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Supplementary Fig. 1| Tapping AFM-IR imaging of the same hBN flake as in Fig.1. (Top),
Typical tapping AFM-IR image acquired at 1455 cm™!. Scale bar, 1 um. (Bottom), Corresponding

line profile averaged over 10 pixels along the profile’s path, taken perpendicular to the flake edge
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(black curve) with a single-wavelength fit of 0.86 + 0.22 - sin[

(red curve), as described in Supplementary Note 1.
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Supplementary Fig. 2| Dependence of TFM-IR signal on torsional driving amplitude and
feedback setpoint. a, TFM-IR profile acquired at different driving amplitude under a constant 20
nN feedback setpoint. Light blue: 10 mV. Orange: 20 mV. Green: 30 mV; Red: 40 mV; Purple: 50
mV. b, TFM-IR profile acquired at different feedback setpoints under a constant 20 mV torsional
driving amplitude. Blue: 10 nN. Orange: 30 nN. Green: 50 nN. Red: 70 nN. All data were acquired
at 1450 cm™!.
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Supplementary Fig. 3| Schematic model of an AFM cantilever with point-tip under torsional
motion.




Supplementary Fig. 4| Gaussian decomposition of TFM-IR spectra from flat mica presented
in Fig. 2a. a, Normalized f,,;- spectrum (blue circles). b, Normalized f;,,- spectrum (red circles).
Each spectrum is consistently decomposed into four characteristic peaks centered at ~963 cm’!
(dash-dot-dot), 995 cm! (dashed), 1022 c¢cm! (dash-dot), and 1050 cm™' (dotted). Four
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0.20e 2200? | and 0.98e 2G39* | Solid blue and red curves represent the corresponding

global fits obtained using four Gaussian components, showing good agreement with the
experimental data.
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Supplementary Fig. 5| Scaling behavior of TFM-IR peak intensities with torsional driving
amplitude. a, Intensity of the 995 cm™ out-of-plane peak measured from the f,,;- spectra as a
function of 4,,,. The data exhibit a linear dependence, with a fit of 0.13 - 4,,, — 1.00 (red line). b,
Intensity of the 1050 cm™ in-plane peak measured from the f;,,- spectra as a function of A,,. The
data exhibit a quadratic dependence, with a fit of 0.447 + 0.014 - (4,, — 48.694)? (red curve).
Peak intensity was obtained from Gaussian fit to experimental spectra with error bars determined
at the 95% confidence level.
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Supplementary Fig. 6| Large-area characterization of mica exfoliated on a ZnSe substrate.
a, AFM height image. b, Simultaneously acquired TFM-IR image at 1045 cm™! of the same region.
A random distribution of mica nanobubbles can be revealed in both AFM height and TFM-IR
images (highlighted by red arrows). All nanobubbles shows consistent optical features in b with a
reduction of optical intensity at the center, which is distinct from their smooth dome morphology
in a. Scale bar, 2 um.
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Supplementary Fig. 7| Reconstructed in-plane and out-of-plane spectra from raw data in Fig.
2a. a, Out-of-plane spectra. b, In-plane spectra. Each spectrum is decomposed by four
characteristic peaks to evaluate in-plane and out-of-plane spectral weights. Four Gaussian fitted
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four Gaussian components, showing good agreement with the experimental data.
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Supplementary Fig. 8| Nanobubble model for FEM simulation. (Top) Three-dimensional
height profile of nanobubble model constructed from the experimental profile in Fig. 2a. Scale bar,
I um. (Bottom) Line profiles extracted from nanobubbles along the radius. Black circles,
experimental data. Red curve, model.
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Supplementary Fig. 9| Second individual mica nanobubble. a, (Top) 3D AFM height image of
an individual mica nanobubble with a height of ~55 nm and a FWHM of ~ 4.2 um. Scale bar, 1
um. (Bottom) Corresponding TFM-IR image acquired at 1365 cm™!, showing no discernible optical
features under off-resonant optical excitation. Scale bar, 1 pm. b, Reconstructed in-plane (top) and
out-of-plane (bottom) maps acquired at 990 cm™!. Scale bar, 1 pm. ¢, Reconstructed in-plane (top)
and out-of-plane (bottom) maps acquired at 1045 cm!. Scale bar, 1 pm. Data in b and ¢ were
acquired under identical imaging conditions, with the excitation wavelength as the only varying
parameters.
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Supplementary Fig. 10| Off-resonant TFM-IR imaging of the moiré lattice. TFM-IR image
of the same area shown in Figs. 4 and 5, acquired at 1607 cm™'. No discernible optical features
are observed under this off-resonant excitation condition.
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Supplementary Fig. 11| Step-by-step fabrication process of the twisted bilayer graphene
moiré samples using a modified tear-and-stack method. The region defined by the overlap of
the yellow and red outlines corresponds to the area for TFM-IR imaging. Scale bar, 50 pum.
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Supplementary Note 1: Hexagonal Boron Nitride Phonon-Polariton Fitting

