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I. SUPPLEMENTARY NOTE
Casimir and van der Waals regimes

Here we justify that the system studied in this work is expected to operate in the force regime commonly referred to as
Casimir regime rather than the regime called van der Waals regime. The two regimes are defined for example in Supplementary
Ref. 1, which is a seminal work on the topic of the Casimir force by Lifshitz. In the van der Waals regime, the retardation of the
response of one object to charge fluctuations in the other object (or electromagnetic fluctuations at the other object, depending on
the point of view adopted to describe the force) is negligible. This regime corresponds to small separations. The Casimir regime
corresponds to larger separations where the retardation is important. The Lifshitz model for the estimation of dispersion forces
(Eq. (5) of the main text) predicts both regimes and allows to define a threshold between the two, as illustrated in Supplementary
Fig. 1. In our equation of motion for the mechanics, we use the fitted strength and scaling of the Casimir force that is shown by
the dotted line in Supplementary Fig. 1. The van der Waals regime appears at separations of 1 — 3 nm nanometers, much smaller
than separations considered here.
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Supplementary Fig. 1 | Calculation of the pressure across a large range of distances in the Lifshitz formalism. The dotted line shows the
Casimir force expression used in the main text, and it is plotted over a large range of separations of the order of magnitude expected in the
device 2 — 100 nm.

In Supplementary Ref. 2, it was shown that the effective threshold of distance between realistic surfaces (e.g., with non-
negligible roughness) that separate the van der Waals and the Casimir regimes is of the order of 10% of the plasma wavelength.
For aluminium, this crossover is then expected around 9.5 nm. Although this is closer to the experimental separation estimated
from the model of force employed in the paper, it is still inferior, and the van der Waals regime has to be understood as a limit
case (for separations much smaller than the threshold). Therefore, in the experimental situation explored in this paper, we refer
to the Casimir force.
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II. SUPPLEMENTARY METHODS
A. Optomechanical description
1. Equations of motion

At small amplitude of displacement around the equilibrium position shifted by the nonlinear potential, the optomechanical
equations of motion are’:

X(t) = wmp,
P = —wnX — ymp — 80|a|2,

1
a(t) = —(iA + k/2)a + igoXa + VKeSin(f) ()

The displacement and momentum are respectively denoted ¥ and p, and a denotes the cavity mode field complex amplitude.
The mechanical parameters wn, ym, the cavity parameters x, A, and the coupling strength g, are the same as in the main text
and their values are listed in Table I. Note that we use the mechanical parameters wp, and y,, which are the ’dressed’ parameters
from the Casimir force rather than the 'unperturbed’ parameters w, and y,. We operate in a frame rotating at the frequency of
the microwave drive. Our system is strongly driven, so we can safely neglect the noise terms in the numerical simulations and
use a classical formalism. The input field is a combination of the (strong) drive at the cavity frequency, and a weaker sideband
drive. It can be expressed in the rotating frame as

$in(0) = VP /liwe + Py /hwce™ . )

This is enough to solve the system of equations of motion for some initial conditions ¥(0), p(0), and a(0). We model the detected
signal using input-output theory

Aout = VKed — Sin. (3)

The spectrum of the output field is given by the Fourier transform ¥,

. 2
S ou(@) = |F {(@ou + a )12} )
This spectrum S ,u¢(w) is recorded with a spectrum analyzer.

We can independently calibrate the parameters wy,, ym, k, A, and go as reported in Supplementary Method C. We also
accurately know the powers of the cavity and sideband drive tones we send in, but between the output of the generators and the
cavity are attenuators and cable losses (see Methods in the main text). To calibrate the amplitudes of our drives at the cavity
entrance, we first make a crude estimation based on the relative sideband powers (next section), and then refine it using Eq. 4
(section after that).

2. Relative sideband powers

We have recorded the powers of six sidebands (+w,,, +2wn, and +3wy,) for the measurements reported in the main text. We
can compare the relative powers of each of the sidebands, and compare the powers with the sideband drive, to show how our
detected signal is proportional to the mechanical displacement. We use the perturbative treatment of the classical coupled mode
equations®*. Our starting point is a simplified version of Eqgs. (60) and (61) of Supplementary Ref. 3, where the steady state
cavity field amplitude a is defined by the input power of the microwave drive at the cavity frequency, any, and cavity parameters
Ke, A and k. We define x,mp as a quadrature of the mechanical signal and choose the origin of times such that X = X, (#) sin(wy,?).

N

agp =a

™_iA + k/2
_ 80Xamp ap
e et —i(A + W) + K/2 ®)
80Xamp ap
a1 =

2xpr —i(A — wm) +K/2°



L — Deviation due to optomechanical nonlinearity
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Supplementary Fig. 2 | Relative sideband powers. Comparison of the maximum powers in all 6 sidebands for different powers of cavity
drive ay, (panel labels) and sideband drive ag, (x-axis). The colors indicate whether the sideband is on the red side of the cavity (a_; _»-3)
or on the blue side (a.; +2+3). The symbols are measurement points, solid lines are fits to the model of Eq. (10). Only at the highest powers
does our model deviate from the data, which is due to the optomechanical nonlinearity. The asymmetry of the first-order sidebands provides
a power reference between the applied drives. The higher order sidebands are symmetric, so they overlap and appear purple in the plot. This
symmetry motivates neglecting the scattering processes of ay, which we have done in constructing Eq. (3) of the main text.

Here, the amplitude of the anti-Stokes- and Stokes-scattered sidebands are denoted with a,; and a_; respectively. These exist in
the spectrum at +wy, away from the frequency of ag, and they are related to the mechanical amplitude Xuyp. This expansion is
valid regardless of the spectrum of x,mp, and simply requires that it is peaked close to 0 frequency and sufficiently narrow so that
the sidebands are well-separated.

