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Supplementary Note 1. Review of previous methods

To provide some context for the methods we derive here, let
us briefly review some of the methods that have previously
been used to detect multipartite entanglement, particularly for
states close to graph states. The main idea behind most of
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these witnesses/criteria is to construct a suitable linear wit-
ness, that is, a Hermitian operator W such that Tr(Wp) > 0
for all k-separable p and Tr(Wo) < 0 for at least one k-
inseparable state o. For example, W = 11— |GHZ,, }(GHZ,|,
where |GHZ,,) = %(|O>®” + |1)®"), is a GME witness

for all n-qubit states since (GHZ,|p|GHZ,) < 3 for any 2-
separable state p [1]. By the supporting-hyperplane theorem
(or the more general Hahn-Banach theorem), there exists a
hyperplane (with a corresponding witness operator 1) that
separates any k-inseparable state from the set of k-separable
states. For witnesses constructed using the stabilizer formal-
ism, the witness operator W is typically chosen to be some
linear combination of a subset of a graph state’s stabilizers. To
achieve optimal performance with this type of witnesses, the
underlying graph state should be the one that is closest to the
quantum state for which one wants to certify entanglement.

As we will see in this section, most witnesses in the lit-
erature require the measurement of up to O(n)-body observ-
ables, which makes them infeasible to implement in experi-
ments that can only measure at most O(1)-body observables
at a time (see, e.g., Ref. [2] and Sec.IID). We also empha-
size that previous studies we are aware of primarily focus
on minimizing the number of local measurement settings [3],
whereas our focus in this paper is on limiting the number of
particles involved in each measured observable. Furthermore,
many existing witnesses cannot distinguish different levels of
k-inseparability for 2 < k < n (i.e., they can only tell if the
state is GME or not). For moderately noisy states, such wit-
nesses may discard useful information about the entanglement
structure if they cannot tell apart, for instance, fully separable
and tri-separable states, even though the latter may still pos-
sess significant entanglement.

We begin by reviewing several well-known witnesses based
on the stabilizer formalism. In Refs. [1, 4], a family of wit-
nesses was proposed to detect GME or to rule out full sepa-
rability. In general, these witnesses require measuring O(n)-
body stabilizers, with the exception of one particular type of
GME witness, see [4, Eq. (45)], which does not detect k-
inseparability that is non-GME. In Sec. I B, we show that this
specific type of GME witness is a special case (and also corre-
sponds to the worst-case bound) of a broader family of GME
and k-inseparability criteria proposed in this work. Some
of the witnesses in Refs. [1, 4] have since been used to cer-
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tify GME in experimentally generated GHZ and cluster states
of up to 14 photons/qubits [5], as well as in ring-graph and
certain tree-graph states of up to 8 qubits [6]. Subsequently,
Ref. [7] introduced a family of general partition-inseparability
(including GME and k-inseparability) witnesses that depend
on the chromatic number of the underlying graph correspond-
ing to the graph state. For cluster states, which correspond to
2-colorable graphs, the required measurements involve up to
[ 5 ]-body stabilizers. For general graph states, the witnesses
also need measurements of up to O(n)-body stabilizers.

Another class of witnesses for multipartite entanglement is
based on the positive partial-transpose (PPT) criterion [8, 9].
For example, Refs. [10, 11] proposed a variety of fully de-
composable and fully PPT witnesses that detect GME (but not
general k-inseparability), with the optimal ones obtained via
SDP. Interestingly, the optimal fully decomposable witnesses
for graph states can be constructed solely from their stabiliz-
ers. The same references also provide stabilizer-based wit-
nesses that do not require optimization. In general, these wit-
nesses require measuring up to n-body observables. Building
on this idea, Ref. [12] demonstrated that fully decomposable
GME witnesses can be found using SDP optimization with a
large set of 2-body observables. In principle, this method can
be extended to include higher-body observables. However,
such SDP optimizations become computationally infeasible
(in both memory and runtime) for large particle numbers n,
due to the exponential growth of the Hilbert-space dimension
with n.

An alternative approach to witnessing multipartite entan-
glement involves measuring an observable whose expectation
value provides a lower bound on the fidelity with respect to a
target GME graph state. If this fidelity lower bound exceeds
a certain threshold (e.g., F'(pome, |GHZ,)) > 0.5, as dis-
cussed before), the state is certified to be GME/k-inseparable.
Reference [13] shows how to construct such lower bounds us-
ing carefully chosen local measurements and establishes their
connection to GME witnesses. This technique improves the
noise tolerance of certain witnesses from Refs. [1, 4] by intro-
ducing different positive-operator relaxations and local filters.
These methods have been applied in several experiments to
lower bound state fidelities and certify GME in various graph
states [5, 14]. Although the fidelity bounds and associated
GME witnesses introduced in this work do not require many
local measurement settings, they can still involve observables
that act on all qubits.

From the perspective of error mitigation, Ref. [I15] im-
proved upon the methods of Refs. [1, 4] for lower bounding
the fidelities of cluster states by incorporating specific addi-
tional stabilizer terms into the fidelity-estimation observable.
These extra terms are designed to address many of the ex-
perimentally relevant Pauli errors, from low- to high-order,
thereby tightening the estimated fidelity lower bound for clus-
ter states while keeping the number of local measurement set-
tings linear in the number of qubits. This method also re-
quires measuring observables that act on up to n qubits and
is tailored specifically for cluster states (and potentially other
2-colorable graph states).

Although not originally developed for entanglement certifi-

cation, Ref. [16] introduced an efficient method for estimating
the fidelity between a pure state |¢)) and an arbitrary state p by
measuring subsets of Pauli operators sampled according to the
Pauli distribution of |¢)), i.e., p(k) = %[ (1| Py |1)|? where the
Py fork € {0,1,...,d*>—1} are the (tensor products of) Pauli
operators (including the identity Py = 1). For graph/stabilizer
states |¢), only 2™ stabilizer terms need to be sampled, as all
other Pauli terms have zero coefficients. However, with this
approach, one cannot restrict to measuring only up to O(1)-
body Paulis.

