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Version 0:
Reviewer comments:
Reviewer #1

(Remarks to the Author)

The vortex-based Navier- Stokes equations are being simulated on quantum systems in this research. Congrats to the
authors for the excellent, innovative work and very good presentation in the paper! | strongly recommend this paper for
publication due to the importance of the topic as well as innovative work. Only a few improvements are suggested for the
final version on this novel paper:

- Authors should provide more details about the practical implementation of the vortex-based NSE. This form is very well
known in the CFD community, but it lacks practical application.

- The core element of the quantum algorithm is the operator F. Some additional explanations on the complexity of the
operator as well as the practical implementation need to be provided.

- Complexity of the overall algorithm should be provided.

- The reference [39] has a wrong author reference. The correct reference is Budinski Lj. instead of B. Ljubomir in reference
[39] and L. Budinski in [42].

Reviewer #2

(Remarks to the Author)

The manuscript describes an interesting investigation into realizing an implementation on a quantum processor of of a
simulated vortex-interaction. As discussed in this article, vortex interactions play an important role in many fluid dynamics
problems of scientific as well as practical interest.

The method proposed is certainly interesting, and the Supplementary part provides a good amount of detail.

The re-formulation of the governing equations for vortex movement into complex numbers and its normalization is
interesting, but clearly is rather convoluted. It requires either a significant level of approximation (and linearization) to
facilitate implementation on a quantum processor and also a significant amount of pre- and post-processing, i.e. before and
after the dynamics are modelled on the quantum processor.

A key issue is that it is not clear where the 'quantum benefit' is, i.e. relative to a classical-computer implementation, is there a
theoretical computational complexity benefit for the quantum algorithm?

This important aspect needs to be clearly discussed in the main article. For example, the current method stores solutions at
different time-steps while a classical method wouldn't need this. This negates (part) of a potential storage benefit because of
the additional qubits requires for the multiple time levels.

With the substantial level of approximations, as well as pre- and post-processing required does the demonstrated approach
offer longer-term benefit. It seems that the key contribution is a proof-of-concept showing how a specific (model) vortex
problem can be realized with current quantum hardware. The 'potential to tackle longstanding challenges in fluid dynamics'
(as stated in the abstract) seems to overstate the impact of this work.

A further key issue is that in the main article it should be much clearer how much the modelled problem is different from a
'full’ vortex-particle based implementation of the incompressible-flow Navier-Stokes equations.



There are further important questions to address, as outlined below:

[1] by opting to use an idealized fluid where the vortices are pure potential vortices, the modelled

flow is effectively a potential-flow problem (i.e. irrotational and inviscid). So quite far removed from the fluid dynamics
governed by the incompressible-flow NS equations. For example, the effect of co-rotating vortices merging as occurring in
many practical, turbulent flows cannot be modelled.

The implications of the use of the idealized system should be explained much more clearly in the main article.

[2] for potential-flow modeling, approaches based on hydrodynamic Schrodinger and Madelung

transformation have been investigated quite extensively (as reviewed in the Introduction section of the article). So, the
relative merits of the current approach as compared to the mentioned alternative approaches needs to be discussed (more)
as well.

[3] As detailed in the Supplementary material, the dynamics of the discrete-vortex system is actually modeled using a DMD-
type reduced-order model rather than the by discretization of the set of ODEs resulting from the re-formulated Biot-Savart
type equations. It seems that this reduced modelling relies on training for a very specific problem involving a set of
interacting discrete vortices.

Question: once an evolution operator is trained, can it be applied to a (somewhat) different test case than the one used for
training? So, that there is an element of generalization?

This leads to the following further question: to mimic the vortex-interaction problem, it is possible to train a DMD-type
problem based on a viscous simulation (e.g. using a vortex particle methods) of the vortex interaction problem (for example
using POD or SVD) and then implement this DMD on a quantum processor. This avoids the need to first
approximate/linearize the dynamical system before training the reduced-order model. In the revised article, this needs to be
considered as well, for example in terms of how these different approaches compare in terms of generalization to different
systems.

[4] Measurement and data extraction need to be discussed further. With solution at multiple-time step encoded in the
quantum register, the likelihood of measuring data related to an intended time step reduced rapidly with increasing number
of time steps resolved.

The 'single quantum execution' mentioned in Introduction on page 1 needs further detailing, e.g. mention that multiple
realization are needed for extraction of flow data and that the number of realizations for a given accuracy will increased with
n_t

[5] Viscous vortex particle system (page 5): required changes to learning the evolution operator, i.e. with regards using
varying vortex particle strengths (circulation) needs to be explained more clearly.

Version 1:

Reviewer comments:

Reviewer #1

(Remarks to the Author)
All the comments have been appropriately addressed. No further comments.

Reviewer #2
(Remarks to the Author)

The revised manuscript represents a significant improvement over the original version, and now places the presented in a
much clearer context.



Open Access This Peer Review File is licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate
credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate if changes were
made.

In cases where reviewers are anonymous, credit should be given to '"Anonymous Referee' and the source.

The images or other third party material in this Peer Review File are included in the article’s Creative Commons license,
unless indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons
license and your intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain
permission directly from the copyright holder.

