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I. ARRAY OF DOUBLE-WELL POTENTIALS

The trapping potential is the sum of three optical lattices realized with the three laser beams at 4; ~ 1013 nm, 4, =~ 1064 nm
and A3 =~ 1120 nm retro-reflected on a mirror placed at ~ 25 cm from the atoms

V(x) = Z V; sin? (kix + ¢;) (SL1)
i=1,2,3
where k; = 2n/A;, V; and ¢; are the depth and the phase of the i—th lattice. Following the analysis reported in [1], we can
demonstrate that in the low depth regime, i.e. V; < Ep, = hzki2 /2m, where m is the mass of the atom, the choice of the
wavelengths such that k; — k, = k, — k3 = Ak yields an effective trapping potential

ViV, cos RAkx + 2(¢p1 — ¢2)) B VaVs cos RAkx + 2(py — ¢3)) _ V1 V3 cos (4Akx + 2(¢p1 — ¢3))
16E, 16Ex, 16ER,

Please note that the three terms are the result of the beating between the lattices with wavelengths A; and A, A, and A3 and 4,
and A3 respectively. The first two lattices have a spatial periodicity of ~ 10um, while the third one of ~ 5um.
In order to achieve an array of balanced double wells, we choose ¢; = ¢, and ¢3 = ¢, + /2 and we get
(Vi = V3)Vhcos RQAkx)  VV3cos (4Akx)

Ves(x) = — T6Ex, + T6Ex, (S1.3)
Interestingly, in this configuration the first two lattices have an opposite phase and, for V| = V3, they perfectly cancel each other.
During the initial loading of the BECs in the 10 um BNSL, V| =~ 400nK and V, =~ 350nK. The barrier height tunability is
provided by the control of V3 that can achieve a maximum value of ~ 250 nK.

To highlight the differences between the trapping potential of Eq. (SI.1) and the effective potential of Eq. (SI.3), Fig. [I|shows
the tunneling energy between the two wells, together with the atomic wavefunctions during the interferometric sequence, for the
two types of traps (for further details see [1]).

The three lasers are locked to the same optical cavity using a transfer frequency PDH technique [2H4] that allows to tune
the laser frequency plus/minus half the free spectral range of the cavity. The full width at half maximum of the locked lasers
is = 100kHz. The cavity geometry is a semi-circular one, with one mirror almost plane and the other one with a radius of
curvature of ~14 cm. The finesse is ~ 2400 for 4, ~ 4500 for A, and ~ 3100 for A3;. The different finesses are due to slightly
different reflectivities for the wavelengths. The phase of the lattices can be changed by tuning the frequency of the lasers that
are retro-reflected on a mirror placed 25 cm away from the atoms. At full barrier height, a frequency shift of 300 kHz of one
of the lasers corresponds to a phase shift of the lattice of 10 mrad and an energy mismatch, common to all the double wells,
of 5 Hz between the two modes. A larger frequency shift that breaks the condition k; — k, = k» — k3 introduces an effective
harmonic confinement along the lattice direction. Using a numerical simulation we quantify a 10 Hz longitudinal confinement
when the laser frequency of one laser is tuned by 0.01 nm. Depending on the sign of the detuning, the potential can be confining
or anti-confining.

The BNSLs are generated by two diode lasers and one Nd:YAG laser, injected into three independent solid state amplifiers.
The depths of the lattice potentials are adjusted by measuring the oscillation frequencies (of the order of 180 Hz) of the con-
densates around the minima of the effective potentials of the BNSLs formed by the lattice couples 1;, 1, and A;, A3 and by
measuring the tunneling frequency between the two wells.

Ver(x) = — (S1.2)
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II. EXTERNAL HARMONIC POTENTIAL

The external potential used to create the differential energy mismatch 6 between two neighboring double wells is created
by a vertical laser beam with wavelength 4 ~ 1064 nm. This beam is focused on the atoms with a beam waist of ~ 50 um,
significantly larger than the separation between two distinct double-wells. In Fig. |Z| we report a typical trapping frequency
measurement.

III. CALIBRATION OF THE EXTERNAL MAGNETIC FIELD

In our experiment the Feshbach magnetic field, used to tune the collisional scattering length (see Fig. [), is generated by a pair
of circular coils placed ~ +2 cm above and below the atomic sample. The calibration of the magnetic field (Bf) is performed
by exciting the magnetically sensitive RF transition from the internal state |FF = 1, mp = —1) to |F = 1,mp = 0). The amplitude
and duration of the pulsed current is chosen to achieve a 50% probability transfer when the resonance condition is achieved.
In Fig. [ a) we report a typical measurement of the transferred population as a function of the RF current frequency. Using a
Gaussian fit, we determine the position of the peak center and from the Breit-Rabi formula [5, 6], we can convert it from Hz
unit to magnetic field unit. We repeat the measurement for different values of the current in the Feshbach coils to achieve the
magnetic field vs RF frequency calibration shown in Fig. d]b).