The complex wavenumber G (k) of hyperbolic PhPs in hBN is described by the equation:

~ — \/EII(A) [ < ieq(1) ) < ies(A) )]
Gga) = N NE) arctan Tehe® + arctan e ® (1)

Where €,(4) and €, (1) are hBN’s in and out-of-plane wavelength-dependent permittivity, €5(1)
is the sample permittivity, €, (1) is the air (or top layer’s) permittivity, and d is the flake thickness'.
When IR light is coupled into the tip-sample system (hBN flake), propagating PhPs can, in
principle, be launched by both the flake edge and the tip, and subsequently detected by the tip**.
Compared to edge-launched PhPs with wavelength 4,,, tip-launched PhPs travel twice the distance
before detection, resulting in a standing wave with wavelength A,,/2. Nevertheless, tip-launched
PhPs typically exhibit stronger amplitudes from destructive interference, but rapid optical decay
due to the travel distance, making them difficult to observe. Consequently, most PhP measurements
in literatures display only a single oscillatory pattern, and detecting both requires either
isotopically pure hBN or a more sensitive technique capable of capturing the fast-decaying tip-
launched contribution. These two processes can be modeled by exponential decaying sinusoids as

expressed in Egs. 2 and 3:

_ it Gl 1)
fedge—launched (x) =dy+ A - sin [% + ¢1] e M @)
. [xe—p)2m il €3l ) . [(x—p)2m —(x-p)
fedge+tip launched(x) =do+A4;- sm[ N + ¢1] e 1+ A4, sm[ 7 + d)z] e T2 (3)

Where d,, is the background signal, 4 is the oscillation amplitude, ¢ is the phase offset, and p is a
constant offset set to the position of the first peak’s maximum to ensure consistent phase between

fits.

The tapping AFM-IR profile (Supplementary Fig. 1) exhibits a single oscillatory pattern,
whereas the TFM-IR profile (Fig. 1¢) from hBN flake reveals a distinct beating pattern at the same
wavenumber. Fitting these profiles with Eqs. 2 and 3, respectively, yields 44 = 373.5 £ 1.6 nm
for tapping AFM-IR, and 4; = 361.9 + 1.6 nm together with A, = 188.3 + 1.0 nm for TFM-IR.



In TFM-IR, the relation A; = 24, is consistent with A; obtained from tapping AFM-IR,

confirming their respective physical origins of the two oscillatory components.



Supplementary Note 2: TFM-IR Theory with Non-Linear Frequency Mixing

Supplementary Fig. 3 shows schematics of an AFM cantilever in torsional motion. Torsion is
measured according to the cantilever’s angle with respect to the rest plane O(x, 7), at the
position x along the cantilever, and at time 7. The dynamics of torsional motion of a bar-
like structure has been well studied>®, and the motion for a cantilever’s rotation around

its central axis is governed by the equation below:

56025+ me e ) = p(01 G0 T2 )

where G is material’s shear modulus, and J(x) is the second polar moment of the area,
determined according to the equation 8 = TL/GJ relating angle of rotation 6 to torque
T at the end of a bar of length L. The product GJ(x) = cr(x) is referred to as torsional
stiffness. my(x,t) 1is the external twisting moment per-unit-length acting on the

cantilever, p(x) is the mass density, and I (x) is the cross-section polar moment of inertia.