Our six-sideband treatment is based on repeating the treatment of Eq. (5), but considering a. 23 as the source term instead of
ap. That is, from a,| we recognize two scattering processes, which end up at ay and a.., respectively.

4 +80xamp aiy
0= —_—
2xpf —IA+ /2
80Xamp ay
ai = :
2xpr —i(A+ 2wp) + /2

(6)

By repeating this treatment for all orders of sidebands that we measure, we gain a set of linear coupled equations. This
resulting system can be written in matrix form as

1 ds 0 0 0 0 0 7[as] 0
do 1 dpy 0 0 0 0 |law 0
0 dyy 1 dyy 0 0 0 |lay 0
0 0 dyo 1 do 0 0|ay|= sz (7)
0 0 0 d,l 1 d,l 0 a_q 0
0 0 0 0 d_2 1 d_2 a_n 0
L0 0 0 0 0 ds 1 llas 0

with

_ 80Xamp 1
- 2xpr —i(A £ nwy) +&/2°

®)



We have made the simplifying assumption that repeated interactions ending up at lower-order sideband are negligible in power
compared to the (original) lower-order sideband power. This is a valid assumption when gy < «/2, since each individual photon
is much more likely to exit the cavity than to scatter from the mechanical resonator.

It is fairly straightforward to numerically solve Eq. (7) using e.g., Python. This model is valid when the optomechanical
interaction is dominated by a single drive tone, which in our case is ay,,. However, we have a weaker second drive, agp, at —wy,.
Since it is much weaker than ay,,, we neglect the effect of any scattering interactions from ag, on the sideband amplitudes. The
result of this is that there is an asymmetry only between the first-order red (a-;) and blue (a.) sidebands. If we had included the
scattering interactions of the weaker drive, the red and blue sidebands of all orders would have the same asymmetry. However,
from the measurements we will see that this is not the case (only the first order sidebands are asymmetric), and therefore we
neglect the scattering interactions of ag, in our sideband amplitude calculation. Thus the resulting amplitude(s) due to this drive
are

S OO

= 0 ) 9

sb aSh\@ ( )

(i(A~wm)+&/2)
0

0

To fit this model to our data, we solve Eq. (7) for @ and compute the output field using the input-output formalism. Here we
also add the solution for the weaker drive field ag,. The output field is described by

0

0

0

dow = VKe@+ ) — | a5 (10)
dsh

ZiA—wm) k)2
0

0

In Supplementary Fig. 2 we have plotted the maximum observed powers of each of our measured sidebands (markers) for
different drive powers, and compared those to our fitted model (solid lines). There is an excellent agreement at all but the highest
powers. For the highest powers, the optomechanical nonlinearity reduces the drive efficiency, which reduces the maximum
powers seen in the sidebands.

The measurements record the sideband powers, and from our model we extract |aoutl, but we need two conversion factors
to link the theory to our experiments (one for each axis of Supplementary Fig. 2). There is also attenuation from the room-
temperature source to the cavity at 10 mK (see Methods), which gives us an additional conversion factor. The simplifications of
the model of Eq. (7) are not ideal to use it as an accurate calibration tool between mechanical amplitude and measured power, but
it serves as a quick estimation of these conversion factors. We use these as an initial guess for the simulation-based calibration
method using the optomechanical equations of motion described in the next section.

3. Absolute amplitude calibration

Here we describe the calibration of measured signals into displacement. After the calibration of optomechanical parameters
described in Supplementary Method C, a remaining unknown is the total attenuation between microwave sources and the cavity
entrance. Indeed, input lines include attenuators with known attenuation (see Fig. 6 of Methods) but also losses incurred along
the cables whose exact value is unknown. To realize this calibration, we compare the measured response of the system at small
displacements with numerical predictions.

To model the response, we let Eq. (1) evolve numerically until it has settled into a steady state, and simulate the steady state
for an additional 10 ms. We compute the Fourier transform of the output field, as in Eq. (4), which gives us the observed power,
while we obtain the mechanical oscillation amplitude from the size of the orbit of ¥ of Eq. (1). To scale the simulated signal
in the same way as the measured signal, we multiply the simulation result by the detection scale factor (W/photon) S found in
Supplementary Method C and compensate for the finite simulation time. We then compare the maximum simulated power around
the first red and the first blue sideband (w, + w,,) with the maximum measured amplitude. We calibrate the cables attenuation
by matching the computed and measured signals simultaneously for these two sidebands’ maxima (see Supplementary Fig. 3)
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Supplementary Fig. 3 | Sideband calibration. a Simulated powers (colored lines with various markers) and observed peak powers (black
dots) for the red sideband. The legend indicates Py, the x-axis is Pg,. The agreement between the simulations and the measurements at low
power serves as a calibration for the numerical simulations. b Idem, but for the blue sideband. The grey shaded area shows the noise floor for
the measurements.

as well as for a point on the side of the red sideband detuned by 3 kHz (see Supplementary Fig. 4). Supplementary Fig. 3
shows that the calibrated values allow to match data and simulations for all combinations where both powers are in the range
[-40dB, -30dB]: these powers correspond to those for which the mechanical responses were measured to be approximately
Lorentzian and therefore reasonably well described by Eq. (1). Additionally, Supplementary Fig. 4 shows that the same calibrated
values allow to match data and simulations at all powers for the off-resonant point where the displacement is also very small.

