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SUPPLEMENTARY NOTE 1: THEORETICAL PROPERTIES

Here we derive in more details the main theoretical properties described in the main manuscript. We first give a

summary of the main results in and then provide detailed proofs of each result in Most of these
results focus on the semi-assortative model. lets us apply these results to the omniassortative model.
Throughout, we assume the C' < K < N and the matrix © € RVX¢ is of (full) rank C, which holds almost surely. Our

measure-theoretic results are with respect to the Lebesgue measure over the parameter space Rfo_ XK (AC-1)E=C
(AN_I)C which contains the parameters (7}?)(1,;@7 Weil, ..., Wg and O. For the omniassortative model, we consider
negative values of v\, ¢ € [C], as specified below.

A. Summary of main theoretical results

Recall that the expression for ui’f’ is given by

.iq

c c d
LR DEED DETIRN | s

61:1 Cd:].

The parameterization of A is defined element-wise by

K d
AGea = 2" 1T e (2)
k=1 -



Lemma A.1l. Each affinity tensor A defined element-wise in|Fq. (S2)|is symmetric.

[Cemma A-T|ensures our reparameterization of the affinity tensor preserves the symmetric invariance to permutations
of classes. The next two lemmas provide context for our statement on identifiability. The first draws upon the separable
non-negative matrix factorization literature (1) to describe a unique matrix factorization.

Lemma A.2. For W, as defined, the mapping (0, W) — OW is injective.
The second gives conditions for which a CP tensor decomposition (2)) is unique (3).

Lemma A.3 (Uniqueness of CP). The rank K CP decomposition of the tensor AW € RN* >N giyen element-wise
by

K
AP =3 3 T m, (33)

o i€

is unique, up to permutation and scaling of the columns of the factor matriz M = OW € RNXE for "y,(vd), > mip >0
and K < 1(d(C —1) +1).

Remark. The decomposition is only unique, up to the permutation and scaling of the columns of M.
Justification. The reconstructed tensor remains invariant to arbitrary permutations 7 of the columns [K], as A =

Zszl 7}%7’71,% = Zle iﬁ(k)ﬁti(,ﬂ) for any permutation 7, i.e., the sum does not change.
Invariance under scaling is proved as follows. For any decomposition parameterized by (M, ), given by

K K
d d
AW = Z*ykmk = nyk (my 0---omy),
k=1 k=1

for arbitrary positive scaling constants 1, > 0, there exists another decomposition parameterized by (M ,Y), with:

Mk

Vi

A= (W), =

such that
K K K i
Z%ﬁzﬁ = Z’Yk@/fk)d (%)d = ka—’;m%
k=1 Vi
K
_ Z d _ AW
= ’ykmk; = .

This result implies the uniqueness of the assortative model as defined in

) ; i d éd) if ¢ =6 vje [d]
Theorem A.4 (Uniqueness of the strictly assortative model). Let d > 3, A\ . = , . More-
bl 0 otherwise
over, let ||0.]|1 = 1 for each c. Then the decomposition given by
¢ d
B = D000 T e 59
c=1 r=

is unique up to the permutation of classes.

Note that this result is valid for d > 3, a result of (3), which holds for tensors of d > 3. When d = 2, this model
parameterizes a potentially non-unique, non-negative rank-C' matrix factorization u® = ©S0T, where S = diag(~).
Despite this, shows that sharing parameters across d € {2,..., D} generically identifies the model.

We combine and [A.3|to prove the following theorem, which states that under mild conditions (satisfied
in all of our experiments) the parameters (I', ©, W) uniquely determine u® for some d < D under the semi-assortative
parameterization.



Theorem A.5 (Uniqueness). Let the following hold: d > 3,C < Rank(A’) = K < 1(d(C —1)+1),W =
Io | Wett,...,wk] € RO*K © € RVXC 10|, = Zfil Zle Oic = C, where W is column stochastic. Then the

symmetric Tucker decomposition of A € RN**N with affinity tensor of rank K and dimension C x --- x C, given
element-wise by

Ai’l” ] Z Z A(d) H bi.c., A(‘” — Z,ym TT wer (S5)

Cc1= 1 Cqg= 1 cee

and parameterized by (v, W, ©) is unique, up to the permutation of classes [C] and communities [K].

The condition that K is sufficiently small is not satisfied for all d € {2,...,D}, but it is satisfied for some
d < D in all of our experiments (the bound is increasing in d and C), which is sufficient to ensure our model is
identifiable. In our experiments, the tightest bound occurs in the hospital setting, where the upper bound is tight:
1DIC-1)+1)=15(2-1)+1)=3=K.

Definition A.6 (Generic identifiability). We say that the model defined by [Eqs. (S1)|and [(S2)|is generically identi-
fiable if

P(AY |T,W,0) =P(A® |T,W,0)
if and only if
(I,W,0) = (I,W,0),

almost surely over the parameter space R2; % x (AC~1)K=C » (AN=1)C yp to permutations of latent classes [C]
and communities [K], where AP~ := {x E ]Rp :x; > 0,]|x|[1 = 1} is the p — 1-dimensional simplex in RP.

Corollary A.7 (Identifiability). The model over the adjacency tensors AY = {A® ..., AP} defined by |Eqs. (S1)
and |(S2)| is generically identifiable.

Remark. Similarly, the model defined by the strictly assortative model is identifiable. Often, the separability
condition W = [I¢ | Wey1, ..., Wk| can be prohibitive, requiring optimization methods that identify C' columns of W
which correspond to the identity matrix I, where w.» = 0 unless ¢ = ¢/, in which case w.» = 1, i.e., columns are
one-hot encoded:

[Wl,...,Wc] = Ic.

