,0) = 15 5 T VRE T | EJ(7,0,0,0) — B (7,0,0,0)e~2i%er . (54)
g=1

Here Ty, = 1— Ry, is the power transmissivity of the mirrors introduced to render arm cavities. Equation (16) describes
the corresponding output electric field in the Holometer-type setup. We use Ty, = 0.014, whereby R28° ~ 0.019 < 0.02,
i.e., less than 2% of the input light remains after 280 round-trips of the light beam (i.e., finesse of LIGO setup) in
each arm.

Using Eq. (54) in place of Eq. (16) and implementing the procedure described in Sec. II (assuming Attributes
(1)-(2) and Assumptions (i)-(iv)), we find the PSD to be

o) (A,) — £ (AL) | cos2m A, (5)

2F3T4 2 oo 00

q1,92=1 0
where

P70 qTo P10 q70

o PD(A,) = / dty /dtz ple(ts + Ay —t2),0,0,5(t1) — s(t2)) = / dty /dt2 ple(ts + Ay —t2),5(t1) — s(t2), 0, 096)
0 0 0 0
P70 q7o

£PD(AL) = /dt1 /dt2 ple(ty + Ay —t2),5(t1),0, —s(t2)). (57)
0 0

Here s(t) = ct — 2qL if qro <t < (24) 79 and s(t) = 2(¢ + 1)L — et if (252) 70 <t < (¢+ L)7o.

To obtain the response function in the case of aLIGO, we use the effective phase difference,

1 e L
A@L (7'0 + AT) = Qoff + QTI\% (“/Ri) Z ( RM>q
- A

Ar+4qTo
/ dt’ |fu(t’, st —A;),0,0) —w(t',0,0,s(t" — AL))|.  (58)
Ar

By using this effective phase difference, we implicitly assume Attributes (1)-(2) and Assumptions (i)-(iv) listed in
Secs. I and II. We reiterate that these assumptions include all correlation functions that model isotropic, Gaussian
spacetime fluctuations (SFs). Implementing the procedure described in Sec. III for the above phase difference we
obtain

S(f) = / ARy Ty 2 £, T (. ), (59)
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FIG. 2: (a) MLI with arm cavities and d, — dc = @ost/k, and (b) arm D of the interferometer.

we find

Xu(f k1) = Xa(f k1) Xeo (), (60)

Xerlf) = To (1 - 1\/1%7[)4 (1 + Ry —2 };M cos(47rf£/c)> ' (61)

Here we recall Y,(f, k1) from Eq. (53) and Cy(f, k1) from Eq. (50),

)

. £\? ~ .2
Xl(fa kl) = <2> ‘Cz(fv kl) *Cz(fy kl)

wifL

Cy(f ) = e {Sine (1)) + = Sine (79},

with

W L c - . .
Ti”(f,k1>c(1iwk1~ej), G =u,2).

It is evident from Eq. (60) that the response function of LIGO setup factorises into the response functions of the
Fabry-Pérot arm cavity and a simple MLI without arm cavities. It is also evident from the above expression that the
light-crossing frequency firr = ¢/(2£) is the most dominant frequency scale. We point out that this gain computed,
while identical in features to the one obtained in [4, Eq. (A20)], has minor differences due to the following two reasons:
(1) we consider interference from two arm cavities instead of a single cavity assumed in Appendix A of [4] and (2) we
assume perfect reflectivity of the end mirrors at C and D.

In the limit v < 1, using Taylor series expansion, we find

Tolf) =T (1_1&7) (1- (116_@7) £001) (62)
f

Here v = S For v < 1, expanding to O(v?), we can immediately see that Yup(f) is inversely proportional to /2.

Further, it is evident that in the limit v — 0, the response function of LIGO setup saturates to a product of the gain

6
from the joint effect of the two Fabry-Pérot arm cavities, Tit (1_\1/}?) , and response function of a simple MLI.