From this procedure, we find that the power of the cavity drive Py, at the input of the device is attenuated by 47.4 dB from the
power issued by the generator. Out of this attenuation, 36 dB comes from the installed attenuators shown in Fig. 6 of Methods,
3 dB comes from a splitter at room temperature, and the rest (about 8 dB) is of the order of magnitude of the total attenuation
expected from the cryogenic transmission line itself. Similarly, we find that the sideband tone power Py, at the input of the
cavity is attenuated by 69.6 dB from the power issued by the generator. The difference of 22.2 dB between the attenuations of
the two tones is mainly due to the 20 dB attenuation of a directional coupler in front of the vector network analyzer generating
the sideband drive (see Fig. 6 of Methods).

Supplementary Fig. 3 also shows the maximum amplitude of sidebands computed at larger drives. As shown in the figure,
while Eq. (1) cannot reproduce the asymmetric mechanical lineshapes measured at larger drives, its solution still predicts the
maximum amplitude of measured sidebands rather accurately up to very large driving forces.

The displacement amplitude simulated for all combinations of cavity and sideband drive powers are shown in Supplementary
Fig. 5. At small amplitudes, the maximum amplitude scales linearly with both cavity and sideband drive powers, but at some
point this relation breaks down. This is not due to the nonlinearity of the oscillator since Eq. (1) does not simulate it. Instead,
this is due to the loss of drive efficiency due to optomechanical effects.
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Supplementary Fig. 5 | Mechanical amplitudes simulated with 1 for different combinations of cavity and sideband drive powers.

4.  Calculation of the drive efficiency

The tenet of (dispersive) cavity optomechanics is that the cavity frequency w, shifts as a result of the displacement %>. In this
work, the amplitude of ¥ is significant, and the cavity frequency shift 36“)’; causes a mismatch between the cavity frequency and
the drive frequencies, wyy =~ W, and wgp =~ W — wy. The cavity frequency w.(?) is thus a function of time, it oscillates at wy,
depending on the exact trajectory of the drum. For larger oscillations of %, the frequency mismatch between cavity and drive
is greater and the power in the cavity decreases. The oscillation is fast with respect to the cavity linewidth, as we are in the
resolved sideband limit k < wp,, which means that the cavity amplitude changes slowly with respect to the oscillation of wp,.
Furthermore, we also have two drives separated in frequency. So while the power resulting from the drive at w. is maximal for
small amplitudes of X, the power resulting from the drive at w. — wy, peaks for some specific oscillation amplitude of .

We calculate the drive efficiency by solving Eq. (1) with a fixed mechanical amplitude x. We let the system simulate only
for a brief time, such that the cavity amplitude a has had time to stabilize. From the last 20 mechanical periods, we extract the
power in the cavity. This brief simulation is repeated for 101 values of x logarithmically spaced between 1 pm and 1 nm for all
different cavity drive powers used in the experiments.

In the regime that is relevant for our experiment, the drive efficiency is 1 for small mechanical amplitudes (< 100 pm), and
decreases quickly towards zero beyond that. However, at even larger mechanical amplitudes, beyond what we achieve in this
work, the drive efficiency recovers to a non-negligible number in a series of bands that represent stable orbits as described in
Supplementary Ref. 5.

To fit a measured response driven by a given combination of powers, we first estimate the driving force Fy (unaffected by the
loss of drive efficiency) corresponding to that combination using the calibration detailed in the previous section. We simulate the
corresponding response using MatCont as described in Methods, then correct it point-by-point to account for the loss of drive
efficiency. This procedure is repeated for different values of parameter d appearing in the Casimir force model in order to realize
the fit using a standard least-square routine.



B. Simulating the Casimir nonlinearity
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Supplementary Fig. 6 | Effect of material parameters. a The residual resistance ratio (RRR) rescales the dissipation rate y, = ¥/RRR, but
varying it from the nominal value RRR = 2 does not significantly affect the Casimir pressure. b Varying the relative permittivity of aluminium
from the the nominal value € = 1.03 does not significantly affect the Casimir pressure. ¢ Varying the plasma frequency from the nominal value
Q, = 13 eV affect the Casimir pressure amplitude P more strongly than the Casimir scaling n.

1. Role of Casimir parameters

We perform the fit of distance d without considering variations in the calculated Casimir pressure, i.e., we consider the
Casimir pressure amplitude P and scaling n to be fixed. To motivate this choice, we show that the Casimir pressure does not vary
much with the material parameters yy (or RRR), €, and €,. We repeat the Casimir pressure calculations for different material
parameters, as shown in Supplementary Fig. 6, and we fit curves of the form P, = P/d" to distinguish changes in the amplitude
of the Casimir pressure (P) from changes in the Casimir scaling (7).

The residual resistivity ratio RRR can vary depending on the material source and deposition method. We have previously
measured similar films to have RRR = 2 using a four-point probe method. Variations in the RRR affect the phenomenological
dissipation rate, v, = vo/RRR, so Supplementary Fig. 6a shows the effect of varying either RRR or yo. From the overlap
between the curves, we conclude that RRR and 7y affect neither the Casimir pressure amplitude P nor exponent 7.

The relative permittivity of aluminium, ¢ = 1.03 was experimentally determined and follows from the core-interband tran-



sitions of the aluminium atoms®. We show in Supplementary Fig. 6 that variations in this parameter do not lead to significant
changes in the Casimir pressure.

We take the plasma frequency of aluminium Q, = 13 eV from Supplementary Ref. 6. In Supplementary Fig. 6 we show that
varying €, changes the Casimir pressure, but its effect on the Casimir scaling is marginal. A 25% variation in £, corresponds
to a 25% variation in P, but less than 1% variation in 7.
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Supplementary Fig. 7 | Fits for Casimir force variations. a The Casimir force for a material with plasma frequency w, = 10 eV is weaker
than the nominal Casimir force used in this work. The Casimir nonlinearity fits to a plate separation of d = 17.00 = 0.25 nm. b The Casimir
force for a material with plasma frequency w, = 15 €V fits to a plate separation of d = 18.50 + 0.25 nm.