There also exist GME and k-inseparability witnesses that
are independent of the stabilizer formalism. These are based
on inequalities that depend on specific diagonal and off-
diagonal elements of the density matrix, where these elements
are related by partition-specific permutations [17-19]. Ac-
cessing these off-diagonal elements typically requires measur-
ing n-body observables (see, e.g., Refs. [13, 19]), rendering
such witnesses impractical in the experimental scenarios con-
sidered in this work.

Furthermore, there exist GME and k-inseparability crite-
ria based on the Ky Fan norms of different index-permuted
density matrices (Theorem 3 of Ref. [20]), which require full
state tomography to evaluate exactly. In the same work, they
also propose methods to lower bound these norms via con-
vex optimizations constrained by various permutation mo-
ments, which can be estimated using shadow tomography [21,
22], randomized measurements [23-25], or a hybrid proto-
col—each using only one fresh copy of the state per mea-
surement round. However, such lower bounds are generally
loose, and applying these methods requires measuring at least
2" —2 permutation moments (each requiring O(2%187") mea-
surements) and solving 2! —1 optimization problems, result-
ing in substantial measurement and computational overhead.
In contrast, our method requires measuring at most O(n?) of
the graph-state stabilizers and, when using the looser bound,
only a single optimization over the parameter .

Finally, we highlight several witnesses that are state-
independent and require only simple measurement observ-
ables and settings. Reference [26] proposed an optimizable,
single-parameter family of k-inseparability witnesses, which
were used to study the entanglement structure of various 8-
photon states in their experiment. These witnesses rely on
measurements of full n-body observables X®™ and Z®". In
contrast, the entanglement witnesses from Ref. [27] involve
only 2-body observables—X 2, Y®2, and Z®?—acting on
different pairs of qubits, and were successfully used to detect
GME in a system of 20 trapped-ion qubits. However, these
witnesses are limited in that they do not detect non-GME k-
inseparability and are ineffective for high-fidelity graph states.

Supplementary Note 2. Proof of Propositions 1 and 2

In this appendix, we will prove Propositions 1 and 2 which are
used in the proof of Theorem 1.

Proposition 1. Let {A;}7, and {B;}", be subsets of or-
thonormal self-adjoint bases of d1 x dy and dy X da com-
plex matrices, respectively, such that {A;, A;} = 20;;1q, and



{B;,B;} = 26;j14, for all i, j. Then, the expectation values
of A; and B; with respect to any quantum states p € D(C%h)
and o € D(C®) must satisfy S (A p(Bi)o| < 1.

Proof. By the Cauchy-Schwarz inequality and Lemma 2,

D I(AN(Bi)] < (A2 (D (By)? (S
i=1 =1 =1

<\ fmax{(4d)} - fmax{(B2)} <1,

where we omit the subscripts p and o. The last inequality
follows from the fact that A% = 1g4,, B? = 14, V 4, and
{Ai,Aj}:Odl,{Bi,Bj}:OdzVi;éj:HC:O. O

Proposition 2. Any k-cut of a connected graph must remove
at least k — 1 edges that are shared among at least k vertices.

Proof. Any k-partition of a graph must have at least one ver-
tex in each partition. Consider a representative graph which
replaces all vertices of the full graph in each partition with
one vertex and all edges that connect two different partitions
with an edge between the two corresponding representative
vertices. For the full graph to be connected, the k vertices in
the representative graph must be connected as well and the
minimal number of edges in any connected k-vertex graph is
k—1. O

Supplementary Note 3. Proof of Observation 1

In this appendix, we provide the full details for the examples
where the optimal criterion for r-inseparability in Eq. (6) is
achieved with v € (0,1). First, we observe that all Cthulhu
graphs parametrized by the integer > 3 (see Fig. 2) has two
different optimal r-cuts associated to v < ([5]—1)/[%] =
~vx and v = . As illustrated in Fig. S1, the two opti-
mal r-cuts correspond to r-partition subgraphs G " and éjf),

which have different number of vertices [V || and edges in

the maximum-cardinality matching [E{"),..|. Hence, the re-
duction term R} = ming rcus(7[V | + (1 =) Elenl)
for the full range of v € [0, 1] takes the following form

ry+1 for
m={j . (52)
[51v+ 5] fory
Now, suppose that p = £ 1+(1—p)|G)}G|, then W/ (p) =
(1= p)(n + 1| B)). Letus define (7) = W§(p) — 1|E| —
n+ R} [the L.H.S. of Eq. (6) without the maximization], then

F {’y(r—p|E|)—pn+1 fory < 7,
—Y(plE] = [5]) —pn+ [5] fory >
(83)
It is easy to see that when
[r/2] r
<p< = (S4)
|E| |E|

the function f reaches its unique maximum at +;*. In order to
certify r-inseparability of the state p, we also need f(v}) > 0,
which happens when

p < (S5)

CAD =
s -

By combining Egs. (S4) and (S5), we see that if the white-
noise ratio satisfies

[r/2] max
— < p < pye & ,
£ R

(S6)
then we have found the desirable examples for Observation 1.
Finally, using the fact that n = 2(r — 1) and |E| = r(r —
1) + 1 for Cthulhu graphs, we can verify that the inequalities
in Eq. (S6) can hold for » = 4 and r > 6, thereby giving the
final expression in Eq. (7).

Supplementary Note 4. Algorithm for calculating the criterion
upper bound

This appendix provides an algorithm (Algorithm 1) for calcu-
lating R} = mingy g-cuss (Y[V |+ (1 = 7)[ESoa])- 1t uses
(1) Algorithm Y from Ref. [28] (see Algorithm 2) for enu-
merating all unique k partitions of n items, and (ii) the blos-
som algorithm [29] or the Micali-Vazirani algorithm [30] for
finding the maximum-cardinality matching as subroutines. In
Python, one can use the function max_weight_matching
from the NetworkX package, which implements the blossom
algorithm [31]. Note that the adjacency list of a graph G is
definedtobe Ag = {1: N(1),...,n: N(n)} where N (i) is
the neighbourhood of the vertex i.