Often, these columns correspond to observed variables or features in the data and cannot be assigned arbitrarily.
However, in our setting, both dimensions of W are latent, and so we arbitrarily assign the first C' columns as pivots
at initialization and learn the community structure accordingly.

shows the omniassortative model may be alternatively parameterized as an extension of the semi-
assortative model to include negative scaling constants.

Lemma A.8. Let u'¥ be the N x---x N tensor defined element-wise by the omniassortative model as defined according
to[Eq. (S26)| Then the reconstructed tensor p'® has the CP decomposition representation

(d) _ va H Oka,

i€l
(d) K (@, .d itk elC
here 4 — J Tk = Dk—ci1 M Wiy if k€ [C]
where 7y, o .
Y otherwise.

lets us apply the results of to the omniassortative model.

Corollary A.9. Under the same set of assumptions described in[Theorem A5, the decomposition defined by the omni-
assortative model is unique, up to permutation and scaling. Let ||wi||1 =1 and ||B||1,1 = C. Then the decomposition
is unique up to permutation of classes [C] and communities [K].

By 5, T and ©, and W are uniquely determined. For ¢ € [C], we may solve for v(» = F® +

Zszc 41 ’y;:) s and for £k > C, 'y(d) = ’y(d). Leveraging this result, we claim the omniassortative model is gener-
ically identifiable.



Proofs

Proof of inequality

Proof. The proof relies on Jensen’s inequality, which states that for convex function f : R
1 n 1
[ 2im @) < o Z f(zi).

Letting f(z) = z%, which is convex for # > 0, d > 1 implies

1< ¢ ¢ 1 & 1
(C;wck> :f<éZUJck> ngf(wd‘)zazwfk

c=1 c=1 c=1
Consider an element AW, = 3% v 114w, = S0, 7w, on the diagonal of A@.
1 &
= || diag(A™)[|11 DAL,
c=1
| O K )
= L [T wes (def. of AL,)
c=1 k=1 r=1
K 1 &
= Zy,&d)a ngk (¢, =¢,Vr =
k=1 c=1
K L (& d
> Z o (Z wck> (Jensen’s)
k=1 c=1
| X c c oy
AT Y f
k=1 c1=1 cq=1 r=1
1 & c K 4
=i 2 2 2 T wen
c1=1 cq=1k=1 r=

— R

Then

d

[T we,x = wgk)

r=1

1< c
= a Z - Z A(c?..cd A(d) Z,y(d) TH wcr
1

Multiplying both sides by W yields

[diag(A“)|l1 1
[A@[y,  — €41

Proof of [Lemma ATl

Proof. Consider an element of the dth affinity tensor ALY . = ALY and A;d()c), where 7(c)

= (m(c1),...,m(cq)) is an



(d) .

arbitrary permutation of the indices ¢ := (c1,...,¢q). Then ALY = A

K d
d)y __ (d)
AL = E :'Yk [T we,x
k=1 r=1

K

(d)
Z’}/k (wclk Weok - - wcdk)
k=

1
K
=D N (Wr(enk Wriea)k -+ Wriea)k)
k=1
= (d) d (d)
= Z%c I1 wriew = A‘n’(c)'
k=1 r=1

Proof of [Lemma A.2l

Proof. Let ©W = M = OW. Then

[@ | @[Wc+17...,WK]] = @[IC ‘ WC+1,...,WK] =W =M = (:)W = é[IC | V~VC+1,...,V~VK] = [é ‘ (:)[V~VC+1,...,V~VKH.

That is, © = © and W = (0f@)W = 6f(6W) = 6fM = 6t/ = 616 NZNW (assuming © is full rank), where OF
denotes the Moore-Penrose pseudoinverse (4) of ©. Together, (0, W) = (6, W). O

Proof of [Lemma A3l

Proof. We begin with the definition of Kruskal rank.

Definition A.10. (Kruskal rank) The Kruskal rank Kp of a matrix B is the maximal Kp such that any Kp
columns of B are linearly independent.

The Kruskal rank of M = OW is Ky = C for all ©, W € (AN"1)¢ x I x (A9~1)K=C except for the measure-zero
subset where the subsets of columns of W are linearly dependent or © is rank deficient.

The result is a corollary of (3), who extend Kruskal’s theorem (5)) to show the decomposition of the rank K tensor
A@ ¢ RNvxNa ig ynique (up to permutation and scaling) if Zii1 Kp, > 2K + (D — 1), where Kp, is the Kruskal
rank of the ith factor matrix B; € RVi*¥ This result holds for tensors not restricted to be non-negative or symmetric.
We apply the result to our setting, where C' = K; for each ¢ € [D], which yields DC' > 2K + (D — 1). Isolating K
yields the sufficient condition K < $(D(C — 1) + 1). O

Proof of [Theorem A.4l

Proof. By [Lemma A.3} [Eq. (S4)|is unique, up to permutation and scaling of the columns of ©. That is, if (I',©) and

(f‘, @) parameterize |[Eq. (S4)] then 4 = % and 6, = )0 (c) for some permutation 7 and scalars ¢, > 0. The ¢;

constraint on each column of © implies that Cq/)C: 1 for all ¢ € [C], that is,
1= [10cll = [[¢2cBr(e)ll1 = ellOn(e |1 = e,

and so 0, = 0 () for each c. O

Proof of [Theorem A.5l



Proof. We plug in ALY

= S A 9w, to Te-express [Eq. (S5)|as

d d
AP Z Z Zw(’” I we.r T1 Oie, (plugging in AL . Zv(‘” 1 we.s) (S7)
ca=1  ca=1k=1 r=1 r=1 el
c c 4
= Z e Z Z IT we, k H Oi.c, (swap order of summation) (S8)
Cc1= 1 Cq= 1 r=1
K d
— Z,ﬁ:) (Z wcrkezdcr> (push sum into product) (S9)
k=1 cer=1
K d
=> " 11 6wy (simplify) (S10)
k=1 =1
K d
= Z’Y? [T mik mi, =0, wy. (S11)
k=1 r=1
We make two observations, which help us finish the proof.
OW € RVNXK,

e [Eq. (S11)| parametrizes a (symmetric) rank K CP decomposition with factor matrix M =
emma A.3|implies this decomposition is unique, up to permutations of the columns of M and scaling constants
.

e By © and W uniquely construct M = OW.

