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Supplementary Method 1. Quadratic phenotypic selection index theory

The quadratic net genetic merit can be writing as

Hq = t(w)g + t(g)Ws, (M
t t t t
= Z wigi + z oigf + z z 0 8i8;j
i=1 i=1 i=1 j=1+i
where t(w) =[W1 Wz ... W¢]and t(g) =[Gy G, ... G¢] denote the transpose of the

vector of known economic weights w and the vector of breeding values g which has multivariate

normal distribution, null mean, and covariance matrix G. In addition, matrix W can be written as
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where the i diagonal values ay; (i =1,2, ..., ¢ ) is the relative economic weight associated to the
genetic value of the i squared trait and 0.5a5 (i,j =1,2, ..., t) is the economic weight of the cross

products between the genetic values of traits i and j. Note that the elements of matrix W might be
different to the elements of vector w'. The expectation and variance of Supplementary Equation 1

are E(Hg) = tr(WG) and Var(Hg) = t(w)Gw + 2tr[WGWG], respectively, where tr(-) denotes

the trace function of matrices inside parenthesis.

The quadratic phenotypic selection index (QPSI)

This index is a predictor of Supplementary Equation 1 and can be written as

Iq = t(b)y + t(y)By 2)
t t t t
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where t(b) =[b; b, -+ bandt(y) =[Yr Yz -+ Y] denote the transpose of the vector
of linear coefficients b and the vector transpose of the adjusted and centered phenotypic values, y,
respectively, which has multivariate normal distribution, zero mean (p = 0), and covariance

matrix P, whereas

Bz 0.5B12 -+ 0.5B4¢
g |05B B - 05Ba
0.5B1¢  0.5Bz¢ - Bt
is a matrix where the i diagonal values B;; (1 =1,2, ..., ¢ ) is the index weight for the square of the

i" phenotypic value, and 0.58; (1,j =1,2, ..., t) is the index weight for the cross products between
the it and j™ trait phenotype values. Note that the elements of vector b are different to the
elements of matrix B . In Supplementary Equation 2, b is the vector of directional selection
gradients and B is the matrix of nonlinear selection gradients. The diagonal elements ([3;;) of B are
the stabilizing/disruptive selection gradient for trait i", and Bj; is a covariance or correlational
selection gradient for traits i™™ and j*". In this case b measures the strength and direction of
selection on each trait, whereas the stabilizing selection gradient indicates a preference for
intermediate traits, and a disruptive selection gradient indicates a preference for both extreme traits
over the intermediate ones. A negative B shows stabilizing selection, while a positive one shows

disruptive selection. In the univariate and bivariate case, Supplementary Equation 2 reduces to

I; = biy; + Biiy{ and I = byy; + byy; + By’ + Byjy7 + Byyiy;s
respectively.

Minimizing the mean square prediction error (MSPE) of I



To obtain the vector (b) and the matrix (B) values that maximize the selection response and the

correlation between I and Hy, we can minimize the mean square prediction error (MSPE), which

is the expectation of the square difference between I and qu and can be written as

I = E({[lq — E()] — [Hq — EHT})

= t(w)Gw + 2tr(WGWG) + 2tr(BPBP) + t(b)Pb — 2t(b)Gw — 4tr(BGWG), (3)
where t(w) and t(b) have been defined earlier. To find the b and B values that minimize
Supplementary Equation 3, it is necessary to derivative this equation with respect to b and B,
equate the result of the derivative to zero, and isolate b and B. The first partial derivatives result
of Supplementary Equation 3 with respect to b and B when the vector of trait phenotypic mean

values is null (u = 0) are!, respectively,

b=P 1Gwand B=P !GWGP™, (4)

which minimize II. It is possible to show that the second partial derivatives of Supplementary
Equation 3 respect to b and B are positive and then, in effect, Supplementary Equation 4 minimize
I1.
The minimized I1 value is

t(w)Gw — t(b)Pb + 2tr(WGWG) — 2tr(BGWG), (5)
where t(w) , t(b), and W have been defined earlier; t(w)Gw — t(b)Pb is the LPSI MSPE (also
called prediction error variance), whereas 2tr(WGWG) — 2tr(BGWG) is the additional quadratic
MSPE. Therefore, when B # W and [2tr(WGWG) — 2tr(BGWG)] > 0, the Supplementary
Equation 5 (QPSI MSPE) should be higher than the LPSI MSPE. The accuracy of the estimated
2tr(WGWG) — 2tr(BGWG)values will depend of the estimated B = P"'GWGP™1, P71, and G

values. In the asymptotic context B = P"*GWGP ™! should tend to the W values because the



increase of the number of genotypes and environment where the traits are evaluated only affects
matrices P~ and G, and then, the multi-trait heritability (P~1G), which should tend to an identity

matrix L. In this last case, the minimized I value is zero, that is, [T = 0.