To make Algorithm 2 more intuitive, let us go through
the basic ideas behind the algorithm for enumerating all k-
partitions of n objects from Ref. [28]. The main idea behind
the algorithm is to sequentially generate an array @ that rep-
resents a unique k-partition in a non-repetitive manner. In
Knuth’s notation [32], each k-partition of n objects is rep-
resented by an n-dimensional array @ with a; equals to the
label o € {0,...,k — 1} of the block to which the i-th ob-
ject belongs (i.e., the i-th and the j-th objects belong to the
same block if and only if a; = a;). To avoid two different ar-
rays representing the same partition (e.g., 0011 and 1100 both
represent the same bipartition), @ should obey the restricted
growth constraint [32] such that

a1 =0, aj41 < 1+max(a,...,a;)for1<j<n. (87)

In the following algorithm (Algorithm Y from Ref. [28]),
it takes a (< k)-partition input array @ that obeys Eq. (S7)
and outputs the next restricted growth array corresponding to
a k-partition in the sequence. If we start with an initial array
ap = [0,...,0], by feeding the output from the previous run
of the algorithm as the input to the next run, we can recur-
sively generate all possible k-partitions of n objects. The total
number of k-partitions is given by the Stirling number of the
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Supplementary Fig. S1. Illustration of an example corresponding to an optimal k-inseparability criterion with v € (0, 1). For a Cthulhu graph
G of = 4 (see Fig. 2 for the meaning of ), the optimal 7-cuts of R} := mina k-cus (7|V ®| + (1 — )| Esem|) for different values of
~ € [0,1] are shown in the middle column where the color shadings represent partitioning of the graph into r different parts. In general, for
7 =4andr > 6, the optimal r-cut for v > (| %] —1)/[% | (here = ) results in the “head” subgraph G'{”, whereas the optimal r-cut for
v < ([5])—1)/[5] results in the “tentacles” subgraph G, The transition of the optimal r-cut in + from 0 to 1 also leads to a transition in

R} [see Eq. (S2)].

second kind [33, §24.1.4]

k P
(=D*75"
S(nk) = > = (S8)
jz::() (k= 5)l!
which should coincide with the number of arrays Algorithm 2
with input @y can generate recursively until fenq hits 1.

Supplementary Note 5. Reducing the number or weight of
required stabilizers with local Clifford transformations

In this appendix we present an explicit example of how apply-
ing graph-local complementations, which correspond to ap-
plying local Clifford (LC) operations to graph states, can re-
duce the number or weight of stabilizers required by our cri-
teria in Eq. (2). We begin by reviewing the definition of lo-
cal complementation and its relation to LC transformations of
graph states.

A local complementation of a graph G at vertex v, denoted
7,(G), removes (adds) all edges that (do not) already exist be-
tween the vertices in the neighborhood of v, N (v). Formally,
we have [34, 35]

To: G 7,(G) == G+ N(v). (S9)

For each local complementation, there is a corresponding LC
operation U (G) that transforms the graph state |G) to an-

G G’

Supplementary Fig. S2. Illustration of how graph-local complemen-
tations (corresponding to local Clifford operations on graph states)
can reduce the number and weight of stabilizers required by our cri-
teria. The initial graph G has 6 edges and maximum neighboring
degrees 4 and 3, so ngo requires 11 stabilizers with a maximum
weight of 7. To reduce both quantities, we first apply a local com-
plementation at vertex 2, 72, which removes edges (1,3) and (1,4),
and adds (3,4). A subsequent local complementation at vertex 3,
T3, removes the edge (2,4). The resulting graph G’ is a chain with 4
edges and maximum neighboring degrees 2 and 2, so ngo requires
only 9 stabilizers with a reduced maximum weight of 4.

other graph state |7,(G)) [35]:

I7(G)) = U (G)|G),
UZ(G) . e—i%XW ®a€N(v) ei%Za XV va

(S10)
(S11)

where S, is the stabilizer generator of |G) associated with the
vertex v.

Assume that we want to certify GME/k-inseparability of a
state close to the graph state |G), which corresponds to the



Algorithm 1: Compute R}

input : n (total number of qubits/vertices in ),

k (number of non-empty blocks in the partition),

Ag (adjacency list of graph G),

v €[0,1] _ _
output: y = R} := mina k-cus (7[V |+ (1—7) | Esenl)
begin
Setd « [0,...,00 € {0,...,k—1}"

Sety < nand fena < 0
while f,.., = 0 do
(@, fend) < Algorithm 2 with inputs (n, k, &)
Set Az (x) <+ Ag (copy adjacency list of G)
for ¢ from 1 to n do
for j € N (i) do

if a; = a; then

| Remove j from Ag (i) [7]

end
end
if |A§(k) [ZH = O then

| Remove i from Az x)

end

end
Set |V ®| « |Ag )| and Ehem < Blossom/
Micali-Vazirani algorithm with input Az (&)
Set < Y|V ®| + (1 — 7)[Ebenl
if ¢ < y then
| Sety < x
end

end
return y

end

leftmost graph in Fig. S2. Since G has 6 edges and maximum
neighboring degrees 4 and 3, our criteria ngo requires mea-
suring 11 stabilizers with maximum weight 7. We can reduce
both the number and maximum weight of the required stabi-
lizers by first applying a local complementation at vertex 2, 7».
This removes edges (1, 3) and (1, 4), and simultaneously adds
(3,4). We then apply a subsequent local complementation at
vertex 3, 73, which removes the edge (2,4). The resulting
graph G’ is a 1D chain with 4 edges and maximum neighbor-
ing degrees 2 and 2, thereby reducing the required number of
stabilizers to 9 and the maximum stabilizer weight to 4. In
terms of LC operations, the two graph states are related by
|G") =m0 73(G)) = U3 (n2(G))U3 (G)|G) . (S12)
As mentioned after Remark 1 in Sec. II B, we can define
a new criterion W/, for certifying GME/k-inseparability of
states close to |G) by replacing the stabilizers of |G') in
Eq. (2) with their LC-conjugated counterparts:

Wei(p) =Y [UTSU), [+ Y [(U1S:S;0),],
iev’ (i,5)EE’

