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SUPPLEMENTARY INFORMATION 
 
Supplementary Figures 
 

 
Supplementary Fig. 1: A supracellular triangular pattern in the Drosophila pupal retina. 
(a to c) Apical (a), middle (b) and basal (c) confocal views through the retinal epithelium at 
42h APF. The panels show the correspondence of structures along the apicobasal axis of the 
ommatidium, from the apical hexagonal packing to the basal triangles formed by the feet of 
the secondary pigment cells. The grommets (orange circumference) are in the center of the 
hexagons and at the vertex of the triangles. Green: E-cadherin. Magenta: F-actin. bc: bristle 
cell complex; 2ºPC: secondary pigmentary cell; 3ºPC: tertiary pigment cell.  (d and e) The 
dorsal (top) to ventral (bottom) gradient of increasing triangle size in female (d) and male (e) 
42 hAPF retinas. View with superimposed triangular mesh. Triangle size scale is color-coded 
(green-to-purple). A, anterior; P posterior. Scale bars: a, b, c = 10 µm; d, e = 100 µm. 
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Supplementary Fig. 2: In vivo vs fixed triangle area comparisons. (a) View of a whole 42 
hAPF fixed retina with superimposed triangular mesh. The dorsal and ventral regions from 
which the triangles were extracted are delineated in red. A, anterior; P posterior. (b) Dorsal 
(upper) and ventral (lower) regions of an in vivo ECad::GFP retina 1 from which the triangular 
elements were extracted. (c) Distributions of triangle area from fixed and in vivo retinas. 
Although statistically significant differences are observed between conditions, the 
ventral/dorsal area ratio remains conserved, suggesting that the fixation process induces an 
isotropic shrinkage of the retina. Scale bars: a = 100 µm, b = 10 µm. Triangle size colored 
according to scale in (a) and (b). Data shown as mean ± s.d. Sample number: a,b = 6 (3 females, 
3 males). Triangle area distributions statistical tests: ***p<0.001. 
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Supplementary Fig. 3: Curvature comparisons of adult eyes and different patterns 
simulated computationally. (a and b) Representative segmented eye surface (frontal (a) and 
lateral (b) views) of female and male flies (“WTf 1” and “WTm 1”, respectively). (c and d) 
The adult female eye has a bigger major axis (c), but males and females present similar eye 
depth (D) (Supplementary Datas 2 and 6). (e) Distribution of Gaussian metrics for male and 
female comparisons, showing that they all present similar values with low variability. (f) A 2D 
triangle size map of the D. melanogaster pupal retina complementary to the one shown in Fig. 
1c, but with the same outline, is used to generate a simulated 3D surface (sWTc; see Methods). 
Triangle size scale is color-coded. (g) Pairwise comparisons of the resulting WT, sWTc and 
sWT surfaces showing the high similarity between all of them. (h) A disordered pattern of 
small triangles is the initial 2D surface for the rubber-like material simulations.  (i) Pairwise 
comparison showing that the WT patterns produce very similar curvature distributions that 
cannot be reproduced neither with the Identical Triangles (“sIT”) nor the Rubber-like material 
(“sRub”). 
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Supplementary Fig. 4: Methodology for the comparison of adult eyes and models. (a) 
Representative lateral, frontal and oblique views of the raw sWT (top row) and the 
corresponding smoothed surface that can be compared with the adult eyes (bottom row, see 
Methods). (b) Evolution of raw sWT depth (grey) as a function of iterations. The mean ± s.d 
of WT depth defines the selection window for identifying the best-fitting sWT iteration (green 
lines: iteration 239-401). (c) Evolution of mean Gaussian metric between sWT and WT (grey) 
across iterations. Within the selection window (green lines: iteration 239-401) the selected 
iteration that corresponds to sWT is identified as the one with the lowest WT mean Gaussian 
metric.  
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Supplementary Fig. 5: Analysis of Curvature in the Drosophila mauritiana Eye. (a) Frontal 
view of an adult D. mauritiana eye. (b) Lateral, frontal, and oblique views of a representative 
segmented eye. (c) Tile-scan confocal image of a full retina stained with phalloidin to visualize 
the F-actin at the basal surface. The boxed region shows mild defects in the basal triangular 
pattern of 2º PCs restricted to this region. (d) Apical and basal confocal views from the 
posterior part of the retina. The apical packing is normal. In the basal view, the triangular mesh 
pattern is visible despite the absence of some bristle cell complexes. (e) Apical and basal 
confocal views from the boxed region in (c). The pattern in the basal region is disorganized, 
and some of the triangle "sides", as formed by the 2ºPC basal feet, are missing. (f) D. 
mauritiana pupal retina from Fig. 2i where some triangles have been removed from places 
where 2ºPC basal feet are missing.  (g) sMau*: the simulated 3D surface based on the D. 
mauritiana triangle pattern with triangles removed. Triangle size scale is color-coded for (f 
and g). (h) Distribution of Gaussian metric of D. mauritiana eyes (“Mau”), sMau and sMau*. 
No curvature distribution differences were detected in any of the comparisons. The similarity 
of the metrics between sMau (with a full complement of triangular segmentation based on 
grommet as triangle vertices) and sMau* (with some triangles removed to mimic the “defects” 
observed, d basal), indicates that the small number of missing triangles in the anterior/ventral 
region of Mau retinas does not significantly affect   (Supplementary Data 5). Scale bars: c, f = 
100 µm; d, e = 10 µm.  
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Supplementary Fig. 6: talin-IR phenotype and its simulation.  (a and b) Representative 
basal confocal views of two different talin-IR pupal retinas. (c and d) Representative apical 
confocal views of the WT (c) and talin-IR (d) retinas, stained with E-cadherin, showing the 
ommatidial hexagonal pattern in the apical side. Double-headed arrows indicate the positions 
of the horizontal and vertical measurements. (e) Comparison of vertical/horizontal ratio in WT 
and Talin apical hexagons shows the apical hexagonal patterns are not significantly different. 
(f) A continuous fine mesh composed by triangles with scrambled orientation inside of the 
perimeter of the talin-IR pupal retina is the initial 2D surface that is inflated to produce the 
sTalin simulation (see Methods). Scale bars: 10 µm. 
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Supplementary Fig. 7: Mmp2 phenotype and its simulation. (a and b) Confocal views 
through a GMR>UAS-Mmp2 (“Mmp2”)  pupal retina stained with phalloidin to visualize the 
F-actin at the basal (a) and apical (b) surfaces of the retina. The orange ring marks the 
ommatidial central axis.  (c and d) Lateral (c) and frontal (d) views of a Mmp2 adult eye, 
showing that these eyes are still curved. (e) 3D reconstructions of three segmented Mmp2 adult 
eyes. Dark red, italicized numbers indicate the Gaussian metric calculated from pairwise 
comparisons between each Mmp2 surface and a wild-type (WT) male retina (see Fig. 3f). Light 
brown numbers show the metric between each pair of Mmp2 surfaces. (f) Statistical analysis 
of the sets of Gaussian metric values for these comparisons, showing that Mmp2 eyes differ 
significantly from WT and display higher variability. (g) Equivalent comparisons using 
computationally generated reference surfaces show equivalent results. Scale bars: a, b = 10 
µm; c = 100 µm. 
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Supplementary Methods 
 