In addition, we estimate the long term fluctuations of B by choosing a magnetic field and a RF pulse to achieve a transferred
population of ~ 0.25 and repeating the measurement several times for a total duration of ~ 2 hours. For small magnetic field
variations, the linear dependence of the transferred population on the value of B allows to convert the measurement of the atoms
in the |F = 1, mp = 0) to a measurement of the external Feshbach magnetic field. Collection of ~ 150 measurements is reported
in the histogram of Fig. [3]

A :
. Real Potential
250 Effective Potential
— \
=200 ¢
= \
0
£ 150
< ~
g A
= 100+ i
50 - i
| B) A\ D)
ol e )N
0 10 20 30 40 50 60 TO 80 90 100
Time

A B O , D

SUPP. FIG. 1. Real vs effective potential We report the evolution of the energy difference between the first two eigenstates of atoms confined
either by the three-lattice potential described in Eq. (SI.1) (blue line) or by the effective double-well potential calculated according to Eq.
(SL.3) (red line), throughout the entire interferometric sequence. This energy difference, also referred to as the tunneling energy, corresponds
to the trap frequency when the barrier is switched off (A), is nearly zero when the modes are well separated (in B, during the interrogation
time, and in D, during atom detection at the end of the sequence), and becomes nonzero during the tunneling beam-splitting operation (C). In
the lower panels, we show the atomic wavefunctions for atoms confined in the two trapping potentials mentioned above, at the four different
stages of the interferometric sequence.
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SUPP. FIG. 2. Vertical beam trapping frequency. Measurement of the BEC position as a function of time. The data are fitted with a
sinusoidal function to determine the trapping frequency (for this specific set of measurements w = 2716.8(1) Hz).

IV. CALCULATION OF THE GRADIOMETER PHASE NOISE

In the following, we derive the Eq. (2) reported in the main paper. We model each Mach-Zehnder interferometer as a system of
N particles in two bosonic modes, a and b. In the ideal scenario, for non-interacting atoms, the first beam splitter (BS) prepares
a binomial distribution of particles among the two modes,

N/2 N/2—, N/2+
N! 0 He o0 H
Ws) = #:_§N/2 BT (cos5) (sin3) 2= m N2+ (SL4)

Here [N/2 — u), and [N/2 + u), are Fock states corresponding to N/2—pu particles in mode a and N/2+u particles in mode b. The
parameter 6 is related to the effective reflectivity ((Wps| N, l¥Bs) = N cos?6/2) and transmissivity ((¥gs| Np [¥ss) = N sin” 6/ 2)
of the beam splitter, where N, and N, are number of particles operators. Notice that z = cos 6 and the balanced beam splitter
is recovered for 8 = m/2. We consider the case where 8 = /2 and N > 1. We can thus replace the sum in Eq. with an
integral extending from *oo, and approximate the binomial distribution with the Gaussian

(u—po)*
oo e 4o
l¥ps) = [m du CroD ), (SL.5)

centered in yy = (N/2)cos6 and with width 0> = (N/4)sin6. Let us introduce the relative number of particles operator
J; = (N, — Np)/2. During phase encoding (PE), the system is characterized by particle-particle interactions, modeled as etz
where 7 = x(B)T /h, T is the interrogation time, and y(B) is total interaction strength, given by the sum of the elastic particle-
particle and the dipolar interaction within each well, see main text. Without loss of generality, we assume that the accumulated
phase shift is equal to zero in the following. The quantum state after interrogation stage is thus described by

(u—po)*
+00 6‘7_4(72 i
) = [ b G (SLO)

Following Ref. [8]], we can evaluate the uncorrelated noise due to intrinsic quantum fluctuations by projecting the state |ypg)
onto phase states

1 +00 .
= — du e |u) . SL.7
¢ Nr j: _due ) (SL7)
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SUPP. FIG. 3. as vs B. Linear dependence of the collisional scattering length of potassium atoms in the |[FF = 1,mp = 1 > state as a function of
the applied magnetic field in proximity of the zero crossing B,.. The shaded region indicates the uncertainty in B,. = 350.4 + 0.1 Gauss from
former works [[7]].
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SUPP. FIG. 4. Magnetic Field calibration. a) Resonance peak of the transition from |F = 1,mF = —1) to |F = 1,mF = 0) as a function of
the RF frequency. The data are fitted with a Gaussian function. b) Measured By as a function of the current in the Feshbach coils. Solid line is
a linear fit to the data.