The square correlation between [; and Hg

Because I and Hy are quadratic, a good option to measure the relationship between I and Hg

when b = P~'Gw and B = P"'GWGP ™, is the square correlation® between I and Hg, that is,

2 _ t(b)Pb+2tr[BGWG]
PHglq = t(w)Gw+2tr[ WGWG]’ (6)

where t(w), t(b), and W have been defined earlier; Var(lg) = t(b)Pb + 2tr[BPBP] is the
variance of Iy, and Var(Hg) = t(w)Gw + 2tr[WGWG] is the variance of Hg, whereas
Cov(Hg, Ig) = t(w)Gb + 2tr(BGWG) is the covariance between I and Hg. Some authors® have

showed that forb = P"'Gw and B = P"'GWGP ™, Var(l,) =Cov(Hg, ).

The QPSI selection response

The QPSI selection response! is

R, = ky/t(b)Pb + 2tr[BGWG] , (7)
where k is the selection intensity of the QPSI, whereas b = P"1Gw, and B = P"1GWGP™1.
Supplementary Equation 7 was originally obtained in the bivariate normal context’, however, since
k is usually a fixed constant, the relative genetic progress depends on t(b)Pb + 2tr[BPWG] and
not on k, so lack of normality is not so important for predicting relative genetic progress as for
predicting absolute genetic progress'.

In the asymptotic context, when P71G = I, (an identity matrix of order t X t),

Supplementary Equation 7 is equal to Ry = k\/ t(w)Gw + 2tr[WGWG], the square root of the



variance of Supplementary Equation 1, whereas Supplementary Equation 6 is equal to 1.0, as we
would expect. Supplementary Equation 6 and 7 indicate that the LPSI and QPSI are related, and

the only difference between them is the trace of the quadratic terms.

The QPSI expected genetic gain per trait

Since the covariance between I and g (Supplementary Equation 1) is Gb?, the QPSI expected

genetic gain per trait is the LPSI expected genetic gain per trait, that is,

Gb
By =k, ()
where o; = ,/t(b)Pb is the standard deviation of the variance of the LPSI*. This means that as the

b values are equal for linear and quadratic indices, the genetic response due to the quadratic term
of the index is neglected in Supplementary Equation 8 because it uses a linear regression of the g

2
on Iq.



Supplementary Method 2. Quadratic genomics selection index (QGSI) theory

This index is an application of the QLPSI theory (Supplementary Equation 1-8) and the linear
genomic selection index (LGSI)’ to the genomics selection context. We shall construct the QGSI
based on the vector of individual genomic breeding values, y, and its transpose, t(y) =
[t(y:) t(yz) .. t(yu)]. In this context, vector y; (i =1, 2,...,t; t =number of traits) can be

written as

Yi = Xui (9.1)

where X is an n X m matrix (n=number of observations and m=number of markers in the
population) of coded marker values (2 — 2p, 1 — 2p and —2p for genotypes AA, Aa, and aa,
respectively; p is the frequency of allele A, and 1 — p is the frequency of allele a) associated with
the additive effects of the quantitative trait loci (QTL) and u; is an m X 1 vector of the additive
effects of the QTL associated with markers that affect the it® trait. It is assumed that y; has
multivariate normal distribution with null mean and covariance matrix <I>0']§i, where 0]31. is the
additive genomic variance of y; and ® = Xt(X)/m is the g X g additive genomic relationship
matrix between individuals, where g denotes the number of genotypes and t(X) is the transpose
of matrix X; ™ = ¥4 2pq(1 — pg) in an F2 population, and T = Y31 4pq(1 — pq) in a double
haploid population.

In the genomics selection context, the covariance between y; and g; (Supplementary

Equation 1) is equal® to af., therefore, the covariance matrix between y and the transpose of g,
13

t(g) = [t(g1) t(g2) - t(8vV)] is

I = cov(y,t(g)) = var(y) = {oy}, 9.2)



a matrix of size t X t where oj; is the additive genomic covariance of y; and y; (j,i =1, 2,...,t).