To view a copy of this license, visit hitps:/creativecommons.org/licenses/by/4.0/



List of major changes (marked in red in the Main Text and the Supplementary Information):

1. We expand the discussion to emphasize that the normalized wavefunction reformulation

of vortex dynamics is physically grounded in conservation laws, such as Kelvin’s and

Helmholtz’s theorems.

2. We add a thorough analysis of the algorithm’s computational complexity, explicitly dis-

cussing the potential quantum benefit in circuit evolution and storage efficiency.

3. We clarify the relationship between our approach and “full” Navier—Stokes solutions, and

expand the discussion on handling viscous flows.

4. We discuss how alternative quantum approaches, such as Schrodinger/Madelung-based meth-

ods, differ in flow modeling.

5. We discuss linearization and pre/post-processing as necessary compromises for current

quantum hardware.

6. We incorporate a test of the model’s performance on perturbed initial conditions, demon-

strating its generalization to different systems.

7. We provide expanded details on the complexity, training, and hardware implementation of

the core quantum evolution operator Fy, including a summary of experimental gate counts.

8. We clarify the data extraction process from the quantum state and discuss potential strategies

to address the sampling challenge for specific time steps.

9. We moderate the language regarding the work’s impact, framing it as a concrete pathway for

quantum fluid simulation.

10. We add discussion and references on the established practical applications of classical

Lagrangian vortex methods in computational fluid dynamics.

11. We correct author names in references and add new tables/figures to support the added

analyses.




Reply to reviewer #1 for the manuscript (ID: NCOMMS-25-39868) titled “Simulating fluid vortex

interactions on a superconducting quantum processor”’ by Ziteng Wang et al.

General comment: The vortex-based Navier—Stokes equations are being simulated on quantum
systems in this research. Congrats to the authors for the excellent, innovative work and very good
presentation in the paper! I strongly recommend this paper for publication due to the importance of
the topic as well as innovative work. Only a few improvements are suggested for the final version
on this novel paper.

Reply: We sincerely appreciate the reviewer’s encouraging evaluation and the constructive
comments that help to improve the manuscript. All the comments have been addressed point-by-

point, and the corresponding changes in the revised paper are marked in red.

1. Authors should provide more details about the practical implementation of the vortex-based
NSE. This form is very well known in the CFD community, but it lacks practical application.

Reply: Thank you for this insightful comment regarding the practical application of the vortex-
based Navier—Stokes equations (NES). We agree that expanding on this aspect will strengthen the
manuscript.

Indeed, as a conventional vortex method, the practical application of the vortex-based NSE has
traditionally been limited. However, advances in graphics processing unit (GPU) computing have
enabled the community to develop the LVM into a robust and accurate methodology for practical
computations. To extend the method to viscous flows, various numerical strategies for modeling
viscosity have been proposed [1], including Chorin’s stochastic random walk diffusion method [2],
Degond and Mas-Gallic’s deterministic particle strength exchange (PSE) schemes with rigorous
consistency and convergence [3], and Ogami and Akamatsu’s diffusion velocity formulations
tailored for discrete vortex models [4]. For boundary conditions, desingularized vortex sheet
formulations [5] and high-resolution cylinder benchmarks [6] established accurate wall treatments,
while the combination of particle redistribution for general geometries with a modified PSE scheme
for diffusion enabled nontrivial geometries without abandoning the Lagrangian backbone [7].

For practical applications, the LVM has been employed in several representative classes[8],
including swimmer hydrodynamics [9-11], aircraft and rotorcraft wake prediction [12, 13], free
jets [14—16], and wind energy turbines [17, 18]. Further advances in applications may be unlocked

through quantum algorithms, offering a promising pathway to overcome the quadratic O(N 12,)



complexity of Biot—Savart evaluations.
We provide the details in lines 19-33 of the Supplementary Information and summarize them

in the Main Text in lines 65-67.

2. The core element of the quantum algorithm is the operator . Some additional explanations
on the complexity of the operator as well as the practical implementation need to be provided.

Reply: We appreciate the reviewer’s comment regarding the complexity and practical imple-
mentation of the operator F}, where k is the temporal qubit index.

For the complexity of the operator F}, it is heuristic and depends on empirical tuning as the
system size increases, much like the widely used quantum approximate optimization algorithm
(QAOA) [19, 20]. In our work, for each synthesized instance of Fj, the number of CZ gates
and single-qubit rotations is determined by the target synthesis accuracy and the chosen depth
threshold [21], showing no significant dependence on k. We limit the maximum numbers of CZ
gates and single-qubit rotations in our example to fewer than 15 and 25, respectively, to ensure
feasibility on the quantum hardware while maintaining good agreement with the reference results.
In Table R1, we summarize the gate counts used in our experiments for each synthesized instance

Oka.

Table R1: Gate counts of controlled F} circuits synthesized by CPFlow for each k. U denotes single-qubit
U(0, ¢, 1) and CZ denotes the two-qubit entangling gate.

k 2k steps U gates CZ gates Total gates
1 1 19 8 27
2 2 13 5 18
3 4 11 4 15
4 8 16 7 23
5 16 21 11 32
6 32 11 4 15
Average 15.17 6.50 21.67

For the practical implementation, the Supplementary Information includes additional details
on how we obtain an effective Hamiltonian and how we compile F} into a controlled operation
suitable for hardware. Specifically, we learn an effective Hamiltonian while enforcing Hermiticity

by parameterizing
H.x(0) = S(6r) +1 A(6)), (R1)



where S(0r) € RN»>*Np js symmetric and A(6y) € RNp*Np g antisymmetric, and Or and 6y

constitute the overall parameter vector 6. The training procedure is posed as

0* = arg ngn £(0)

Nigain—1 (R2)
” |":b(ti + Attrain)) - U(O;Attrain) |¢(tl)>”% >

with  £(0) = :
train =5
and U(0; Atyain) = e~ 1 Her(0) Atwin - Opce the effective Hamiltonian is trained, we compute Fj for
each k with F(0) = e~ i Har(O)2-DA1 yhere A represents the unit time step.