Suppose that two distinct parameterizations (', ©, W) and (f, ©, W) reconstruct A. Then [Eq. (S11)|implies that
OW = M,0W = M,

where M = M, up to column permutation and scaling. We show that under the constraints W = [IC | Weg1,..., W K] ,
1©]]1.1 = C, then (O, W) = (6, W) must hold.
By |[Eq. (S11)} each column of M and scalar g, can be expressed as

7@ — Tdn (k)

@ = .
e

My = Yy (k),

Then

C C
Z OicWer, = My, = wkmiﬂ(k) = wk Z aicwcﬂ'(k)'
c=1

c=1

Since Zc 1 Wen(k) = Zf 1 We = 1 it must hold that my, = YROW, (1, i.e., W= W1k, for some permutation matrix
Ig. Then © = 1,0 for all k, which implies that ¢, = ¢ for all k. But then C =|0]]11 = |[¥O]]11 = ¢[|©|]1.1 = ¥C

and so ¥ = 1. But then © = HC@, for some permutation matrix IIo, and so the two parameterizations are
equivalent. 0

Proof of

Proof. Suppose P(A® | T, W,0) =
For m; = Ow,, € ]RJ;[O,

(@ S

P(A® | T,W,©). Then for each d € {2,...,D}, iy < --- < iq, Wiy iy = By

d ~
E T g 0 -0y

the “residual” tensor R@ := ‘Y — (¥ is zero on the indices i1 # ... # i4, and potentially nonzero elsewhere.
Thus, R contains (at least) (];[) entries that are exactly zero, one for each i1 < --- < iq. Suppose that R® is not
the 0 tensor, i.e., R # 0. By assumption, Rank(u®) = K = Rank( ) = Rank(p® + R), which implies that

(@ () ~ (d)
iy ig = Z’Y myo---omy, [



R lies in the span of the rank-one tensors (myo---o mk)ff:l, ie, R = Zszl rpmy o - - - omy for some constants
r, € R. Since each entry m;; > 0 and there are K < (];[) rank-1 tensors, R‘® lies outside the span of the K rank-one
tensors almost surely. This implies that for d > 3, u@ = ‘.

Consider the case where R@ = 0, i.e., p@ = g, By for large enough d, p® is uniquely defined,
with factor matrix M = OW, (which is uniquely defined by © and W), up to permutation. Therefore, it must be
that © = © and W = W. We remove scaling ambiguity of the constants 7\ by requiring ||[w||1 = ||8.]|1 = 1, which
implies that ||mg||; = Zivzl ch=1 Oicwer, = 1.

Let vq = ('y,(:))szl. Consider the matrix setting, d = 2 and suppose 2 # 2. The higher-order parameterization
(d > 3) requires that ©, W are unique and together they define M = OW. Suppose that u;? = ,u”) for all ¢ # j.
Similar to above, u{ # ! occurs with probability 0. Thus, suppose u® = i®. Then OWSW'O" = OWSwW'eT,
and taking the pseudo-inverse of © implies that WSW ' = VVSVVT Since W is separable with [;-norm constrained
columns, it follows that S = S (I). Similar for d > 3, the constants are uniquely defined almost surely.

For (I',©, W) = (T,0, W), the tensor reconstruction given by [Eqs. (S1)|and [(S2)|is well-defined, implying that

P(AY | T,W,0) =P(A® |T,W,0).

O
Proof of [Lemma A8l
Proof. Noting that for C < k < K, each sum over ci,...,cp may be written by computing the sum over all terms
(ignoring the indicator), and then subtracting the terms s.t. 1(3¢; # ¢;) = 0, which occurs for (c1,...,¢q) = (c,...,¢)
for ce€ [C]. Foragiven k, C <k <K,
c c d c c 4
> X a6 el [l st =i (3 3 st~ ot fl o)
c1=1 cqg=1 r=1 =1 cq= 1r=1
(@)
We re-express ;) ;  as
c c d c c
peo = Z SN e T1 we,Bive, + D> 13 £ ¢)) Z 7 H We, ki, (S12)
c1=1  cq=1k=1 c1=1  cq=1 k=C+1 r=1
d), d d (d) < d
= Z’Y( ‘wee T 03, + Z T Z Z [T we,xbic, — chk H 0ic (513)
r=1 k=C+1 c=1 —17=1
c c d
“yeflo 3 (1(3 we) ot 514
k=C+1 r=1 c=1 r=1
Z d (d) d d d
= Z & H Oi,c + Z Tk [T mix _chk I1 6i,c ) - (S15)
=1 k=C—+1 r=1 =1 r=1

Combining like terms in [Eq. (S15)| we obtain

d j :
:uif) E V(d) Hl Mic — § E 'y(d) Wey, H Miyec + 71(:) H Miyk
r=

c=1k=C+1 k=C+1 r=1

C
:Z< 9 — Z 'Y(d) ck) H My, + Z '7<d> ﬁ mi.k

=1 k=C+1 k=C+1 7 "= 1
=5
=7
K
_ ~(d)
= § V& IT mix



SUPPLEMENTARY NOTE 2: INFERENCE
Background on the EM algorithm

In maximum likelihood estimation, the goal is to find the parameter 8 that maximizes the likelihood function pg(x)
of the observed data x given 6. This entails solving

0 = arg mgo(pg(x)7 (S16)

or equivalently, maximizing the log-likelihood

L(x,0) = log pa(x).