Mesh definition 
According to 2 a mesh can be intuitively understood as a surface composed of flat, triangular 
elements joined together along their edges, forming a piecewise linear approximation of a 
shape. In our context, it is essential to distinguish between two aspects of a mesh: the 
arrangement of its elements and the spatial positions of its vertices. More precisely, a mesh 𝑀 
can be defined as a pair (𝐾,𝑉), where 𝐾 is a simplicial complex encoding the connectivity 
between vertices, edges, and faces, and thus characterizing the mesh’s topology; and 𝑉	 =
	{𝑣!, . . . , 𝑣"}, 𝑣# ∈ ℝ³, is a set of coordinates specifying the geometric location of the vertices, 
thereby determining the actual shape of the mesh in ℝ³, which makes up the geometric 
realization. 

A simplicial complex 𝐾 is defined as a collection built from a finite set of vertices {1, . . . , 𝑚} 
and a family of non-empty subsets of these vertices, known as simplices. By definition, every 
individual vertex {i} must be included as a simplex, and any non-empty subset of a simplex in 
𝐾 must also belong to 𝐾 2,3. The simplices are categorized by dimension: 0-dimensional 
simplices {i} ∈ 	𝐾 are referred to as vertices, 1-dimensional simplices {i, j} ∈ 	𝐾 as edges, and 
2-dimensional simplices {i, j, k} ∈ 	𝐾 as triangular faces. 