U = U3 (r(Q))U3 (G) , (S13)

so that U1 S;U fori € V' and U'S;S;U for (i, j) € E’ are all
stabilizers of the original graph state |G). Since conjugating
any local operator, such as a stabilizer, with local unitaries

Algorithm 2: Enumerate all & partitions (Alg. Y [28])

input : n (total number of objects to be partitioned),
k (number of non-empty blocks in the partition),
a (input array with a; < k — 1 satisfying (S7))
output: @ (output array representing a new k-partition)
fena (output bit indicating if the algorithm has
reached the end of enumerating all k-partitions)
begin
Seth <« [0,...,0] € {0,...,k—1}"
for ¢ from 2 to n do
‘ Set b; max(aifl, bifl)
end
Setc <+ nand fed < 0
while a. = k — 1 ora. > b. do
Setc+c—1
if c = 1 then
| Set fena 1
end
end
if fon.q = O then
Setac +—ac+1
for j from c + 1 ton do
‘ Set aj < 0 and b]' — max(aj_1, bj_1)
end
end
if max(an,bn) # k — 1 then
for r from1to k — 1do
if £k —r > b,_,+1 then
| Setap—rt1+—k—1
else
| return @, fena
end
end

end
return a, fend

end

cannot increase its weight, the maximum weight of the 9 LC-
conjugated stabilizers appearing in Eq. (S13) remains 4.

Supplementary Note 6. A brief review of SDP

The purpose of this appendix is to briefly review the key con-
cepts and properties of SDP that we use in the main text. The
objective of SDP is to minimize or maximize a linear function
with respect to a positive semi-definite matrix subject to some
linear equality or inequality constraints. The standard form of
an SDP (primal) problem takes the following form [36, 37]:

o = min (4, X) (S14a)
X

subject to (B;, X) =b;fori=1,..,r, (S14b)

<C],X> Lcejforj=1,..,s, (Sl4c)

X >0, (S14d)

where A, B;, C; are Hermitian matrices and b, ¢ are real vec-



tors. The associated dual problem is given by

B:=max bTg+c"z (S15a)
Y,z
subject to Z v B; + Z z;C; < A, (S15b)
i=1 j=1
geR", 2<0,, (S15¢)

where (X,Y) = Tr(X1Y) is the Hilbert-Schmidt inner prod-
uct between two matrices X and Y. Note that the above def-
initions are not in the exact forms as in Refs. [36, 37], but all
these definitions are equivalent.

By weak duality of SDP [37], the optimal solution to the
primal problem « is always lower bounded by the optimal
solution to the dual problem 5 (i.e., « > [3). This means
that any feasible solution to the dual problem will be a reli-
able lower bound for the true optimal solution to the primal
problem. Therefore, suboptimal solutions to the dual problem
provided by any numerical solver will in principle not overes-
timate the true value of .

Furthermore, if the primal/dual feasible set satisfies addi-
tional conditions, then strong duality holds, in which case the
optimal primal solution equals to the optimal dual solution
(i.e., & = [3). These conditions are called Slater’s condition
which is stated in the following lemma.

Lemma 3 (Slater’s theorem for SDP [37]). The following two
statements hold for all SDPs:

1. If « is finite (i.e., the primal feasible set is non-empty)
and there exist vectors i € R" and z € R® which satisfy
strict inequality for all constraints in the dual problem
(ie, 37 € R and Z < O, such that S viBi +
Z;Zl z2jC; < A), then o = . Also, there exists a
feasible X such that (A, X) = o

2. If B is finite (i.e., the dual feasible set is non-empty)
and there exist a positive definite matrix X > 0 which
satisfies all equality constraints (B;, X) = b; and
all inequality constraints with strict inequality (i.e.,
(Cj,X) < ¢;) of the primal problem, then o = 3. Also,
there exist a feasible pair v, 7 such that ng+ &z =3

It is sufficient to prove strong duality by showing either the
primal or dual problem satisfies one of the above Slater’s con-
ditions. If the Slater’s condition is satisfied, strong duality will
ensure the best numerical solution (potentially suboptimal) to
the dual problem obtained by numerical solvers to be a tight
lower bound to a.

Supplementary Note 7. Theoretical examples

In order to measure all the terms of our GME and k-
inseparability criteria in Eq. (2) corresponding to any con-
nected graphs with at least four vertices, one must be able
to measure at least up to 4-body correlators. In this section,
we will investigate the noise tolerance of our criteria for the

states pa(p) = 371 + (1 — p)|G)XG], and later also for non-
stabilizer states that are LU equivalent to (noisy) Dicke states.
By applying Eq. (2) to pc(p), we have that

We(pa(p) = (1 = p)(n +~|E]).

In order to certify that pg (p) is k-inseparable, the white-noise
ratio must satisfy

(S16)

By

— Tk e S17
oyt n B PF 517

p<

with R} =mina k-cus (Y[V *| 4 (1 — 7)|Esen|) by Theorem 1.
Given that the maximum number of qubits need to be simul-
taneously measured when applying our GME/k-inseparability
criteria grows linearly with the maximum degree of the graph,
we will only focus on examples associated to graphs with con-
stant maximum degree (i.e., the maximum degree of the graph
does not grow with the number of vertices n) in the following
(and also the star graphs and complete graphs). This is well
motivated by the measurement restriction of the experimen-
tal settings that we consider in Sec. IID which we are only
allowed to measure < O(1)-body observables.

In fact, some of these graphs are associated to graph states
that have important applications in quantum information pro-
cessing. For example, ring-graph states are the building
blocks for fusion-based quantum computing [38]. Further-
more, cluster states—corresponding to 2D lattices—are the
essential ingredients for MBQC [39]. Tree-graph states also
have applications in error correction for MBQC [40] and in
constructing one-way quantum repeaters [41]. Therefore, cer-
tifying multipartite entanglement of these states is also moti-
vated from a practical perspective.

a.  Graphs requiring <4-body correlators in W,

Assuming that we can measure up to 4-body correlators, there
are a limited sets of graph states of which all the stabilizer
terms in our GME and k-inseparability criteria in Eq. (2) can
be measured. The full list of the associated graphs consists
of all 3-vertex, 4-vertex graphs, and all n-vertex path/chain
graphs and ring graphs with n > 5. Note that the only two
connected 3-vertex graphs are the chain graph and ring graph.