For circuit synthesis we use CPFlow method [21], which relaxes the gate-layout search to
a continuous optimization with parametrized controlled-phase placeholders. After optimizing
several random seeds, phases near 0 or & are snapped to I or CZ, and the remaining phases are
realized by a constant-depth two-CZ template with single-qubit rotations, yielding controlled-Fj
circuits in the device’s native gate set.

In our setting, the target unitary is the controlled version of F} with the temporal qubits as
controls, and the final implementation is selected by jointly considering the unitary approximation
error and the total CZ count. This procedure yields controlled-F} circuits directly, without first
compiling an uncontrolled F} and then adding control.

We have incorporated the above discussion in the Main Text in lines 450—457 and Supplementary

Information in lines 190-229.

3. Complexity of the overall algorithm should be provided.

Reply: We thank the reviewer for the suggestion. The algorithmic complexity can be divided
into two parts, the online circuit execution involving real-time quantum operations and the offline
fitting stage focusing on classical optimization and parameter tuning.

During the online circuit execution, the complexity scales as O(gczlog N;) in two-qubit gate
depth. We take two-qubit depth as the primary cost metric because entangling operations dominate
runtime and error on current platforms. Here, N; the number of time steps, with n, = [log N;]
control qubits. The complexity O(gcz log N;) arises from the sequence of n,; controlled-F} blocks,

" cz gates. We use the average gcz = % D o

where the k-th block is compiled with g, i=18C7

because our preliminary observations indicate that the per-block counts exhibit no significant

dependence on k, as noted in the previous comment. The time register is prepared by applying



n, Hadamard gates in parallel, which contributes O(log N,) single-qubit gates but only constant
depth and is not rate-limiting. Besides, the spatial register that encodes the positions of N, vortex
particles is initialized at the beginning of the computation, whose cost is independent of N;.

The state preparation is realized by a data loading circuit whose depth scales at most linearly with
N, in line with general upper bounds for preparing quantum states from classical data [22, 23]. For
relevant families of initial configurations, more structured loading schemes or hardware support
such as quantum random access memory (QRAM) can reduce this dependence on N, by exploiting
correlations and low dimensional parametrizations of vortex states [24-26]. Measurements are
only required when estimating observables. If M observables {O(f)}g’i , are estimated by simple
sampling with a target mean-squared error ¢ for each expectation value then the shot complexity
scales as O(Me™2).

During the offline stage, we fit each evolution module F with a heuristic procedure whose
complexity iS O (Niainl LDs_z). Here, Ny.in state pairs constitute the training set for each F block.
The quantities /, L, and D are empirically determined, and they denote the number of iterations, the
number of trainable parameters, and the depth of each block, respectively. With the parameter shift
rule, one iteration requires O ( Nyin L) forward circuit evaluations to obtain the full gradient vector.
Driving the single circuit estimation error to & contributes a sampling factor of O(e72). Each
evaluation has depth D, dominated by loading the training data and executing the parameterized
subcircuit.

We have incorporated the above discussion in the Main Text in lines 383—-393 and Supplementary

Information in lines 285-326.

4. The reference [39] has a wrong author reference. The correct reference is Budinski Ljj.
instead of B. Ljubomir in reference [39] and L. Budinski in [42].

Reply: We have corrected the author name in References [39] and [42]. Both entries now
correctly appear as “Budinski, Lj.” in the reference list and the corresponding BibTgX records, as

shown below:

[39] Lj. Budinski, Quantum algorithm for the Navier-Stokes equations by using the
streamfunction—vorticity formulation and the lattice Boltzmann method, Int. J. Quantum

Inf. 20, 2150039 (2022).

[42] Lj. Budinski, Quantum algorithm for the advection—diffusion equation simulated with the
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Reply to reviewer #2 for the manuscript (ID: NCOMMS-25-39868) titled “Simulating fluid vortex

interactions on a superconducting quantum processor”’ by Ziteng Wang et al.

General comment: The manuscript describes an interesting investigation into realizing an
implementation on a quantum processor of of a simulated vortex-interaction. As discussed in this
article, vortex interactions play an important role in many fluid dynamics problems of scientific
as well as practical interest. The method proposed is certainly interesting, and the Supplementary
part provides a good amount of detail.

Reply: We thank the reviewer for the accurate summary of our work. We also appreciate
the reviewer for the constructive comments, which have guided us to improve the manuscript
significantly. All the comments have been addressed point-by-point, and the corresponding changes

in the revised paper are marked in red.

1. The re-formulation of the governing equations for vortex movement into complex numbers
and its normalization is interesting, but clearly is rather convoluted. It requires either a significant
level of approximation (and linearization) to facilitate implementation on a quantum processor
and also a significant amount of pre- and post-processing, i.e. before and after the dynamics are
modelled on the quantum processor.