A mesh can be geometrically realized as a surface in ℝ³ through the following construction. 
Starting from a given simplicial complex 𝐾, one forms its topological realization ∣𝐾∣ in ℝ"  
by associating each vertex {1, . . . , 𝑚} with a corresponding standard basis vector {𝑒!, . . . , 
𝑒"} ∈ ℝ". For any simplex 𝑠	 ∈ 	𝐾, the set ∣𝑠∣ represents the convex hull of its vertices in ℝ" 
and |𝐾| =	∪$	∈	' |𝑠|. A linear mapping 𝜙 ∶ 	ℝ" 		→ 	ℝ³ is then defined to map the standard 
basis vectors 𝑒# 	 ∈ 	ℝ" to the actual positions of the corresponding vertices 𝑣# 	 ∈ 	ℝ³, thereby 
embedding the abstract complex as a piecewise linear surface in three-dimensional space. 

The geometric realization of the mesh 𝑀 is given by the image of 𝐾 under the map 𝜙((|𝐾|), 
where the notation 𝜙( highlights that the mapping is entirely determined by the set of vertex 
positions 𝑉	 = 	 {𝑣!, . . . , 𝑣"}. The map 𝜙( is referred to as an embedding if it is injective, 
meaning that 𝜙((|𝐾|) contains no self-intersections. However, not all choices of vertex 
positions 𝑉 yield an embedding; only certain configurations of 𝑉 ensure that 𝜙(  is one-to-one. 

If 𝜙( is an embedding, then every point in the geometric realization 𝜙((|𝐾|) has a unique pre-
image in |𝐾|. This means that any point on the embedded surface can be parameterized by 
identifying its corresponding point in the abstract simplicial complex. The vector 𝜆	such that 
𝜙((𝜆) 	= 	𝑝 where 𝑝	 ∈ 𝜙((|𝐾|)	, is referred to as the barycentric coordinate vector 𝑝  with 
respect to 𝐾. These barycentric coordinates are convex combinations of the standard basis 
vectors in ℝ" corresponding to the vertices of a single face in 𝐾. Importantly, any barycentric 
coordinate vector has at most three non-zero entries: exactly three if the point lies in the interior 
of a triangular face, two if it lies on an edge, and one if it coincides with a vertex. 
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Generation of box surfaces 
To simulate 3D metamaterial-like tissue formation, we apply a gradually increasing pressure 
to a 2D triangular mesh constrained within a rigid elliptical frame. The resulting differences in 
generated curvature are analyzed across three distinct triangle size distributions: Uniform, 
Gradient, and Discontinuous (Supplementary Data 1, Box). Each of these triangular patterns 
was generated as follows: 

1. Uniform pattern: This pattern was generated using the same meshing procedure 
described for the sIT simulations. However, in this case, the total number of triangles 
was matched to that of the gradient pattern. 

 
2. Gradient pattern: An elliptical boundary with a major-to-minor axis ratio of 0.5 was 

defined. Within this domain, a non-uniform triangular mesh was constructed using a 
method analogous to that employed for the sIT simulations, with key modifications. 
Specifically, instead of a uniform distribution, the mesh was designed to maintain a 
constant base triangle length 𝑑), while imposing a vertical gradient on the triangle 
height 𝑑*. The height of each successive horizontal row of triangles was reduced by 
5% relative to the previous one. This process continued until the height reached 20% 
of the initial value. From that point, a region of uniform triangle height was generated 
up to the midpoint of the ellipse along the 𝑦-axis. To preserve symmetry, the lower half 
of the pattern was constructed by mirroring this procedure across the horizontal axis. 
 

3. Discontinuous pattern: This configuration was derived from the gradient pattern by 
homogeneously removing 20% of the triangles from both the upper and lower regions 
of the mesh. 

 
Farthest point sampling 
This method iteratively selects a subset of points that maximizes spatial coverage of the surface 
while preserving its overall structure. Starting from an arbitrary initial point, each subsequent 
point is chosen to be the one that lies farthest, in Euclidean distance, from the nearest 
previously selected point. Formally, given a point cloud 𝑃	 = 	 {𝑝!, 𝑝+, . . . , 𝑝,} ⊂ 	ℝ³, and a 
desired number of sampled points 𝑛	 < 	𝑁, the algorithm constructs an index set 𝐼	 ⊂
	{1, . . . , 𝑁} of cardinality 𝑛 such that the minimum distance between any unselected point and 
the selected set is maximized at each iteration. The result is a sparser, yet well-distributed, 
point cloud.  
 