By this last result, after the first selection cycle (in which there are phenotypic and marker
information), it is usually assumed that
G=T, (9.3)

because, in the genomics selection context, in cycle two, breeders only have markers information.

By Supplementary Equation 2 and by the earlier results, the quadratic genomic selection

index can be written as

qu =t(0)y + t(y)Dy, (10)

where t(0) = [6; 0, ... 0] is the transpose of the vector of linear coefficients @ and
d11 O.5d12 O.Sdlt
O.5d12 d22 b 0.5d2t
D = . . . .
0.5d;; 0.5dy; ... dit

is a matrix where the i!"diagonal values d;; (1 =1,2, ..., t ) is the index weight for the square value
of y; and 0.5d;; (i,j =1,2, ..., t) is the index weight for the cross products between y; and y;, in a

similar manner as for matrix B (Supplementary Equation 2). The expectation and variance of I,

and the covariance between Iggand Hy are E(lgg) = tr(DT), Var(lg;) = t(6)I'0 + 2tr[DI'DIT],

and Cov(Hg,lqe) = t(0)I'0 + 2tr(DI'WT), respectively.

QGSI mean square prediction error (MSPE)

The QGSI MSPE can be written as
l_[g = E{[qu - E(qu)] - [Hq - E(Hq)]}z
= E{[qu - E(qu)]z} + E{[Hq - E(Hq)]z} - ZE{[qu - E(qu)] [Hq - E(Hq)]}

Using basic algebra, it is possible to show that



E{[lqg — E(Iqg)]?} = t(8)TO + 2tr(DIDT),

E{[Hq — E(Hg)]?} = t(w)Gw + 2tr(WGWG),

and

—2E{[lqg — E(Iqg)][Hq — E(Hg)] = —2t(8)Tw — 4tr(DTWG),
from where the QGSI MSPE is equal to

Mg = t(W)Gw + 2tr(DIDT) + 2tr(WGWG) + t(0)I'0 — 2t(0)I'w — 4tr(DTWG) (11)

Minimizing the QGSI mean square prediction error

The firsts partial derivatives of Supplementary Equation 11 with respect to 0 and D, are,

respectively,
~Tlg =0 —T'w =0 and =-Ilg = 4TDT — 4GWT = 0,

therefore, by Supplementary Equation 9.2 and 9.3,

O=wand D =W. (12)

In addition, note that the second partial derivatives of Supplementary Equation 11 with respect to
0 and D are 2I'and 4IT, respectively. This means that, in effect, Supplementary Equation 12

results minimize 1.

By Supplementary Equation 12 and the assumption G = I' (Supplementary Equation 9.3), the
minimized Il value is

Mg = 0. (13)

In theory, Supplementary Equation 13 is the desirable expected value of Il when this is
minimized; however, in practice, G = I' only in the asymptotic context, when the number of
markers tend to infinite. This means that in genomic selection context the true prediction error

variance always will be higher than the estimated prediction error variance.



The correlation between qu and Hq

According with Supplementary Equation 6, a good measure of the relationship between [, and

Hy when © = wand D = W, is the square correlation between them, that is,

2 __ t(w)I'w+2tr(WI'wr)
PHqlqg = t(W)Gw+2tr[WGWG]’

(14)
where all the parameters were defined earlier. Note that Supplementary Equation 14 only can be
estimated with simulated data, and when I' = G, this equation is equal to 1.0.

The QGSI selection response and expected genetic gain per trait

When 0 = w and D = W, the QGSI selection response and expected genetic gain per trait are

Ry = ky/t(W)T'w + 2tr[WTWT] , (15)
and
_ 'w
Eqg = K ore (16)

respectively, where K is the selection intensity of the QGSI whereas the other terms were defined
earlier. Supplementary Equation 14-16 indicate that the LGSI and the QGSI are related, and the

only difference between them is the trace of the quadratic terms.
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Supplementary Method 3. Maximum likelihood and Bayesian parameter estimation
Estimating matrices P and G

By the maximum likelihood (ML) parameter estimation invariance property, the estimators of the
QPSI, QGSI, LPSI, and LGSI parameters, are all ML estimators’. Maximum likelihood methods
to estimate the genotypic and phenotypic variance and covariance have been described®. We used
the linear mixed model effects® and the R-package Ime4’ to estimate the genotypic G (C) and
residual (£) covariance matrices, from where the estimator (S) of the phenotypic covariance matrix

(P) was

; 17)

where n, denotes the number of environments where the population of genotypic values were

evaluated, and n, denotes the number of repetitions of each genotype within each population.