To further motivate our choice to consider the calculated Casimir parameters as fixed values, we fit our experimental data to
the Casimir force calculated with €, = 10 and 15 eV. The results are shown in Supplementary Fig. 7, where we have taken
the optomechanical calibration of mechanical amplitude to be fixed. Taking Q, = 10 eV (Supplementary Fig. 7a), the Casimir
force is weaker, which means that to experience the same nonlinearity at fixed mechanical amplitude, the plate separation d
must be reduced. Vice versa, taking €, = 15 eV (Supplementary Fig. 7b) leads to a better fit at larger d. The variations in
€, are significant (25% of the total value), and well beyond the uncertainty of which the plasma frequency is established in
aluminium, yet the effect on the fitted parameter d is limited (~1 nm). Thus, we conclude that our choice to take the Casimir
pressure amplitude and scaling to be fixed values leads to a smaller error than the optomechanical amplitude calibration does.

2. Static shift of frequency and position

As we illustrated in Fig. 1a of the main text, we start with a harmonic oscillator centered at distance d from the other plate
with unperturbed resonance frequency w;. The Casimir force pulls the top plate closer to the bottom plate, such that it oscillates
around some value d’ < d, and softens the spring so the mechanical frequency is decreased, wy, < w;. We do not know d or w, a
priori, but we can measure wy, with great accuracy, leaving us to consider d (or somewhat equivalently the Casimir pressure P.)
as a parameter to be fitted. That means that for every value d, we have to find the value of the unperturbed frequency w; such that



the perturbed frequency wy, = 27 X 10.001 MHz. Rather than finding a clever algorithm to compute the correct values of w;, we
numerically evaluate the problem for a selection of d-values and interpolate. In Supplementary Fig. 8 we show the frequencies
w; that result in the correct value of w,, for different values of d.
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Supplementary Fig. 8 | Casimir frequency shift. Plot of the unperturbed frequencies w, for various values of spacing d that result in the
correct value for w,,, when the Casimir force is included.

The numerical simulations of the Casimir oscillator in MatCont start with the drive frequency far detuned. To start the
continuation, we need this step to converge to a solution. However, the total potential sketched in Fig. 1a of the main text has a
local minimum (where our resonator is) and a global minimum beyond the pull-in point. We need to feed MatCont the correct
initial values such that it converges to the local minimum instead of showing us the pull-in collapse. To find these, we compute
the position of the local minimum of the total potential for various values of d, while using the values of w, from Supplementary
Fig. 8. The unperturbed frequency w; is related to the mechanical stiffness needed to compute the potential, not wy,. We plot the
stable position of the local minimum for different values of d in Supplementary Fig. 9. As with the unperturbed frequencies, we
interpolate linearly between the calculated values for the numerical simulations and fits of the main text.

3091 e Stable position
----- Unperturbed separation
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Supplementary Fig. 9 | Shift of the local potential minimum due to the Casimir force. Distance between the local minimum (stable
position) and the bottom plate for various values of the unperturbed separation d. The dotted line indicates where the initial separation would
be the stable position. For d = 18.0 nm, the difference between the unperturbed separation and the local minimum is 2.9 nm.

3. Role of mechanical parameters

We study the effect of variations of the parameters of the Casimir effect through numerical simulations. We vary the drive force
amplitude F4, damping coefficient y;, separation distance d, and the Casimir exponent n. The results are shown in Supplementary
Fig. 10.
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Supplementary Fig. 10 | Effect of the Casimir force parameters. a Effect of different drive force amplitudes F4. b Effect of varying the
damping coeflicient y,. ¢ Effect of varying the distance between the plates at mechanical zero. d. The frequencies of the curves have been
shifted to align on wy,. d Effect of varying the Casimir scaling n, where the amplitude of the Casimir pressure has been fixed at the equilibrium
position d’.

We show how the system response transforms from linear behavior at small amplitude to nonlinear behavior at large amplitude
in Supplementary Fig. 10a. When the drive force amplitude is small, Fy = 10 fN, the frequency response of the system is
Lorentzian, as expected. For larger amplitudes, the resonance peak broadens and becomes asymmetrical, indicative of nonlinear
resonance where the response of the system is no longer linearly proportional to the drive force. The resonance frequency
decreases with increasing amplitude, which indicates that the Casimir force is a strong softening nonlinearity.

In Supplementary Fig. 10b, we study the effect of the mechanical damping rate y,. Lower damping allows for greater energy
accumulation within the system at equal drive amplitudes, leading to larger oscillations and a more pronounced nonlinearity.
However, all the backbones of the curves for different damping rates align, meaning the damping coefficient does not have a
significant effect on the nonlinearity we observe.

The most important parameter for Casimir experiments is the separation distance d, which is the distance between the plates
in the absence of the Casimir force. Since the Casimir effect strongly scales with the distance d, the Casimir force between
drums spaced d = 17 nm apart (blue curve in Supplementary Fig. 10c) causes a much stronger nonlinear behavior than for
drums spaced d = 18 nm apart. The region where there are multiple solutions is much more extended, even if the amplitude of
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the mechanical oscillations remains the same. All curves were generated using the same drive force, which indicates that the
separation distance d does not affect the mechanical amplitude significantly.