Computational model to deploy the triangular mesh 
A finite element method (FEM)4was implemented in MATLAB to simulate the mechanical 
response of thin or thick shell structures using a triangular shell element. The model is based 
on a 6-node quadratic triangular shell element, capable of capturing both membrane and 
bending behaviors. The formulation is suitable for geometrically nonlinear analyses and 
includes options for viscous stabilization, prescribed boundary conditions, and iterative load 
updates in the direction of nodal normals. 
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The mechanical behavior of the shell is governed by the principles of linear elasticity. The 
shell kinematics are described using Mindlin–Reissner theory, which accommodates 
transverse shear deformation, making the formulation applicable to both thin and moderately 
thick shells. 

Each node of the triangular element possesses five degrees of freedom: 

● Three translational components: 𝒖𝒙, 𝒖𝒚, 𝒖𝒎. 
 

● Two rotational components: 𝜽𝒙, 𝜽𝒚. 

In our model, we assume that connected triangles can freely rotate at connection points 
between triangles thereby decoupling individual triangle rotations. To computationally 
implement this condition, we define duplicated nodes at connection points which are after 
kinematically linked across their translational components. This kinematic condition is 
imposed in our system through a penalty analogous to the imposition of prescribed 
displacements/rations in FEM4. 

The generalized strain vector at a Gauss point is divided into: 

1. Membrane strains (𝜺𝒎) — in-plane normal and shear strains. 
 

2. Bending curvatures (𝜿𝒃) — second derivatives of the displacement field in the mid-
surface. 
 

3. Shear strains (𝜸𝒔) — due to transverse shear deformation. 

Each component is related to the nodal displacements 𝑢 by: 
 
                     								𝜺𝒎 	= 	𝐵"𝒖,																		𝜿𝒃	 = 	𝐵)𝒖,																				𝜸𝒔 	= 𝐵$𝒖,																													(6)            
 
where: 

● 𝐵": It is the membrane strain matrix. This matrix maps the translational degrees of 
freedom in the element mid-surface to the in-plane strains. Assuming a linear or 
quadratic interpolation of displacements: 
 

																												𝐵" =	

⎝

⎜
⎜
⎜
⎛

𝜕𝑁!
𝜕𝑥

0 0						 …

0
𝜕𝑁!
𝜕𝑦 0						 …

𝜕𝑁!
𝜕𝑦

𝜕𝑁!
𝜕𝑥 0						 …

						

𝜕𝑁2
𝜕𝑥

0 0

0
𝜕𝑁2
𝜕𝑦 0

𝜕𝑁2
𝜕𝑦

𝜕𝑁2
𝜕𝑥 0

⎠

⎟
⎟
⎟
⎞
.																															 

 
where	𝑁# are the shape functions for each node in the element. 
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● 𝐵): It is the bending strain matrix. This matrix relates the rotations, usually associated 
with out-of-plane curvature, to bending strains: 
 

𝐵) =	

⎝

⎜
⎜
⎜
⎛

𝜕𝜃3,!
𝜕𝑥 								

𝜕𝜃5,!
𝜕𝑥 																…

𝜕𝜃3,2
𝜕𝑥

𝜕𝜃3,!
𝜕𝑦 								

𝜕𝜃5,!
𝜕𝑦 																…

𝜕𝜃3,2
𝜕𝑦

𝜕𝜃3,!
𝜕𝑦

+	
𝜕𝜃5,!
𝜕𝑥

𝜕𝜃5,!
𝜕𝑥

+	
𝜕𝜃3,!
𝜕𝑦

									…
𝜕𝜃3,2
𝜕𝑦

+	
𝜕𝜃5,2
𝜕𝑥

				

𝜕𝜃5,2
𝜕𝑥
𝜕𝜃5,2
𝜕𝑦

𝜕𝜃5,2
𝜕𝑥

+	
𝜕𝜃3,2
𝜕𝑥 ⎠

⎟
⎟
⎟
⎞
. 

 
where	𝜽𝒙, 𝜽𝒚 are rotations about the global 𝑥 and 𝑦 axes, respectively. 
 

● 𝐵$: It is the shear strain matrix. This matrix captures the transverse shear deformation 
and is often simplified via reduced integration to avoid shear locking: 
 

𝐵$ =	

⎝

⎛

𝜕𝑁!
𝜕𝑥 0 −𝑁!

0
𝜕𝑁!
𝜕𝑦

−𝑁!
				
		…							

𝜕𝑁2
𝜕𝑥 0 −𝑁2

… 										0
𝜕𝑁2
𝜕𝑦

−𝑁2⎠

⎞ . 