Estimating the QPSI and LPSI parameters

We estimated the QPSI and LPSI inserting S and C into Supplementary Equation 4-8. For example,

the two parameters in Supplementary Equation 4 were estimated as
b=S"'Cwand B=S"'CWCS™ !, (18)

where S is a ML estimator of the inverse of matrix S.

Estimating matrix I’

Methods to estimate matrix I' (Supplementary Equation 9.2) has been described’. In this method

the covariances that conform matrix I' are estimated as
— 1. A e —
cov(y;y;) = gt(yi)d> ¥y, fori#j, (19.1)

11



or

ov(vi ;) = StADT; fori # . (19.2)

where t(¥;) denotes the transpose of the i vector of genomic estimated breeding values (GEBV)
¥, g is the number of genotypes in the dataset, and @~ is the inverse of the g X g additive genomic
relationship matrix ® = Xt(X)/m between individuals defined earlier. In the present work, we

estimated matrix I' using Supplementary Equation 19.2.

Estimating trait and GEBYV, and index heritability

For each trait, the narrow-sense heritability (also called realized heritability) was estimated as the
diagonal matrix of the elements of matrix C (D) multiplied by the inverse matrix of the diagonal

elements of matrix S (Dg?)
h%raits = DngC > (20.1)

where hZ__... is a vector of traits heritability. In a similar manner, for each genomic estimated

breeding values (GEBV), we estimated its heritability as
h¢gsv = Ds'Dr. (20.2)

where hZgpy is a vector of GEBV heritability, Dy is the diagonal matrix of the elements of matrix
I' (Supplementary Equation 19.2) whereas Dg? is the inverse matrix of the diagonal elements of
matrix S, which, in this case S was associated to the ten simulated datasets for genomic selection.

The index LPSI and LGSI* broad-sense heritability was estimated as

a2 _ t(b)Cb

LPSI — m ) (20.3)

12



and

=0 _tw)fw

LGST = Swysw ’ (20.4)

respectively, where t(b) and t(w) denote the transpose of vector b and w, and, in Supplementary
Equation 20.2, matrix S was associated to the ten simulated maize datasets for genomic selection.

The heritability for the QPSI and QGSI are not defined until now.

Bayesian estimation
Multivariate mixed model without covariates!® (GBLUP, RKHS with one kernel)
Y=1/+U+E (21)

where U ~ MN (0, @, V) is an n % t matrix of random effects, and E~ MN (0, V(£))isann X n
matrix of residual random effects. Matrix @ is the g X g scale matrix modeling variance—
covariance across rows of U, for example: A case could be that & = A, with A the additive
relationship matrix derived from pedigree relationship, or another case is when ® = Xt(X)/m,
with @ the centered and standardized marker matrix and m the number of markers. In general, ®

denotes a kernel. V is the t X t scale matrix modeling variance—covariance across columns of U .

Gaussian kernel

The kernel @ can be built from centered and standardized markers. For the Gaussian kernel, a

bandwidth h is selected:

1 Zgzl(miq - qu)z

<l>h(mi,mj) = exp {_H X }

TT

Three bandwidths were used h; = (1/M)1/5, h, = (1/M), h; = (1/M)1/5 where M is the

median of the squared Euclidean distances between individuals using off-diagonal entries'’.

Sequence of fitted models

13



Y = 1|J., + U1 + = with Ul ~ MN(O, (1)1, Vl)’ USing h1
Y = 1“.’ + UZ + = with UZ ~ MN(O, q)z, Vz), USing h2
Y = 1“.’ + U3 + = with U3 ~ MN(O, ¢3, V3), USing h3

Matrices V;, V,, V5 were estimated, yielding V;, V,, V5 and traces try, tr,, tr;. A weighted

Gaussian kernel was then constructed as

try tr, trs

6 = q)l + q)z +
try +try +tr try +try +tr3 try +try +tr3

@;

Thus, the final model is

with U~NM(0, ®,V), from where V (matrix of genetic variances and covariances) and the

breeding values U , are obtained.

Model fitting with BGLR

The analyses were performed using the BGLR package!® (multi-trait function). For fitting the two
models above, 100,000 iterations were run; the first 50,000 were used as burn-in, and a thinning

interval of 10 was applied.