Often, the solution to is intractable. Starting at an initial point, the expectation-maximization (EM)
algorithm () iteratively updates parameters according to a set of update rules specific to the problem at hand.

The EM algorithm is particularly useful when introducing a set of latent variables, denoted by z, makes maximizing
the complete log-likelihood log pg(x,z) tractable. In this setting, the observed data likelihood is

pe(x) = /pg(x,z) dz.

We cannot maximize the complete log-likelihood (since z is unobserved), but we can maximize its expectation
Q(x,0) = E,[log pe(x,2z) | x]. Q(x,0) is the evidence lower bound, a lower bound on the log-likelihood:

log pe(x) = log / po(x,2) dz

:1Og/pg(X,Z>MdZ

po(z | x)
= A Xipg(x,z) A
—10g/pg( | )pe(Z\X)d
pg(X,Z)]
pe(z | x)

Do (X7 Z)
2 Epropo(-Ix) {log polz | %) X)]

=logE,pe(-|x) [

(by Jensen’s inequality)

= E,po (1) [108 D6 (X,2)] — Epp (1) l0g po(z | x)] (decomposition into @ and entropy term)
= Q(x,0) + H(p(z | x))
> Q(x,0). (H(p(z [ x)) = 0)

Often, pg(x,2z) is easier to maximize (with respect to €) than pg(x). Starting at initial point 6y, the EM al-
gorithm alternates between computing the expectation (E) step Q(x,0;) and the maximization (M) step 041 =
argmaxgeo 9Q(x,0). The log-likelihood L£(x,6;) increases at each iteration ¢ of the algorithm (6) and the sequence
(L(x,6,))52, converges to a local maxima (7).

When closed-form updates to 8 are not available, the generalized EM algorithm naturally extends the EM algorithm.
Instead of finding the exact maximizer 8y, = argmaxgeco Q(X, 0), the generalized EM algorithm requires only that
the updated parameter increases the expected log-likelihood, i.e., Q(x,60;11) > Q(x,0;), at each iteration. The
sequence {L£(x, 0;)}:2, is still guaranteed to converge to a local maximum.



Inference: the general pipeline

We derive a generalized EM algorithm (6]) to maximize each model’s log-likelihood, which is proportional in (I', W, ©)
to

LAY, 1) = Z ST+ ) AP log (). (S17)

d=2ic Q@ AD S0
We define the complete likelihood by introducing latent subcounts A(? for each hyperedge i = (41,...,%4), combi-
nation of classes ¢ = (c1, ..., cq) and community k € [K]:

(d) ind. s (@ _ (d)
A8 "R Poisson (! H We, ks H Oirc.)s A E E E Al

c1=1 cqg=1k=1

The evidence lower bound is proportional in (I', W, ©) to

C C K
QA ) = =30 ST [+ 3 - 3 SR AL | A0 log(ui) (519
c1=1 cqg=1k=1

d=2 je (d)

where uii)k = ’yf? 12, 0;, ¢, we 1. At first glance, maximizing Q is computationally expensive. Evaluating Q requires

computing the conditional expectation of the most fundamental latent subcounts A;Z)k, given by

E [Aigy | A"] oc " H 0y, We, 1,

r=1

and there are C¢ - K of them for each multi-index (iy,...,74). This introduces a cost of O(K 25:2 [|[A@||oC?) over
all hyperedges. However, all that are required are the expected sufficient statistics

C C
o =D D E[AG 14",

c1=1 cqg=1
D
— (d) (d) (d)
Pik = § § Pik and Pick = g E E A,ck
d=2iec(d) ici d=21ie (D) icicriip#i

These expectations are available in closed form and cost O(KN,, + NCK) to compute, a cost linear in C' and
K. This cost is typically dominated by the first term, the number of nonzero hyperedges by the number of commu-
nities. The M-step iterates through parameters, maximizing Q with respect to each parameter, conditional on all
other parameters fixed. We give closed-form expressions for the optimal ’y(”” and 6, in each of the strictly, semi-,
and omniassortative models, as well as derivations of these expressions in the next section. To update W, we use
automatic differentiation (8)7 taking gradient steps to increase Q(A®,u"). For a user-specified step size § > 0, we
let ver, = log(exp(wer) — 1) € R and update v, writing W = W(v) as a function of v and use the update rule

V<V + (5V1/Q(W(’/))a ka) — log(exp(VCk?) + 1)

For sufficiently small §, the update rule increases Q. The cost of evaluating V, Q is equal to the cost of evaluating
the subset of Q dependent on v, given by

c K
Bv)=v¥(v)+ Z Z%k log (wek (Vek)) s

c=1 k=1

where ¥(v) = — 25:2 > icnw@ u” (v) explicitly denotes the dependence of 4\ on v and ¢, = Zivzl Vick-We derive a
dynamic programming algorithm to compute ¥(v) in O(NDK) time; each gradient evaluation costs O(NDK + KC).
To preserve the pure community constraint, we keep the first C' columns of W fixed and update the remaining
parameters.
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Model-specific updates

Here, we give specific updates in the E and M steps for each of the strictly assortative, semi-assortative, and
omniassortative models.