For a free-standing AFM cantilever, a constant cross-sectional area J(x) = ], and

a constant mass density p(x) = p can be assumed. Eq. 4 is simplified to
920 (x,t) 2%e(xt)
T 6x92€ —pl atf =0. )

By separating variable @ (x,t) = g(x)0(t) and defining the eigenvalues as n? =

w?pl /cy, we get:

9%g(x)

2 _
5 Tng(x) =0 ©
MJ, wZH(t) =0
at2 -

This has led to two simple harmonic oscillators, whose constants A;, A, are set by the
cantilever’s physical boundary conditions, and B, B, by the initial conditions with solutions

below:

{g(x) = A, sin(nx) + A, cos(nx)

6(t) = B, sin(wt) + B, cos(wt) (7)



For an AFM cantilever, its base is clamped (Fig. 1a) and the other end is free without any

twisting moment. As a result, the boundary condition can be set as:

0(0,t) = 0
{ 90 (x,t) _ (8)
T Ax |x=L =0

Applying them gives the eigenvalue equation cos(nL) = 0, which is satisfied for n,, =

(n — %) % Substituting this back into Eq. 7, the free spatial eigenmodes are:

gn(x) = sinnpx ; [5 Gn () gm(X)dx = L 8y ©)

Correspondingly, the resonant frequency of each eigenmode is:

pl
Wp = Ty o (10)

T
This has led to one important difference between a cantilever’s torsional and flexural modes,
the torsion modes have a linear dispersion while the flexural modes possess a quadratic
dispersion as w & n? (refs. 5-7). This linear dispersion suggests the possibility of non-

linear harmonic interactions between different torsional modes.

When the AFM tip is in contact with sample, the tip-sample interaction imposes a
twisting moment and yields new boundary conditions. Assuming that the cantilever angle
is small, the magnitude of the twisting moment induced by a normal force can be

expressed as:
my = | x F| = HF sin@ ~ HF@ (11)

where H is the height of tip (Supplementary Fig. 3). The updated boundary conditions are:

0(0,t) = 0.
20(x, 12
{CT%IH = HFO(L,) (12)

The first condition requires A, = 0 in Eq. 7. The second boundary condition results in

the equation:



crAn cos(nl) = HFA, sin(nL)
tan(yL) = == (13)

HF 1L

The roots of this transcendental equation are the new 1,,. To better understand their

: . . . L . FH
behavior, we can combine the tip-sample interaction into a single parameter g = o
T

Considering the limiting cases for q,

I\ 7w
=|ln—<)-, -0
tan(nL):ii - n ( Z)L 1

nL —
= n-—
Nn 7

(14)

q—)OO

The roots shift by up-to /2L with increasing contact. These two limiting cases are
analogous to standing waves in pipes, where the standing wave ends at an anti-node when
the end is open, or a node when the end is closed. This highlights the importance of AFM
feedback setting in TFM-IR measurement. The orthogonality property in Eq. 8 is broken
with these new 1,,, but for the following discussions we will assume that the tip-sample

contact is weak enough that the modes are still approximately orthogonal.

In general, the torsional motion of AFM cantilever with tip-sample interaction can be

described as:

020(x,t) o 20 (x,t) . 920(x,t)
at2 at T gx2

pl = F(x,t) (15)

Where, y' is the damping coefficient, F(x, t) is the force exerted to the tip and can be
further expressed as Fy6(x —L)f(t). The solution ® can be expanded by using
eigenmodes from the Eq.9 as O(x,t) = >, P,gn(x)0,,(t). By substituting this into
Eq.15, we obtain:

820, , 96, 0%gn
S P [P1Gn 50 = V' gn 52 — cr S0, | = Fof ()8 (x — L) (16)

By reorganizing the equation and letting y = %, the Eq.16 can be further simplified

as:



320, 96,

S Pabn |Gt — v 52+ wZ6n| = 2 F(D8(x — L) (17)

We project this relation onto the m-th mode by integrating both sides of Eq.17, we

obtain:

826, a0,

Jy % Gm(O) T Pagn |5t = v G + @0Z6,| = 2 (0 [ dx gm() 8(x—1)  (18)

This can be further simplified as:

320, 26, F,
LPy |55 =7 T2+ w30n| = 2 gn(LF © (19)

By separating the spatial and temporal parts, we get:

(20)

— fo
{Pn =2 gn(L)
6, —vO, + (‘)121911 = f(t)

One important implication from Eq. 20 is that under external force excitation, the
n-th torsional mode of AFM cantilever can be described as a damped-driven harmonic
oscillator. This provides the basis for configuring different measurement schemes in
TFM-IR.