We first consider states pg(p) associated to connected
graphs that are neither a complete graph, a star graph, a chain
graph nor a ring graph, which are the 4-qubit states that cor-
respond to the graphs in Fig. S3. Using Algorithms 1 and 2,
we find that for all 2 < k < 4, R) = vk + (1 — )| %] and
PR = % for graph (a); R} = ymin(k + 1,4) + (1 — 7)[%]
and p** = % (for k = 2) and % (for k = 3, 4) for both graphs
(b) and (c). For 4-qubit star graph and complete graph states,
please refer to Supplementary Note 7 c.

Next, we consider states p(p) associated to the n-vertex
chain/path graphs [see Fig. S4(a)]. These states are also
known as ID cluster states. By running Algorithms 1 and
2, we verified for 3 < n < 12 that R) = vk + (1 —v)| &]
and p;" = ﬁ (optimal v: v* = 1) forall 2 < k < n.



(a) (b) (c)

Supplementary Fig. S3. List of all non-isomorphic connected 4-
vertex graphs excluding the complete, star, chain/path, and ring
graphs.

000 @

Supplementary Fig. S4. The n-vertex (a) path graph and (b) ring
graph.

Similarly, for n-vertex ring graphs [see Fig. S4 (b)], we ver-
ified for 3 < n < 12 that R} = ymin(k + 1,n) 4+ (1 —
v min([E],[2]) and ppex = 2REELY (o — 1) for all
2 < k < n. Note that to evaluate the function WG associ-
ated to any chain graphs or ring graphs only require at most
4-body stabilizer expectation values independent of the num-
ber of vertices/qubits n.

For graphs with more vertices (i.e., n > 12), calculating
the reduction term R} can become too computationally costly.
In those cases, we can apply the looser bound in the second
inequality of Eq. (4), which gives an easily computable GME
and k-inseparability criterion

max We(p) — (| E| -

k+1)—n+1>0.
0<<1

(S18)

Using this relaxed criterion, we can still certify k-
inseparability for larger graph states with white noise

1 + ’Y(k - 1) _ max, loose

= S19
n+v|E| P (S19)

-
In particular, for general path graphs with |E| = n — 1, we
can apply these relaxed criteria to obtain (looser) bounds for
the k-inseparability white-noise thresholds p;"**'**** = 2n T
(v =1Dforall2 < k < nandn > 2, coinciding with the
supposedly tighter threshold proven for n < 12 above. As for
general ring graphs with |E| = n, the (looser) bound for the
threshold is p,;"** loose % (v =1forall2 < k < nand
n = 2.

b.  Graphs requiring 4 <m < O(1)-body correlators in W,

In the following, we will focus on graphs with constant
maximum degree. These include all 2D lattices with each

Supplementary Fig. S5. Examples of graphs associated with 4 <
m < O(1)-body correlators in W (a) A 2D lattice with n, and n,
labeling the number of vertices in each direction. (b) A degree-3 tree
graph with depth D > 2 where [ labels the level of branches from the
root node.

vertex having at most 4 neighbors and all tree graphs with the
maximum degree < O(1) (see Fig. S5).

Since the number of k-partitions grows as O(k™), we only
verified the following white-noise tolerance relationships with
Algorithms 1 and 2 for a limited number of (n,,n,) associ-
ated to 2D lattices [see Fig. S5 (a)]. For 2 < n, < 6, ny = 2,
and 2 < k < 2n,, we verified that R) = ymin(k+1,2n,)+
(1—~)min([47, n,) and since n = 2n, and |E| = 3n, — 2,
the corresponding maximum white-noise ratio for violating
the k-separability condition in Theorem 1 is given by

ﬁ fork =2 (v*=1),

n% for k = 3, and if n,, = 2, also for k = 4 (v*=0),

plr;)ax e 5 ) i}
Bna—2 for k :41f’nx 2 3 (’Y :1),
gi/f forall 5 < k < 2n, ifn, > 3 (v*=0).
(S20)
For 3 < ngy < 4,ny = 3, and 2 < k < 3n,, we verified
that RZ =vmin(k+a+1,3n;)+ (1 —7~) min([%}, LBZIJ)
where
1, if3 <k < 3(ny — 1),
a= (S21)
0, else,
and since n = 3n, and |E| = 5n, — 3, we obtain
’;;jjg for k € {2,3,4} U Zeyen,
Pk = min(1, 1)
72 for k€ {3n,—2<m<3n, }U Zouq,
(S22)

where Zodd/even = {m € Nodd/even‘5 <m < S(nz - 1)}, and
the optimality in the first and second cases is attained for the
optimal choices v* = 1 and v* = 0, respectively.

To bound the white-noise threshold for cluster states
with more than 12 qubits, we apply the relaxed criteria in
Egs. (S18) and (S19). For general cluster states where n =
ng X ny and |E| = 2n — ny — n,, we certify k-inseparability
if the white-noise ratio is below the looser threshold bound

max, loose __ % for k =2 (v*=0),
Pr il P
3n—ngz—mny

fork >3 (y*=1). (523)



Moving on to another class of graph states for which
our GME/k-inseparability criteria require at most O(1)-body
measured observables, we now consider tree graphs with con-
stant maximum degree. For illustration, we focus on degree-
3 tree graphs. In Fig. S5(b), the integer | denotes the level
of branches extending from the root vertex and the graph’s
depth D is equal to the maximum level. In general, the num-
ber of vertices and edges in a depth-D degree-3 tree graph
are n = 3(2P — 1)+ 1 and |E| = n — 1. With Al-
gorithms | and 2, the bound reduction term is found to be
R} = ky+ (1 —7)[EL] for D = 1,2 (ie., n = 4,10).
Hence, the corresponding white-noise thresholds for certify-
ing k-inseparability are

k
p;;“"‘:Qn_ 7 forall2 < k < n (y*=1).