Reply: We thank the reviewer for this thoughtful comment. We introduce a complex representa-
tion of vortex motion with explicit normalization to embed discrete vortex dynamics into a unitary
evolution in Hilbert space, yielding a valid quantum state and an effective Hamiltonian for inter-
acting vortices implementable on a quantum processor. The reformulation of vortex dynamics into
a normalized wavefunction representation has been explored classically, such as in vortex particle
method [1], vortex filament methods [2], and geometric models [3, 4]. Its extension to quantum
computing is motivated by the intrinsic conservation laws that govern vorticity evolution in inviscid
or high-Reynolds-number flows, including Kelvin’s theorem [5], Helmholtz’s theorem [6], Ertel’s
theorem [7], and helicity conservation [8, 9]. These conservation laws and the unitary evolution
of quantum systems share underlying mathematical structures that suggest a potential connection.
By embedding vortex methods into a wavefunction framework, the resulting quantum algorithm
inherits a structure that is compatible with unitary evolution, thereby offering a promising pathway
to designing quantum simulations that preserve the conservation laws of fluid systems.

Indeed, to implement nonlinear fluid dynamics on current quantum hardware, some level of



linearization and approximation is generally necessary to align with the operational principles
of quantum processors. Classical pre-processing for mapping vortex particles from configuration
space to quantum state space, as well as post-processing to extract task relevant observables through
measurements, are also typically required.

In our implementation, the approximations and the linearization preserve the leading interaction
structure over the horizons of interest and make the expensive interactions quantifiable, learnable,
and evolvable within a linear representation. The effective model is trained on short windows and
subsequently used to propagate beyond the training range to assess generalization on representa-
tive interactions, which constitutes a pragmatic compromise that enables experiments on present
hardware while maintaining fidelity within the measurement resolution. Therefore, we view this
linearized realization as a hardware compatible instantiation of the QVM, and note that a grow-
ing body of work on quantum algorithms for nonlinear problems indicates promising avenues for
incorporating nonlinear effects in future extensions of our method [10-14].

From a broader perspective, pre- and post-processing are common components in numerical
schemes based on quantum processors [15-18]. In our case, the normalization operation as pre-
processing is mathematically equivalent to the classical vortex method. More importantly, the
newly added numerical experiments provide preliminary evidence that normalization combined
with unitary evolution may act as a form of implicit regularization and, compared with direct
linearization in the original variables, can enhance robustness and generalization with respect to
initial condition perturbations and noise, as further discussed in our reply to Reviewer 2, Comment
8. At the same time, we would like to emphasize that our work presents a general framework
for encoding and simulating vortex dynamics on quantum computers, where both pre- and post-
processing may vary depending on the specific scenario. For example, instead of extracting the
full vortex state, one may want to compare the trajectories of two vortex movements, which can be
realized with SWAP test technique, thereby reducing the need for complex post-processing.

In response, we have incorporated the above discussion in the Main Text in lines 67-72 and

Supplementary Information in lines 88-95 and 113-116.

2. A key issue is that it is not clear where the ‘quantum benefit’ is, i.e. relative to a classical-
computer implementation, is there a theoretical computational complexity benefit for the quantum
algorithm? This important aspect needs to be clearly discussed in the main article. For example,

the current method stores solutions at different time-steps while a classical method wouldn’t need



this. This negates (part) of a potential storage benefit because of the additional qubits requires for
the multiple time levels.

Reply: We value the reviewer’s comment on the theoretical computational complexity benefits
of quantum algorithms compared to classical methods, a point of great interest within the research
community. We discuss the theoretical computational complexity benefit of the QVM from two
main aspects, including the complexity of circuit evolution and the storage benefit. The complexity
of circuit evolution primarily depends on the intrinsic complexity of the evolution module F}
and its count O(log N;), where N, denotes the number of discrete time steps. For different
temporal qubit index k, the complexity of F} shows no significant difference; as such, we set the
complexity of F as O(gcz). We conclude the overall complexity of the quantum circuit execution
is O(gcz log N;), demonstrating a quantum benefit for predicting long-time flow evolution as the
algorithmic complexity grows logarithmically with N;. Regarding the potential storage benefit, our
method processes all time steps in a quantum superposition within a single workflow, requiring
log N), +1og N; qubits compared with the classical N, N; units of storage for the same functionality.
We now proceed to discuss in detail.

During the online circuit execution, as illustrated by the complete circuit executed on our
quantum processor in Fig. R1, we employ two-qubit gate depth as the primary cost metric since
entangling operations constitute the dominant source of runtime and error in current quantum
platforms. The complexity scales as O(gczlog N;) in two-qubit gate depth with n, = [log N;]
control qubits, revealing a theoretical quantum benefit for simulating long-time evolution of com-
plex vortex systems. The complexity of circuit evolution mainly arises from the sequence of n;
controlled- F blocks. Notably, each evolution module F} is obtained through a heuristic fitting
procedure and collectively forms a linear effective Hamiltonian that steers the evolution of the
quantum-encoded vortex state. The empirical complexity O(gcz) depends on both the vortex
count N, and parameter settings, and can be controlled by adjusting optimization parameters while
balancing fitting accuracy to accommodate execution on current noisy intermediate-scale quantum
devices. We use the average gcz = n]_, ZZ’: 1 gékz) because our preliminary observations indicate that
the per-block counts exhibit no significant dependence on k&, as noted in the previous comment. The
time register is prepared by applying n, Hadamard gates in parallel, which contributes O(log N;)
single-qubit gates but only constant depth and is not rate-limiting. Besides, the spatial register
that encodes the positions of N, vortex particles is initialized at the beginning of the computation,

whose cost is independent of N;.
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Fig. R1: Full circuit used in the hardware experiment, including initial state preparation, parallel Hadamard
gates (implemented in the {U, CZ} basis as U(6, ¢, 1)), and the sequence of controlled F blocks, followed
by measurements. Here U denotes single-qubit U (6, ¢, 1), and CZ denotes two-qubit entangling gate.