14



Supplementary Method 4. Illustrative examples

Estimated LPSI parameters

The restricted maximum likelihood (REML) is one of the best methods to estimate P and G. Details
to estimate P and G are given in Supplementarial Equation 17. This equation was used in this work
to estimates matatrices P (S) and G (C) in the simulated and real datasets. For real JMpopl DTMA
Mexico in cycle Co, the REML estimates of P, G, and P~1(S™1) were

143 4.30 3.48 0.14 0.806 —-0.017 -0.019 -0.072
S = 430 120.14 6481 1.63 g1 — -0.017 0.015 -0.010 -0.021

3.48 64.81 88.58 —0.72( —0.019 -0.010 0.020 0.025 |’

0.14 163 -0.72 1.37 —-0.072 -0.021 0.025 0.775

1.00 3.51 3.13 0.30
3.51 66.50 39.04 2.45
3.13 39.04 33.84 0.13
030 245 013 0.84

and C = , respectively.

The estimated LPSI vector of coefficients was

t(b) = t(w)CS™* = [2.602 —0.224 —0.011 —0.088],

where t(B)and t(w) are are the tranpose of vector b (Supplementary Equation 18) and w,

respectively; whereas the estimated LPSI was
I, = 2.698(GY — GY) — 0.227(PHT — PHT) — 0.040(EHT — EHT) — 0.089(AD — AD)

where GY, PHT, EHT, and AD are the averages of traits GY, PHT, EHT, and AD, respectively. For
a selection intensity of 10% (k = 1.755), the estimated selection response and the square of the

estimated correlation were

R=k /t(B)SB = 1.755kV11.372 = 5.918 and p2; = =22 = (.552, respectively, where t(b)

HI ™ 20.620
was deffined earlier; whereas the vector of expected genetic gain per trait and the estimated LPSI

mean square prediction error (MSPE, G¢) were

. t(b)C
E = (1.755) ——=——==[1.418 -8.622 —-3.303 —0.064]
/t(i))si)

15



and

62 =634 — 6% =20.620 — 11.372 = 9.247,

respectively, where 67 is the estimated variance of the linear net genetic merit and 67 is the

estimated LPSI variance.
Estimated QPSI parameters

For the real dataset 3 in cycle Co, the estimated B (B) matrix (Supplementary Equation 4 and 18)
was,

—0.518 —0.5105 -0.2769 —0.2769
—0.5105 -0.0751 -0.0405 -0.1126
—0.2769 —0.0405 -0.0337 -0.1126]
—-0.2769 -0.1126 -0.1126 -1.1124

EOZ

Matrix W (Supplementary Equation 1) was obtained from the vector of economic weights w' =
[5 —-03 —-03 -—1]as

5.000 -0.750 -0.750 -—2.500

_1-0.750 -0.300 0.045 0.150 .
W= _0.750 0045 —0300 0.150 I from where the estimated QPSI (Supplementary

—2.500 0.150 0.150 —1.000

Equation 2) was Iy = I + t(y)By,

where I; (centered respect its average) is the estimated LPSI defined earlier, and t(y) is the
transpose of vector y which containts the traits values: GY, PHT, EHT, and AD centered respect
to ﬁ, PHT, EHT, and E, which were defined earlier. For k = 1.755, the estimated QPSI square

correlation and selection response (Supplementary Equation 6 and 7) were

A2 __ t(b)Sb+2tr[BSWC]
P Hylq ~ tb)cwzo[wewe]

0.50 and Ry =k Jt(B)SB + 2tr[BSWC] = 59.714,

respectively, where tr[.] denote the trace of the product of the estimated matrices, whereas
t(b)Sb is the estimated variance of the LPSI, and t(w)Cw is the estimated variance of the linear
net genetic merit. Note that the estimated QPSI vector of expected genetic gain per trait is the same

that the LPSI vector of expected genetic gain per trait described earlier (Supplementary Equation

16



8). Additional results for ]Mpopl DTMA Mexico dataset and JMpopl DTMA Zimbabwe dataset
are in Table 3 and 4.

Estimated LGSI parameters

In Supplementary Equation 19.1 and 19.2, we described two methods to estimate matrix I'. For

JMpopl DTMA Mexico dataset in cycle 1 (C1), the estimated I' (T') matrix is

0.523 2.500 1.810 0.2610
2500 24.226 15.125 1.512
1.810 15.125 11.171 0.590 |
0.2610 1.512 0.590 0.349

=

The estimated LGSI (centered respect its average) was

Igi = 5 X GEBVgy — 0.3 X GEBVpyr — 0.3 X GEBVgyr — 1 X GEBV,p,

where all the genomic estimated breeding values (GEBVgy, GEBVpyt, GEBVgyT, and GEBV,p) of

traits GY, PHT, EHT, and AD were centered respect their average (GEBVgy, GEBVpyt, GEBVEyT,

and GEBV,p). For k = 1.755, the estimated LGSI selection response and the vector of expected

genetic gain per trait were

Rg = ky/t(w)l'w = 3.948

and

s, twl _

g =k, =[0828 —0.654 0446 0254],
respectively.