We compute the phase distribution

_(@=90)

P@10) = [9luwe)f = | |>——-e 0, (SL8)
7T0'¢|9
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SUPP. FIG. 5. Magnetic Noise. Histogram of the fluctuations of the measurements of By performed over a time interval of ~ 2 hours. The
data are fitted with a Gaussian distribution (solid line) with a width of 4.3(12) mGauss.
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SUPP. FIG. 6. The splitting fluctuation a) The imbalances z after the splitting sequence as a function of sequence repetition. The blue circle
points and the red triangle points are the data of two different double wells that operate simultaneously. The black lines represent the value of
quantum shot noise for a mean experimental atom number. b) Histogram of the imbalance z for a single DW after the splitting sequence. The
blue line is the Gaussian fit of the data with width o ~ 0.07 and the black line represents the projection noise.

obtained from the Fourier transform of the Gaussian function in Eq. (SL6), where ¢y = N7 cos 6 and

2 )
o5, = ——— + N7t°sin” 0. SI1.9
% Nsin2o ( )

In the case 8 = 1r/2 we recover the results of Ref. [8]. We now take into account the effect of a noisy beam splitter by considering
0 as a (shot-to-shot) stochastic variable with distribution P(6). We thus write the phase distribution as

P(¢) = f " do P(¢l0)P(0). (SL.10)
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SUPP. FIG. 7. Stability measurement of the differential phase A¢. Considering two neighboring double well interferometers operating in
parallel and applying the vertical dipole trap, during the interferometric time T=70 ms, we monitor the evolution of A¢ for two hours leaving
unchanged all the experimental parameters.
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and ogg quantifying the fluctuations of the beam splitter reflection coefficient 8 around the balanced case. Finally, we compute

P(O) = (SL.11)

o= f de ¢°P(9)

+00
= f do (o + )
+00 l
= f do P(G)[ —— + N7’sin’ 0
- N sin” 6
By expanding the sin 6 and cos 6 contribution around 6 = 7/2 and using Eq. (SL.11}), we find

+00
+ N2 f d6 P(6) cos® 0. (SL12)

00

00

1
o, = A+ o5) + N(1 — o) + N*T20rg. (SL.13)

This results provides the intrinsic phase fluctuations for a single interferometer. In the case of two interferometers, the fluctua-
tions are independent and sum up. Assuming for simplicity that the number of particles, noise ogs, and interaction strength 7 is
the same in both interferometers, and considering N > 1, we have

2
Tap = 50 +03) + N(1 + Nokg) 2. (SL14)

Equation (2) of the main text is recovered taking into account the effect of technical noise and T = y(B)T /h.

We have quantified ogs experimentally. In Fig. [§] we report the values of z recorded after the first beam splitter of the two
interferometers (blue triangles and red circles, respectively), as a function of the experimental shots. taking into account that
z = cosf and z < 1, we find that fluctuations of z directly provide the fluctuations of 8, which we have indicated as ogs. We
find ogs = 0.065 for both the red circles and the blue triangles. Overall we estimate O'ZBS = 0.004, as mentioned in the caption
of Fig. 4 of the main text.

V.  GRADIOMETER SENSITIVITY

In this section we finally comment on the precision of our gradiometer, shown in Fig. 5b) of the main paper. For an inter-
rogation time 7 = 70 ms, the differential phase uncertainty is & 0.05 mrad. In order to understand the origin of this error, we



performed a measurement run lasting 2 hours, during which the same interferometric sequence with 7 = 70 ms was repeatedly
applied in the presence of the external harmonic confinement responsible for the differential phase A¢.

The results are shown in Fig. 7. As can be clearly seen, our apparatus is currently affected by a significant drift of A¢. Over
a timescale of 15-20 minutes, corresponding to the time required to record a full ellipse, A¢ drifts by an amount of 0.1-0.3 rad.
This explains why the single measurements of A¢ have uncertainties of 0.04-0.06 rad, but are often well above or below the
optimal linear fit by 0.1-0.3 rad, i.e. the estimated value of the drift occurring during the ellipse acquisition time.

Considering that the value of A¢ for T = 70 ms is = 20 rad, it is expected that the overall relative uncertainty of the trapping
frequency measurement is 0.1-0.3 rad/20 rad ~ 1/100.

We can therefore conclude that the choice of a vertical optical dipole trap to estimate the gradiometer sensitivity is not optimal.
Given the finite waist of the beam, i.e. 50 um, a displacement of the beam with respect to the center of the double-well potential
of only 3 um is sufficient to induce a relative change of the harmonic confinement at the level of 1/100. This choice was driven by
its simplicity and by the goal of demonstrating the operation of the gradiometer, rather than its ultimate performance. However,
we believe that the spin-echo measurement provides a good estimate of the gradiometer sensitivity in the absence of drift in the
external harmonic confinement.
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