(

V. V. FACTORISED CORRELATION torised correlation function pg (cAt, 51«) is of the form
FUNCTION: PSD AND PROPERTIES . N
Pr (cAt, Ar) = pe(cAt)ps(A,) with £, setting the corre-
In this and the following section, we analyse the trends lation scale in space and time. Substituting this into Eq.
of the PSD in the case of an MLI at low- and high-
frequency limits.
For any 3-vector A, and time interval A;, the fac-



(33), it is easily seen that

Swe() = 28.0)Su (), (63)

T
1 1
with Ss(v) = /du1 /du2 cos (2v (1 — uq))
0

0
cos (2v (1 —ug)) (ps(A)) — ps(&L)> . (64)

Si(v) = /000 dy pi (L) cos2vep. (65)

Here, with t;, = Lu;/c (i = 1,2), we use &H =
(0,0,5(t1) — s(t2)) and A, = (s(t1),0, —s(t2)). We re-
call s(t) = ¢t if 0 < t < 79/2 and s(t) = 2L — ¢t
if 9/2 < t < 79. Here we note that the temporal
shift T' (originating from the covariance definition) in
Eq. (33) has been scaled suitably to give a dimensionless
p=cT/L.

Further, we consider the correlation function ps (re-
spectively, pt) to decay with increase in the spatial (re-
spectively, temporal) separation. We find that the above
PSD Syc(v) is non-zero at v = 0 (Sye(v = 0) > 0) and
it decays with increase in scaled freqency v. This can be
concluded using the following arguments. Considering
that the vector magnitude HEH | < ||AL|| by the geome-
try of the interferometer with a negligibly small number
of points at which the equality is achieved. Therefore,
it is evident that ps(&H) > ps(A ) at almost all points.
As the other cosine terms in the integral tend to one as
v — 0, the PSD Syc(v = 0) is non-zero, finite and pos-
itive (PSD needs to be positive by definition). Further,
as we expect both p; (i=s;t) to decrease with increase
in the corresponding separation, we see that the cosine
transforms of such a function will decay with increase in
frequency with an appropriate frequency scale.

We can also infer the above from the following math-
ematical argument. Using the Taylor expansion of the
cosine functions in the integrals at v — 0, we see that

= [ du du2 S(A)) = ps(B1)
oo e st
(1=u2)’) +0W"),  (66)

de pe(Lep) (1

(1 —w? (1 —w)? +
o0
Si(v) = — 2% + 0(vh)).  (67)
0
We can see that all combinations to order v? shows that
the PSD does not increase with increase in frequency at
the low-frequency range.

Considering the fact that the factorised correlation
function is assumed to decrease with increase in the sepa-
ration with finite correlation scales, we expect the cosine
transforms at high frequencies to decay too. So the re-
sulting PSD has an overall decaying trend, barring any
local oscillatory behaviour for any general factorised cor-
relation function.
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In the specific case of the Oppenheim model, we first
note that Syc(v) is independent of the choice of £. This
is because

1 1
2
Sxe(v */dul/d’llq cos (2v (1 — uq))
T
0 0

cos (2v (1 — uy)) <\/u%+u§— ug—u1> . (68)

is evidently independent of £. In the limit v < 1, we find
numerically that the logarithmic derivative of the PSD
with respect to v, is —5v/w. For instance, a numerical
fit of the PSD in the limit v <« 1, yields Sye(v < 1) =

0.2756_% for £ = 3 m. We also find numerically that
the scaled PSD Syo(v) & 51z in the limit v > 1.

VI. VI.INVERSE AND EXPONENTIAL
CORRELATION FUNCTIONS: PSD AND
PROPERTIES

As in the previous section, we examine the PSD at the
MLI corresponding to the two classes of correlation func-
tions that cannot be factorised into spatial and temporal
parts, at the low- and high-frequency limits.

A. Inverse functions

Using Eq. (33), the scaled PSD corresponding to p,,
(m =s,ST) is

1 1
2
= f/dul/dug cos (2v (1 — uq))
™
0 0

cos (2v (1 — ug)) (le(ﬁu) - le(ﬁl)) . (69)
where
Pis(A;) = sinc (ng)) , Pusr(A)) = gJO (ng)) , (70)

with v = 2V||5j||/£ (5 =, L) and Ju(2) being the
Bessel function of the first kind. It is useful to note that
by virtue of the functional forms of Py, and Eq. (69), we
find S¢(v) corresponding to py, (m = S,ST) independent
of £ and /,.