We have evaluated one experimental TFM-IR scheme outlined in Fig. 1, where an
AFM cantilever is driven at its inherent m-th torsional mode while monitoring the
dynamics of its orthogonal non-driven n-th mode under optical excitation by a pulse
laser at a repetition rate fj4¢e,-. This results in an effective force f(t) = F,;;(t) in Eq. 20
exerted to the tip, which provides momentum for torsional motion of cantilever,

involving photothermal induced force.

When the cantilever is strongly driven at the m-th torsional mode with large angular

amplitude A4,,, the total tip angle in Fig. 1b can be written as:
0(t) = 6,(t) + A, cos w,t 21)

where 6,, is the contribution from the inherent non-driven n-th mode of the cantilever,



with 8,, < A,, cos w,,t. As shown in Fig.1b, the optical induced force F(flaser, t) can

be decomposed to its in-plane (fin) and out-of-plane (Fout) components determined
by the anisotropic characteristics of sample, and only their partial components normal
to the tip can contribute to the momentum for torsional motion of cantilever. F,;/(t)

can thus be expressed:
Feff(t) = Fin(flaserr t) COS[gn + Am cos(a)mt)] + Fout(flaser' t) Sin[gn + Am cos(a)mt)]

= in (flaser' t) COS[ Am Cos(wmt)] + Fout (flaser' t) Sln[Am Cos(wmt)] (22)

For simplicity, we can write the periodic laser-induced force as Fi,(figser t) =
Fin cos(2Tt frgsert) and Fout (fiasers t) = Four COS(2Tf4sert). By employing the Jacobi-Anger

expansion, we can have:

{sin(Am cos wpt) = 2 X7 o(— 1) 2p11(Am)cos((2k + Dawpt) 23)

c0S(Ay, €0S Wi t) = Jo(Am) + 2 =g (=1)*Jox (Am) cos((Zk) wmt)
where i (4,,) is the Bessel function of order k.

Then the effective force becomes:

Feff (t) = Fin COS(ZT[fLasert) (]0 (Am) +2 Z?{o:l(_l)kak(Am) Cos ((Zk)wmt)) +
Fout COS(ZT[fLaseTt) (2 Z;O=0(—1)k]2k+1(Am)COS((Zk + 1)wmt)) (24)

By using trigonometric product identity and letting w,, = 2mnf,,, we have:

Feff(t) = Fin]O (Am)cos(znfLasert) + Fin Zloco=1(_1)k]2k(Am)(COS(27T(fLaser + Zkfm)t) +
COS(Zn(fLaser - Zkfm)t)) + Fout ZI?:O(_1)k]2k+1(Am)(Cos(zn(fLaser + (2k+1)fm)t) +
c0s 1 (fiaser + k+Df)t)) (25)

Projecting expression of F.rr(t) in Eq.25 onto Eq.20, we have immediately

achieved a few important findings:

(1) By driving the cantilever’s m-th torsional mode at large amplitude A4,,, , nonlinear

mixing can occur between the laser-induced force and the torsional motion, and the



non-driven n-th torsional mode (w, = 2mf, ) can be resonantly excited if the

frequency mixing between f;,s. and f;,, coincide with f;, within the linewidth: f,, =

flaser i Zkfma or fn = fLaseT i (Zk - 1)fma (k = 1’ 2’ 3’ "')'

(2) Importantly, the in-plane (F;;) and out-of-plane (F,,;) force components can be
selectively and resonantly coupled to the non-driven n-th torsional mode, by
judiciously tuning the f;,c. to be f,, + 2kf,, (even-harmonic mixing) or f,
(2k — 1) f,, (odd-harmonic mixing), respectively. This can therefore provide a simple
but flexible method to separately measure anisotropic in-plane and out-of-plane
sample properties while maximizing signal-to-noise ratio through resonant
amplification of the targeted torsional mode, which has been challenging otherwise.
In essence, the combination of an m-th mode torsional drive with large-amplitude,
orthogonal eigenmodes, and nonlinear force projection in TFM-IR enables a tunable

frequency mixer that converts optical responses into a resonantly detectable n-th

mode torsional response.