Estimated QGSI parameters

For the real JMpopl DTMA Mexico dataset in cycle C; and Suplementary Equation 2, the

estimated QGSI (centered respect its average) was

qui = igi + t(\?)W\?,

17



where Tgi is the estimated LGSI defined earlier, and t(y) is transpose of vector ¥ which containts
the genomic estimated breeding values (GEBVgy, GEBVpyt, GEBVEyT, and GEBV,p) of the traits
GY, PHT, EHT, centered respect their average as deffined earlier. In additon, for k = 1.755, the

estimated QGSI selection response (Supplementary Equation 15) was

—~

Reg =k \/t(w)f‘w + 2tr[WIFWT] = 35.815

where tr[.] denote the trace of the product of the estimated matrices, whereas t(w)I'w is the
estimated variance of the LGSI. The estimated QGSI vector of expected genetic gain per trait is
the same that the LGSI vector of expected genetic gain per trait described earlier. The results
associated to C, for JMpopl DTMA Mexico dataset, and those associated JMpopl DTMA

Zimbabwe dataset are in Table 3 and 4.
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Supplementary Table 1. One-side ten statistics Shapiro-Wilk normality test and test p-
values.

Quadratic phenotypic selection index

Shapiro-Wilk test p-values
Cycle Distribution Residuals QPSI Distribution ~ Residuals QPSI
of Hq and QPSI of Hq and QPSI

1 0.994 0.996 0.996 0.053 0.196  0.268

2 0.996 0.996 0.995 0.198 0.207  0.106

3 0.996 0.998 0.997 0.184 0.855 0.651

4 0.998 0.996 0.998 0.682 0.242  0.818

5 0.997 0.998 0.997 0.542 0.778 0.454

6 0.996 0.997 0.996 0.251 0.626  0.247

7 0.997 0.993 0.998 0.623 0.642  0.766

8 0.998 0.999 0.998 0.868 0.959  0.766

9 0.998 0.999 0.998 0.929 0.959  0.766
10 0.997 0.999 0.998 0.519 0.959  0.766
Average 0.997 0.997 0.997 0.485 0.642  0.561

Quadratic genomic selection index
Shapiro-Wilk test p-values
Cycle Distribution Residuals QGSI Distribution ~ Residuals QGSI
of Hq and QGSI of Hq and QGSI

1 0.997 0.999 0.994 0.504 0.980  0.041

2 0.998 0.994 0.998 0.912 0.061 0.953

3 0.996 0.997 0.996 0.383 0.626  0.369

4 0.998 0.996 0.996 0.848 0.359  0.304

5 0.998 0.998 0.998 0.912 0.712  0.984

6 0.994 0.994 0.997 0.035 0.033 0.421

7 0.997 0.996 0.997 0.584 0.204  0.558

8 0.997 0.996 0.997 0.586 0.204  0.558

9 0.996 0.996 0.997 0.286 0.204  0.558
10 0.996 0.996 0.997 0.187 0.204  0.558
Average 0.997 0.996 0.997 0.524 0.359  0.531

Results were obtained for ten simulated selection cycles testing the bivariate normality of the joint
distribution of the true quadratic net genetic merit (Hq) and the estimated quadratic phenotypic and
genomic selection index (QPSI, QGSI, respectively) and the univariate normality of the residuals
and QPSI. The criteria to accept or reject the normality assumption (null hypothesis) was the p-
value. A low p-value means that the null hypothesis of normality is false.
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Supplementary Table 2. One-side (Shapiro-Wilk (SW), Henze-Wagner, Henze-Zirkler, and
Royston) and two-side (Mardia) five test statistics and their p-values.

