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Supplementary Note 1 – Quantum computational spectroscopy

Our quantum computational spectroscopy is based on the quantum auto-correlation function that utilise the phase orthogonality emerging
from quantum dynamics to extract the oscillating signal of quasi-eigenenergies. Afterwards, the Fourier transformation could translate
such time-series to the frequency domain, in which we can obtain several properties of quasi-eigenstates. We here take the time-independent
Hermitian Hamiltonian as an example to show the implementation of quantum computational spectroscopy. Then we discuss how to reduce
the uncorrelated errors in our experiments by carrying out the singular spectrum renormalisation of sampled time-series.

1.1 Windowed quantum auto-correlation function and Fourier transformation

The quantum auto-correlation function is defined as the auto-correlation on the infinite time range of the time-evolution operator Û(t) =

e−iĤt:
CÔ,ψ(t) =

∫
dη⟨ψ|eiĤηÔe−iĤ(η+t)|ψ⟩ = ∑

n,m
c∗ncme−iEmt⟨ϕn|Ô|ϕm⟩

∫
dηei(En−Em)η (1)

where En is the n-th eigenenergy with the eigenstate |ϕn⟩. The integral of the phase factor is obviously not convergent, and we uitilise the
Dirac-δ function to define this integral:

∫
dηei(Em−En)η = 2πδ(Em − En), which formally shows the phase orthogonality from the dynamical

phase. To avoid the singularity in the Dirac-δ function, we add a Gaussian window G(η, τ) = 1√
2πτ

e−
η2

2τ2 to the integral:

CÔ,ψ(t) =
∫ dη√

2πτ
e−

η2

2τ2 ⟨ψ|eiĤηÔe−iĤ(η+t)|ψ⟩ = ∑
n,m

c∗ncme−
1
2 (Em−En)2τ2

e−iEmt⟨ϕn|Ô|ϕm⟩ = ∑
n
(1 +O[e−

1
2 ∆2

nτ2
])|cn|2e−iEnt⟨ϕn|Ô|ϕn⟩ (2)

where ∆n = min
m,m ̸=n

|Em − En| denotes the minimum energy gap of the n-th eigenenergy. The windowed quantum auto-correlation function

forms a weak phase orthogonality for the gapped eigenstate, where the crosstalk of phase oscillating from other eigenenergies is suppressed
exponentially (dependent on the minimum energy gap ∆n and the width τ of Gaussian window: O[e−

1
2 ∆2

nτ2
]). In our experiment, we take

a large width of Gaussian window to make the crosstalk ignorable, then the quantum auto-correlation function can be approximated as:
CÔ,ψ(t) = ∑n |cn|2e−iEnt⟨ϕn|Ô|ϕn⟩. To investigate the eigen-spectrum, we apply the Fourier transformation on the quantum auto-correlation

function and a Gaussian window G(t, τ) = 1√
2πτ

e−
t2

2τ2 is also added to the integral:

C̃Ô,ψ(ω) =
∫ dt√

2πτ
e−

t2

2τ2 eiωtCÔ,ψ(t) = ∑
n
|cn|2e−

1
2 τ2(ω−En)2⟨ϕn|Ô|ϕn⟩ (3)

Therefore, each gapped eigenstate corresponds to the Gaussian peak centred at the eigenenergy En with the amplitude |cn|2⟨ϕn|Ô|ϕn⟩ in
the transformed spectrum defined by C̃Ô,ψ(ω). Especially, the identity observable generates the amplitude |cn|2⟨ϕn|ϕn⟩. Hence, we can
estimate each eigenenergy by fitting the Gaussian peaks in the spectrum and calculate the expectation value of a certain observable under
eigenstates by extracting the ratio of two spectra generated by the observable Ô and the identity operator: ⟨Ô⟩ϕn = ⟨ϕn|Ô|ϕn⟩/⟨ϕn|ϕn⟩ =

C̃Ô,ψ(En)/C̃Î,ψ(En).

Although the Gaussian window function gives a smooth truncation on the time correlation expectation values ⟨ψ|eiĤηÔe−iĤ(η+t)|ψ⟩ and
quantum auto-correlation time-series CÔ,ψ(t) to remove the singularity of Dirac-δ function, we still need to cut off the infinite integral, whose
error can be exponentially small. For the integral cut-off to [−tm, tm], the truncation error ϵ1 can be bounded by:

ϵ1 ≤
∫

|t|>tm

dt
1√
2πτ

e−
t2

2τ2 = erfc
(

tm√
2τ

)
≤
√

2
π

τ

tm
exp(−1

2
t2
m

τ2 ), tm ≥ 0 (4)

The second inequality comes from the continued fraction representation of the complementary error function erfc(x) = e−x2
√

π
( 1

x+
1/2
x+

1
x+

3/2
x+ ...).

Hence, for the cut-off error less than ϵ1, we can choose the truncation range as tm ≥ τ

√
2 ln(

√
2
π

1
ϵ1
) ∼ τ

√
2 ln( 1

ϵ1
), which is efficient as
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forming the square-root of logarithmic complexity. For instance, we take tm = 4τ to suppress the truncation error below 0.01% for both the
calculation of quantum auto-correlation function and Fourier transformation.

1.2 Discretisation and sampling

The integral cut-off is not enough for the practical experiment, and we need to further discretise the sampling time to approximate the
quantum auto-correlation function and apply the discrete-time Fourier transformation (DTFT), which can be written as:

CÔ,ψ(t) =
∫

dη
1√
2πτ

e−
η2

2τ2 ⟨ψ|eiĤηÔe−iĤ(η+t)|ψ⟩ discretise−−−−−→ ∑
j

1
fs

1√
2πτ

e−
η2

j
2τ2 ⟨ψ|eiĤηj Ôe−iĤ(ηj+t)|ψ⟩ (5)

C̃Ô,ψ(ω) =
∫

dt
1√
2πτ

e−
t2

2τ2 eiωtCÔ,ψ(t)
discretise−−−−−→ ∑

j

1
fs

1√
2πτ

e−
t2j

2τ2 eiωtjCÔ,ψ(tj) (6)

where we sample the time-points tj with frequency fs in time-range [−tm, tm]. The sampling frequency fs should be at least larger than
the Nyquist frequency fs ≥ 2 fmax, where fmax is the maximum frequency in the spectrum and can be defined by the spectrum radius of
Hamiltonian R(Ĥ), fmax = R(Ĥ)/(2π). For large enough tm, the result of DTFT for a certain eigenstate can be estimated by (the discretised
calculation of quantum auto-correlation function can be regarded as a kind of DTFT):

+∞

∑
j=−∞

Ts√
2πτ

e−
(jTs )2

2τ2 e−i(En−ω)jTs = e−
1
2 τ2(En−ω)2

ϑ3(
iπτ2(En − ω)

Ts
, e

− 2πτ2

T2
s ) (7)

where Ts = 1/ fs is the sampling interval, and ϑ3(u, q) = 1 + 2 ∑+∞
n=1 qn2

cos(2nu) is the Elliptic-theta function. The discretization error ε near
the Gaussian peak can be estimated by the leading-order term of the Elliptic-theta function:

ε ∼ e
− 2πτ2

T2
s e

πτ2(En−ω)
Ts ∼ e−2πN2

t eπNt (8)

where we give two estimations for the error: the number of sampled time points Nt is in the order of τ
Ts

since tm is chosen as 4τ in our
experiment, and the region near the Gaussian peak satisfies τ(En − ω) ∼ 1. Hence, the error ε exponentially decreases with the number of
sampled time points, forming a good approximation for the windowed Fourier integral.

Considering the statistical error ϵ2 from the Poissonian noise in the quantum measurement, the total sample complexity is:

Ns ∼
1
ϵ2

2
(

√
2 ln(

1
ϵ1

)τR(Ĥ))2 ∼ 1
ϵ2

2
(

√
2 ln(

1
ϵ1

)
R(Ĥ)

∆Emin
)2 (9)

where ∆Emin is the minimum distinguishable energy gap in the spectrum and the overall square comes from the two-dimensional sampling
both on the η and t. For local Hamiltonians, the spectrum radius R(Ĥ) grows polynomially with the system size since the local interaction
only induces the polynomial growth of bounded operators (like Pauli strings). Hence, for the finitely gapped eigenstates, this sampling
complexity grows polynomially with the system size and error requirement, which is efficient for the quantum computational spectroscopy.

1.3 The generalised Hadamard test and circuit realisation

The calculation of quantum auto-correlation function requires weighted linear combination of large amount of unitary operators
(Û†(η)ÔÛ(η + t), Ô is a certain Pauli string) at different time points, which is hard to directly implement in the quantum circuits with
high-fidelity. Fortunately, the generalised Hadamard test can extract the complex expectation value of unitary operators into the statistical
distribution of measurement results on the ancilla qubit under some observables.

The generalised Hadamard test is implemented by the quantum circuit shown in Supplementary Figure 1b, where the controlled time-
evolution operator Û(t) = e−iĤt is applied, the time-evolution operator Û(η) = e−iĤη is applied on the target qubits and the Hadamard

gate H = 1√
2

(
1 1
1 −1

)
and a phase gate S =

(
1 0
0 −i

)
is applied on the ancilla qubit. The initial states of control and target qubits are

prepared as |0⟩ and |ψ⟩, respectively. This quantum circuit works similarly as the Hadamard test (Supplementary Figure 1a). When S-gate
is not applied (a = 0), the statistical distribution of measurement results is Pr(X = 0) = 1

2 (1 + Re⟨ψ|Û(η)†ÔÛ(η + t)|ψ⟩), Pr(X = 1) =
1
2 (1 − Re⟨ψ|Û(η)†ÔÛ(η + t)|ψ⟩), which can be used to estimate the real part of the expectation value of the unitary. When S-gate is applied
(a = 1), the distribution is Pr(X = 0) = 1

2 (1 + Im⟨ψ|Û(η)†ÔÛ(η + t)(t)|ψ⟩), Pr(X = 1) = 1
2 (1 − Im⟨ψ|Û(η)†ÔÛ(η + t)(t)|ψ⟩) for the

imaginary part. The estimation of the statistical distribution is done by about 1000 single-shot measurements at each η and t for relative low
shot noise in the experiment. This circuit model can also be applied for non-Hermitian Hamiltonians by additional preparation circuits and
additional target qubits simulating the environment (see Supplementary Note 3).

We realise the generalised Hadamard test by a circuits shown in Supplementary Figure 1c. By simultaneously pumping four sources,
a four-dimensional Bell-state |Φ⟩ = 1

2 ∑3
i=0 |i⟩a|i⟩L is generated, where ’a’ denotes ancilla qudit and ’L’ denotes layer qudit. To realise the

controlled-unitary operation, we need first expand the Hilbert-space of the layer qudit |i⟩L → |i⟩L|ψ⟩T (’T’ denotes target qudit) by the
preparation circuits and apply four U(4) operations on the target qudit. Then, after the coherent compression (CC, projecting the layer qudit
onto the state 1

2 ∑i |i⟩L), we can realise a four-dimensional controlled-unitary operation:

1
2 ∑

i
|i⟩a|i⟩LUi|ψ⟩T

CC−→ 1
2 ∑

i
|i⟩aUi|ψ⟩T (10)
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Supplementary Figure 1 a, Circuits model of Hadamard test. b, Generalised Hadamard test. c, Quantum circuits on the silicon photonic chip.