The state preparation is realized by a data loading circuit whose depth scales at most linearly
with N, in line with general upper bounds for preparing quantum states from classical data
[19, 20]. For relevant families of initial configurations, more structured loading schemes or
hardware support such as quantum random access memory can reduce this dependence on N,, by

exploiting correlations and low dimensional parametrizations of vortex states [21-23].
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Measurements are only required when estimating observables. If M observables {O") }% | are
estimated by simple sampling with a target mean-squared error € for each expectation value, then
the shot complexity scales as O(Me™2).

During the offline stage, we fit each evolution module Fj with a heuristic procedure whose
complexity is O(Nyain/ LD&™?). Here, Nyain State pairs constitute the training set for each Fj
block. The quantities I, L, and D are empirically determined, and they denote the number of
iterations, the number of trainable parameters, and the depth of each block, respectively. With the
parameter shift rule, one iteration requires O (Ny,in L) forward circuit evaluations to obtain the full
gradient vector. Driving the single circuit estimation error to £ contributes a sampling factor of
O(&7?%). Each evaluation has depth D, dominated by loading the training data and executing the
parameterized subcircuit. Such optimization phase, once completed, allows the optimized circuit
to be reused for multiple simulations under different initial conditions.

For the data storage efficiency, we break down the analysis into two specific scenarios including
problems requiring post-processing across multiple time steps and tasks involving only sequential
time stepping.

For problems involving post-processing across many time steps, our method offers a more
memory-efficient solution. For a system with N, quantities over N, time steps, our method
evaluates aggregated quantities and performs a time-domain search on a superposition over time
in a single workflow, requiring log N, + log N; qubits. In contrast, a classical method either stores
N; frames or recomputes N; times, resulting in N, N; units of storage for the same functionality.

For tasks involving the sequential advancement of dynamics and evaluation of each time step,
classical methods typically require storage for only the current time step, with resource demand
scaling linearly with the system size N,,. In contrast, our quantum methods leverage superposition
and entanglement to efficiently represent and process spatial information. Although the logarithmic
resource overhead introduced by the time register partially offsets this spatial benefit, the quantum
method still maintains a benefit over the linear growth of classical methods as the problem size
increases.

In the revised manuscript, we provide an explicit discussion of the quantum benefit in the Main
Text in lines 383-394 and Supplementary Information in lines 285-338, incorporating the other

reviewer’s suggestion to include the method’s complexity.

3. With the substantial level of approximations, as well as pre- and post-processing required
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does the demonstrated approach offer longer-term benefit. It seems that the key contribution is
a proof-of-concept showing how a specific (model) vortex problem can be realized with current
quantum hardware. The ‘potential to tackle longstanding challenges in fluid dynamics’ (as stated
in the abstract) seems to overstate the impact of this work.

Reply: We thank the reviewer for the responsible evaluation of our work. At the current stage
of quantum applications, some level of approximations, along with pre- and post-processing, are
required. These common procedures are expected to be mitigated with future advancements in
hardware and algorithms. The reformulation of vortex dynamics into a wavefunction representation
for quantum implementation is motivated by the intrinsic conservation laws governing vorticity
evolution in fluid mechanics. This approach leverages mathematical parallels between these
conservation properties and unitary quantum evolution, enabling the development of quantum
algorithms that inherently preserve the physical structure of fluid systems.

Through concrete analysis and discussion of our implementation, we identify a theoretical
computational complexity benefit of the QVM in two main aspects. The overall quantum circuit
execution complexity demonstrates quantum benefit for long-time flow evolution prediction, while
the method’s ability to process all time steps in quantum superposition within a single workflow
offers potential storage benefits.

We agree with the reviewer that the statement regarding “potential to tackle longstanding
challenges in fluid dynamics” in the abstract may create the misleading impression that solutions
to these longstanding problems are immediately within reach. Accordingly, we reword this in the
Abstract to be more specific: “In this work, we establish a framework that reformulates vortex
dynamics into a normalized wavefunction representation compatible with quantum system unitary
evolution, combined with the designed spatiotemporal encoding scheme, providing a concrete

pathway toward leveraging quantum resources in fluid systems.”

4. A further key issue is that in the main article it should be much clearer how much the modelled
problem is different from a ‘full’ vortex-particle based implementation of the incompressible-flow
Navier—Stokes equations.

Reply: We thank the reviewer for this helpful comment. Our approach can be structured in
two main stages. First, we establish that representing the vortex state as a quantum wavefunction is
mathematically equivalent to conventional vortex-particle methods. Second, we design an effective

linear Hamiltonian to guide the system’s evolution, which provides a controlled approximation to
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the incompressible Navier—Stokes equations.