Joint multivariate normality tests for four simulated maize traits in ten cycles

Tests Statistics p-values
Mardia Henze Henze Mardia Henze Henze
Cycle SW Skewness Kurtosis ‘Wagner Zirkler Royston SW Skewness Kurtosis Wagner Zirkler Royston
1 0.994 359 0.96 0.86 1.02 20.32 0.04 0.02 0.34 0.01 0.07 0.00
2 0.993 10.5 -0.45 0.63 0.90 1.75 0.02 0.96 0.65 0.33 0.45 0.78
3 0.991 20.2 -0.37 0.43 0.79 4.09 0.00 0.45 0.71 0.96 0.90 0.39
4 0.996 29.0 -0.17 0.67 0.91 0.47 0.32 0.09 0.86 0.22 0.41 0.98
5 0.992 19.7 0.69 0.60 0.85 2.72 0.01 0.48 0.49 0.43 0.70 0.60
6 0.996 12.1 -1.01 0.42 0.77 2.30 0.24 0.91 0.31 0.97 0.94 0.68
7 0.996 22.1 0.93 0.82 1.03 7.27 0.24 0.34 0.35 0.03 0.07 0.12
8 0.996 19.2 -0.67 0.80 1.02 3.70 0.24 0.51 0.51 0.04 0.08 0.45
9 0.995 16.4 0.17 0.48 0.79 1.14 0.11 0.69 0.87 0.86 0.89 0.89
10 0.996 249 -0.79 0.57 0.96 1.30 0.24 0.20 0.43 0.57 0.22 0.86
Average 0.995 21.0 -0.07 0.63 0.90 4.51 0.15 0.46 0.55 0.44 0.47 0.58

Joint multivariate normality tests for four simulated maize GEBV in ten cycle

Tests Statistics p-values
Mardia Henze Henze Mardia Henze Henze

Cycle SW Skewness Kurtosis Wagner Zirkler Royston SW Skewness Kurtosis Wagner Zirkler Royston
1 0.984 49.9 0.69 1.03 1.06 23.58 0.00 0.00 0.49 0.00 0.04 0.00
2 0.998 13.5 -1.92 0.60 0.88 1.87 0.68 0.86 0.06 0.44 0.54 0.74
3 0.996 289 -1.11 0.64 0.96 5.39 0.33 0.09 0.27 0.31 0.20 0.24
4 0.992 342 -0.03 0.59 0.84 4.40 0.01 0.02 0.97 0.46 0.73 0.29
5 0.995 249 -0.07 0.65 0.96 2.34 0.15 0.21 0.94 0.28 0.21 0.65
6 0.993 229 -0.31 0.69 1.00 3.91 0.02 0.29 0.75 0.16 0.11 0.42
7 0.996 313 -1.61 0.90 1.04 6.73 0.20 0.05 0.11 0.01 0.06 0.14
8 0.996 26.4 -1.19 0.56 0.85 1.42 0.16 0.15 0.23 0.58 0.69 0.84
9 0.995 263 -0.70 0.50 0.86 6.78 0.10 0.16 0.49 0.82 0.64 0.15
10 0.996 223 -0.30 0.42 0.72 3.29 0.25 0.33 0.77 0.97 0.99 0.51

Average 0.994 28.0 -0.66 0.66 0.92 5.97 0.19 0.22 0.51 0.40 0.42 0.40

Results are the tests of joint multivariate normality of four traits and four genomics estimated breeding values (GEBV) in ten simulated maize cycles datasets. The criteria to accept or reject the
normality assumption (Null hypothesis) was the p-value. A low p-value means that the null hypothesis of normality is false.
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Supplementary Table 3. One-side (Shapiro-Wilk (SW), Henze-Wagner, Henze-Zirkler, and
Royston) and two- side (Mardia) five test statistics and p-values.