Finally, we show the effect of the Casimir force exponent n in Supplementary Fig. 10d. The The Casimir pressure was adjusted
for each n such that the value at the equilibrium position (d") was kept constant. While the trend from the change in n somewhat
resembles the trend from the change in d, it is noticeable that the peaks curve more sharply with increasing n, while they start
curving at lower amplitude for lower d.

C. Characterization of optomechanical system

1. Calibration of microwave cavity parameters

o-Si (before etch)—/]
Collapsed (after etch) ‘

78

Supplementary Fig. 11 | Microwave cavity. a Microscope image of our microwave cavity (after the experiment), with the inset showing
the drums (during fabrication). The larger (left) drum collapsed before the experiment, while the smaller (right) drum survived. b Sonnet
simulation of our cavity, with the collapsed drum replaced by a short.

Our microwave cavity design was optimized to allow coupling to two separate drum resonators with two cavity modes, as
shown in Supplementary Fig. 11a, and described in more detail in the Supplementary of Supplementary Ref. 7. In our device, one
of the drum resonators inadvertently collapsed and shorted one half of the cavity, though this cannot be seen in the microscope
image. Instead, we deduce this by the number of microwave modes we see (one), its frequency (w. = 27 X 5.46180 GHz), and
the number of mechanical signals we can observe in a wide-band frequency sweep at high red-sideband drive power (one).

We simulate our cavity using Sonnet, where we have replaced the collapsed drum by a short (Supplementary Fig. 11b). At
first, we replace the suspended drum by a numerical capacitance. An initial guess for the capacitance of this drum based on
the diameter 2r = 11.3 wm and a gap of 15.1 nm is 0.059 pF. To provide an initial estimate of the optomechanical coupling,
we vary the spacing of the vacuum layer in our Sonnet model, and re-compute the cavity resonance frequency. We find % ~
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27 x 104 MHznm™!. We use the zero point motion Xopf = A /L = 4.6 fm and estimate the coupling rate gy =~ xxpf% ~

2Meff W
27x480 Hz. This is larger than the coupling rate that we find when we calibrate our system by about a factor 3, which we attribute
to details not captured by our simulation: microscopic defects or fabrication imperfections, wire bonds, and box resonances. The
simulated microwave cavity mode is not qualitatively affected by these limitations, but the we should treat the optomechanical
coupling it yields as an optimistic estimate.

a Ki: 297.2 = 2.8 kHz
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Supplementary Fig. 12 | Microwave cavity calibration. a Amplitude response of the microwave cavity (blue) and the fitted linewidth (black).
b Phase response of the microwave cavity (blue) and the fitted response (black). The internal and external linewidths, x; = 297.2 + 2.8 kHz
and k. = 250.8 + 2.1 kHz respectively, are fitted as described in the text.

We characterize our microwave resonator by recording its reflected response (both amplitude and phase) and fitting this with
the equation’

(ki —ke)/2 = i(A - w,)
T (K +K) /2 —i(A - we)

(1)

Here, the square of the reflection coefficient, |[R|?, describes the probability that a photon reflects off our cavity. Furthermore, the
internal and external linewidths, ; and k., sum up to the total linewidth x = «; + k., and the detuning A = wyq — w, describes the
difference between the drive frequency wq and the cavity center frequency w.

We use a three-step fit process. First, we de-trend the cavity signal by fitting a polynomial of order 2 to the first and last 10%
of the amplitude signal, and a polynomial of order 1 to the same parts of the phase signal. This assumes the cavity resonance
is approximately at the center of our measurement span, and that the background is reasonably flat within this span. Then we
fit an ellipse to the response R on a Smith chart, from which we compute the cavity parameters and use those as initial guesses
for the third and final step. By using scipy’s curve_fit function®, we fit our data to Eq. (11). The response, fit and extracted
parameters are shown in Supplementary Fig. 12. We fit the amplitude in logarithmic scale to enhance the accuracy around the
cavity center, while the phase is fitted in linear scale.

Our cavity resonance frequency w, = 27 x5.46180 GHz, and the internal and external linewidths are x; = 27x297.2+2.8 kHz
and k. = 27 X 250.8 + 2.1 kHz respectively.
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2. Thermalization of drum motion

We calibrate the temperature to which the mode of our mechanical resonator thermalizes by sweeping the temperature of the
dilution refrigerator. At each temperature, we measure the mechanical spectrum and fit a Lorentzian to the data. This way, we
can extract the frequency wy,, linewidth vy, and the area of the mechanical peak.

The amplitude of the thermal motion peak is shown in Supplementary Fig. 13. It increases linearly with temperature below
200 mK. At higher temperatures the quasiparticles in the Al superconducting cavity shift and damp the cavity mode which
reduce the readout efficiency. The peak amplitude stays proportional to the temperature all the way to the base temperature of
10mK: we conclude that the drum thermalizes down to 10 mK and we use this assumption to extract gq in the next section.

Data

--- Fit -

10 4 ! o

Peak area (a.u.)
\

100 4

10! 102
Temperature (mK)

Supplementary Fig. 13 | Thermalization of the drum mode. Area of the fitted mechanical peaks, indicating the thermal energy of the
oscillator mode. The dashed curve is a linear fit offset by only about 3 mK, well below the base temperature of 10 mK, showing the good
thermalization of the mode with the cryostat at the base temperature. At higher temperatures, the microwave cavity response disappears, likely
due to quasiparticles in the superconductor (Aluminium), which shifts the microwave cavity frequency.

3. Calibration of single-photon coupling
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Supplementary Fig. 14 | Calibration of the optomechanical coupling rate. The amplitude of the scattered peak is compared to a signal of

known power (not shown). The area under the peak is calculated from a Lorentzian fit, and the ratio of the fitted peak with the signal of known
power yields the optomechanical coupling rate g.