(S24)
For larger depths D > 3 (corresponding to n > 22), it will
take too long to compute R;. Therefore, we can use the
looser bound in Egs. (S18) and (S19) instead, which coinci-
dentally lead to the same white-noise thresholds appearing in
Eq. (S24). In fact, since all tree graphs (with any degree and
depth) have |E| = n — 1 number of edges, the white-noise
thresholds appearing in Eq. (S24) hold for all tree graphs.

c. Star graphs and complete graphs

To complement our investigation of graph states, we also
consider star-graph and complete-graph states. Since these
two types of graphs have maximum degree n, any existing
witness/criterion that certifies GME/k-inseparability of these
states (including ours) involve measuring n-body stabilizers.
In fact, it has been proven that any method that can certify
GME of these n-qubit states must measure at least one n-body
observable [42]. For n-vertex star graphs, we verified with Al-
gorithms 1 and 2 for 3 < n < 12 that R) = vy(k — 1) + 1,
so the maximum white-noise tolerance for violating the k-
separability condition is p'™* = an_l (v =1 forall 2 <
k < n. For n-vertex complete graphs, we also verified that
R} =~n— (1 —v)min(k — 1, |5 ]) for 3 <n < 12,s0

27 fork =2, and if n = 3, also for k = 3,

Pr

minth=LIn/2) for all 3 < k < mifn > 4,

(S25)

where the optimality in the first and second cases is attained
for the optimal choices v* = 1 and v* = 0, respectively.

We remark that based on some empirical observations with
star-graph states, the SDP method from Sec.IIC has not
been able to provide non-trivial lower bounds for the abso-
lute expectation values of any n-body stabilizer that appears
in Eq. (2) using only O(1)-body Pauli expectation values as
constraints. This leads us to believe that our SDP technique
for bounding unmeasured stabilizer terms works only when
all the stabilizer generators are measured.

d. Noisy Dicke states

Finally, to demonstrate the general applicability of our cri-
teria, let us show that our criteria can also detect GME
in non-stabilizer states. More specifically, we consider
states pp(n,i) (P, 5) that are LU equivalent to (noisy) Dicke
states, which are particularly relevant in quantum many-body
physics [43, 44] and have broad applications in quantum in-
formation processing [45, 46]. These states are defined as

1

@y — (") °
IDn>—<i) >, ) (820
z€{0,1}:wt(x)=1
7 p i i
P (p.0) = 31+ (1= p)Ugl DOXDD|US,  (827)

where U* = ®?:1 Rz(egi_g)Ry(931‘_1)Rz(931‘) with § €
[-, 77]3” R.(p) = e %%/2 and R,(p) = e ¥¥Y/2, Us-
ing our criteria defined for the complete graph with v = 1, we
can certify GME in pp(,, 4 (p, 5) for various parameters 7, 7, g
if the white-noise ratio satisfies p < p. as shown in Table S1.

In summary, we have shown that our GME/k-inseparability
criteria can tolerate a wide range of white noise in various
families of graph states with important applications in quan-
tum information, as well as in non-stabilizer states such as
Dicke states (up to LU), which are relevant in quantum many-
body physics.

Supplementary Note 8. Measuring Pauli observables of
microwave photons

In this appendix, let us briefly review how Pauli observables
for microwave photons can be measured using heterodyne
measurement, following Ref. [47, 48]. This measurement
scheme also motivates the restriction of the maximum weight
of the Pauli observables that can be reliably measured in a
realistic measurement setup.

In heterodyne detection, the complex integrated signal of
a single photonic mode corresponds to a noisy observable
S = a4+ h', where a is the annihilation operator acting on
the photonic mode, and h acts on the noise field, which in the
ideal case corresponds to a vacuum mode, but in state-of-the-
art experiments, is typically in a thermal state with 2-4 noise
photons. Averaging over experimental repetitions allows mea-
suring multi-mode moments

o) 5 )G

i P1,q1,---PN,qN=0 L 1

N N
% <H(QT)Pz‘a4i> <H hSiPi(hT)tiQi> ,

% %

(S28)

where ¢ is the index for the photonic mode and n is the total
number of photonic modes. By measuring the noise moments
independently, one can find the signal moments by inverting



n(i|| 01| O2 | O3 ||64] 05 | O¢ || 7 | Os | O ||010] 011 | O12 || O13| O14 | O15 ||O16| O17 | O18 || O10 | O20 | 021 || Pc

3121 0 |-0.53]-0.33|| 7 [-0.53]-0.33|] O [-0.53|-0.33|| / / / / / / / / / / / / 110.315
4121(10.82| -w |-0.23(| 0 [-2.50|-1.05|| -7 | 0.52 |-1.05|| O |-2.73|-1.05| / / / / / / / / / 110.143
5|1 -7 [-0.37]1.38||-7w|2.77|1.38 || -w |2.77|1.38 | 0 |-0.37|1.38 0 [-0.37]1.38 / / / / / / {10.008
513| -m |-0.33]1.08 || w [-2.82]-2.06| = [-0.33]|1.08 || O |0.33[-2.06( =« |2.82]1.08]| / / / / / / 110.264
6(3|| 0 |-0.27[1.36|| 0 |2.87|1.36(3.14(-0.27|1.36 || -7 |-2.87|-1.78| O |0.27 |-1.78|| 0 |-0.27|1.36 / / / 110.315
64|l 0 1028271 0 [-2.86]2.71 0 |0.28(271] 0 [-0.28]-0.43|| O [0.28|2.71 || -7 [-0.28|-0.43|| / / / 110.247
73| -m [0.28| 0O 0 [-0.28(-3.14||3.14|287 | =« 0 |-2.87| 0 3.141028 | O - | 2.87 [-3.14||1.51| = |1.51({0.399
715 -7 [-2.89]-2.13|] 0 |-0.25| 1.01 0 [-0.25(1.01|] 0 [2.89]1.01 0 [-0.25{1.01|] 0 |-0.25|1.01 0 [2.89(1.01(/0.303

Supplementary Table S1.