 

The total stiffness matrix for each element 𝐾6 is constructed as: 
 

																																						𝐾6 =	](𝐵"7𝐷"𝐵" +	𝐵)7𝐷)𝐵) +	𝐵$7𝐷8𝐵8)	𝑑𝐴,
9

																																					(7) 

                
where: 

● 𝐵", 𝐵) , 𝐵$: Strain-displacement matrices for membrane, bending, and shear 
components, respectively. 
 

● 𝐷", 𝐷: , 𝐷$: Constitutive matrices for each component (see next section). 
 

● 𝐴: Element area. 

The integrals are evaluated using one-point reduced integration (three-point quadrature for 
triangles). 
 
Constitutive material model 
 
The material is modeled as isotropic and linearly elastic. Three constitutive matrices are used 
for the three physical mechanisms in the shell: 
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● Membrane forces: 
 

𝐷" =	
𝐸𝑡

1 − 𝜈+d

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

f 

                                   
● Bending moments: 

𝐷) =	
𝐸𝑡;

12(1 − 𝜈+)d

1 𝜈 0
𝜈 1 0

0 0
1 − 𝜈
2

f 

                               
● Shear forces: 

 

𝐷$ =	
5
6𝐺𝑡𝐼+,																										𝐺 = 	

𝐸
2(1 + 𝜈) , 

 
where 𝐸 is Young’s modulus, 𝜈 is Poisson’s ratio, 𝑡 is the shell thickness, and 𝐼+ is the 2𝑥2 
identity matrix. In the present work, 𝐸/𝑝	 = 	6,825 ⋅ 10<, 𝜈	 = 	3 ⋅ 10=! and 𝑡	 = 	1,25 ⋅
10=!	𝜇𝑚.  The chosen value of 𝐸/𝑝 is given in a dimensionless fashion to ensure that for a 
selected applied pressure 𝑝	 = 	10⁵, results in consistent deformations while maintaining 
numerical stability in the simulation. The thickness 𝑡 was selected such that the ratio 𝑡/ℎ, being 
ℎ the height of the triangle, remains within the bounds required by thin shell theory 
(Supplementary Data 3). These parameters are therefore chosen to satisfy the theoretical 
constraints of thin shell kinematics{Timoshenko, 1959 
 #4763}, while promoting a regularized and robust computational framework. 
 
Solution strategy 
 
The nonlinear equilibrium of the shell structure is solved through a quasi-static iterative 
procedure implemented using an updated Lagrangian scheme. Rather than relying on a 
residual-based convergence criterion, the algorithm executes a predefined number of iterations 
per load step, thereby enforcing consistency through gradual pressure application and 
geometric updates. This approach is particularly effective for thin-to-moderately thick shells 
where load-induced geometric nonlinearities must be captured, but material behavior remains 
linear. 

At each load step, the global displacement vector 𝒖	is initialized and incrementally updated 
across a fixed number of iterations. Subsequently, provided the updated displacement vector, 
mesh coordinates are appropriately updated. Then, at each iteration, the following steps are 
performed: 

1. Normal Directions Update and Load Update Procedure: The local normal vectors 
at the surface nodes are recalculated using an area-weighted average of the normals 
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from adjacent triangular elements. This procedure ensures that externally applied 
surface loads remain correctly oriented relative to the evolving geometry. Once the face 
normals have been updated, the external load vector is recalculated to ensure that the 
applied forces remain aligned with the deformed surface. In that way, pressure is 
always being applied normally over the surface. 

 
2. Global System Assembly: The global system assembly forms the structural core of the 

finite element method, wherein the element-wise stiffness matrices and load vectors 
are constructed and assembled into global matrices. The total stiffness matrix of the 
structure is obtained by looping over all elements and computing their contributions 
using numerical integration. 