The four-dimensional ancilla qudit could offer duplicated controlled time-evolution in different U(4) quantum optical interferometer net-
works, which would help mitigate the error from nonuniformity of devices. For instance, when we estimate the real part of a certain unitary
U, for ancilla qubit we actually investigate the projection probability onto the state |+⟩a = 1√

2
(|0⟩a + |1⟩a) and |−⟩a = 1√

2
(|0⟩a − |1⟩a)

with Pr(|+⟩a) = 1
2 (1 + Re⟨ψ|U|ψ⟩), Pr(|−⟩a) = 1

2 (1 − Re⟨ψ|U|ψ⟩), which inherits the error of devices. However, when the ancilla regis-
ter goes to high-dimension, we can apply controlled-U twice in U2 and U3 networks, then investigate the projection probability onto the
state |+⟩a = 1

2 (|0⟩a + |1⟩a + |2⟩a + |3⟩a) and |−⟩a = 1
2 (|0⟩a + |1⟩a − |2⟩a − |3⟩a). The projection probability would be Pr(|+⟩a) = 1

8 (3 +

Re⟨ψ|U′†U|ψ⟩) + 1
2 Re⟨ψ|U+U′

2 |ψ⟩, Pr(|−⟩a) =
1
8 (3 + Re⟨ψ|U′†U|ψ⟩)− 1

2 Re⟨ψ|U+U′
2 |ψ⟩ with slightly different U=Uideal + δ1 and U’=Uideal +

δ2 implemented in two networks. Normalising these two probabilities will give the estimation of the real part of expectation value:

(Re⟨ψ|Uideal |ψ⟩+Re⟨ψ| δ1+δ2
2 |ψ⟩)/(1+ 1

4 Re⟨ψ|δ†
2Uideal |ψ⟩+ 1

4 Re⟨ψ|U†
idealδ1|ψ⟩) ∼ Re⟨ψ|Uideal |ψ⟩+Re⟨ψ| δ1+δ2

2 −Re⟨ψ|Uideal |ψ⟩δ′1+δ′2
4 |ψ⟩), us-

ing the fact that statistically, the product of the unitary matrix Uideal and the noisy matrix δ1,2 gives the noisy matrix following the same
ZMCSCG distribution. Hence, if the elements of δ1 or δ2 follows the error distribution CN (0, σ2), the resulting error of the estimation using
four-dimension ancilla qudit follows the error distribution CN (0, ( 1

2 + u2

8 )σ2) with u = Re⟨ψ|Uideal |ψ⟩. Since u must be less than 1, the
variance of estimation error reduces to at least 5

8 of the initial error from the quantum devices, forming passive quantum error correction for
the linear optics networks1.

1.4 Singular spectrum renormalisation of sampled quantum auto-correlation function

As the discussion in the main text, through the quantum auto-correlation function, any oscillating noise at frequency fnoise distinct from
the quasi-eigenstates is strongly suppressed by the Gaussian windowing factor exp (−τ2(En − fnoise)

2/2) for each quasi-eigenenergy En.
However, the signal in the quantum auto-correlation function samples could still be submerged by the uncorrelated random noise, which
would disturb the extraction of the eigen-spectrum (as shown in Supplementary Figure 2a). The detailed analysis of our silicon-photonic
device shows that the gate noise in the experiment is uniform and uncorrelated, along with the photon Poissonian noise in the measurement.
These uniform and uncorrelated noises can be efficiently mitigated by the singular spectrum renormalisation of time-series samples2 as
shown in Supplementary Figure 2b. The basic idea of this method is to decompose different time variation modes from the singular value
decomposition (SVD) of the trajectory matrix stacked by the time-series samples, which contains three main steps.

For a quantum auto-correlation function time-series C Î,ψ(tj) denoted as {s1, s2, ..., sN} (shown in Supplementary Figure 3a), we firstly
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Supplementary Figure 2 The extracted spectrum C̃ Î,ψ before and after the singular spectrum renormalisation (SSR).

construct the trajectory matrix X by stacking the subseries extracted by the size-L sliding window:

X =




s1 s2 ... sK
s2 s3 ... sK+1
... ... ... ...
sL sL+1 ... sN


 (11)

where K = N − L + 1 is the number of subseries and the trajectory matrix is obviously a Hankel matrix with constant skew diagonals as
shown in Supplementary Figure 3b. Secondly, we perform the SVD on the trajectory matrix X:

X = UΛV† = ∑
l

λl |ul⟩⟨vl | (12)

where different singular values λl and corresponding left and right singular vectors |ul⟩ and |vl⟩ represent the different time variation modes
in the time-series samples. The rational analysis should be taken to regroup the singular values to extract the significant modes. Assuming
the regrouped trajectory matrix for certain modes is X′, the corresponding time-series can be finally reconstructed by the diagonal averaging.
As X′ is not necessarily a Hankel matrix, the diagonal averaging method take the average of each skew diagonals of X′ as a point value in
the reconstructed time-series to Hankelized X′. The Fourier transformation of the reconstructed time-series generates a clean spectrum as
shown in Supplementary Figure 2.
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Supplementary Figure 3 The quantum auto-correlation function samples C Î,ψ(t) and its trajectory matrix with dimensin L × K.

This singular spectrum analysis is extremely effective for our case that needs to extract the oscillating components at certain frequencies
from the uniform and uncorrelated noise background, which can be seen as the following. Since the time-series are sampled uniformly in
the range [−tm, tm], we assume N = 2M + 1 for M points both in the positive and negative time, L = ⌊N/2⌋ = M and K = M + 2. For any
oscillating eigenstates at eigenenergy En, the trajectory matrix Xn can be written as:

Xn =




eiEn · M · Ts eiEn · (M−1) · Ts ... e−iEn · Ts

eiEn · (M−1) · Ts eiEn · (M−2) · Ts ... e−iEn · 2 · Ts

... ... ... ...
eiEn · Ts 1 ... e−iEn · M · Ts


 (13)

where Ts is the sampling time-interval. Obviously, the rank of this trajectory matrix is one, which can be written as:

Xn =
√

L · K|un⟩⟨vn| =
√

L · K
1√
L




eiEn · M · Ts

eiEn · (M−1) · Ts

...
eiEn · Ts



(

1 e−iEn · Ts ... e−iEn · (M+1) · Ts

)
/
√

K (14)
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which is a rank-one matrix with the singular value
√

L · K. For the time-series linearly combined by several oscillating eigenstates, the
trajectory matrix X can be written as the linear combination of rank-one matrices:

X = ∑
n

cnXn =
√

L · K ∑
n

cn|un⟩⟨vn| (15)

According to the inequality of the rank of the sum of matrices, rank(X) ≤ Ne where Ne denotes the number of concerned oscillating
eigenstates. The similarity of two oscillating eigenstates with different frequencies En and Em in the trajectory matrix context can be defined
as the inner product of the corresponding left singular vectors:

⟨un|um⟩ =
1
L

L

∑
j=1

e−i(En−Em) · j · Ts =
e−i(En−Em)Ts

L
1 − e−i(En−Em) · L · Ts

1 − e−i(En−Em)Ts

(En−Em)Ts→0−−−−−−−−→ 1 (16)

which can also be defined by the right singular vectors. The equation above shows that for a finite energy range, the large sampling frequency
(small Ts) would lead to the high similarity of different oscillating eigenstates, resulting in the low-rank trajectory matrix. It means that
although the rank of the trajectory matrix is bounded by the number of eigenstates, it would not necessarily increase exponentially with the
number of eigenstates. Specially, if (En − Em)Ts ≪ 1 is satisfied for all n ̸= m, the trajectory matrix X would approximately be rank-one
matrix.

While the oscillating components at certain frequencies form the low-rank trajectory matrix, the uniform and uncorrelated noise back-
ground would form full-rank trajectory matrix. The noise background in our experiment can be described by complex-value Gaussian
random process: each sample point in time-series {g1, g2, ..., gN} follow the independent and identical Zero Mean Circle Symmetric Com-
plex Gaussian (ZMCSCG) distribution gi ∼ CN (0, σ2) = 1

πσ2 e−|gi |2/σ2
, which can be written as the trajectory matrix G:

G =




g1 g2 ... gK
g2 g3 ... gK+1
... ... ... ...
gL gL+1 ... gN


 (17)

Statistically, we can obtain that:
E(GG†) = Kσ2 IL, E(G†G) = Lσ2 IK , E(GX†) = E(XG†) = 0 (18)

Hence, the calculation of the SVD on the trajectory matrix contaminated by noise X + G can be statistically considered as the eigenvalue
solution of two matrices:

E((X + G)(X + G)†) = L · K ∑
n,m

cnc∗m|un⟩⟨vn|vm⟩⟨um|+ Kσ2 IL, E((X + G)†(X + G)) = L · K ∑
n,m

c∗ncm|vn⟩⟨un|um⟩⟨vm|+ Lσ2 IK (19)

The signal-to-noise ratio (SNR) in this context is L · K
Kσ2 = L

σ2 and K
σ2 , which is typically much larger than one for significant low noise, and the

low-rank truncation reserving several largest singular values can efficiently extract the oscillating components from the noise background
since most of noise power is in the removed linear space. For the quantum auto-correlation function time-series in our experiment, we
usually take the first r largest singular values with r equals to the number of concerned oscillating eigenstates since (En − Em)Ts ≪ 1 is not
satisfied for all eigenstates in consideration of our chosen Ts.

1.5 Limitation of the noise mitigation methods

Although the singular spectrum renormalisation can retrieve the time variation modes from the background noise, the oscillating signal
would still be fully submerged by the noise when the noise level exceeds the target eigenstate’s projection probability as we show in the Fig.
3f. Here we would explain this limitation by modelling the noise distribution as independent and identical ZMCSCG distribution.

Considering the noise analysis of our quantum chip in Fig. 2, the gate error can be modelled as a statistical noise matrix N , whose
elements follow the independent and identical ZMCSCG distribution: Nij ∼ CN (0, A) = 1

πA e−|Nij |2/A. The gate error would be introduced

in each discretised sampling time. Although, in our experiment, we directly set the time-evolution operator e−iĤjTs for the jth time step on the
unitary circuits, the gate error should be considered in each time-evolution step for more general application or the Trotterisation quantum
circuits. Then the noisy time-evolution for the jth time step can be modelled as ∏

j
k=1(e

−iĤTs +Nk), where Nk is the noisy matrix for each
time step and independent of each other. Applying this noisy time evolution on the intial state |ψ⟩ = ∑l cl |ϕl⟩, we retain the first-order noisy
term and obtain that:

j

∏
k=1

(e−iĤTs +Nk)|ψ⟩ ≈ e−iĤjTs |ψ⟩+ (N1e−iĤ(j−1)Ts + e−iĤTsN2e−iĤ(j−2)Ts + ... + e−iĤ(j−1)TsNj)|ψ⟩ (20)

Since the gate we apply on the quantum chip is unitary, the product of the unitary matrix and the noisy matrix Nk is also a noisy matrix with
elements following the independent and identical ZMCSCG distribution. The noisy term can be reduced to the sum of j independent noisy
matrices and we denoted it as N ′ with each element N ′

ij ∼ CN (0, Aj). The Supplementary Equation 20 can be furtherly decomposed into:

∑
l
{cle

−iEl jTs + ⟨ϕl |N ′|ψ⟩}|ϕl⟩ = ∑
l
{cle

−iEl jTs + nl}|ϕl⟩ (21)
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where nl = ⟨ϕl |N ′|ψ⟩ ∼ CN (0, Aj) is just a linear superposition with normalised weight of independent and identical ZMCSCG variables,
therefore it is also follow the same distribution function. Qualitatively, for a concerned eigenstate, when the standard deviation of nl exceeds
the absolute value of cl at the jth step, the oscillating signal e−iEl mTs for m ≥ j would be fully submerged in the noise background. To
faithfully extract the spectrum properties for the concerned eigenstate, we would expect j greater than half of total sampling points N, which
would cause half reduction to the spectrum resolution. Therefore, we quantify the gate error with the variance of noise at N

2 th step: ϵg = A N
2

and we cannot faithfully extract the spectrum properties when √
ϵg ≥ |cl |, which equals to ϵg ≥ Pl (Pl = |cl |2 is the projection probability

of concerned eigenstates). This qualitative relation between the gate error and projection probability is verified by our simulation shown in
Fig. 3f.