Although this approximation involves some simplification, it preserves the essential physics of
vortex interactions. The model is trained using short-time data and is subsequently applied to
propagate the system beyond the training interval, enabling an evaluation of its generalization to
representative fluid interactions. As illustrated by the two-vortex co-rotating system in the main
text, the results exhibit close agreement with the direct numerical simulation of viscous flows.

We agree that an explicit clarification is necessary to distinguish our method from the ‘full’
vortex-particle based implementation of the incompressible-flow Navier—Stokes equations, which
we have incorporated in the Main Text in lines 145-150 and in the Supplementary Information in

lines 96-99 of the revised manuscript.

5. By opting to use an idealized fluid where the vortices are pure potential vortices, the modelled
flow is effectively a potential-flow problem (i.e. irrotational and inviscid). So quite far removed
from the fluid dynamics governed by the incompressible-flow NS equations. For example, the
effect of co-rotating vortices merging as occurring in many practical, turbulent flows cannot be
modelled. The implications of the use of the idealized system should be explained much more
clearly in the main article.

Reply: We appreciate the reviewer’s comment regarding the limitation of the idealized system.
Our method extends the idealized framework by learning viscous diffusion from data, enabling it
to model flows up to the point of vortex pre-merging dynamics; however, further study is needed
to capture the entire process, including merging and subsequent topology changes, due to the fixed
structure of the quantum representation. In the present work, we make a preliminary attempt to
incorporate viscous effects through a special treatment within the same vortex based framework,
as illustrated by the simple example of two co-rotating vortices in Fig. 4 of the Main Text. The
evolution results showed good agreement with the direct numerical simulation of viscous flows,
demonstrating the potential of our approach in dealing with viscous scenarios.

In our method, flows are treated with a vortex particle representation, where we implicitly
handle vortex particle strengths by introducing a moving reference trajectory that follows the
collective motion of the vortex ensemble and rescale the coordinates relative to this reference
so that each instantaneous vortex configuration is mapped to a normalized wavefunction. This
reference trajectory is updated numerically from the underlying vortex particle dynamics. Once

this reference trajectory is available, the same mapping is applied in both cases and the quantum
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module operates on a compressed Lagrangian time series in which viscous effects are implicitly
encoded in the time dependence of the vortex positions. In order to recover the velocity field, one
can subsequently apply empirical relations governing the time evolution of vortex strength.

However, how to address topological changes induced by viscosity [24], such as vortex splitting,
merging, or reconnection, has not yet been investigated. In conventional vortex methods, various
particle reseeding and local re-meshing techniques, including vortex element splitting, merging, and
deletion, have been developed to handle vortex reconnection [25, 26]. From an implementation
perspective, we could initialize partially empty vortex element data structures to accommodate
increases or decreases in vortex element count, inspiring that incorporating auxiliary registers
might provide a potential solution for handling vortex reconnection in future work.

In the revised manuscript, we have explicitly clarified the implications of the use of the idealized
system in the Main Text in lines 419-422, and have added more details in the Supplementary

information in the line 118-133.

6. For potential-flow modeling, approaches based on hydrodynamic Schrodinger and Madelung
transformation have been investigated quite extensively (as reviewed in the Introduction section of
the article). So, the relative merits of the current approach as compared to the mentioned alternative
approaches needs to be discussed (more) as.

Reply: We appreciate the suggestion to further discuss the relative merits of our method com-
pared to established alternatives, which we have thoroughly addressed in the revised manuscript.

Schrodinger / Madelung-based approaches [18, 27-29] model fluid dynamics in a quantum-like
framework, particularly effective where smooth potential-flow fields are the focus and full-field
observables are required, offering a comprehensive representation of the system with direct parallels
to quantum mechanics.

Our method adopts a Lagrangian, point-vortex description to capture vortex—vortex interactions
with fewer degrees of freedom, making it compatible with current quantum resources when the
flow is governed by coherent vortices.

Specifically, our approach (i) encodes the interactive vortex topology rather than the full fluid
field to focus the quantum representation on the essential degrees of freedom, creating a compact
mapping to the constrained Hilbert space of near-term devices; (ii) leverages a time register to
realize time-parallel state encoding and single-evolution execution, thereby avoiding repeated state

re-preparation at every time step; and (iii) focuses on vortex-level observables, e.g., vortex positions

15



Table R2: Comparison between our quantum vortex method and full-field quantum fluid methods

Aspect Schrodinger/Madelung methods Our vortex-based method

Representation Full, smooth velocity field Sparse, discrete vortex particles

Suitable flow regime General incompressible flows Vortex-dominated incompressible

flows

Spatial encoding Dense grid, requiring high qubit Compact vortex topology, scaling
count with vortex count

Temporal evolution  Typically requires sequential Time-parallel processing via
time-stepping quantum superposition

Observables Full-field quantities (e.g., global Vortex-level quantities (e.g.,
velocity/pressure) trajectories, interaction patterns)

and relative configurations, rather than full-field measurements. Considering the constrained qubit
numbers and gate fidelities of the current quantum hardware, our method provides a more hardware-
efficient way for simulating complex vortex motions.

To clearly summarize the key distinctions, we provide a comparative analysis in Table R2.