Using the Taylor expansion of Eq. (70) about V9 =0
(j =|l,L) in Eq. (69) yields the limiting behaviour of
So(v) as v — 0.

. o 2 _
lim So(v) = ¢, 1, (m=s8,57), (71)

s =2/(3m), cgr=1/2. (72)

Here we note that Sq(v =0) = 0.
At the high-frequency limit v > 1, it is evident that Py
(Eq. (70)), which is sinc function, has a 1/v dependence.



This carries forward to the PSD as a 1/v dependence in
this limit. Similarly, for pisr, the corresponding P (Eq
(70)) can be approximated in the limit v > 1, as

Pusr(A;) ~ sin (% + 2y§j>)/2\/mgj). (73)

It is immediately evident that the spacetime-based pigr
yields a PSD with 1/4/v dependence in this limit.

B. Exponential functions

The PSD for pg,, is

cos (2v (1 — ug)) (’PEm( 1) — PEWL(AL)) (74)
Here
. Al e 030 .
Pus(Aj) = H 7 ” &7 sinc (Vﬁj)), (75)
12510
- L A 2 2
Par(B) = [ 7 dpe VIS o 21,
0
(76)

with v = 20||A;||/£ (j =, L). As before, we have
used the dimensionless ¢ = ¢T'/L in Eq. (33) to obtain
Eq. (76) along with substituting in pger. We note that
&j/ll depends only on the pair (u1,us), and is indepen-
dent of £. This clearly implies that Eqs. (75) and (76)
depend on the ratio kK = ¢,/L. Therefore, in contrast
to the PSDs corresponding to correlation classes consid-
ered earlier, Sc(v) corresponding to pg, (m = S,ST) is
dependent on this ratio .

1. For pss

At low frequencies, the Taylor expansion is

o a0

A lle”

42| A | - 15, WAL |12
(1‘3!52 Bt L -

(77)

It is evident that Sc(v = 0) is non-zero (and also obvi-
ously positive). While it is also evident that this does
not increase proportional to v? as in the inverse case,
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finding an analytical expression for the above integral
is not possible. We can, however, resort to numerically
finding the logarithmic derivative of the PSD, as before.
However, due to the dependence of So(v) on the ratio
k = £./L, the logarithmic derivative also changes with
the choice of k. We find that the logarithmic derivative
SL(v)/Sc(v) = —8v/7m for k = 0.01. This shows that

Se(v < 1) x e /™ in this particular case. However,
this fit changes significantly for different values of .

In the high-frequency limit, the sinc function already
indicates a decay with increase in v. A full analytical
expression cannot be obtained. However, we ascertain
the high-frequency behaviour as follows. We know that
if an expression is a sum of multiple terms with v~ (¢ >
0) in the limit v > 1, the term most dominant is the
one with the smallest ¢ value. So if we identify such a
dominant term without solving the full PSD, we could
still obtain the behaviour of the PSD at large v. Using
the fact that ||&” | < |IAL|| by geometry, we know that

[
the terms involving e~ e would be the dominant terms,
when computing the PSD. We consider one such term
involved.

1 1
1
e /dul/duQ cos (2v (ug — uy))
0 0

&y e 7 sine (2015 /£) (78)

Using ”&H || = L|uz — uq]|, we find that this simplies to

(L —-2V2¢,.L 1
™\ (L2 +160202)% (L2 4 160212)

0L 80,.L
Rl ke[
m (L2 + 160202)
(£2 —16022)
+ W S1n (2\/51/) (79)

s
e V2

cos (2 \/§V>

We can see that the dominant trend in the above term
is (£ + 16¢20%) . This tallies with the numerical eval-
uation of the PSD and is illustrated in Fig. 2 (c) in the

paper.

2. For pusr

The PSD expression does not lend itself to analytic
simplifications even in the limit cases.

As illustrated in the case of pys, here too we expect the
behaviour at the low-frequency limit to be an exponen-
tial decay. However, obtaining the logarithmic derivative
numerically poses challenges and would ultimately be de-
pendent on the ratio k. So we forego the exercise in this
case.