Strictly assortative. The model is equivalent to Hypergraph-MT (9) parameterized by C' communities. In
particular, each observed hyperedge may be expressed as the sum of C latent subcounts:

C
(d) __ E (d)
Ai - AIC )
c=1
d 1nd
AP X Poisson (v TT ic)-

i€

The evidence lower bound (up to a scalar constant) is

PR S DNTIED b D D PRI

d= 21€Q(d) d= 2|€Q(d)c 1
:_Z Z Z'u(d)+2 Z Z]EA“WA“” logu(d)
d= 216(2(01)0 1 d= 216()('1)(' 1
=- Z Z’Y(d) > b+ Z Z e (logvéd) +) log 91@-)
d=2 c=1 ic () € c=1d=2ic () i€i
SO D WUTES 9P O] (RS ST
d=2 c=1 c=1d= 216_Q<d) i€i
S WIED 3 3 D (HIES wET
d=2 c=1 e=ld=2 4@ ici

E-step. Conditional on A{” > 0, the vector of latent subcounts (A{)<_; is multinomial distributed, where

. . (d) 0.
(A, | AP ~ Multinomial | A{®, Nd—gaw :
} 1 Ve Higiicr
The expected latent subcounts are given by
d H161 91,('
(d) ’
Z =17 H1610u

e =BIAL [A"] = 47 (S19)

We add them together to obtain ;. = ZdDZQ icnm P and @ =3 0w i
M-step. The optimal coordinate-wise updates are found by setting the partial derivative (with respect to a given
parameter) to 0 and solving for the given parameter. The optimal updates are given by

0. — Pie L PO (S20)
nc ) )
Zd 2 )éd)qf o ‘ (Cd)

where ¢ is defined as ¢ := 3" ) [iej bic and P = Eiemd),iei Mjei Ve
Semi-asssortative. The model is given by

Cc K
A = Z ZZ AD (S21)
=1

Cll :

. d
A - Poisson (7, H (Weykbiye,))- (S22)



11

The EM algorithm is given in [Algorithm 1] and alternates between the E-step, computing the expectations conditional
on (I', W, ©) using [Eq. (S23)|and [Eq. (S24)| and the M-step, maximizing Q(A®, u®”) with respect to the parameters
(T, W,0).

For i = (i1,...,4q), the conditional expectation E[A{} | A{"] = ¢} is given by
e 0w
Pl = A [Tiei k ($23)

(@) ’
Zk’:l Vi Tiei 01 Wi

under the multinomial thinning property of the Poisson. Then, we have:

01’c c
E[AY), | AC] = ot} = —gricich Z > el ei). ($24)

C
Yo—ibicwer = 2ien(@

For full derivations of the optimal updates we refer to Supplementary Note 5.

Algorithm 1 EM algorithm for the semi-assortative model.

Require: Adjacency tensors A, initialized parameters I', W, ©, step size § > 0, stopping criterion.
repeat
E-step: compute the expected latent subcounts as in [Eqgs. (S23)| and [(S24)|

(d)
HZEIH Wi
Zk/:1 ’Yk/ Hieiei W

(@ @
ei < A

D
(d) Wekbic

Pik Pik » Pick < Pik* =g

d=2ie Q@ ici Yoo Werkbier

M-step: update the parameters as in

(d)
@ Ziemd) Pik
fYk (d)
k

Zk 1§0wk
Zk 1 Wek (Zd 2V Dik 1))

update ¢, (7;d+)1,k:)dD:2

v v+o6VOW(v)), W<« log(exp(v)+1)

for i € [N] : 0;. +

compute ¢, (¢@)2_,
until stopping criterion met

return ', W, ©

Omniassortative. In Supplementary Note 1, we show that the semi-assortative model is constrained to satisfy
the inequality

C K

Zc IZk 1 E:d)ck > 1 (825)
C — 1
Zm:f"zcd 1Zk 1A(d) ak ¢t

where A( ) gk = fy,id) Hq 1 We,k, such that ALY = 25:1 Aé‘?“ﬂdk. To relax the bound, we impose that for & > C,
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the diagonal elements A(Cd)ck = 0. Under this modification, we express each affinity tensor as
(@ @ 1
Acl...cdk = 1(k < C or 3Ci 7& Cj)’Yk Hl wch- (326)
=

Under this modification, inequality (S25)) is not necessarily satisfied and we may capture pure disassortativity (i.e.,
AP, ~ 0but AZ, > 0). Under this adaptation, we derive a similar generalized EM algorithm with closed-form
updates to © and I' as in the semi-assortative setting. The adaptation requires an additional factor of C' in the

computational cost of the E-step; see for more details.

The evidence lower bound is

K C

C
QU =Y T Y Z(’“C"Hw%mﬁ

d=2icd) k=1c1= 1 cqg=1

%
=B

d
(0i,c,We, k) + Aii;f <log 'Y;(gd) + Z log(6;,.c, we, k)

r=1

The optimal update for 6;. is

by Pick
Oic = (d) 7(d—1) K k=1(d)lc 7(d—1) d—17(d-1)\ " (827)
Zd 2V e +Zk:€+1 Yk wck( ik Wep Pic )

The optimal update for v, ¢ € [C] is

()
,yéd) EIGQE;) Pic , (828)
C
and the optimal update for v, k > C'is
~@ — Zieﬂ(d) ‘P;Z) (529)
k .
= e wh el
Moreover,
D
Pick =D D Pk (530)
d=2ie (@
where
d—1
@ _ (@ Oicwer (H#i Myjk — Wey, Tl 0c) g
SOlzck - SDik . C d,1 ) ( 31)
ZC/ZI wclkeic’ (1_[‘];é2 mjk — ’k H]#’L Hjcl)
P = A Mici W8 — 1(k > C) Zp L W iei bie ($32)
1 1

Zk, 1 (nle,wk,a —1(k' > O) Zc 1 wck, nzelew)
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Algorithm 2 EM algorithm for the omniassortative model.