The optomechanical coupling g is calibrated by sending in a tone at the red sideband, w, — wp,, and comparing the amplitude
of the scattered peak with the amplitude of the drive. The resulting signal is shown in Supplementary Fig. 14, and we fit a
Lorentzian curve to the peak. We extract the area A under the curve, which is proportional to the number of scattered photons,

and we compare it to the number of photons in the drive tone, &:b&sb. The optomechanical coupling can be extracted from these
amplitudes as

A |1 = kex(we — wm)|2L\/(wc - (Um)|2 (12)
|Cl5b|2 L\/wc|2nm ’

&=
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which contains the ratio of the peak amplitude, as well as the cavity susceptibilities at the red sideband and cavity center
(assuming zero detuning),

1

Y. —wn) = ————
K{ 2+ iwy (13)
x(we) = K/—2
The thermal mechanical occupation can be calculated as
kgT
N = . (14)
hiwn

With these expressions, we fit go = 27 X 150 + 9 Hz.

4. Effective linewidth

We account for optical damping (sideband cooling) by using an effective linewidth, y.g that relates to the intrinsic (low-power)
mechanical linewidth yy, via

4gglal®

YVeff = Ym + P =vym +1P. (15)

Here, |a|? is the number of photons in the cavity at the red sideband frequency, 7 is some coefficient which we are trying to fit
and P is the power sent out from our microwave source at the red sideband frequency. The exact value of 1 depends not only on
optomechanical parameters gy and «, but also on the attenuation in the microwave lines between source and sample. However,
as long as the latter are constant between measurements, we can use 7 and do not need to know the exact attenuation from our
lines.

To fit the intrinsic linewidth, mechanical frequency and 77, we vary the power sent in on the red sideband.

5. Scale and phonon number calibration

We do not know a priori the exact scaling between the spectral power that we measure and the expected spectral power of a
single photon or phonon. Thus we need to derive an expression for the spectral power in terms of system parameters that can be
measured, to use it as a fit function to our measurements.

Here we use operator formalism as the calibration described in this section is performed close to the quantum regime where
vacuum fluctuations should be taken into account. We start from the equations of motion for the cavity field @ and mechanical
ladder operator b corresponding to & % = xzpf(i) + b"). In the sideband-resolved limit, with a drive detuned by —wy, from the
cavity frequency (at the red sideband), with a separated into a steady state amplitude and some fluctuations @ = @ + déa, the
equations of motion can be written in the frequency domain as

alw] = yelw + Al (~igoa (Blw] + b'[w + 2wn]) + Viidin[w]),

) ) (16)
blw] = xmlw] (~igo (¢*alw] + 0’ [w + 2wn]) + VFmbinlw]).

Here, the cavity susceptibility y.[w] = —»— and the mechanical susceptibility y[w] = are used as shorthands, and the

1
K/2—iw Ym/2—iw

input fields are aj,[w] and Ein[w].

In the good cavity limit, we can neglect the terms at w + 2wy, and A. We can replace b[w] in our expression for a[w] and
compute the spectrum S o, of the output field aou[w] = @in[w] — Viealw]. We get

1 - -
Sou = 5 + Keki e[ @I cay + gilal ymke [Fel@ml @] . (17)
The three terms come from the external port of the cavity (vacuum), environmental noise at the cavity frequency (7n.,y) and

mechanical noise (thermal, n,,). The shorthand y.[w] = % denotes the cavity susceptibility that is modified due to
0 c m
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Supplementary Fig. 15 | Power calibration. a Mechanical linewidths (orange) and frequencies (teal) for various driving powers on the red
sideband. b Extracted mechanical occupation n,,, and cavity photon number 7., as well as the equivalent quanta in the respective thermal baths.

the optomechanical interaction. In the fitting procedure, we subtract the constant offset, so the factor 1/2 in Eq. (17) disappears.
Our final fit has the form Sg; = S X (S out[w] —1/2), and requires knowing e, i, ¥Ym, 80, @, Heay, and ng, to extract our fit parameter,
scale S .. In favor of knowing « directly, we can use g%la/l2 = % using the parameter n defined in Eq. (15).

The fit procedure is as follows: We assume that at sufficiently low red-detuned drive power, the mechanical occupation is
unperturbed by the drive. For the points at the lowest powers shown in Supplementary Fig. 15a, below —32 dB, n,, is known
from the reference temperature obtained from the thermalization step. Then we use the power-dependence parameter n obtained
from the effective linewidth step, and fit the data at all powers to obtain n,, and n. at each power. The effective linewidth is shown
in Supplementary Fig. 15a, with intrinsic mechanical linewidth y,, = 168.9 + 9.5 Hz and power factor n = 5.37 - 10* HzmW~!
completing the fit.

With our initial guess of the occupation numbers, we subsequently refine the fits of our scale parameter and 1 (now using
the whole dataset). Using the updated values, we re-fit n;, and n. at all powers, and the final result is shown in Supplementary

Fig. 15b. In the plots, we have used the final = 5.37 - 10* HzmW ™!, and scale S. = 2.04 - 1071 %‘E

D. Data filtering

Due to limitations of our vector network analyzer, we drive our system at a series of discrete frequencies instead of a contin-
uous sweep. This way, we can control the step size and direction, which allows us to do a bidirectional measurement where the
drive frequency first increases and then decreases. We record the response of our system on a separate spectrum analyzer (SA),
which integrates for the full duration of the increasing/decreasing segments separately. The response measured at the second red
sideband (w, — 2wy,) during the upwards frequency sweep is shown in Supplementary Fig. 16a.