We have added these clarifications to the Main Text in lines 368-382, and have discussed further

in the Supplementary information in the line 135-146.

7. As detailed in the Supplementary material, the dynamics of the discrete-vortex system is
actually modeled using a DMD-type reduced-order model rather than the by discretization of
the set of ODEs resulting from the re-formulated Biot—Savart type equations. It seems that this
reduced modelling relies on training for a very specific problem involving a set of interacting
discrete vortices.

Question: once an evolution operator is trained, can it be applied to a (somewhat) different test
case than the one used for training? So, that there is an element of generalization?

Reply: The circuit of our method is designed to simulate the evolution of vortex particles
and can be methodologically extended to systems with a fixed number of vortex particles. To
evaluate generalization of different test cases based on the same trained model, we compared time
extrapolation and changes of initial conditions, as shown by the blue curve in Fig. R2, which
corresponds to the QVM-based model. Results demonstrate that the solution error obtained by our
method remains stable under varying initial conditions, indicating that the trained operators can be
effectively reused for systems with the same number of vortices and similar initial configurations.

Specifically, we implement the following experimental setup. The initial condition is (X?’ y?)
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Fig. R2: Validation of generalization capability for the QVM method and comparison with the DMD model.
Panels (a), (b), and (c) correspond to the low, mid, and high groups by ||A@°||» with ranges [0.024,0.084],
[0.084,0.130], and [0.130,0.240]. Each group contains 50 cases. The horizontal axis denotes the time
frame index. Both QVM and DMD are trained on the first 64 frames of the unperturbed trajectory. From
each perturbed initialization we roll out 256 frames and evaluate the configuration space error at each frame.
Curves show the median across cases and shaded bands indicate the 10% to 90% percentile band. Within
the training window the two methods are similar.

with x; =xy =x3 =x4 =0and y; = —y3 = 1 and y, = —y4 = 0.4. We then apply symmetric
random perturbations Ag® that preserve mirror symmetry about the x axis and we remove rigid
translation by centering the sampled offsets. For each mirror pair (i,7) satisfying x; = x; and
y; = —Yyi, we draw Ax; = Ax; uniformly from [-2s,2s] and Ay; uniformly from [-s, 5], and set
Ay; = —=Ay;. The scale s equals ten percent of the minimal initial pairwise spacing and the wider
range in the x direction increases sample diversity. Let A¢? := [Ax? + iAy?, ey Ax2 + iAyg]. We
generate 150 samples of A@", sort them by ||A¢°|», and split them evenly into low, medium, and
high groups, each with 50 cases, corresponding to the ranges [0.024,0.084], [0.084,0.130], and
[0.130, 0.240], respectively. Both models are trained on the first 64 frames of the unperturbed
trajectory. Starting from each perturbed initial condition we roll out 256 frames and compute the
configuration space error between the predicted and reference trajectories over time, with the error
defined as ||¢’ — @'||2, where ¢' and @' denote the complex vectors that encode vortex positions
in configuration space at time ¢, obtained from the QVM or DMD rollouts and from the numerical
reference solution for each perturbed initial condition, respectively. For each group we visualize
the median error together with the 10% to 90% band.

We provide details in the Supplementary Information in lines 339-366, and related discussions

in the Main Text in lines 284—288.
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8. This leads to the following further question: to mimic the vortex-interaction problem, it
is possible to train a DMD-type problem based on a viscous simulation (e.g. using a vortex
particle methods) of the vortex interaction problem (for example using POD or SVD) and then
implement this DMD on a quantum processor. This avoids the need to first approximate/linearize
the dynamical system before training the reduced-order model. In the revised article, this needs to
be considered as well, for example in terms of how these different approaches compare in terms of
generalization to different systems.

Reply: We appreciate the reviewer’s constructive suggestion, and we refine this DMD-based
approach into a concrete implementation and compare it with our method in terms of generalization
and practical implementability.

In the DMD-based approach, flow snapshots are treated in the configuration space and DMD
yields a stepwise linear evolution operator A. Such an operator is generally nonunitary and, when
executed on quantum hardware, needs to be block-encoded into a larger unitary, which in turn
entails ancilla qubits and postselection. Simulation results indicate that, for the leap-frog case
with a fixed vortex number, when the initial conditions deviate from the training distribution, the
QVM operator shows slower long-horizon error accumulation and tighter uncertainty bands than
the DMD surrogate; under small perturbations the two perform comparably. We hypothesize that
the normalization and unitary propagation in QVM act as an implicit regularizer under distribution
shift, thereby enhancing robustness, although a rigorous conclusion requires further verification.

Specifically, A is obtained by applying DMD to trajectories of the vortex-particle position
vector ¢; extracted from viscous-flow simulations. The decomposition is truncated to retain r
modes, which allows flexible control of the approximation. The truncation level satisfies r <
min{Niin, Np}, where Niin denotes the number of training frames and N, is the number of
particles.