Supplementary Note 2 – Comparison of time-correlation-based methods for eigen-property estimation

The defined quantum auto-correlation function (QACF) estimator is the central idea of our QCS algorithm, which is similar to previous
time-correlation-based methods3–6 but has markedly different conceptual nature from them. Since time-correlation-based methods is highly
dependent on the characteristics of the time-correlation signal, the advanced application of auto-correlation function in QCS produces rig-
orously cleaner and more stable eigenspectrum by eliminating the excitation dynamics and suppressing random circuit noise, which is
inaccessible for previous ones. It is precisely because of this characteristic that QCS is capable to be applied for a wider range of quantum
dynamics systems and shows good agreement with theoretical predictions.

2.1 Elimination of additional cross-term energy peaks from excitations

As emphasized in the main text, the quantum computational spectroscopy methods in Ref. [3–5] measure and transform the time-varying
observables ⟨Ô(t)⟩ψ or their time correlation functions ⟨Â(t)B̂(t′)⟩ψ with or without ancilla qubits, which could only reveal the cross-term
energy peaks from excitations. This is because the estimators of these methods are all composed of Hermitian operators (i.e. Ô(t) =
eiHtÔe−iHt). The measured oscillation signal over time only contains the excitation dynamics: ⟨Ô(t)⟩ψ = ∑n ∑m ei(En−Em)tOnmc∗ncm and
⟨Â(t)B̂(t′)⟩ψ = ∑n,m,l ei(En−Em)tei(Em−El)t′ AnmBmlc∗ncl , where Onm = ⟨n|Ô|m⟩, cn = ⟨n|ψ⟩. Hence, this type of time-correlation-based method
is difficult to apply to the estimation of eigen-properties.

On the other hand, the Ref. [6] also proposed a time-correlation-based method with a non-Hermitian estimator ⟨ψ|eiHtÔeiHt′ |ψ⟩, from
which the eigen-properties can be extracted. However, in practice, the windowed Fourier transform should be applied to avoid the infinite
integral:

f (ω, ω′) =
∫

dt
∫

dt′G(t, τ)G(t′, τ)e−iωte−iω′t′ ⟨ψ|eiHtÔeiHt′ |ψ⟩

= ∑
n

∑
m

e−
1
2 (ω−En)2τ2

e−
1
2 (ω

′−Em)2τ2
Onmc∗ncm

ω=ω′
→ ∑

n
∑
m

e−(ω− En+Em
2 )2τ2

e−
1
4 (En−Em)2τ2

Onmc∗ncm

(22)

where G(t, τ) = exp[−t2/(2τ2)]/(
√

2πτ) and ω = ω′ is the necessary condition of obtaining the eigen-spectrum. The cross term introduces
additional energy peaks centred at ω = (En + Em)/2 in the spectrum of this time-correlation-based method. Although the peak amplitude
is suppressed by the coefficient e−

1
4 (En−Em)2τ2

, the misidentification of eigenenergy peaks still cannot be avoided when the spectrum is dense
((En − Em) < 1/τ) or the amplitude of some eigenenergy peak is comparatively small. Note that although we can enhance the suppression
of cross-terms by increasing τ, that means this method requires higher computational complexity than QCS.

On the contrary, the excitation dynamics (or cross-term energy peaks) is fully eliminated in the practical windowed QACF:

C(t) =
∫ dη√

2πτ
G(η, τ)⟨ψ|eiHηÔe−iH(η+t)|ψ⟩ = ∑

n
∑
m

e−
1
2 (En−Em)2τ2

e−iEmtOnmc∗ncm (23)

The oscillation signal of QACF has and only has the contribution from eigenstate evolution dynamics (i.e. e−iEmt), which is more obvious in
its windowed Fourier transform:

C̃(ω) = ∑
n

∑
m

e−
1
2 (ω−Em)2τ2

e−
1
2 (En−Em)2τ2

Onmc∗ncm (24)

The cross term of QACF only contributes to the error in estimation of spectrum intensity, but in no way disturbs the estimation of eigenenergy.
For the error from cross terms, the QACF gives a squared stronger suppression coefficient e−

1
2 (En−Em)2τ2

than the time-correlation-based
method in Ref. [6] (e−

1
4 (En−Em)2τ2

). This advanced properties of QACF is critical to the extension of the QCS to general quantum dynamics,
not only give a cleaner eigen-spectrum.

In the general case, the eigen-peak amplitude may be comparable small and the spectrum may be relatively dense ((En − Em) < 1/τ),
which would impede the identification of eigenenergies and eigenstates for previous time-correlation-based methods. Explicitly, for the
open quantum system, including non-Hermitian Hamiltonians, the evolution dynamics usually experience damping or amplifying (the
energy has an imaginary part En + iλn). The positive (negative) λn leads to a exponentially increasing (decreasing) evolution eλnt. Since the
positivity and negativity of λn will alter for different eigenstates, the proportions of different eigenstates can vary greatly due to different
evolution behaviours (damping or amplifying). The influence of the cross term is especially significant in this case, even exceeding some
diagonal terms related to Onn. For this reason, we must use QACF to first completely eliminate the emerging peak at En+Em

2 and second

largely suppress the cross term with the coefficient e−
1
2 (En−Em)2τ2

. Hence, the QACF is necessary for the accurate recognition of eigen peaks
in non-Hermitian quantum dynamics.
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For the time-dependent Hamiltonian Ĥ(t), it is difficult for the previous time-correlation-based methods to resolve its quasi-eigen-
spectrum, since the spectrum would be more complex and denser. Concretely, the time-dependent Hamiltonian can be decomposed into
different frequency components Ĥ(t) = ∑m e−iΩpt Ĥ(p). According to the deduction in Methods, the eigen-spectrum of such Hamiltonian
shows the structure like En − mΩp, n, m, p ∈ Z, which simultaneously has band (periodic by Ω) and sub-band (distinct Ens in a single
band) structure as shown in the Fig.4(h) in the main text. This complex structure usually makes the spectrum denser, resulting in more hard
quasi-eigenenergy identification. The emerging peaks at En+Em

2 of the time-correlation-based method in Ref. [6] are significantly disruptive

in this case since (En − Em) < 1/τ weaken the suppression coefficient e−
1
4 (En−Em)2τ2

, while the QCS can still give a clean spectrum with
no additional energy peaks. More importantly, the accurate identification of quasi-eigenenergy is extremely critical for the recognition of
different topological holonomy and the estimation of topological invariants. Concretely, the spectrum fingerprint for the recognition of dif-
ferent topological holonomy relies on the resolution of sub-band structure (i.e. a single peak in a band but shifted indicates the existence of
U(1) Berry phase and double-peak splitting in a band implies the transition to SU(2) topological holonomy). Since the driving frequency Ωp
needs to be set low enough (Ωp = 0.5 in our case) to simulate the adiabatic transport for estimating topological invariant, the width of one
band (equals to Ωp) becomes very narrow, resulting in much denser sub-band structure. Therefore, the additional energy peaks emerging at
ω = (En + Em)/2 are disastrous for the recognition of correct topology and topological invariants if we use the previous time-correlation-
based methods.

In a word, the advanced feature of eliminating additional cross-term energy peaks is the foundation for QCS to generate cleaner eigen-
spectrum and have general applicability to recognize novel spectrum fingerprints in general quantum dynamics.

2.2 Suppression of random circuit noise

The QACF shows novel noise robustness for quantum spectroscopy as well. Since each periodic component of the signal only correlates with
its own lagged version and the random noise does not correlate with itself, the QACF can not only ensure no cross term would contribute
to the misleading energy peaks, but also identify the periodic signals even in a strong random noise background, which is inaccessible for
previous time-correlation-based methods.

The time-correlated circuit noise with a certain frequency range could be suppressed as the cross excitation term shown above (i.e.
suppressed by a coefficient e−

1
2 (En− fnoise)

2τ2
). More importantly, since random circuit noise is time-uncorrelated, it just contributes a rapidly

damping signal in QACF. Explicitly, for the circuit noise in our experiment modeled by Gaussian white noise (GWN), its auto-correlation
function vanishes except for the zero time:

CGWN(t) =
∫

dη GWN(η) ∗ GWN(η + t) = ⟨GWN(0) ∗ GWN(t)⟩ = δt,0 (25)

the Fourier transform of which only generates uniform background in the spectrum and can be eliminated easily. The above equation
utilizes the statistical averaging to substitute the time averaging, since the GWN is stationary stochastic noise satisfying ergodic conditions.
Compared with this feature, the previous time-correlation-based methods could not eliminate the random noise in the time domain, hence
the spectrum would be severely contaminated by random noise. The intrinsic suppression of random circuit noise in QACF enables more
stable eigen-spectrum with excellent noise resistance.

Supplementary Note 3 – The spectrum analysis of time-independent non-Hermitian Hamiltonian

For a general quantum system, the interaction with the ambient environment can induce complex dynamics, which can be described by the
so-called Lindblad master equation for a Markovian environment[7]:

dρ̂

dt
= −i[Ĥ, ρ̂] + ∑

k

(
Γ̂k ρ̂Γ̂†

k −
1
2

(
Γ̂†

k Γ̂k ρ̂ + ρ̂Γ̂†
k Γ̂k

))
(26)

where ρ̂ is the density matrix of the quantum system, Ĥ is a Hermitian Hamiltonian of internal interactions and Γ̂k is jump operators asso-
ciated with external interactions. The effect of external interactions can be split into two parts: the continuous nonunitary dissipation terms
Γ̂†

k Γ̂k ρ̂ + ρ̂Γ̂†
k Γ̂k and the quantum jump terms Γ̂k ρ̂Γ̂†

k . For an environment with ignorable abrupt stochastic changes (following continuous
dynamics), we can neglect the effect of quantum jumps and introduce an effective non-Hermitian Hamiltonian:

Ĥeff = Ĥ − i ∑
k

1
2

Γ̂†
k Γ̂k (27)

The non-Hermitian Hamiltonian generally loses the unitary diagonalisability of the Hermitian Hamiltonian. However, this challenge for the
spectrum analysis can be resolved by our quantum computational spectroscopy with the mixed-initial-state Hadamard test.