Our SA records the spectrum using a much finer set of points than the frequencies at which the vector network analyzer
outputs its drive. This condition creates a periodic pattern of peaks in the SA-recorded spectrum, which obscures the true shape
of the curve. We are only interested in the tops of the peaks, since there is no sideband drive at the frequencies between the
peaks. We filter the SA points in a small bandwidth around each of the vector network analyzer output frequencies, and integrate
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Supplementary Fig. 16 | Data filtering. a The measured power on the spectrum analyzer shows periodic peaks at the sideband drive frequency
steps. We filter out the peaks located at these frequencies (black squares). b All sidebands as recorded on the spectrum analyzer (blue) and
filtered (black). Clearly visible is the noise pedestal due to the drive at the first red sideband. The sharp peak at the edge of the pedestal is from
the vector network analyzer start/stop frequency.

the power over that bandwidth. The filtered signal is a much shorter set of points that traces out the tops of the peaks. We have
plotted the unfiltered data and the filtered signals respectively as blue dots and black squares in Supplementary Fig. 16a.

III. SUPPLEMENTARY DISCUSSIONS
A. Exclusion of other sources of nonlinearity
1. Electrostatic nonlinearity: Average potential offset

The top and bottom plates of our drum form a capacitance separated by a vacuum gap at equilibrium of d’ ~ 15 nm. Any
static average potential difference between the plates exerts an attractive force between the plates, which has been used in a
similar system to tune the vacuum gap’. In our system, the top and bottom plates are connected galvanically through the
superconducting cavity, thus they are two sides of the same superconductor. In the absence of a large thermal gradient across
our device, we expect the average potential difference between the plates to be negligibly small. Nonetheless, if there were a 1 V
static average potential difference, this would correspond to a pressure of Pge. =~ 150 Pa for &’ = 15 nm (based on a COMSOL
simulation, as shown in Supplementary Fig. 17). This pressure is negligible compared to the Casimir pressure, which at this
distance is P. = 12.0 + 0.6 kPa.

Our experiment is not directly sensitive to the absolute value of the (Casimir) pressure, and neither is it directly sensitive
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to any absolute pressure from the electrostatic force. It is sensitive to the nonlinearity that originates from these effects: The
electrostatic force contributes a softening nonlinearity that scales with Peje. o d~2. This scaling is much weaker than the Casimir
force scaling, P, oc d=2. Since the magnitude of the electrostatic force is much less and the nonlinearity scales much weaker
than the Casimir force, the effect from the average potential difference is negligible.
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Supplementary Fig. 17 | Electrostatic effects. Electrostatic pressure due to a 1 V static potential offset between the drum plates, as a function
of their separation distance d. Due to the small energies involved and the geometry of the simulation, it is sensitive to mesh-related inaccuracies.

2. Electrostatic nonlinearity: Potential patches
Crystal grain orientations can cause local differences in the electrostatic potential'®, also known as potential patches''. This
means that although two closely spaced conductors may have the same average potential, there may still be a non-zero attractive
electrostatic force between the conductors. Numerical simulations of randomized patch geometries can be used to estimate the
force contributed by these potential patches!'~'*. Such numerical simulations rely on accurate information about the (lateral)
sizes of these patches, as well as their voltage distribution'*!>.

We experimentally measure the patches in our aluminium to have a characteristic size of £ = 158 nm and a potential intensity
that falls well within a normal distribution width o = 100 mV. With these numbers, we overestimate the pressure exerted by
potential patches by about a factor 10. Nonetheless, we find that the patch pressure is several orders of magnitude smaller than
the Casimir pressure at our equilibrium position d’ = 15.1 nm, as shown in Supplementary Fig. 18. We exclude that potential
patches are responsible for the nonlinearity that we observe in our mechanical resonator. We describe the experimental details
in the next paragraphs.

KPFM measurement of patches

We use Kelvin Probe Force Microscopy (KPFM) to locally measure the potential on our sample, which is a well-established
technique based on a conductive atomic force microscope cantilever'®!”. We use a sample that was fabricated in the same batch
as the sample reported in the main paper. The KPFM measurement results are plotted in Supplementary Fig. 19, where we see
characteristic aluminium spots where the potential is ~ 100 — 200 mV below the mean. This corresponds to the work function
difference between the different crystalline orientations of aluminium: The work function of aluminium in the (100)-direction
is 4.20eV, in the (110)-direction it is 4.06eV and in the (111)-direction it is 4.26eV'®. There is no correlation between the
potential and height, which are measured simultaneously.
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Supplementary Fig. 18 | Patch pressure. Calculated Casimir pressure and patch potential pressure for patches normally distributed with a
standard deviation of 100 mV, for various patch sizes.
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Supplementary Fig. 19 | Potential patches. Measured surface potential (left) and height (right) of a 2 x 2 um? aluminium film from the same
fabrication batch as the sample studied in the main text.

Patch strength

We expect a Gaussian distribution of the potentials, since the crystalline orientations should be random. But when we bin
the measurement points of the potential, the Gaussian fit shown in Supplementary Fig. 20 is not a good fit. There is a distinct
tail towards lower potentials, which represents the spots seen in Supplementary Fig. 19. The Gaussian fit is centered around
a mean value =768 mV with a standard deviation o of 30.4 mV. The mean potential seen in Supplementary Fig. 19 is due to
the insulating substrate due to which the sampled area is not well galvanically connected to ground: Our KPFM tip touches
down before the measurement and this transfers some charge to the sample. Any excess charge leaks out over time (timescale of
approximately 30 minutes in air), so our measurement shows some offset potential.