(3) The amplitude of different frequency mixing is weighted by the Bessel function,
Ji(A,,) which decrease with order k. Interestingly, we have found that for the
detection of the first order of in-plane (f,, = fiaser = 2fmm) and out-of-plane (f,, =
fiaser £ fim ) force components, their corresponding signal amplitudes scale

differently as:

FOU.
fn:flaser ifm = TtAm OCAm

= +2 Cin p2 o A2 20
fn flaser— fm = 8 m & m

This has been confirmed by our experiment (Supplementary Fig. 5).

(4) In principle, if laser repetition rate is set to have fi,cerr = fn, the direct term
involving Fj,, in Eq. 25 is always present, however this signal is very small and not
augmented by 4,, , and the background noise or mechanical noise/electrical noise can
reduce signal-to-noise ratio substantially, making the detection with this scheme

challenging in experiment.



Supplementary Note 3: Strain-Modified Photothermal Effect

The TFM-IR images of mica nanobubbles in Fig. 2a show distinct annular features that differ
markedly from their height profiles. In general, the absorption of IR light by the sample induces a
local temperature increase, producing a photothermal effect. The resulting mechanical expansion
exerts a force on the AFM tip, giving rise to the TFM-IR signal’®. The disparity between the TFM-
IR and morphological maps immediately suggests inhomogeneous thermo-mechanical response

within the nanobubble. The TFM-IR observable can be effectively expressed as:
ST, A, wn ) < 0y (T, DAL(T) x (wn) (27)

where a; is the local optical absorption, AL is photothermal expansion caused by local thermal
rise, and y is the mechanical transfer function determined by the torsional dynamics of the
cantilever at the n-th detection mode, while accounting for tip-sample interactions as detailed in

Supplementary Note 2. The local photothermal expansion AL(7) is given by”:
AL(T) = a(r)Ly(F)AT(r) (28)

where a is the local thermal expansion coefficient, L, is the effective length along measurement
direction, and AT is the local temperature rise due to optical absorption. Suppose the sample has a
local strain €(7) such that Ly = L,(1 + €), then under the same temperature change AT,

the strain modified expansion becomes AL = LyaAT, leading to:

AL' () = (1 + €(®) a(P)Lo(PAT(E) (29)

Therefore, a locally stretched region appears to have a slightly larger effective thermal
expansion, while a compressed region appears smaller. The effective thermal expansion
coefficient @’ = (1 + €) a describes how information about the sample’s strain-induced
displacement is embedded within the TFM-IR’s S(7, A, w,) signal by effectively
modifying the thermal expansion coefficient. It is important to note that if the strain is
anisotropic (as in the case of mica nanobubble), directional coefficients a; need to be
considered alongside the local strain tensor &;;. This leads naturally to differences
between in-plane and out-of-plane TFM-IR mapping. In addition to this dominant strain-

induced modification of the thermal expansion, there are a few other possible effects



under large strain, including strain-induced modification of optical absorption a;z(7, 1)
via the photoelastic effect, strain-induced shifts in the band structure, phonon frequencies,

or refractive index.



Supplementary Note 4: TFM-IR Image Reconstructions for Mapping Anisotropic Strain

Distribution

For the mica nanobubble in Fig. 2a, the dome-shaped geometry naturally generates
inhomogeneous strain, modifying local thermal coefficient and amplifying photothermal
expansion under pulsed IR excitation in these regimes. Therefore, qualitatively the TFM-IR images
provide a direct and distinctive fingerprint of the nanobubble’s inhomogeneous strain distribution.
In particular, the nonlinear frequency mixing schemes unique to TFM-IR, as described in
Supplementary Note 2, enable direct mappings of both in-plane and out-of-plane strain

components.