3.1 Spectral properties of non-Hermitian matrices

Unitary diagonalisation forms a set of orthonormal eigenvectors of the Hermitian matrices. This property holds for a kind of matrices called
normal matrices, which satisfy the relation M† M = MM†. Obviously, the non-Hermitian matrix cannot usually be the normal matrix and
the normal non-Hermitian matrix has no difference with the Hermitian matrix except for its complex eigenvalues. Hence, interesting spectral
properties of non-Hermitian matrices lie in the non-normal part. For any square matrix M ∈ Cn×n, we can always reduce it to the Jordan

canonical form M = V JV−1 by similarity transformation V, where J = ⊕N
j=1 ⊕

Gj
α=1 Jnj,α (λj) is a block-diagonal matrix with Jordan blocks Jnj,α

7
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Supplementary Figure 4 Embedded non-Hermitian time-evolution operator into unitary circuits.

on the diagonal (N is the number of eigenvalues, Gj is the geometric multiplicity of λj and nj,α is the dimension of the Jordan block) [8]. The
Jordan block for eigenvalue λj with dimension nj,α can be written as:

Jnj,α (λj) =




λj 1 0 ... 0
0 λj 1 ... 0
... ... ... ... ...
0 0 0 ... λj




nj,α×nj,α

(28)

This general transformation would lead to two key spectral properties of non-Hermitian matrices different from the Hermitian one.
The first one is the change of the orthogonality of eigenvectors. For those non-Hermitian matrices with all nj,α’s equal to one, the column
vectors of V satisfy the eigen-equation of M called the right eigenvectors M|rj⟩ = λj|rj⟩. While the right eigenvectors are not necessarily
orthogonal to each other, the row vectors of V−1 called the left eigenvectors form the dual eigen-equation ⟨lj|M = λj⟨lj| and are orthogonal
to the corresponding right eigenvectors ⟨lk|rj⟩ = δk,j. The second one is the change of the diagonalizability. The non-Hermitian matrix
is not necessarily diagonalizable even with the similarity transformation V, and there could exist some points for a continuous family of
non-Hermitian matrices at which the matrix could be only reduced to the Jordan blocks with dimension greater than one, called exceptional
points. For the general condition, the function of matrix M can be represented as:

f (M) =
N

∑
j=1

[ f (λj)Pj +
Gj

∑
α=1

nj,α−1

∑
p=1

1
p!

f (p)(λj)Ap
j,α] (29)

where Pj = ∑
Gj
α=1 ∑

nj,α
p=1 |rj,α,p⟩⟨lj,α,p| denotes the diagonal part in the Jordan canonical form and Aj,α = ∑

nj,α−1
p=1 |rj,α,p⟩⟨lj,α,p+1| represents the

off-diagonal part.
These two remarkable characters in the non-Hermitian scenario could bring challenges to the spectrum analysis. The physical eigenstates

of non-Hermitian Hamiltonians (the right eigenvectors of non-Hermitian Hamiltonians) could not form an orthogonal complete basis in the
Hilbert space, which means we cannot find the eigenstates one-by-one based on the orthogonality. Even worse, when the non-Hermitian
system is at exceptional points, the existing off-diagonal components would generate polynomial-form time evolution, which could strongly
interfere the extraction of eigen-oscillation and the spectrum.

3.2 Quantum computational spectroscopy for non-Hermitian Hamiltonians

As described above, the normal non-Hermitian matrix has no difference with the Hermitian one except for the existing of imaginary part in
the eigenenergies, which would lead to the exponential decay or magnification of the quantum oscillation. This effect would not cause the
divergence of the Fourier integral since the Gaussian window function can decay much faster when time goes to large. Hence, the challenge
of the spectrum analysis for the non-Hermitian Hamiltonian mainly comes from the non-diagonalisability at exceptional points and the
non-orthogonality of the physical eigenstates.

Firstly, we need to embed the non-unitary time-evolution operator into a unitary operator to apply it on the quantum circuits. For
simplicity, we use the singular value decomposition (SVD) to embed the non-unitary time-evolution operator into the unitary circuits (shown
in the Supplementary Figure 4) such that the Hadamard test can be directly applied to the non-Hermitian scenario. For any non-unitary time-
evolution generated by the non-Hermitian Hamiltonian, we can apply the SVD: e−iĤNH t = U · diag{s000...0, s000...1, ...s111...1} · V, where U and
V are unitary matrices, sz1z2z3...zn (zi = 0, 1) are singular values for n-qubit non-Hermitian system and s000...0 is the largest singular value. By
normalizing the singular values to diag{1, s000...1/s000...0, ..., s111...1/s000...0}, we can embed the non-unitary time-evolution operator into the
unitary circuits by multi-valued controlled rotations with

Rsz1z2z3...zn
=


 sz1z2z3...zn −

√
1 − s2

z1z2z3...zn√
1 − s2

z1z2z3...zn sz1z2z3...zn


 (30)

where sz1z2z3...zn has been normalized by s000...0. This embedding leads to the relation ⟨0env|Uembed|ψsys, 0env⟩ = 1
s000...0

e−iĤNH t|ψsys⟩.
Hence, using the Hadamard test shown in the Supplementary Figure 1a and Uembed, we can estimate the expectation value un-
der the intial state |ψsys, 0env⟩: ⟨ψsys, 0env|Uembed|ψsys, 0env⟩, which is equal to 1

s000...0
⟨ψsys|e−iĤNH t|ψsys⟩. For the augmented Hadamard
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test, the embedding of the non-unitary time-evolutions eiĤNH η and e−iĤNH(t+η) must be applied through different environment qubits,

such as ⟨0env1|U(1)
embed|ψsys, 0env1⟩ = 1

s(1)000...0

e−iĤNH(t+η)|ψsys⟩ and ⟨0env2|U(2)
embed|ψsys, 0env2⟩ = 1

s(2)000...0

e−iĤNH η |ψsys⟩. Therefore, the resulting

expectation value ⟨ψsys, 0env1, 0env2|U(2),†
embedÔU(1)

embed|ψsys, 0env1, 0env2⟩ would lead to the same estimation for the non-Hermitian system:
1

s(1)000...0s(2)000...0

⟨ψsys|eiĤ†
NH ηÔe−iĤNH(t+η)|ψsys⟩.

Secondly, we would deal with the two main challenges in the spectrum analysis of non-Hermitian Hamiltonians. According to Supple-
mentary Equation (29), when the non-Hermitian Hamiltonian cannot be diagonalizable, the generated time-evolution operator contains the
polynomial-form time evolution:

e−iĤNH t =
N

∑
j=1

[e−iλjtPj +
Gj

∑
α=1

nj,α−1

∑
p=1

(−it)p

p!
e−iλjt Ap

j,α] (31)

in which the polynomial term would ruin the spectrum purely generated by the oscillating term e−iλjt. This would impede estimating the
eigenenergies when the non-Hermitian system transitions through the exceptional point. Fortunately, this challenge can be easily overcome
in our Quantum computational spectroscopy by initialize the maximally mixed state. The key idea here is that the Hadamard test with
maximally mixed initial state would estimate Tr(e−iĤNH t) and Tr(Ap

j,α) = 0, so that

Tr(e−iĤNH t) =
N

∑
j=1

e−iλjt ∗
Gj

∑
α

nj,α =
N

∑
j=1

e−iλjtnj (32)

where we have extracted the purely oscillating term whether the non-Hermitian system is at the exceptional point or not.

3.3 Pseudo-Hermitian Hamiltonian

Among non-Hermitian Hamiltonians, the pseudo-Hermitian Hamiltonian forms a spectrum most similar to the Hermitian one, although it
has non-orthogonal eigenstates and cannot be diagonalized at exceptional points. The η-pseudo-Hermitian Hamiltonian satisfies the relation
Ĥ†

PH = ηĤPHη−1, where η is a Hermitian and invertible operator. The spectrum of such Hamiltonians is entirely real or comes into complex
conjugate pairs [8]. It is worth noting that the Hamiltonian with PT -symmetry is a special case of the pseudo-Hermitian Hamiltonian,
which is actually the P-pseudo-Hermitian Hamiltonian Ĥ†

PT = P ĤPT P−1. When the spectrum of PT -symmetric Hamiltonian changes
from entirely real to complex, there will be a phase transition through exceptional points from ’PT exact phase’ to ’PT broken phase’.

To demonstrate the application of our Quantum computational spectroscopy on revealing this spectral transition, we choose the toy
model of the PT -symmetric-like Hamiltonian in the main text:

ĤNH =

(
δ − ig κ

κ δ + ig

)
(33)

It can be easily verified that the Hamiltonian is Pauli-σx-pseudo-Hermitian and σx is the parity-like operator in this model. The eigenvalues
of this Hamiltonian are λ± = δ ±

√
κ2 − g2, which are real when κ2 > g2 and come into complex conjugate pairs when κ2 < g2 (the

exceptional point is at κ2 = g2). Explicitly, when g = κ, the Hamiltonian can only be reduced to the Jordan canonical form by similarity
transformation:

ĤNH =

(
i 1/κ

1 0

)(
δ 1
0 δ

)(
0 1
κ −iκ

)
(34)

As described in the main text, for a certain κ = 0.5, when g goes from 0.4 to 0.6, the spectral transition can be revealed by our Quantum
computational spectroscopy. Since the initial state is maximally mixed, the windowed Fourier transformation of Tr(e−iĤNH t) would lead to
a spectrum A(ω) = e−

1
2 τ2(λ+−ω)2

+ e−
1
2 τ2(λ−−ω)2

. Hence, when g < κ, λ± form a real and gapped spectrum with two separated Gaussian
peaks; when g > κ, the complex conjugate pairs are degenerate in the real part, but the different imaginary part would cause the oscillation
in the spectrum: A(ω) = 2e−

1
2 τ2[(δ−ω)2−(g2−κ2)] cos(τ2

√
g2 − κ2(δ − ω)); when at the exceptional point g = κ, the degenerate λ± just form a

single Gaussian peak in the spectrum centered at δ. The behavior of the spectrum totally reveals the PT -symmetric phase transition through
the exceptional point.

The other interesting property of the η-pseudo-Hermitian Hamiltonian is that λi ̸= λ∗
j implies ⟨ri|η|rj⟩ = 0. For the PT -symmetric-like

Hamiltonian in Supplementary Equation (33), when g < κ, the two eigenstates satisfy the relation ⟨r+|σx|r−⟩ = 0. Since the σx is traceless,
the expectation value of the observable σx would be opposite number for the two eigenstates, which has been verified by the observable
estimation function of our Quantum computational spectroscopy in the main text.

3.4 Estimation of general non-Hermitian Hamiltonians

We would clarify the generality of QCS by applying it to the general non-Hermitian system with non-vanishing imaginary parts of
eigenenergies. Supposing the eigenenergy has imaginary part and gapped in the real part (i.e. eignenergy En + iλn with λn ̸= 0 and
|En − Em| > 1/τ), the QACF with Gaussian window G(t, τ) = exp[−t2/(2τ2)]/(

√
2πτ) can be written as:
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C(t) =
∫ dη√

2πτ
G(η, τ)⟨ψ|eiH†

NH ηÔe−iHNH(η+t)|ψ⟩

=
∫ dη√

2πτ
G(η, τ)∑

n
∑
m

ei(En−iλn)ηe−i(Em+iλm)(η+t)⟨ψ|ln⟩⟨rn|Ô|rm⟩⟨lm|ψ⟩

= ∑
n

∑
m

e−
1
2 (En−Em)2τ2

e
1
2 (λn+λm)2τ2

e−i(En−Em)(λn+λm)τ2
ei(Em+iλm)t⟨rn|Ô|rm⟩c∗ncm

(35)

where cn = ⟨ln|ψ⟩, |rn⟩ and ⟨ln| are the right (physical eigenstates) and left eigenvector of the non-Hermitian Hamiltonian ĤNH , respectively.
Owing to the existence of imaginary energy part, the QACF experiences two influencing factors.