Local rotation angles {6, } (rounded to two decimal places) defining LU-conjugated (noisy) Dicke states \Dﬁp) for

which our criteria certifty GME. The last column shows the critical white-noise tolerance p. (rounded to three decimal places).
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Supplementary Fig. S6. Quantum circuit for generating the ring-
graph and tree-graph states. (a) Quantum circuit for generating the
n-qubit ring-graph state using two source transmons. (b) Quantum
circuit for generating the (m, 2) tree-graph state using two source
transmons.

the equation above, provided that the noise is uncorrelated
with the signal. The difficulty of characterizing a particular
moment is related to its order, givenby O = [>_.(pi+q:)/2].
The signal-to-noise ratio of measuring a moment of order O
scales as n° [49], where = 1/(hh') is the single-photon
measurement efficiency, typically between 0.2 and 0.4 in
state-of-the-art microwave-photon measurements. This means
that the number of measurement repetitions required to ob-
tain an accurate estimate of the moment scales exponentially
with the order of the moments. For example, the experiment
in Ref. [2] took around 10 billion repetitions, which allowed
measuring order-4 moments reliably.

Assuming each photonic mode has no more than one pho-
ton, the Pauli observables can be related to the moments via

X =a"+a, (S29a)
Y =i(a’ —a), and (S29b)
Z=1-2da. (S29¢)

Therefore, there is a linear transformation that relates the
Pauli observables to the moments. As with the moments mea-
surements, the number of measurement repetitions required
for estimating Pauli observables also scales exponentially
with the weight of the observable, making high-weight Pauli
observables difficult to estimate. Note that in this particular
setup, the measurement difficulty is not determined by which
subset of modes/qubits is measured, but rather by the number
of modes/qubits being measured.

Supplementary Note 9. Simulating graph-state generation

In this section, we briefly review the protocol for generat-
ing graph states with superconducting circuits and introduce
the numerical simulation procedure. We consider systems in
which coherently controllable source modes are tunably cou-
pled to a waveguide that carries itinerant photons. In su-
perconducting circuits, the source mode can be realized by
a transmon qubit. The tunable coupling to the waveguide
is achieved by first tunably coupling the source transmon to
an ancillary mode, which is in turn strongly coupled to the
waveguide. By controlling the interaction between the source
transmon’s second excited state and the ancillary mode, itin-
erant photons can be created conditioned on the initial state
of the source mode. This effectively realizes a CNOT gate
between the source mode and the microwave photonic qubit,
where the logical states are the vacuum and the single-photon
Fock state of a particular mode. Combined with single-qubit
gates on the source qubit, a pair of such source and ancillary
modes allows deterministic generation of one-dimensional
graph states. Extending this scheme by tunably coupling mul-
tiple source-ancillary-mode pairs makes it possible to gener-
ate ring-graph, tree-graph, and both one- and two-dimensional
cluster states. The quantum circuit for generating 2D cluster
states is shown in Fig. 3, while those for generating tree-graph
and ring-graph states are given in Fig. S6.

To numerically simulate the graph-state generation, we im-
plement a noisy circuit simulation in Cirg, following Ref. [2].



Leakage Coherence times Gate times
Lenor [0.01[TP5 57127, 22 s | Single-qubit [ 125 ns
Lcz 0.02 Tls;’?’gfc 22,23 ps CczZ 200 ns
759516, 12us | CNOT  |325 s
752~ 4 6us | SWAP |350ns

Supplementary Table S2. Table of parameters used for the noisy cir-
cuit simulation. Note that we assume the leakage error and gate times
are the same for both transmons. For the generation of the 3 x 3 clus-
ter state, the third transmon is assumed to have the same coherence
times as So;.

The code used for our simulations is available in Ref. [50].
The source mode transmons are modeled as qutrits, with the
lowest three levels g, e and f respectively, and the photons
are modeled as qubits. Most of the transmon gates are per-
formed in the computational subspace g, e, with the exception
of the controlled emission and CZ gate. The controlled emis-
sion (CNOT) is modeled as a 7._  gate on the transmon, fol-
lowed by a swap between the e — f excitation manifold and
the photonic mode. The CZ gate is modeled by driving the ee
state of the coupled transmon through a 27 rotation via the fg
state, hence accumulating a geometric phase of —1 on the ee
state.

Errors in the circuit can have both coherent and incoher-
ent contributions. In Ref. [2], the coherent error is dominated
by leakage process during the CZ and CNOT gates, meaning
that the system retains some population in the f state after the
gate. This can be caused by imperfect calibration of the rota-
tion angle. Incoherent errors occur as the excited levels of the
transmon qutrits have finite relaxation and dephasing times,
compared to the time taken for the emission. The relaxation

J
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and dephasing processes are modeled as three-level amplitude
damping and dephasing channels, respectively, applied sym-
metrically during the action of each gate. The damping and
dephasing rates are determined based on the individual gate
times, as well as the relaxation and dephasing times 77,75
between the g — e and e — f levels, respectively. In Table S2,
we summarize the simulation parameters, which were based
on Ref. [2].

Supplementary Note 10. Error analysis of certifying
GME/k-inseparability

In order to certify GME/k-inseparability of a state p prepared
in any experiment, it is inevitable to address the statistical un-
certainty of the measured expectation values of the stabilizers
in Eq. (2). In practice, we want to show by how many standard
deviations (SDs) the estimated value of W/, (p) exceeds the k-
separability bound in Theorem 1. For that, we denote one SD
of a random variable © € [—1, 1] corresponding to a Hermi-

tian observable X € Stab(|G)) as 0, = /(X — (X),)?),

with the mean p(z) = (X),. In general, we can have corre-
lated variables x and y (corresponding to a Hermitian observ-
able ) of which 5, = (X —(X),)(Y—(Y),)),. Using the
standard formula for first-order uncertainty propagation under
the assumption that all the stabilizer expectation values that
appear in W/,(p) are obtained from actual measurements (but
not from SDPs in Sec. II C) and the variance of each variable
is small enough (by performing enough measurements), we
obtain the uncertainty for the function W/, that appears in our
GME and k-inseparability criteria

(S30)

OWZ, OWY, OWL oWy, OWg, oWy,
owg = Z , T 0sis; + Z Tsasgij T Z T5(i,5)8(a,8)
G igev 632 85] acV, (i,j)EE &Sa 88(1-}]‘) (i,j),(a,B)eE 88(1-,]-) 88((1”3)
(Si)(S;) (Sa)(SiS;) (Sa55)(S:5;)
= oo 19sis; + TTa /o o v95asi,; +72 7o an/a o v953.5)5.p)
D IR SR e[GO DI [ | A AR

where the random variable s; ;) is associated to the stabi-
lizer S;5; and all partial derivatives are evaluated at the mean
of each variable. The last equality follows from the formula
%|x| = ﬁ for all x # 0 and holds as long as all the corre-
sponding expectation values (S;) and (S;S;) are non-zero. In
any realistic scenarios, no expectation values will be exactly
zero up to infinite precision, so the last equality in Eq. (S30)
should apply to general experiments.