 
2.1. Element Geometry and Local System Transformation: For each element 𝑒	 ∈

	{1, . . . , 𝑛6>6"}, the nodal coordinates are extracted using the connectivity 
matrix 𝑒𝑙𝑒𝑚𝑒𝑛𝑡𝑠, which indexes into the nodal coordinate array 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠. 
A local coordinate system 𝑇6 	 ∈ ℝ;×;	is constructed based on three selected 
nodes to define the element's mid-plane and local axes. This transformation 
matrix is used to express local quantities in a reference frame, called local 
system, aligned with the mid-surface of the shell: 
 
																																																			𝑐>@AB> =	𝑐C>@)B>𝑇67 .																																																		(8) 
 

2.2. Numerical Integration and Element Stiffness Matrix: Numerical integration is 
performed over each element using three Gauss points. At each Gauss point 𝑔, 
the strain-displacement matrices are computed and then, the corresponding 
contribution to the element stiffness matrix 𝐾6 are integrated: 
 

																																																																									
𝐾)
(C) =	𝐵)7𝐷)𝐵)𝑎C𝑤C

𝐾"
(C) =	𝐵"7𝐷"𝐵"𝑎C𝑤C
𝐾$
(C) =	𝐵$7𝐷$𝐵$𝑎C𝑤C

.																																																(9) 

                              
The total element stiffness matrix is updated via: 
 
																																		𝐾6 =	𝐾6 +	𝐾)

(C) +	𝐾"
(C) +	𝐾$

(C),																																						(10) 
	
where	𝑎C is the area of the Gauss point and 𝑤C is the integration weight. This 
equation is the discretized version of equation (7). 
 

2.3. Distributed Load Vector: Simultaneously, the distributed loading 𝑝 applied 
normal to the shell mid-surface is incorporated into the element force vector. 
The load vector contribution at Gauss point 𝑔 is given by: 
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                          			𝒇𝒆

(𝒈) 	= 	𝑁7(𝑝𝒏	 − 	𝜌ℎ𝑔)𝑎C𝑤C,																																												(11)                    
 
where 𝑁 is the shape function matrix, 𝒏 is the local normal vector (third row of 
𝑇6), 𝜌 is the shell density, ℎ is the shell thickness and 𝑔 is the gravitational 
acceleration vector. For the sake of simplicity, in the present work 𝜌	 = 	0.  
 

2.4. Assembly into Global Matrices: For each element, the degrees of freedom are 
mapped to global indices using the connectivity matrix and degree-of-freedom 
per node. The stiffness matrix 𝐾6 and force vector 𝒇𝒆 are assembled into the 
global stiffness matrix 𝐾	 ∈ ℝ2!"#×2!"# 	and the global force vector. This step 
completes the discretization of the equilibrium equations over the entire 
domain. 
 

3. Viscous Regularization: During the numerical simulations using the shell finite 
element model, it was observed that the system exhibits instabilities consistent with 
rigid-body motion, particularly uncontrolled rotational displacements of the triangular 
shell elements, as elements are freely allowed to rotate being these rotations uncoupled 
between elements. This behavior indicates that the linear system to solve is poorly 
conditioned due to a lack of sufficient constraints to suppress such non-physical 
motions. 
To address this, a viscous regularization strategy is introduced. This approach 
conceptually embeds the shell in a fictitious viscous medium, such that the elements 
experience a damping force proportional to their velocity. This artificial viscous force 
has only a numerical meaning and it does not alter the solution significantly in the 
steady state but provides numerical stability by damping out rigid-body motions during 
the iterative solution process. The regularized system is reformulated as: 
 

																																									}
𝑐
∆𝑡 + 𝐾�𝒖𝒕I𝟏 =	𝒇𝒕I𝟏 +	

𝑐
∆𝑡 𝒖𝒕,																																														(12)	 

 
where	𝒖𝒕I𝟏 is the current displacement vector, 𝒖𝒕 is the displacement vector from the 
previous iteration, 𝐾 is the stiffness matrix, 𝒇𝒕I𝟏 is the updated force vector and 𝑐 is 
the viscous damping matrix, serving as a regularization term, defined as: 
 
																																																															𝑐 = 	𝛼𝐼:#$K,																																																															(13) 
 
where	𝛼 is a small scalar regularization parameter and 𝐼:#$K is a diagonal matrix of size 
𝑛:@L 	× 	𝑛:@L with ones in positions corresponding to translational degrees of freedom 
and zeros elsewhere. The scalar coefficient 𝛼 is calibrated to ensure the damping 
remains a small perturbation to the physical problem. It is computed as: 
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																																																	𝛼 = 	�
max(𝐾) + min(𝐾)

2 � 	𝑥	10=M																																		(14) 

                                   
This empirical scaling ensures that the regularization is effective enough to suppress 
instabilities without significantly altering the solution of the mechanical system. By 
incorporating this viscous regularization, the simulation gains robustness and numerical 
coherence, while preserving the validity of the thin shell formulation. The method serves as a 
non-intrusive stabilization mechanism for large deformation analyses where rigid-body 
motions may otherwise persist. 
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