The high-frequency limit is more interesting. Though
the higher limit is not analytically tractable, we obtain a



few helpful pointers. It is known that the Fourier cosine
transform of e*V#*+#* (Re(a) > 0, Re(8) > 0) is given
in terms of the modified Bessel function of the second
kind K (8vv? + a?) as follows.

o0

d@e“w cos(pv) = af(v? + a2)*1/2
K1 (BV V2 + a?) (80)

Notice the similarity of the LHS of Eq. (80) to the RHS
of Eq. (76). Though this does not directly apply here, we
expect the limiting behaviour to have some similarity in
the gross feature, i.e., for instance, we expect it to tend
as e® /vb. A numerical fit yields S.(v) ~ 0.03e=0-01,~0-3
in the limit v > 1. Considering that the arguments used
to obtain this fit are not rigorous, we agree that this need
not be the correct behaviour. However, we find that the
trend is distinctly different from that corresponding to
pes or other correlation functions. This S¢(v) correspond-
ing to pggr is, therefore, still distinguishable from those
corresponding to other p’s, even if we cannot identify an
analytical limiting behaviour.

0

VII. VII. RESPONSE FUNCTION APPROACH:
OBTAINING 5

Using Egs. (39) and (40), we find

— T L, - w1 - Wy
o ) = G B (R =3) = o (1 + )]
(81)
and
- 2
o & S i
oes (w1, Kk r
sl ) = (27T) w1|k1

o 2
1"’52 |1|_wcl)>

(R ) )

<1+122 <|k |+“’1) )2

It is evident from Eq. (81) that ps implicitly assumes
the wave equation when cond81der1ng the SFs, which be-
comes apparent in pg. This also conforms with the Pix-
ellon model where the Pixellon is assumed to satisfy the
wave equation [5]. The transformed pgs is presented for
contrast. As we have considered only isotropic models,
we also find the transformed correlation functions depend
only on the magnitude of ki

VIII. VIII. LIGO: BEHAVIOUR OF PSD

As in Secs. V and VI, we examine the PSD of the
output of LIGO, corresponding to two different classes
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of the correlation function, especially at the low- and
high-frequency limits. It is evident from Eq. (60) that
the behaviour of the PSD of the output of LIGO can be
examined by examining the behaviour of the PSD in the
case of the MLI without arm cavities and the Fabry-Pérot
cavity response, given by Eq. (61).

Low-frequency limit: In the limit v < 1, the Fabry-
Pérot cavity response in Eq. (62) is clearly shown to be
inversely proportional to v? and as v — 0, this saturates

6
to T2 (1 F) , instead of diverging.

In the case of the correlation function p;5, we know
from Sec. VI that the PSD of an MLI without arm cavi-
ties is directly proportional to v2. This implies that when
v < 1, the PSD of the output of LIGO is constant with
respect to v. This is because the frequency dependence
of the Michelson interferometric response cancels that of
the Fabry-Pérot cavity response. However, as v — 0,
the PSD of LIGO becomes directly proportional to v2,
because of the saturation in the Fabry-Pérot cavity re-
sponse.

In the case of pgs, it is proportional to an exponen-
tial factor which is almost constant in this limit. This
implies that the low-frequency behaviour of the Fabry-
Pérot cavity response is identical to that of the PSD of
LIGO.

High-Frequency limit: In the limit v > 1, the Fabry-

6
Pérot cavity response maximises to T ( T r) at ev-

ery v = 2mz (m € {1,2,3,...}), resulting in peaks at
every f = mfigr. The trend of the MLI response is also
carried forward. For instance, this is evident from top
panel of Fig. 4 in the paper, where the troughs between
the peaks fall as 1/v, which is the behaviour correspond-
ing to the MLI for pyg. This is also illustrated in the
bottom panel of Fig. 4 in the paper. Here the response
remains flat in the range of v considered due to the sig-
nificantly smaller r. This behaviour is identical to the
PSD correponding to an MLI of the same arm length
as LIGO, but with no arm cavities. In both cases, the

6
peaks with the gain T (1 F) render a PSD of the

arm strain in LIGO that is significantly larger than the
same in table-top interferometers such as QUEST.
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