However, if we have to apply the SDP techniques in
Sec.IIC to lower bound the absolute expectation values of
the unmeasured stabilizers in W/ (p), one will need to find
the partial derivatives of the optimal solution of each asso-
ciated SDP problem with respect to each constraint parame-

(

ter that corresponds to a measured variable in order to eval-
uate oy, The exact calculations go beyond the scope of
this paper, for which the relevant technique is described in
Ch. 5.3.6 of Ref. [51]. Alternatively, one can estimate the
partial derivatives of W/ (p) by taking the partial derivative
of the dual objective function in Eq. (23a) with respect to the
expectation value b; for the measured observable B; as part
of the SDP constraint. For example, if the term |(S;S;),| is
lower bounded by an SDP described in Sec.IIC [i.e., hav-
ing [(S;S;) | replaced by 3(|(S;S;),|) in W2 (p)], which has
a set of constraints: |Tr(Bmp) — bm| < &p with &, =
oy, labelled by m [see Eq. (21b)], then we get an estimate
66(\({9&'53‘»0

m

= Ysm_1 — Ysm With ¢ being part of the op-



timal solution of the dual SDP problem in Egs. (23a)-(23d).
The overall estimate of 7y, will take a similar form as in
Eq. (S30) but now having terms that depend on W,

. oWy,
Osoby, and oy p , instead of Ty Tsa and Ts(a.8)5(i.0)"

8(i,5)

Supplementary Note 11. More simulation results

In this final section, we present the results of the GME/k-
inseparability certification for 1D and 2D cluster states as well
as tree-graph states, see Tables S3, S4, and S5, respectively.
The corresponding state generation has been simulated un-
der realistic experimental conditions (see Secs. II D, ITE, and
Supplementary Note 9). Although the GME/k-inseparability
witnesses of Ref.[7] outperform our criteria, their method
generally requires measuring at least O(2"/¢) stabilizers, with
maximum weight scaling as O(n), where ¢ is the chromatic
number of the underlying graph. Such measurement require-
ment is beyond the experimental capabilities of the platforms
considered here for large n.

Supplementary Table S3: 1D cluster states

1 2 3 n—1 n
n || [4]’s witness | [7]’s witness |Our criteria|Our criteria (SDP)| Fidelity
[ 4] GME GME GME GME 0.888
5 GME GME GME GME 0.855
6 GME GME GME GME 0.823
7 GME GME GME GME 0.793
8 / GME 3-insep 4-insep 0.763
9 / GME 3-insep 4-insep 0.735
10 / GME 3-insep 4-insep 0.708
11 / 4-insep 4-insep 4-insep 0.683
12 / 4-insep 4-insep 4-insep 0.660

Comparison of certified multipartite entanglement in sim-
ulated n-qubit 1D cluster states using different wit-
nesses/criteria. The first column shows the GME certifi-
cation results using the witness from Eq. (45) in Ref. [4].
The second column shows certification results using the
witness in Eq.(21) of Ref.[7]. The third column reports
GME/k-inseparability certified by our criteria with all terms
in Eq. (2) measured. The fourth column shows results from
our criteria with only the stabilizer generators measured,
and all |(S;S;)| in Eq. (2) lower bounded by the dual SDP
in Sec.IIC. The last column gives the fidelities with the
ideal graph states, calculated from the full simulated den-
sity matrices.
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Supplementary Table S4: 2D cluster states

.

ng |ny || [4]’s witness| [7]’s witness |Our criteria| Our criteria (SDP)| Fidelity
2|2 GME GME GME GME 0.838
312 / GME 3-insep 3-insep 0.748
412 / 3-insep 3-insep 3-insep 0.662
5|2 / 3-insep 5-insep S-insep 0.587
62 / 5-insep 7-insep 7-insep 0.521
313 / 3-insep 5-insep 5-insep 0.615

Comparison of certified multipartite entanglement in simu-
lated n, X my-qubit 2D cluster states using different wit-
nesses/criteria. The first column shows the GME certifi-
cation results using the witness from Eq. (45) in Ref. [4].
The second column shows certification results using the
witness in Eq. (22) of Ref.[7]. The third column reports
GME/k-inseparability certified by our criteria with all terms
in Eq. (2) measured. The fourth column shows results from
our criteria with only the stabilizer generators measured,
and all |(S;S;)| in Eq. (2) lower bounded by the dual SDP
in Sec.IIC. The last column gives the fidelities with the
ideal graph states, calculated from the full simulated den-
sity matrices.

Supplementary Table S5: Tree-graph states

n || [4]’s witness | [7]’s witness | Our criteria|Our criteria (SDP)| Fidelity
4] GME GME GME GME 0.846
7 / GME 3-insep 4-insep 0.729
10 / S-insep 5-insep S-insep 0.630

Comparison of certified multipartite entanglement in simu-
lated n-qubit tree-graph states using different criteria. The
underlying graphs have a root of degree m, with each inter-
mediate vertex branching into two leaves, giving a total of
n = 3m+1 qubits. The first column shows GME certifi-
cation results using the witness from Eq. (45) in Ref. [4].
The second column shows certification results using the
witness in Eq. (15) of Ref.[7]. The third column reports
GME/k-inseparability certified by our criteria with all terms
in Eq. (2) measured. The fourth column shows results from
our criteria with only the stabilizer generators measured,
and all |(S;S;)| in Eq. (2) lower bounded by the dual SDP
in Sec. II C. The last column shows fidelities with the ideal
graph states, calculated from the full simulated density ma-
trices.
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