First, the term e
1
2 (λn+λm)2τ2

generated by damping rates (imaginary parts) weaken the exponential suppression e−
1
2 (En−Em)2τ2

of the cross
term. Even so, unlike the previous time-correlation-based methods (Ref. [3–6, 9]), there is still no misleading frequency components (excita-
tion energy peaks) emerging in the spectrum. Hence, the real part of eigenenergy can still be estimated accurately in this case. The accuracy
of the estimation of expectation value ⟨rn|Ô|rn⟩ would be affected, since the damping rate broaden the eigen-spectrum lines, magnifying
the influences of the cross term. This affect can only be completely eliminated in a special case that if |En − Em| > |λn + λm|, we can com-
pletely solve this problem by increasing τ. In other cases, we should choose an intermediate τ to balance the two terms e−

1
2 (En−Em)2τ2

and
e−

1
2 (λn+λm)2

.
Second, the term ei(En−Em)(λn+λm)τ2

would give a complex-number spectrum. The windowed Fourier transformation of this QACF reads:

C̃(ω) = ∑
n

∑
m

e−
1
2 (ω−Em)2τ2

e−
1
2 (En−Em)2τ2

e
1
2 (λ

2
m+(λn+λm)2)τ2

ei((ω−Em)λm+(En−Em)(λn+λm))τ2
Onmc∗ncm (36)

where Onm = ⟨rn|Ô|rm⟩. The main contribution in the spectrum comes from the diagonal terms (cross term is suppressed to some degree):

diag. term = ∑
n

e−
1
2 (ω−En)2τ2

e
5
2 λ2

nτ2
ei(ω−En)λnτ2

Onn|cn|2 (37)

which gives the unique spectral line shape. For each peak in the spectrum, the imaginary part of eigenenergies can be obtained by fitting
with the parametrized function:

fE,λ(ω) = Ae−
1
2 (ω−E)2τ2

e
5
2 λ2τ2

ei(ω−E)λτ2
(38)

with a indefinite parameter A. In a word, although the accuracy of the estimation of expectation value on the eigenstates would be affected
by imaginary eigenenergies, we can still extract the accurate eigenenergies and acquire largely correct expectation values since the cross
terms are still suppressed to some degree.

Supplementary Note 4 – The spectrum analysis for the periodically-driven system and the revealing of implicit
holonomy

Time-periodic fields are widely used to coherently manipulate quantum systems, driving the system to the non-equilibrium regime and
engineering the single-particle spectrum and its topological properties [10]. Such system is governed by a certain time-periodic Hamiltonian:

ih̄
d
dt
|ψ(t)⟩ = Ĥ(t)|ψ(t)⟩, Ĥ(t) = Ĥ(t + T) (39)

Although the effective time-independent Hamiltonian can be defined by the stroboscopic evolution operator

Û(t0 + T, t0) = T e−
i
h̄

∫ t0+T
t0

Ĥ(t)dt
= e−

i
h̄ TĤF

t0 (40)

where ĤF
t0

is called the Floquet Hamiltonian, the spectrum is not necessarily the same as those time-independent Hamiltonians. The dif-
ference results from the absence of energy conservation in these periodically-driven systems, since the logarithm in Supplementary Equa-
tion (40) is multivalued. In other words, any quasienergies differ from the eigenvalues of ĤF

t0
by the driven frequency h̄ω = h̄ 2π

T could pos-
sibly exist in the spectrum. This scenario would challenge any quantum eigenvalue estimation algorithms based on the time-independent
Hamiltonian, since the periodically-driven dynamics cannot be reasonably considered. On the contrary, this challenge can be naturally
overcome by the Quantum computational spectroscopy, which can reveal any quasienergies contributing to the state evolution under the
time-dependent Hamiltonian.

4.1 Floquet theorem and the analysis of the quasienergy spectrum

According to the Floquet theorem, the time evolution of periodically-driven systems can be expanded by the orthonormal Floquet states
{|ψn(t)⟩}, which satisfy the time-evolution relation through the driven period: |ψn(t + T)⟩ = e−iεnT/h̄|ψn(t)⟩, with the Floquet quasienergy
εn. Further, the Floquet state can be decomposed into the periodic wave function:

|ψn(t)⟩ = e−iεnt/h̄|un(t)⟩, |un(t + T)⟩ = |un(t)⟩ (41)

The Schrödinger equation can be rewritten as:

(εn + ih̄
d
dt
)|un(t)⟩ = Ĥ(t)|un(t)⟩ (42)
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Using the Fourier decomposition of the periodic wave function |un(t)⟩ and the periodically-driven Hamiltonian Ĥ(t), we can obtain that:

(εn + mh̄ω)|u(m)
n ⟩ = ∑

m′
Ĥ(m−m′)|u(m′)

n ⟩ (43)

where |u(m)
n ⟩ = 1

T
∫ T

0 dteimωt|un(t)⟩ and Ĥ(m) = 1
T
∫ T

0 dteimωt Ĥ(t) with ω = 2π/T. This equation can be mapped to an eigen-equation in the
extended Hilbert space with infinite dimension:

HUn = εnUn, H =




. . . Ĥ(−1) Ĥ(−2)

Ĥ(1) Ĥ(0) − mh̄ω Ĥ(−1)

Ĥ(2) Ĥ(1) Ĥ(0) − (m + 1)h̄ω Ĥ(−1)

Ĥ(2) Ĥ(1) . . .




, Un =




...

|u(m)
n ⟩

|u(m+1)
n ⟩

...




(44)

By solving this eigen problem, we can obtain the Floquet quasienergy spectrum εn and the corresponding Floquet states |ψn(t)⟩ =

e−iεnt/h̄ ∑m e−imωt|u(m)
n ⟩. It’s worth to note that the solution of Supplementary Equation (44) is overcomplete, since quasienergies εn + mh̄ω

would lead to the same Floquet state |ψn(t)⟩. Hence, the distinct Floquet states can be indexed by the quasienergies falling in the first
Floquet-Brillouin zone εmin ≤ ε ≤ εmin + h̄ω and all quasienergies form the band structure in the periodically-driven system’s spectrum.

In general, the time-evolution of the initial state under the periodically-driven Hamiltonian would generate oscillations at any frequency
falling in the first Floquet-Brillouin zone and its shifted zones by driven frequency ω. For a certain initial state expanded by the distinct Flo-

quet states |ψ⟩ = ∑n cn|ψn(0)⟩, the time-evolution of the initial state can be written as Û(t, 0)|ψ⟩ = ∑n cne−iεnt/h̄ ∑m e−imωt|u(m)
n ⟩. Obviously,

the quantum auto-correlation function in our Quantum computational spectroscopy can also eliminate the cross-correlation signal between
different quasienergies:

CÎ,ψ(t) =
∫

dη⟨ψ|Û†(η, 0)Û(η + t, 0)|ψ⟩ = 2πδ(0) ∑
n,m

|cn|2e−iεnt/h̄eimωt⟨u(m)
n |u(m)

n ⟩ (45)

where |u(m)
n ⟩ is not necessarily normalized or orthogonal to each other since they are just the Fourier coefficients of normalized periodic

wave function |un(t)⟩. Therefore, the partial band structure supported by the initial state (those cn ̸= 0) of the Floquet system can be easily
revealed by Fourier transforming the quantum auto-correlation function.

4.2 The implicit holonomy of topologically dynamical systems in the Floquet spectrum

The remarkable discovery of Berry’s U(1) geometric phase reveals the gauge structure naturally existing in the slowly varying quantum
system along a circuit in the parameter space. As shown in Berry’s initial paper [11], this novel topological property can be seen in a model
Hamiltonian defined by a three-dimensional parameter R:

Ĥ(R) = R · σ, R = R(sin θ cos ϕ, sin θ sin ϕ, cos θ), σ = (σx, σy, σz) (46)

The eigenvalues of the Hamiltonian are only determined by the norm of the parameter: E+(R) = −E−(R) = R, and they are degenerate at
the origin. If the eigenstate is adiabatically driven alone a closed circuit C in the parameter space, it would acquire an additional geometric
phase γ±(C) = ∓ 1

2 Ω(C) (Ω(C) is the solid angle that C subtends at the degeneracy point), except for the dynamical phase. Explicitly, when
the circuit C is an equator around the origin, the geometric phase would be γ±(C) = ∓π.

Actually, this topological manner can be understood in the way of the periodically-driven system, since the system’s Hamiltonian would
come back to the same form after a period T. Suppose that the system is periodically driven along an equator in the parameter space, the
time-dependent Hamiltonian can be written as:

Ĥ(t) =
1
2

R
(

0 e−iωt

eiωt 0

)
(47)

the Floquet extended Hamiltonian of which possesses a simple tridiagonal form:

H =




. . .
. . .

. . . ω 0
0 ω R

R 0 0
0 0 R

R −ω 0

0 −ω
. . .

. . .
. . .




(48)

The eigen problem of this extended Hamiltonian can be solved easily by reducing it to the eigen problem of a general block diagonal

form
(−mω R

R −(m + 1)ω

)
, giving the quasienergies εm,± = −(m + 1

2 )ω ±
√

R2 + ω2/4. The distinct Floquet states can be indexed by
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ε± = 1
2 ω ±

√
R2 + ω2/4, corresponding to the gapped eigenstates of Ĥ(R) labeled by E±(R) = ±R. It is precisely because the Berry phase

accumulating in a period is π, the quasienergy is shifted by 1
2 ω in the Floquet spectrum rather than the driven frequency ω, which can

be seen more clearly when taking ω/2R ≪ 1, ε ≈ 1
2 ω ± R. In addition, the nonlinear deviation term

√
R2 + ω2/4 originates from the

interaction between two eigenstates through the non-adiabatic transport, which would approach to the static eigenvalues when the driven
frequency is enough small relative to the energy gap 2R. Hence, the analysis of Floquet spectrum can reveal this U(1) holonomy by testing
the shift of eigenenergies if we drive the system slowly enough. It is worth to note that the U(1) holonomy results in a single shift for each
eigenstates in a Floquet band and the interval of Floquet bands equals to the driven frequency and the accumulated phase γ can be related
to the eigenenergy shift ∆ω by the driven frequency: ∆ω = γ

2π ω.
The topological manner can be further generalized to more complex holonomy when eigenstates forms the multiple degeneracy, as

Wilczek and Zee shows [12]. We take the model Hamiltonian of spin- 3
2 atom’s nuclear quadrupole resonance for example, ĤNQR = (B · Ŝ)2,

to reveal the SU(2) holonomy in the corresponding Floquet spectrum. Firstly, we briefly introduce the gauge structure in the parameter
space of B = B(sin θ cos ϕ, sin θ sin ϕ, cos θ). Taking the four-dimensional representation of the spin operator Ŝ for spin- 3

2 atom:

Ŝx =




0
√

3
2 0 0√

3
2 0 1 0
0 1 0

√
3

2
0 0

√
3

2 0




, Ŝy =




0 −i
√

3
2 0 0

i
√

3
2 0 −i 0
0 i 0 −i

√
3

2
0 0 i

√
3

2 0




, Ŝz =




3
2 0 0 0
0 1

2 0 0
0 0 − 1

2 0
0 0 0 − 3

2


 (49)

then we can easily find two double-degenerate bands with different eigenenergies E± 1
2
(B) = B2/4, E± 3

2
(B) = 9B2/4, the corresponding

eigenstates can be written as | ± 1
2 (B)⟩ = e−iϕŜz e−iθŜy |e1,2⟩, | ± 3

2 (B)⟩ = e−iϕŜz e−iθŜy |e0,3⟩, where |ei⟩ = (δ0,i, δ1,i, δ2,i, δ3,i)
T . The Wilczek-Zee

phase factor or the SU(2) holonomy in the adiabatic transport along a closed circuit C in the parameter space can be defined in the degenerate
subspace:

UWZ,ab = P exp[i
∮

C
Aµ,abdxµ], Aµ,ab = i⟨ϕa(x)|∂µ|ϕb(x)⟩ (50)

where |ϕa(x)⟩ is the eigenstate in a certain degenerate subspace and A is the gauge potential to show the gauge structure in the space
of parameter xµ. Since the degeneracy leads to the nonscalar gauge potential, the WZ phase factor forms a SU(2) holonomy. In the gauge

defined by the eigenstates | ± 1
2 (B)⟩ and | ± 3

2 (B)⟩, the gauge potential can be easily calculated for two degenerate bands: A
1
2
µ dxµ = ( cos θ

2 σz −
sin θσx)dϕ + σydθ, A

3
2
µ dxµ = 3 cos θ

2 σzdϕ. Note that there exist singularities both at the north pole (θ = 0) and south pole (θ = π/2), then this

local gauge is defined on a patch which is not simply connected. Hence, we take a gauge transformation W
1
2
N = eiσzϕ/2 and W

3
2
N = ei3σzϕ/2 to

remove the singularity at the north pole, then the WZ phase factor in the new gauge is written as U′
WZ = W†

N,C f
UWZWN,Ci , where C f and Ci

are the final and initial ends of the closed circuit C.
We reveal the implicit holonomy of the parameterised NQR Hamiltonian in the main text for different cases with fixed θ and varying ϕ.

When driving the parameter along the equator (θ = π/2), the WZ phase factor of two degenerate bands can be written as:

U′
WZ, 1

2

∣∣∣
θ=π/2

= eiπσz e−i2πσx =

(
eiπ 0
0 eiπ

)
, U′

WZ, 3
2

∣∣∣
θ=π/2

= ei3πσz =

(
eiπ 0
0 eiπ

)
(51)

Since the transport along the equator only contributes the diagonal phase factors on each eigenstates, the U(1) holonomy can be genuinely
revealed in the Floquet spectrum with a single eigenenergy shift near 1

2 ω and Floquet bands seperated by the driven frequency as shown
in our experiment. The true SU(2) holonomy could emerge when the parameter driven along the fixed-θ circle (taking θ = π/4). The WZ
factor can be written as:

U′
WZ, 1

2

∣∣∣
θ=π/4

= eiπσz ei2π(
cos π

4
2 σz−sin π

4 σx) =

(−0.2522 + 0.4328i −0.8655i
−0.8655i −0.2522 − 0.4328i

)

U′
WZ, 3

2

∣∣∣
θ=π/4

= ei3πσz ei3π cos π
4 σz =

(
ei 3

√
2−2
2 π 0

0 ei 6−3
√

2
2 π

) (52)

It is obvious that the true SU(2) holonomy is only existing in the lower degenerate band expanded by | ± 1
2 (B)⟩, while the actual U(1)

holonomy of the upper band would just cause the eigenenergy shift near ∆ω = 3
√

2−2
4 ω for |+ 3

2 (B)⟩ and ∆ω = 6−3
√

2
4 ω for | − 3

2 (B)⟩ in
the Floquet spectrum. Since the SU(2) holonomy leads to the rotation between two degenerate eigenstates | ± 1

2 (B)⟩, it would cause the
eigenenergy splitting in the Floquet band and the sub-band structure would emerge. The splitting can be estimated by the eigenvalues of

UWZ, 1
2

∣∣∣
θ=π/4

, which equals exp[iγ±] = exp[±i
√

10−2
2 π]. That means when we drive the system for a period, there exists two components

accumulating different phase, γ+ and γ−, respectively, which causes the eigenenergy splitting ∆ωsplit =
γ+−γ−

2π ω =
√

10−2
2 ω. Additionally,

the phase factor of SU(2) holonomy is not gauge-invariant any more, while a gauge invariant related to this factor is the Wilson loop

W = Tr[UWZ, 1
2

∣∣∣
θ=π/4

] = 2 cos γ+ = 2 cos(∆ωsplit
ω π) ≈ −0.504, which can be directly figured out through the analysis of the Floquet

spectrum. In our experiment, we drive the parameter along the fixed-θ circle by varying ϕ periodically with frequency ω = 0.5 as the simple
case mentioned above to show the Berry phase. Also, the nonadiabatic transport would cause the interaction between two degenerate bands,
which leads to slight deviation from the eigenenergy shift or splitting calculated by the theoretical WZ phase factor. But it can be corrected
at enough precision by solving the extended eigen-equation in Supplementary Equation (44) with high-frequency truncation for |m| > 5, see
main text.
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Supplementary Note 5 – Hardware scalability of the silicon photonic quantum chip for QCS

High-fidelity arbitrary controlled unitary operators remain challenging on current quantum platforms, including superconducting, trapped-
ion, and atomic systems. Nevertheless, the integrated-photonic quantum chip realizations in our work demonstrate this capability—even
at a small scale. We emphasize that the experimental demonstrations reported here are proof-of-principle, involving small effective system
sizes that remain well within the classically simulable regime. Scaling such devices to larger system sizes remains an experimental challenge
but it is possible. In this section, we analyze potential scaling pathways for our integrated photonic platform.

5.1 Hardware limitations of the current device

Before discussing potential scaling pathways, we first acknowledge two major practical limitations that currently prevent immediate large-
scale demonstrations on our current integrated photonic device and platform:

Device losses: Propagation loss in silicon-on-insulator (SOI) waveguides of the current chip is about 2.0dB/cm. Each MZI introduces an
insertion loss of approximately 0.46 dB, and the chip-fibre coupling loss is about 4 dB. In the current chip design, the photon carrying the
target qudit experiences one asymmetric MZI for spectral filtering and four layers of linear optical network (preparation, unitary, compres-
sion, and measurement, as shown in Fig. 2a in the main text), with about 2.5 dB insertion loss, resulting in a total 14 dB insertion loss for
the target photon. For the compression operation, we coherently compress the expanded Hilbert space to superpose four unitary operations
(U0–U3) for the realisation of controlled time evolution. This compression operation projectively collapses the state into a quarter of the
subspace, introducing an additional 6 dB loss for the target photon. Hence, the target photon experiences about 20 dB loss, and the ancilla
photon about 10 dB loss, resulting in a total coincidence loss of 30 dB. Overcoming this challenge would require better devices and advanced
schemes, which are not implemented in the current design.

Probabilistic multi-Photon generation: Our current platform relies on probabilistic spontaneous four-wave mixing (SFWM). To suppress
multi-pair emission noise, the generation probability per pulse is typically restricted to P ≈ 0.01–0.05. For an N = 6 photon state, the
coincidence rate drops to less than 0.1 Hz, making experiments at N ≥ 8 practically infeasible without deterministic sources or active
multiplexing (see below more details). Also, because the multi-photon source we mentioned above would be more vulnerable to the purity
of photons, the additional noise induced by this make the current integrated multi-photon platform not suitable for the precise spectrum
estimation in QCS.

Thermal crosstalk and calibration overheads: Thermo-optic phase tuning dissipates about 30 mW of electrical power per heater. For
high-dimensional encoding of quantum states, the required number of MZIs increases dramatically. We operate 108 MZIs on the current chip.
When integrating larger devices with more heaters (see the discussion of scaling possibilities in the following sections), tuning many more
MZIs simultaneously will cause thermal gradients and crosstalk across the chip. Beyond crosstalk, the challenge lies in how to electronically
drive a large number of thermo-optic phase shifters in a scalable manner. Managing thermal crosstalk and implementing scalable electronic
controls must be addressed as the system dimension scales. Fortunately, thermal crosstalk can be mitigated through techniques such as
deep-trench thermal isolation, while scalable electronic control can be effectively supported by advanced electronic–photonic co-packaging
technologies.

5.2 The scaling of dimensions of integrated photonic unitary network

The achievable dimensionality of the high-dimensional entanglement as well as the corresponding high-dimensional controlled-unitary
operation circuit, are determined by several factors: the circuit’s physical footprint, the optical loss throughout the circuit, and the success
probability for generating N-dimensional entangled states.

(1) Circuit footprint: The dimensionality of integrated high-dimensional entanglement sources, as well as the corresponding high-
dimensional controlled-unitary operation circuits, is determined by the number of SFWM processes and the number of spatial paths for
the N-dimensional unitary circuit. This means that the achievable dimensions mainly depend on the size of the MZIs relative to the silicon
photonic chip area and, more generally, on the number of integrated photonic components available on a silicon chip. To achieve arbitrary
control over the unitary operations – which is essential for implementing the QCS – the N-dimensional circuit requires N × (N − 1)/2 MZIs.
For a fixed MZI size (currently about 300µm × 60µm), the length or width of the network scales linearly with the dimension N. One die
fabricated using our CMOS photolithography processes (see Methods) on a 200 mm diameter silicon-on-insulator wafer is approximately
24mm × 32mm. Thus, a single chip can accommodate N > 100 dimensions, as N = 32mm/300µm ≈ 107. By using similar fabrication
technology, previous works have previously demonstrated 16-dimensional quantum entanglement generation13 and 32-dimensional quan-
tum graph lattices14, for different purposes but indicating the dimension scalability. Moreover, employing die-to-die stitching techniques15,
where the coupling loss can be optimized down to about 0.004 dB, enables further expansion of the accessible dimensionality. In addition,
reducing the footprint of basic beam splitters can dramatically enhance dimensional scalability. On the current chip, multimode interferom-
eters (MMIs) of size 27µm × 2.8µm are used, while recent work reports an inverse-designed MMI as compact as 4µm × 2µm16, suggesting
that dimensionality can be increased by roughly an order of magnitude.

(2) Loss analysis: The total loss of the high-dimensional controlled-unitary device is primarily determined by the number of MZIs in the
circuit. In our current device, the MMI loss was optimized to approximately 0.2dB, while the typical loss of each MZI, accounting for a waveg-
uide propagation loss of 2dB/cm, was about 0.46dB. As a result, the overall loss of an N × N unitary circuit scales roughly as 0.46NdB, which
inevitably reduces the detectable photon count rate. Strategies for loss management include: replacing MMIs with ultra-low-loss directional
couplers (albeit at the cost of stricter fabrication tolerances); adopting multimode waveguides, which have demonstrated propagation losses
as low as 0.28dB/cm17; migrating to ultra-low-loss silicon nitride integrated photonic platforms. For instance, a 20-dimensional unitary
network implemented on a silicon nitride platform with a propagation loss of 0.07dB/cm has achieved a total loss of only 1.1dB18 – about
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an order of magnitude lower than comparable silicon-based designs. It should be noted, however, that the silicon nitride platform typically
offers lower integration density, which may entail a trade-off in the achievable dimensionality of the unitary circuit when compared with
high-density silicon photonics.