Require: Adjacency tensors A, initialized parameters I', W, ©, step size § > 0, stopping criterion.
repeat
E-step: M < ©OW, compute the expected latent subcounts as in [Eqgs. (S30)H(S32)|

[Tici w,j,ez- —1(k>C) Zle wgk Mici Yic

(d) (d)
Ak AT S T / C ’
D k=1 (Hieiwk/ei =1k > C) 3 Wi Tiei 01’6)
d—1 D
@ Oicwer, (Hj;éi Mk — Wep, i 0jc) @ R Z Z (@
Piick C P a—1 0 Pik > Pick Piick
D erm1 Werrbier (Tjes Myt — Wiy Ty Ojer) d=2 jc 0 (d)

M-step: update the parameters as in [Eqs. (527)H(S529

(d) (d)
@ Licow Pik @ ico@ Pie
T (d) _ EC d 4’ c ()
k c=1 %ck7C ¢
ZK Pick
for i € [N]: 0, k=l 720 —

T S i (9 — i o)
update ¢, (7521,1@)(]13:2
v+ v+oVOW(v)), W« log(exp(v)+1)
compute ¢, (¢) 7.,

until stopping criterion met
return I', W, ©

SUPPLEMENTARY NOTE 3: ADDITIONAL MATHEMATICAL DETAILS
Priors and MAP estimation

We may consider maximum a posteriori (MAP) estimation as an alternative to maximum likelihood estimation to
infer the parameters. Here we provide a framework for this, by placing Gamma priors on the elements 6;. of the node
class-membership matrix and the community rate terms ’y,(cd). The probability density function of v ~ Gamma(c, 3)
is given by

Gammal(y; a, 8) = ﬁvo‘_le_ﬂv. (S33)
o I()

In the case of independent and identically distributed ;. gk Gamma(a, ), the log likelihood is extended from £ to
L—(a—1) Zi,c log(6;c) — B ZLC Oic.

Under the maximum likelihood formulation, y ~ Poisson(cy), the optimal update is v = ¥ for scalar ¢ € R.

Under the gamma prior v ~ Gamma(a, (), the optimal update is v = max(¥2=% 0). That is, we add a — 1 to the

c+p
numerator and [ to the denominator, and ensure the resulting update is non-negative. When a = 1, the gamma
distribution simplifies to the Exponential(3) distribution, and the optimal update is y= ﬁ The exponential prior

serves as a shrinkage prior, promoting sparse parameters, with shrinkage levels increasing with 3. Increasing the
sparsity via a suitable prior has the effect of driving the inferred memberships closer to hard membership vectors. We
can apply these rules to the closed-form updates under each model. We note that such a parameterization removes
the constraint that ||6.|| = 1.
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Graph (pairwise) setting

In the standard (pairwise) graph setting, all hyperedges are pairwise, i.e., d=2. Then

C C
'u;j) 27(2) Z Z wclkwc2k92010w2 Z Z ci1c2 zcl 102, (834)
c1=1co=1

c1=1co=1

where W, ., = Zszl Y2 Wey kWey. We thus obtain a Tucker-2 decomposition (10), which has been used in various
mixed-membership models for networks (I1HI4]) to model disassortative community structure.

We can also find an alternative factorization, by writing the matrix M = OW with entries m;; = 23:1 O;cwek-
With this, we get

K C C
@ — (0; (0
luz] icy wclk J02w62k

=1 c1=1 02=1
K

— (2) 0

- Wk 719 mzkm]k

k=1

This is a symmetric non-negative matrix factorization that generalizes into a canonical polyadic (CP) decomposition (2,
10)) if we consider v® to be the diagonal entries of a diagonal K x K affinity matrix. It is an assortative decomposition

over the classes [C], but allows for disassortativity over the nodes. In fact, writing S = diag(y®), u¥ = MSMT =
OWSW'TOT € RV*N we obtain a bilinear model with affinity matrix W := WSW T as in [Eq. (S34

Properties of the Poisson

In our derivations we used two main properties of the Poisson distribution (I5]), as described below.
Poisson additivity. Let y; = Poisson(Ay) for k € [K]. Then marginally, the sum y = Zszl yr ~ Poisson(A) is
also Poisson distributed, with rate A = Zszl Ak

Multinomial thinning. Let y - Poisson(Ag) for k € [K]. Then conditional on the sum y, = Zszl yr = n, the
vector y = (yx)i_, is distributed as

A

| {Multinomial (n,m), where 1, = =x=t~— ifn>0
y y. = n)

k'=1 Apr
do otherwise.

Computation

The updates to *y,(cd), 0;c and wk require computing the sums over a combinatorial number of summands

;:”5: Z He Wi = Z Hm1k7

it]i|=a "= i¢]i|=d "=

and

_ d
W=y Ielwi= > Hmzr

i:]i|=d,igi "= i:li|=d,igi"

In particular, each (b;:) contains (1(\1[) summands and each éi? contains (N ;1) summands. Since the optimal 6;.
depends on the values of 6;/. for other nodes, updates to 6,. are performed sequentially. Each update to 6;. changes
qﬁ% for i’ # i, necessitating a recalculation of é;? for each i in a sequential manner. We use the algorithm derived in (9)
to compute each term in O(1) time, which conditional on the previous values, updates q/)}cd) according to an update rule.