Joint multivariate normality tests for four real maize traits

Tests statistics p-values
Training Mardia Henze Henze Mardia Henze Henze
set Population SW Skewness Kurtosis Wagner Zirkler Royston SW Skewness Kurtosis Wagner Zirkler Royston
JDMexi 0 0.89 246.26 15.17 2.05 1.62 95.09 0 0 0 0 0 0
co
IDZimb 0 0.97 59.08 2.82 0.66 0.85 31.32 0 0 0 0.23 0.52 0
abwe
Average 0.93 152.67 9.00 1.35 1.24 63.21 0 0 0 0.12 0.26 0
Joint multivariate normality tests for four real maize GEBVs
Test statistics p-values
Training Mardia Henze Henze Mardia Henze Henze
Set Populations SW Skewness Kurtosis Wagner Zirkler Royston SW Skewness Kurtosis Wagner Zirkler Royston
JDMexi 1 0.99 35.21 1.40 0.92 0.99 2241 0 0.02 0.16 0.00 0.11 0
co
2 0.99 25.75 -0.80 0.63 0.89 1.55 0.22 0.17 0.42 0.33 0.41 0.71
IDZimb 1 0.99 14.89 -0.56 0.59 1.02 3.60 0.01 0.78 0.57 0.47 0.06 0.40
abwe
2 0.99 19.02 -0.33 0.64 0.89 4.36 0.14 0.52 0.74 0.31 0.38 0.32
Average 0.99 23.72 -0.07 0.70 0.95 7.98 0.09 0.37 0.47 0.28 0.24 0.36
Joint multivariate normality test for three and two real wheat traits
Tests statistics p-values
Mardia Henze Henze Mardia Henze Henze
Environments SW Skewness Kurtosis Wagner Zirkler Royston SW Skewness Kurtosis Wagner Zirkler Royston
CENEB-BED2IR 0.94 16.66 2.22 0.46 0.61 16.21 0.01 0.08 0.03 0.43 0.61 0
CIANO-BED-5IR 0.96 10.19 -0.62 0.38 0.58 3.63 0.12 0.42 0.53 0.69 0.69 0.30
CENEB-FLATDRIP 0.94 16.66 2.22 0.46 0.61 16.21 0.01 0.08 0.03 0.43 0.61 0
All environments 0.98 4.42 -0.23 0.36 0.58 5.31 0.48 0.93 0.82 0.76 0.70 0.15
SAWYT-27 0.90 20.27 1.59 0.45 0.58 10.97 0.00 0.03 0.11 0.47 0.66 0.01
SAWYT-28 0.95 9.01 1.02 0.33 0.53 5.73 0.03 0.06 0.31 0.32 0.37 0.06
Average 0.94 12.87 1.03 0.41 0.58 9.68 0.11 0.27 0.30 0.52 0.61 0.09
Joint multivariate normality test for three and two real wheat GEBVs
Test statistics p-values
Mardia Henze Henze Mardia Henze Henze
Environments SW Skewness Kurtosis Wagner Zirkler Royston SW Skewness Kurtosis Wagner Zirkler Royston
CENEB-BED2IR 0.94 14.96 0.39 0.46 0.65 10.95 0.02 0.13 0.69 0.44 0.48 0.01
CIANO-BED-5IR 0.98 4.42 -0.93 0.47 0.77 2.48 0.43 0.93 0.35 0.38 0.21 0.47
CENEB-FLATDRIP 0.98 27.09 -0.60 1.45 1.75 7.06 0.43 0 0.55 0 0 0.03
All environments 0.98 21.75 -1.15 1.00 1.26 6.09 0.49 0.02 0.25 0 0 0.10
SAWYT-27 0.89 20.95 2.07 0.47 0.61 6.86 0.00 0.02 0.04 0.41 0.57 0.08
SAWYT-28 0.97 5.36 -0.15 0.22 0.40 2.73 0.24 0.25 0.88 0.68 0.66 0.25
Average 0.95 15.76 -0.06 0.68 0.91 6.03 0.27 0.23 0.46 0.32 0.32 0.16

In this table we used four traits and GEBV for the normality test whereas for wheat we used three traits and its GEBV in the tests. The criteria to accept or reject the normality assumption (Null

hypothesis) was the p-value. A low p-value means that the null hypothesis of normality is false.
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Supplementary Table 4. Broad-sense heritability for real maize and wheat traits, and linear
phenotypic selection index (LPSI).

Training Real maize trait heritability
Set Population GY EHT PHT AD LPSI
JDMexico 0 0.728 0.616 0.455 0.682 0.570
JDZimbabwe 0 0.160 0.500 0.461 0.512 0.713
Average 0.444 0.558 0.458 0.597 0.641

Real wheat trait heritability

Environments GY HD PHT AD LPSI
CENEB-BED2IR 0.292 0.867 0.658 * 0.547
CIANO-BED-5IR 0.292 0.895 0.639 * 0.449

CENEB-FLATDRIP 0.024 0.927 0.337 * 0.907
All environments 0.082 0.887 0.458 * 0.654
SAWYT-27 0.727 0.957 0.745 * 0.634
SAWYT-28 0.362 0.947 * * 0.760

*Non results for that trait

The results correspond to four real maize traits (GY, EHT, PHT, AD) and three real wheat traits (GY, HD, PHT).
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selection index (QPSI and QGSI, respectively).
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