(3) Entanglement probability: The success probability of generating N-dimensional entanglement does not decay rapidly with increasing
dimension. For two-photon high-dimensional entangled states, we pump an array of N SFWM-based photon-pair sources simultaneously,
where each source (or spatial mode) corresponds to one encoding basis state |0⟩, |1⟩, ..., |N − 1⟩. The N-dimensional entanglement is effec-
tively the coherent superposition of “single-source pumping” events, i.e., events in which exactly one source emits an entangled photon pair.
If the probability of generating a photon pair from a single SFWM source is p, the probability of obtaining a two-photon N-dimensional
entangled state is given by

Probsuccess = Np(1 − p)N−1. (53)

When p is sufficiently small, this expression can be approximated as

Probsuccess ≈ Np ∗ e−p(N−1), (54)

which reaches a maximum value of approx. N
e(N−1) ≈ 1

e when p = 1/(N − 1). Given that the photon-pair generation probability scales

quadratically with the pump power (Powerpump), i.e, p ∝ Power2
pump, the optimal total pump power required for N sources is

Powertotal = NPowerpump ∝ N
√

p =
N√

N − 1
≈

√
N. (55)

Therefore, by scaling the total pump power as
√

N (which is favorable), the success probability of generating N-dimensional entanglement
can be maintained near the constant value 1/e.

In addition, given the efficienct generation of high-dimensional entanglement, the high-dimensional controlled-unitary operation is then
realized through Hilbert-space expansion and coherent compression processes applied to the high-dimensional entangled state, as shown in
Fig. 2a in main text. With the current device design and the measurement configuration, this process achieves a success probability of 1/2.
The probability can be improved by optimizing the compression stage. Using a general high-dimensional Hadamard-type measurement
scheme will result in a deterministic—i.e., 100%—success probability for the high-dimensional controlled unitary operation19.

5.3 The scaling of multi-photon high-dimensional quantum chip

When using probabilistic photon sources, the detection rate for n-photon coincidence events scales exponentially. This poses a well-known
challenge for scaling photonic quantum information processing. The computational capacity of a photonic quantum processor is determined
by the size of its accessible Hilbert space, which scales as dn for n qudits of dimension d. The generalized multi-qudit controlled-unitary
operation – the key operation for QCS in larger quantum systems – can be realized using one auxiliary qudit to control n target qudits. This
scheme avoids the need for direct qudit-qudit interactions after state preparation and local operations, eliminating a key scaling bottleneck.
The operation can be generalized employing an n-photon d-dimensional Greenberger–Horne–Zeilinger (GHZ) state as the resource19:

|GHZ(n, d)⟩ = 1√
d

d−1

∑
i=0

|i⟩⊗n. (56)

Experimentally, high-dimensional multi-photon GHZ states have already been realized in bulk optics20–22 and on integrated photonic
chips14. Scaling to more photons builds on established techniques for multi-qubit GHZ generation23, which rely on high-purity, highly indis-
tinguishable photon-pair sources. Recent advances in integrated quantum photonics have demonstrated increasingly complex multi-photon
states, including 4-photon states24,25, 8-photon states26, 18-photon device27, and high-purity high-indistinguishability photon-pairs28. By
integrating these technologies, including multi-photon qudit GHZ generation, high-fidelity qudit control, high-quality photon sources, low-
loss fiber–chip coupling, and large-scale integration, we estimate that a 10-photon device is achievable in the near term, as detailed in the
following analysis. The photon rate for realizing this generalized multi-qudit controlled-unitary operation using the |GHZ(n, d)⟩ entangled
state can be expressed as follows:

Rtot(n, d) = RGHZ(n, d) · ηcompress(d) · ηcir(n, d), (57)

where RGHZ(n, d) denotes the generation rate of the n-photon d-dimensional GHZ resource state, ηcompress(d) presents the success probability
of the coherent compression process (that is 1/d) and ηcir(n, d) denotes the propagation loss. The GHZ rate can be estimated as20,21:

RGHZ(n, d) = R0 · (ηheraldηOIηdet)
n · pn/2

0 ·
d

dn , (58)

where R0 is the repetition rate of the pulsed pump laser (500MHz in our case), ηherald is the heralding efficiency of photon-pair sources
(0.9 efficiency has been reported in silicon28), ηOI is the coupling efficiency between silicon chip and optical fiber (0.9 for low-loss edge
coupling), ηdet is the detection efficiency (0.9 for the typical SNSPD), p0 denotes the probability of photon-pair generation and d

dn presents
the post-selection probability of generating the GHZ state. The ηcir(n, d) is estimated by:

ηcir(n, d) = (ηMZI)
2dn, (59)

where the total circuit loss on the n-photon d-dimensional GHZ state is the product of the loss of cascaded MZIs and all n photons and ηMZI
is estimated as 0.98 (≈ 0.1dB) for low-loss realisation in silicon. When p0 = 0.667 can be chosen according to the state-of-the-art multiplexing

14



photon-pair source (demonstrated in the bulk-optics system29), we estimate the scaling of total detection rate for different photon number
and dimensions as shown in Supplementary Figure 5.

However, we would like to emphasize that this exponential bottleneck is not a fundamental limitation of photonic systems, but rather
a challenge associated with probabilistic generation. While current probabilistic sources impose exponential scaling on coincidence rates,
the integration of deterministic sources, advanced multiplexing, or alternative continuous-variable architectures represents a speculative
pathway that will require substantial experimental progress to realize at scale.

• Deterministic or multiplexed single-photon sources: Semiconductor quantum dot sources are achieving near-unity efficiency and
high indistinguishability. A cluster-state gun scheme immediate with a single electron spin can achieve 1D multi-photon cluster state
entanglement30,31. Recent work reports spontaneous two-photon emission with a single high-brightness semiconductor quantum dot32.
These demonstrations have shown the possibility of realising deterministic generation of multi-photon entanglement. Additionally,
multiplexed single-photon sources and entangled states have been proposed or experimentally demonstrated with improved efficiency.
While not yet near-deterministic, these systems show promising progress in both bulk-optics29 and integrated optics33. Moreover,
heralded generation of qudit GHZ states has been proposed as a pathway to improve photon-number scaling, leveraging multiplexing
techniques to boost efficiency34.

• Continuous-variable quantum chips: The rapid development of continuous-variable (CV) quantum photonics offers a complemen-
tary and scalable architecture. This scalability stems from the deterministic generation of squeezed states (serving as the fundamental
quantum units, i.e., qumodes), combined with deterministic entangling operations between these qumodes. Recent advances further
strengthen this platform: notable achievements include the integrated photonic continuous-variable time-spatial cluster state demon-
strated by Xanadu35,36, as well as the realization of frequency-bin cluster states37 and spatial cluster states38. This integrated continuous-
variable photonic platform presents a highly promising alternative route for implementing the QCS.
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Supplementary Figure 5 Estimated photon detection rate of the generalized multi-qudit controlled-unitary operation for different photon numbers and
dimensions.

5.4 Categorizing scaling pathways

To provide a clear assessment, we organize the discussion into three categories: (1) what has been experimentally demonstrated elsewhere,
independent of the present work; (2) what is possible in principle, based on theoretical or conceptual arguments; (3) what may be achievable
with future hardware advances, which remains speculative at this stage.

• What has been demonstrated elsewhere: Several key capabilities required for scaling QCS have already been experimentally demon-
strated in other research efforts.
(1) High-dimensional unitary networks: Previous works have demonstrated 16-dimensional quantum entanglement generation13 and
32-dimensional quantum graph lattices14 on integrated photonic platforms, indicating the feasibility of scaling dimensionality.
(2) Low-loss components and platforms: Compact MMIs as small as 4 µm× 2 µm have been reported16. Die-to-die stitching techniques
have achieved coupling losses as low as 0.004 dB15. A 20-dimensional unitary network implemented on a silicon nitride platform with
propagation loss of 0.07 dB/cm achieved a total loss of only 1.1 dB18.
(3) Multi-photon and high-dimensional entangled states: High-dimensional multi-photon GHZ states have been realized on inte-
grated photonic chips14. Recent advances have demonstrated 4-photon states24,25, 8-photon states26, and 18-photon devices27, as well
as high-purity, high-indistinguishability photon-pair sources28.
(4) Deterministic multi-photon sources: Quantum dot sources have achieved near-unity efficiency and high indistinguishability, with
demonstrations of deterministic multi-photon entanglement generation30,31 and spontaneous two-photon emission from a single dot32.
(5) Continuous-variable paltforms: Integrated continuous-variable platforms have demonstrated deterministic generation of squeezed
states and entangling operations, including time–spatial cluster states35,36, spatial cluster states38, and frequency-bin cluster states37.
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• What is possible in principle: Several scaling arguments suggest that large-scale implementation of QCS is not fundamentally prohib-
ited.
(1) Circuit footprint scaling: An N-dimensional controlled-unitary circuit requires N × (N − 1)/2 MZIs. With current MZI dimensions
(approximately 300 µm × 60 µm), a standard CMOS-fabricated die (approximately 24 mm × 32 mm) could theoretically accommodate
N > 100 dimensions (32 mm/300 µm ≈ 107). By employing die-to-die stitching techniques15, a total of N × M dimensions is achievable
in principle, where M is the number of stitched dies. For example, when stitching four dies, a device with approximately 400 dimensions
is possible.
(2) Entanglement probability: For two-photon N-dimensional entanglement generated by pumping an array of N SFWM sources,
the success probability is Probsuccess = Np(1 − p)N−1. For small p, this approximates to Probsuccess ≈ Npe−p(N−1), which reaches a
maximum of approximately 1/e when p = 1/(N − 1). Since p ∝ Power2

pump, the required total pump power scales as
√

N, which is
favorable. In principle, therefore, the success probability can be maintained near a constant value independent of N.
(3) Deterministic controlled-unitary operations: A general high-dimensional Hadamard-type measurement scheme could, in princi-
ple, achieve deterministic (100%) success probability for high-dimensional controlled-unitary operations19, eliminating the 1/d factor
from coherent compression.

• What may be achievable with future hardware advances: The following scaling pathways, while promising, remain speculative at
present. Their practical realization will require substantial experimental progress.
(1) Deterministic high-dimensional multi-photon entanglement: Though deterministic quantum dot single-photon sources and mul-
tiplexed sources have shown promise, the deterministic generation of high-dimensional multi-photon GHZ states suitable for QCS has
not yet been experimentally realized.
(2) Active thermal crosstalk mitigation at scale: While deep-trench thermal isolation and advanced electronic–photonic co-packaging
have been proposed to manage thermal crosstalk, their effectiveness when scaling to thousands of MZIs has not been experimentally
validated.
(3) Practical multi-photon QCS devices: Based on the technologies demonstrated elsewhere, we estimate that a 10-photon device may
be achievable in the near term (see Supplementary Figure 5). However, this estimate relies on simultaneous progress across multiple
fronts and has not yet been experimentally verified.