The updates to W, however, cannot rely on this algorithm to compute ;;“, as the automatic differentiation call

requires a function which computes ¢;" as functions of © and W from scratch. Therefore, we derive a dynamic



programming algorithm to compute ¢\ and ¢\; efficiently. Letting ¢{;’ = 1, it holds that

N
1 —(a_ T(d—
O =SS mad ), G =60 —madiy " forde (D)
i=1

Proof. The result relies on the following proposition.
Proposition. As defined in [Eq. (S35)} ¢{;~" may be equivalently expressed as ¢35~ = > 7ic o jei [z Mk

Proof. Let
20 ={ieN®:ieci}, 2V={ieN®:igi}.
Define the bijection
fi Q7Y = 20 fi(i) =iU {i}.
Since f; is bijective, we have
1270 = 12,
Moreover, for any i € £2{*"":

[Imje=" 11  myk,

Jei Jefi(i),j#i

since f;()\ {i} =iU{i}\ {i} =i

Therefore,

b= Y Tme= >, Tlmp= Y [T m

iGQ(dfl),igijel ien(d_fmijel iEQ(d‘fl)ijef'i(i)vjii

= ) I ompe= > I mu

e fi() g i
fi(i)eﬂgd”ef (1),57#4 uEQEd)J w,j7#i

= Z H mjk..

uc(d) ,iEuj;éi

Proof of first relation. By definition,

d
(d) __
[ § H mi, k
ieQ(d)/LT:l

d
1 d
§ E E ) H m’irlkt
) r—1 i, =1

d
=§ S mik I mix.

iend r=1 ri#r

Since each node ¢ occurs in each hyperedge i at most once,

d
g mi, .k
r=1

1(2'7« = z)mlk H mjk
1 JELj#£L

I
M&
WE

I1 mi g
m/#m 14

\3
Il

|
.MZ

s
Il
_

l(iEi)mik H Mk
JELjF#I

15

(S35)

(S36)

(S37)

(938)

(S39)

(S40)
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Plugging |[Eq. (S40)|into [Eq. (S38)| yields

d
V= Zmzk >, I ma

ien@ il ELIF

1 N
= E Z mig Z H mjk
1=1

ied-1 7.€1J€1
4 (d—1)
=3 E Mik®yp -

Proof of second relation. For i € [N], we partition 2¢* into two sets, based on whether a hyperedge contains node i.

D ={eN? iciulie W idi}. (S41)

Then the sum over all hyperedges of order d expands as

(d) Z H Mk = Z H M.k + Z H M,k

ien@ =t i@ ici ™! icQ@gi”

=mindyy "+ O

implying that ii) = ¢(d) _ mzk¢(d v ]

Computation scales as O(NDK), where iz) can be computed in parallel over 7, k£ and gbgj) in parallel over k.

SUPPLEMENTARY NOTE 4: EXPERIMENTAL DETAILS

Initialization. In our experiments, we initialize the main parameters as:

6, "~<" Dirichlet(10?, . ..,10%) Vi € [N]
Wy - Dirichlet(1,...,1) for k> C
7 =1 Vd e {2,...,D},k € [K].

To promote the learning of disassortative structure in the experiments in the hospital data setting, we initialize
7 = 0.01 for k < C and v, = 1 otherwise.

Training. All of our experiments were run using one CPU. Convergence was assessed by monitoring the log-
likelihood given in We trained each model until its value changed by less than 1 over 10 iterations, or 1,000
iterations, whichever occurred first. The models which require a learning rate were trained with a learning rate of 10~6.
We do not update the first C' columns of W during gradient ascent to preserve the structure W = [I¢ | weqq, ..., Wi].

While larger choices of K add computational cost to fitting each model, we find that it is better to overestimate
K than underestimate when evaluating results. In particular, we find that if a community contains no meaningful
structure, the model learns to set ’yl(f) very close to zero for each d.

Post-training transformation. Each generalized EM algorithm converges to yield estimates I, ©, W. These
estimates are not enbured to fall into the constrained model class. Therefore, define the constants and parameters

Ve = Zf\il O;c, 0;c = e ,’(/)k = Zc_l Werte, Wep = “’%}:ﬁ“, AP = 41 (4hg)%. Then (T, ©, W) belongs in the constrained
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model class. Moreover,

k=1 r=1 \c=1
K d c

— () d WegPebic
,;”’f (n)” 1L (; Do )
K d
S 1] (zwckew) o
k=1 r=1 =1

That is, we may fit the unconstrained model and transform the parameters accordingly only once at the end, after
convergence is achieved. Doing so makes them more interpretable and ensures they lie in the identifiable model class.
In practice, however, we find that applying these transformations at each iteration improves the numerical stability
of the algorithm.

DAWN supreme-court workplace hospital
160000 - 104
254 17.5
140000 -
15.0 84
120000 - 20
— 12,5
£ 100000 6
® 151 10.0
£ 800001
=
5 7.54 4
¥ 60000 10 ’
40000 - 501
20000 2.57
0 4 0.0- 4
Semi  Omni Semi  Omni Semi  Omni Semi  Omni
3516 20000
- 18000 -
5 o
<} 5
m 8
o} 5
2 3
3 K
- g
e
g g
[} o
B
>
m

- 0- 10000 - 0-
Semi  Omni Semi  Omni Semi  Omni Semi  Omni

Model

Supplementary Figure 1. The tradeoff between computational cost and model expressivity varies by dataset. Top)
Median runtime of performing a full run of the algorithm for R=10 random initialization restarts, measured in seconds. We
use the same combination of C' and K for both models. Bottom) Median Evidence Lower Bound Q as defined in
higher values imply better performance. For the DAWN dataset we see how the semi-assortative model performs significantly
better both in terms of lower runtimes and better Q. Instead, the hospital dataset shows a trade-off where the omni-assortative
variant has better Q at the cost of higher runtime. In both settings, error bars represent the interquartile range.

Drug case study: selection criteria.

For C, K € (8,16,32,48,64) and C' < K, we fit the omniassortative model to the data, masking a subset of the
data and select the C' and K that achieves the highest heldout log-likelihood, which occurs for C' =16 and K =48
(approximately the best combination of C' and K).

To measure how much a community differs from the set of classes, we compute the Jensen-Shannon divergence (L6])
from its nearest class, where larger values imply greater values of disassortativity. During inference, our algorithm
allocates observed hyperedges to communities and clusters. We can understand the number of hyperedges allocated to
a given community as a measure of its importance (17, [I8). Communities with larger assigned latent counts account
for more of the observed data.