A is embed into a larger unitary via the linear combination of unitaries (LCU)[30-32], and
subsequently serves as an evolution module F' within our quantum circuit. This can be expressed

as
J-1

J-1
A = Z,Bj Vi, B; =0, V;unitary, A = Zﬁf’ (R3)
j=0 -
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which prepares an ancilla state

J-1
my _ B .
PREP[0") = ) /1)) (R4)
]:
and applies the selection operator
J-1
SELECT(y,, = liXjl®V;. (R5)
J=0

Here {Vj}f;é are the unitary blocks appearing in the LCU decomposition of A, J is the number of
terms in this decomposition, and m is the number of ancilla qubits used to index these terms with

m > [log, J]. The composite unitary
Uga = (PREPT® I) - SELECT - (PREP ® /) (R6)
is a block encoding of A /A in the sense that
(0"@ N UA (10™)& 1) = A/A, (R7)

Thus, postselecting the ancilla in the state |0”) applies A /A to the system.

Each evolution matrix requires multiple ancilla qubits, with the count determined by the num-
ber of LCU terms. Increasing the number of LCU terms typically increases A, which reduces
postselection success probability, necessitating more repetitions or stronger amplification. If the
spectral radius of A is large, which in our setting corresponds to trajectories of ¢; that move away
from the origin and increase in norm, the required A becomes larger, leading to a lower per-step
success rate or a higher amplification cost.

To compare with the DMD-based model in terms of generalization to different systems, we study
temporal extrapolation and variations in initial conditions. Under the same configuration settings as
described previously, Fig. R2 shows that during the first 64 frames, which correspond exactly to the
training window, the error curves of both methods remain very close. Beyond this horizon, the two
remain comparable under small deviations from the training initialization, whereas for progressively
larger deviations the QVM exhibits slower long-horizon error growth and tighter uncertainty bands

than the DMD surrogate. We hypothesize that the normalization and unitary propagation in the
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QVM act as an implicit regularizer under distribution shift, improving robustness at the cost of a
small in-distribution bias, which complements DMD’s strong interpolation performance near the
training manifold.

From a practical perspective, DMD provides a lightweight and interpretable baseline with good
accuracy. Its quantum realization, however, requires block-encoding of a nonunitary step with
ancilla qubits and postselection. The QVM is hardware-native but incurs pre- and post-processing
as well as data-calibration overhead. The preferable choice therefore depends on the expected
degree of distribution shift and on implementation constraints. In future work, a hybrid approach
combining the benefits of both methods is worth exploring to improve both performance and
adaptability.

We provide details in the Supplementary Information in lines 339-366, and related discussions

in the Main Text in lines 466-484.

9. Measurement and data extraction need to be discussed further. With solution at multiple-
time step encoded in the quantum register, the likelihood of measuring data related to an intended
time step reduced rapidly with increasing number of time steps resolved. The ‘single quantum
execution’ mentioned in Introduction on page 1 needs further detailing, e.g. mention that multiple
realization are needed for extraction of flow data and that the number of realizations for a given
accuracy will increased with n;.

Reply: We thank the reviewer for raising this point. As suggested by the reviewer, we have
clarified in the introduction that the phrase “single quantum execution” refers to one circuit structure
that prepares a quantum state encoding multiple time steps in superposition, and mentioned that
data extraction still requires repeated executions of the quantum circuit to collect samples, and the
number of realizations for a given accuracy increase with n;. We note that when particular time
slices are required, amplitude amplification can target the subspace associated with the desired
index. This boosts the probability of success from p to a constant level with O(1/+/p) iterations
and reduces the number of shots compared with naive sampling.

Furthermore, we would like to note that the above-mentioned data extraction may not be
necessary in specific scenarios. For example, a superposition state that carries multiple time steps
can be processed coherently by applying specific oracles that read the time index register and apply
operators that compute flow relevant quantities, correlate information across different time steps,

or flag events of interest without collapsing the state. Besides, instead of extracting the full vortex
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state, one may want to compare the trajectories of two vortex movements, which can be realized
with SWAP test technique, thereby reducing the need for complex post-processing.
We have made clarifications in the Main Text in lines 85-89, and have add the discussion of

measurement and data extraction in the Supplementary Information in lines 311-319.

10. Viscous vortex particle system (page 5): required changes to learning the evolution operator,
i.e. with regards using varying vortex particle strengths (circulation) needs to be explained more
clearly.

Reply: As outlined in Comment 5, our method implicitly incorporates vortex particle strengths
through a dynamically updated reference frame that maps vortex configurations to normalized
wavefunctions, encodes viscous effects in positional evolution, and enables velocity field recovery
via empirical vortex strength relations.

Specifically, the core idea of the normalization transformation is to choose a suitable reference
point whose motion represents the collective movement of the vortex particle system, while the
absolute motion of each vortex particle is thus redefined as motion relative to this reference
point, which itself is independent of the presence of viscosity. The difference between these two
treatments lies in whether the trajectory of the reference point C(¢) can be determined analytically.
To select a single point from the admissible circle and obtain a continuous and smooth reference
trajectory, an additional selection rule is required. In general, for a given time 7, the reference point

can be located in the circle centered at ¢ () with radius

_2 _ s
72 -5(6()) (RS)
Np
where S(C) = S(§) + N, |C - @', ¢ = 32 0)
For viscous flows, we set
2 _ T - T
CH =60+ S(¢(1)) (1) — §(t — Ar) (R9)

Np |6(1) = (1 = An)|”

which determine the time evolution of vortex particles, and their strengths can be recovered from
the particle trajectories.

We have expanded the Supplementary Information in lines 58-74 to clarify how viscous systems
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are mapped to a quantum formulation, and reflected in the Main Text in lines 316-321.
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