Supplementary Note 6 – Discussion and analysis of algorithmic performance

In this section, we provide a numerical benchmarking of QCS against existing quantum algorithms for spectroscopic estimation of various
quantum systems. The QCS is compared with the iterative quantum phase estimation algorithm (IQPE)39, standard QPE, and quantum
eigenvalue transformation of unitary matrices (QETU)40. Before that, we clarify that the comparison between our hybrid analog–digital
approach (which relies on continuous-time dynamics, signal processing, and classical post-processing) and fully digital, gate-based algo-
rithms (typically analyzed in a fault-tolerant setting) remains conceptually different, as they differ in computational model and physical
resources. Nevertheless, the hybrid analog–digital approach represents a promising noisy intermediate-scale quantum (NISQ) application
that leverages both quantum and classical processing. The benchmarking results (summarized in Supplementary Table 1 and Supplementary
Figure 6) show that the primary advantage of QCS lies in its applicability—specifically, its ability to naturally handle non-orthogonal eigen-
states, non-Hermitian Hamiltonians, and time-dependent driven dynamics, where standard digital eigenvalue algorithms face fundamental
formulation constraints.

As a test case for Hermitian time-independent quantum system, we adopt the spin chain Hamiltonian as same as Fig. 3f with 8 sites. We
account for query errors (ϵq) arising from imperfections in the execution of single-step controlled unitary operations eiĤδt (δt is set as 0.4),
which are fundamental to eigenenergy estimation in those algorithms. Considering experimental errors on the quantum chip, we induce the
query error by adding circularly-symmetric complex Gaussian noise to each element of the query unitary: Uq,ij + ϵq ∗ CN (0, 1). As shown in
Supplementary Figure 6a, under this specified noise model, the error of IQPE grows significantly due to its deeper query depth requirement.
QETU, based on the fuzzy bisection method40, remains robust under small ϵq, while it breaks down when ϵq exceeds the fuzzy interval width
of the approximate shifted sign function. Under these simulated conditions, the QCS maintains an estimation error within [10−3, 10−2] due to
its different query requirement and the application of singular spectrum renormalisation. Supplementary Figure 6b presents the asymptotic
scaling of query depth with respect to the target estimation error (ϵ) in the absence of query errors. The query depth of QCS scales efficiently

as O(∆−1
√

log(ϵ−1ζ−1∆)) (see Methods), where ζ = |⟨ϕk|ψ⟩T | denotes the overlap between the target eigenstate |ϕk⟩ and the trial state |ψ⟩T

and ∆ = ∆Emin/R(Ĥ) is the rescaled energy gap. Compared to the standard gate-based digital algorithms under their respective settings,
QCS exhibits a different scaling behavior in terms of query depth. For the total computational time, we compare the query complexity
of QPE (O(ϵ−1ζ−2)) and QETU (O(ϵ−1ζ−1)). In QCS, for time-independent Hermitian Hamiltonians, a query complexity of O(ϵ−1ζ−1)
can also be formally achieved. We stress, however, that these comparisons are based on query depth in idealized settings. In practice, the
analog-digital hybrid nature of QCS, physical resource requirements, noise models, repetition rates, and classical post-processing overheads
differ fundamentally from gate-based digital algorithms, making direct complexity comparisons qualitative rather than representative of an
absolute scaling advantage.

We also benchmark the capabilities of QCS for non-Hermitian systems modeled in Fig. 4a. We choose the non-collapse eigenstate as
the target eigenstate to estimate the real part of eigenenergy through the PT phase transition as shown in Fig. 4g. Results are shown
in Supplementary Figure 6c. Under these conditions, the different algorithms exhibit distinct behaviors. For QETU, it requries query
to the time-evolution operator e−iĤNH δt as well as its transpose conjugate eiĤ†

NH δt. Because the physical eigenstate |rk⟩ of non-Hermitian
Hamiltonian is not an eigenstate of its transpose conjugate Ĥ†

NH , the QETU circuit fails to preserve the dual orthogonal eigenspace. This
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Supplementary Figure 6 Benchmarking quantum algorithms for spectroscopic estimation of general systems. a, and b, Ground-state energy estimation
for the 8-site spin chain Hamiltonian: (a), energy estimation error (ϵ) versus query error (ϵq), and (b), query depth versus target estimation error ϵ with
no query error (ϵq = 0). For IQPE and QETU, we apply a shift of eigen-spectrum Ĥδt → Ĥδt + 11 ∗ Î, to ensure the rescaled ground-state energy falls
within (0, 2π). To achieve comparable estimation accuracy when no query error (NE), the query depths are chosen to {30, 211, 274} for QCS, IQPE and
QETU, respectively. c, Estimation of eigenenergies (real part) in non-Hermitian system with no query error. While QCS can estimate the non-Hermitian
eigenenergies across the PT-symmetry-breaking transition, IQPE fails when passing through the EP at g = 0.5, and QETU remains invalid throughout the
entire parameter regime. d, Estimation of quasi-eigenenergy in Floquet quantum system with no query error. The dashed horizontal lines denote theoretical
quasi-eigenenergies of the Floquet system. While QCS can resolve all oscillatory components associated with distinct quasi-eigenenergies, both IQPE and
QETU are constrained to accurately estimating only a single quasi-eigenenergy, provided the evolution time of the query unitary matches the driving period
(2π/Ω). IQPE: iterative quantum phase estimation; QETU: quantum eigenvalue transformation of unitary matrices. In (a) and (c), The gray line indicates
the initial guess bound for ground-state energy or the real part of eigenenergy. In (a)-(d), the initial state has ζ = 0.9 overlap with the target eigenstate.
Simulation results are obtained using MindSpore Quantum with 1000 shots per run.

fundamental limitation renders QETU invalid throughout the entire parameter regime for general non-Hermitian eigen-problems. The
algorithm’s relatively small estimation error observed at small g values arises solely because the non-Hermitian Hamiltonian approaches a
Hermitian system in this regime. Additionally, IQPE does not need query to the transpose conjugate of the time-evolution operator, so it can
estimate the real eigenenergy in the PT-exact phase. However, two fundamental limitations arise: (1) the presence of additional polynomial
terms in the time-evolution operator invalidates IQPE at the EP, and (2) in the PT-broken phase, the imaginary components of eigenenergies
induce ancilla qubit amplitude damping, concealing the phase information. In contrast, QCS estimates the real part of the eigenenergies
across the transition without requiring the transpose conjugate or being limited by these specific constraints.

We compare the algorithms for the time-varying Floquet quantum system modelled in Fig. 4h,i. As an example, we estimate Floquet
quasi-eigenenergies for the lower degenerate eigenspace with θ = π/2, choosing the initial state |ψ⟩T = e−iŜyπ/2(0, 1, 0, 0)T . Both of IQPE
and QETU require a fixed time-evolution operator for their query operations, fundamentally limiting their ability to completely characterise
periodically driven systems. We examine two evolution times for the query unitaries: the driving period (δt = 2π/Ω), and the discrete time
step used in our QCS experiment (δt = 0.6). Crucially, IQPE and QETU can only estimate eigenvalues of an effective Hamiltonian Ĥe f f

defined as e−iĤe f f δt = T e−i
∫ δt

0 (B(t′) · Ŝ)2dt. When δt matches the driving period, Ĥe f f correctly captures quasi-eigenenergies within a single
Floquet-Bloch band10. However, for other δt values, they yield completely incorrect quasi-eigenenergies. This is confirmed in Supplementary
Figure 6d: only QCS agrees with theoretical predictions, while IQPE and QETU either return erroneous quasi-eigenenergies or are restricted
to estimating a single eigenvalue. Additionally, the capability of VQE to solve non-Hermitian eigenproblems across PT symmetric transitions
remains uncertain without knowledge of appropriate ansatz. VQE is generally unsuitable for Floquet quantum systems because the effective
Hamiltonian describing the full-period time evolution typically lacks a closed form.
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Supplementary Table 1 Comparison of quantum algorithms for spectroscopic estimation of various quantum systems.

Quantum algorithms Quantum systems Query deptha Excitation- or
eigen-energy

State
properties

QPE41,42 Hermitian TI O(ϵ−1 log(ϵ−1)) eigen Yes
IQPE39 Hermitian TI, PT exact phase O(ϵ−1) eigen No
QETU (prepare ground state)40 Hermitian TI O(ζ−2∆−1 log(ϵ−1ζ−1)) eigen Yes
QETU (estimate eigenenergy)40 Hermitian TI O(ϵ−1 log(ζ−1)) eigen Yes

spectroscopic algorithms4,5 Hermitian TI O(∆−1
√

log(ϵ−1)) excitation No

VQE43–45 Hermitian TIb ansatz-dependant eigen Yes

QCS (this work) Hermitian TI, non-Hermitian,
Floquet (general dynamics)

O(∆−1
√

log(ϵ−1ζ−1∆)) eigen Yes

IQPE: iterative quantum phase estimation; QETU: quantum eigenvalue transformation of unitary matrices; VQE: variational quantum eigensolver; EP: excep-
tional point; TI: time-independent quantum system; a: query depth accounts only for the parameters discussed in the corresponding references; b: it remains
unknown whether VQE can solve non-Hermitian eigenproblems.

Supplementary Figure 7 The bond dissociation curve of hydrogen molecule estimated by QCS. The bar on each point denotes the range of Gaussian
peaks in the QCS spectrum, not the estimation error. HF: Hartree-Fock ground-state energy; Eigen: exact ground-state energy of Jordan-Wigner transformed
Hamiltonians; exp: experimental results by QCS.
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Supplementary Figure 8 Time-frequency analysis of the Landau-Zener model through simulated QCS. The Landau-Zener model describes the quantum

dynamics of a two-level system driven by a linearly time-varying Hamiltonian Ĥ(t) = 1
2

(
vt 2∆
2∆ −vt

)
, where v is the linear sweep rate (v = 10.0 in our case)

and ∆ is the constant coupling strength between the two levels. It interpret the aspects of the Rapid Adiabatic Passage (RAP) process in qubit manipulation,
particularly the non-adiabatic transitions and transfer efficiency in two-level quantum systems during chirped frequency sweeps. Without coupling (∆ = 0),
the bare (diabatic) energy levels cross linearly at t = 0. Finite coupling opens an avoided crossing with a minimum energy gap of 2∆. The instantaneous
eigenenergies are ±

√
(vt/2)2 + ∆2. The panels show short-time Fourier transform (STFT) spectrograms (left) and corresponding theoretical adiabatic energy

bands (right; blue: upper level, orange: lower level) for increasing coupling strengths. The eigenenergy estimation (ω) is normalized by the Nyquist-Shannon
sampling frequency. The initial state is selected as the eigenstate at the lower energy level. The color of pixels denotes the intensity of STFT spectrum of
C Î,ψ(t), indicated by the legend shown at the right bottom. a, Weak coupling (∆ = 0.1): diabatic regime—the frequency trajectory closely follows the linear
diabatic levels with almost no avoidance, resulting in the transition from the lower level to upper level. b, Intermediate coupling (∆ = 3.0): transition
regime—partial avoidance is visible as the trajectory begins to curve around t = 0. c, Strong coupling (∆ = 30): near adiabatic regime—the bright ridge in
the spectrogram precisely traces the hyperbolic adiabatic energy bands, reflecting strong avoidance of the crossing. The simulated results of QCS with STFT
demonstrate excellent agreement with the theoretical time-varying eigenenergies and the transition behaviour of Landau-Zener model across the full range
from diabatic (straight-line crossing) to adiabatic (wide hyperbolic avoidance) regime.
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