By performing TFM-IR spectra with different frequency mixing scheme, we have confirmed
the capability to detect in-plane and out-of-plane vibrational modes, as presented in Fig. 2a.
However, cross-talking between the in-plane and out-of-plane response is also observed. For
example, the out-of-plane vibrational signal does not vanish in the in-plane detection, and vice
versa. Such crosstalk between the two channels arises from several physical and instrumental
factors. For example, as discussed in Supplementary Note 2, the assumption of complete
decoupling between torsional modes is not strictly valid in practice: tip-sample contact inevitably
induces coupling not only between torsional modes but also between torsional and flexural modes.
Geometric asymmetries of the tip or imperfect tip mounting in holder can further exacerbate this
coupling. in the tip holder. Furthermore, while our model treats the AFM tip as a point detector, in
reality it has a finite contact area. Thus, when tip contacts sample, the detected signal represents a
weighted average of the photothermal expansion across the contact area. A vertical expansion on
one side of the tip can induce a torque, producing torsional deflection that partially projects onto
the in-plane measurement channel. Similarly, a lateral expansion can produce a small displacement
component contributing to the out-of-plane channel. Additionally, imperfections in quadrant
photodetector alignment or the finite size of laser spot on the PSD (Fig. 1a) can further mix the
measured signals. Together, these factors account for the leakage between the two demodulated

channels.



Collectively, these effects can be represented by a linear instrument response matrix M, which
quantifies the leakage between in-plane and out-of-plane measurements. We define the matrix M
as the linear transformation between the measured TFM-IR signal (I) and real signal (S):

= (30)

[Iin(ﬂ)]

s [M;':t M?n“fl [sm @y ]

M2, MOUE[ 1S5y (D)

where [;,, (1) and S;,, (1) are measured and real signal at wavelength A in an in-plane measurement,
and I,,;(1) and S,,;(1) are measured and real signal at wavelength A in an out-of-plane
measurement. The diagonal entries of M (M | M9%) encode channel gains (i.e., how much of
each true signal gets detected to its corresponding measurement), and the off-diagonal entries of
M (M2*t | M) encode cross-talk components. By choosing and comparing intensities of two
characteristic in-plane and out-of-plane markers, 4;, and 4,,,;, respectively, in each measurement,
matrix M can be evaluated. Once M is calibrated, related crosstalk can be corrected to reconstruct

anisotropic photothermal maps with more accurate information.

If the characteristic A;, and A,,; are well separated in energy, we can assume S;;, (Ayyr) <
Sout Aout) and Sy (i) K S (Ain). The matrix M can thus be determined by performing in-

plane and out-of-plane spectra covering the wavelength A, and 4,. We further define the crosstalk

ratio R as:

out

R _ Min
out — Moutt

ou

R' — Mout

n - in

Min

This provides a pathway to reconstruct genuine in-plane RC;, and out-of-plane RC,,; maps
from the measured (or “raw”) in-plane (C;;,) and out-of-plane (C,,,;) maps by scaling the measured
image pixel-by-pixel to match the amplitude of the cross-talk signal as determined by Eq.31. This

reconstruction is expressed by using inverting matrix M! as:

(32)

Cout

[Rcin ] =M1 [ Cin 1 l Mggtt _Mionutl [ Cin ]

= Tn out_ yroutyin i in
RCout Cout] MinMout Min Moyt [ — (,311111: Min

Therefore, the reconstructed RC;;,, and RC,,; can be obtained:



RCin — frfn_RoutCin
M (1-RinRout)

(33)

_ Cout—RinCin
RCout - MUE(1-RinRour)
For the mica nanobubble shown in Fig. 2, we selected ~995 cm™! and 1050 cm™! as the out-
of-plane and in-plane markers, respectively, due to their well-separated energies. By
comparing their relative intensities in the f,,;- and f;,- spectra, we obtained R;, = 0.814
and R,,; = 0.538. These values form the basis for image reconstruction aimed at

minimizing crosstalk, and the results are presented in Figs. 2b and 3.
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