We select two communities with large dissimilarity measures (as measured by Jensen-Shannon divergence to its
nearest class) that are assigned at least 1,000 hyperedge counts (see Methods: allocation). These communities
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correspond to k=19 and k=44, shown in the main paper. We use these two communities and their corresponding
classes to identify related classes and communities (classes are shown in maroon, communities in bronze). The term
wer, for class ¢ and community k is proportional to the width of the edge between class ¢ and community k.

Runtime comparisons. Here, we compare model runtime and performance, as measured by the evidence lower
bound (ELBO) Q as defined in [Eq. (S18)] for the omni-assortative and semi-assortative model variants. In Sup-
plementary Figure 1 we show how the trade-off between runtime and performance varies by dataset. While the
semi-assortative model achieves a better runtime and ELBO on the DAWN data, the omni-assortative model achieves
a better fit to the hospital data, at the cost of extra runtime.

Sensitivity to small perturbations in the data. We have run a stability assessment to ensure that the inferred
mesoscale structures are robust. For this, we have run a perturbation experiment on the Supreme Court and hospital
datasets, where we removed a random 10% of all hyperedges and measure the similarity of the community assignments
resulting from the different perturbed datasets. Specifically, we measure the cosine similarity between communities
inferred from the whole dataset and from the dataset partially pruned and find the communities align very closely to
one another. The cosine similarity is measured between 0 and 1, where 1 represents identical membership assignment.
We find nearly identical community structure learned from the full and ablated datasets. For each dataset, we observe
a mean cosine similarity greater than 0.99 with little variation across seeds (standard deviation less than 0.005).

Hypergraph generation: inclusion occurrences. The inclusion occurrence of a hyperedge size d is the number
of nonzero hyperedges of size d which appear as a subset of a hyperedge of size d + 1. Computing the inclusion
occurrences of the hypergraph we generate is expensive due to the size of the hypergraph. Therefore, for each hyperedge
order, we randomly sample 10 hyperedges to form a smaller hypergraph and compute its inclusion occurrences. We
repeat this procedure 10 times, for both the true and synthetic hypergraph data and show the average.

SUPPLEMENTARY NOTE 5: DETAILED DERIVATIONS

In Supplementary Note 2, we give the updates and the general framework for how we derive them. Here, we explicitly
derive them in more detail. Specifically, we give full derivations of the optimal updates for the semi-assortative model.
The derivations of the fully omniassortative updates are similar to the derivations here—the derivations for the strictly
assortative derivations are given by (9). Abusing notation, we write Q to mean Q(A® T, W,0).

The evidence lower bound is given by:

d C
Q:_ZZV(@ (d)+zz Z E 14(d)|~’4(> log (d) +ZZ Z ZZE Aij)ch|"4(:)] log(gircrwcrk)
d=2 k=1 d=2k=1ic (4 d=2 k=1ic0(d r=1c,=1
(S42)
K N C D
:7227(@ <d>+zz Z A“”|A”] log(y <d> +ZZI ZZ ]E[ASC)H-A(:)} log(f;cwpe)
d=2 k=1 d=2 k=1ieQ(d) k=1i=1 e=1d=2ie ()
(S43)
K N C
:_Zz,yu)(b(d)_’_zz Z A(‘”|.A”]10g( <d) ZZZE A;Z;c |.A(:)] 1Og(9icwkc) (S44)
d=2 k=1 d=2 k= 1,€n<d> k=1i=1 c=1
N C K
:7227@) <d>+zz Z A(d)|A(>] log(y (d))JFZZlOg(QiC)ZE[AEZ}c‘A(:)] (S45)
d=2 k=1 d=2 k=1ie (4 i=1 c=1 k=1
K C N
+3 > log(wer) Y E[AG | AV (S46)
k=1c=1 i=1
M-step.

Update to 0;.. To update 6., we set the partial derivative BQ = 0 and solve for 6;.. By definition,

8mik _ 6¢<d>
L

[T i,k = o557

ic(d ici i
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The partial derivative is given by:

ii (‘”(% am’k>+1i1@md> | A9
d=2 k=1 Oic k=1

D

Z
—2k

Setting 8Q = 0 and solving for ;. yields

1 K
(d) 1 (d—1) § ()
ik Wek + 0, ]E zck‘A .
1w’ k):1

HMN

K

S T EAG | )

c .
Zd QZk 17’(d) b wer,

Update to 'y(d) The partial derivative 6‘9%) is given by:

0 1
9 = -y + @ Z E [Af) | AP].

(d)
aPyk k ie(@

Setting - g) = 0 and solving for 7" yields:

@ _ 2ienw E[Af | A
7k (d) .
k

E-step. The updates require computing ¢} := E[A]; | A®] and ¢}, = E[A{}, | A®]. By multinomial thinning,

K (d)

(@)
. . TIf—1 ik
A LAY, = a ~ Multinomial | a, T =1 T .
D1 Vi Ty Mg

Therefore,

(d)
: ' ' 19, ™4,k
B | A9) = ELA | 4] = A9 b Dotk
k'=1 Tk Llp=1"10i k'

To compute E[A{, | A®], we use the law of total expectation.

[ nck ‘ "4( )] [E[A;Zik | A;Z)’ Agd)] | A;d)]
=E[E[A), | AR A7)

(A ) | AL ~ Multinomial (Aé,’i), %) As such,

iick ; 19w’wkc
9' -Wek
A(d) A(=) — (d) | A(d) wee .
[ iick | } [ ] ZSZI eidwc/k

We compute expectations in a compositional manner, first computing E[A{;) | A{”], and then E[A{), | A{"] conditional
on E[AS | AP
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