Patch size

Besides the intensities of the potential patches, their spatial extent (average patch feature size £) strongly affects the distance
scaling of the electrostatic force they exert'>!3. Recent simulations show that the lateral resolution of the KPFM probe can lead
to an overestimation of the patch size and an underestimation of the patch intensity'®. We use ASYELECO02 probes in our AFM,
which have a nominal tip radius of 25 nm, and operate in tapping mode with an amplitude 10 nm. With these numbers, we can
estimate the lateral resolution of our KPFM measurement using20 Cmin = VRH =~ 16 nm where R is the tip radius and H is the
minimal tip-sample distance. We determine the average size of the experimentally measured patches using the correlate2d
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Supplementary Fig. 20 | Potential patch statistics. Distribution of the measured potentials and heights for the area shown in Supplementary

Fig. 19, and Gaussian fits (dashed black lines).

function from Scipy, which is plotted in Supplementary Fig. 21. We find the average patch size £, is 158 nm, which is well above
our minimal lateral resolution, £, > ;. Thus there is no reason to assume we significantly overestimate the characteristic patch
size ¢ or underestimate the patch intensity distribution width o. Our KPFM measurement also measures the height variation in
our sample. The height is well-described by a Gaussian fit centered around —0.1 nm with a oy, of 2.19 nm and a characteristic

feature size €heighe = 32 nm, as shown in Supplementary Fig. 20.
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Supplementary Fig. 21 | Potential patch size. Autocorrelation of the potential shown in Supplementary Fig. 19. The average patch size £, is
the distance at which the normalized autocorrelation drops to 1/2e ~ 0.184 (dotted lines), which is 157.8 nm for our aluminium film.

Patch textures reproducibility
Our patch characterization was performed on a sample that was processed identically (i.e., in the same batch) as the sample

in which we measured the Casimir force. We have measured the patch statistics on 8 separate areas on the aluminium parts
of the sample, and obtained similar patch intensities and patch sizes. The average patch intensity distribution width from all 8
areas Omean = 36 mV, and the average patch size is fiean = 160 nm, with both parameters varying minimally between different

measurement areas.

While some processing steps greatly affect the size and intensity of potential patches!, we have performed KPFM measure-
ments on multiple samples (from different batches) and found our processing does not significantly affect the potential patches.
The patch intensity does not appear affected by our release etch step, as we have measured oean = 41 mV before release
(0mean = 36 mV after). The heat treatment step has the largest effect on the patch intensity, o pesn = 63 mV before any heat
treatment, O mean = 95 mV after 15 minutes of 200 °C, 0 mean = 47 mV after 15 minutes of 240 °C, 0 pean = 42 mV after 15
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minutes of 260 °C, and 0 pean = 41 mV after 15 minutes of 280 °C. These findings appear consistent with potential patches that
originate solely from the crystalline structure of the material. Our patch measurements were performed on a sample that has
been processed simultaneously and identically to the experimentally reported sample, so we consider them to be representative
of the patches present in the drum we tested.

Estimate of patch forces

We calculate the effect of patches for our drum geometry using the simulation framework we developed in an earlier work'?.
We generate Voronoi patterns based on randomized patches of various sizes, with normally distributed potentials with a oo =
100 mV. Our patterns consist of 400 patches, and we compute the electrostatic energy. From the variation of energy with plate
separation, we extract the pressure from the patch potentials for various plate separations as shown in Supplementary Fig. 18.
We find the well-known limit behaviors with the patch size'': When € > d, Ppyeh o d™2, while when ¢ < d, Pyyen o d™*. The
regime where ¢ > d leads to the greatest patch pressure in absolute sense, yet this is still several orders of magnitude smaller
than the Casimir pressure for our plate separation d = 15 nm. We find Ppycn = 230 Pa at a vacuum gap of 15 nm, much smaller
than the Casimir pressure P, = 12000 + 600 Pa, as shown in Supplementary Fig. 18. We note that in Casimir experiments at
larger distances (d = 200 nm), the Casimir pressure can be comparable in amplitude to the patch pressure.

3. Mechanical nonlinearity: Geometric origin

There is a significant body of literature on the mechanical nonlinearities with a purely geometric origin. In our experimental
platform of superconducting Aluminium drum resonators, Supplementary Ref. 22 provides an excellent theoretical background
that is experimentally tested in Supplementary Ref. 23. The nonlinearity due to geometry is a hardening nonlinearity in these
drum resonators, both on theoretical grounds and experimental evidence?>?}. The Casimir force contributes a softening non-
linearity, which is exactly what is described in the main text, and thus we exclude the geometric nonlinearity on qualitative
grounds.

Furthermore, we can exclude the geometric mechanical nonlinearity on quantitative grounds. We follow the method of
Supplementary Ref. 22, which is based on Kirchhoff-Love theory for circular membranes. The first assumption in this method
is that the resonator is essentially a 2D circular membrane with coordinates (r, ), which has modes purely moving in the out-of-
plane z direction. From COMSOL simulations, we verify that the mode shown in Fig. 8b of the Methods consists for > 99% of
motion in the z-direction. Thus we separate the variables of the function f, ,, describing the motion of our structure for the (n, m)
mode,

fn,m(r’ 97 t) = Zn,m(t)lpn,m(r’ 0) (18)

The part z,,,,(f) describes the oscillating motion, and ¥,, ,,(r, 6) is the normalized mode shape. The mass and stiffness parameters
of the fundamental mode (which is the one we study) are given as*’

27 Ry
Moo = ph f (Yoo(r, «9))2 rdrdé,
o Jo

1 ER (7R
Koo f f (Woo(r, O)A W (r, 0)) rdrde (19)
0 0

- 12 1- v?
21 Ry
+hoo f (Wo,0(r, O) Ao o(r, 0)) rdrdb.
o Jo

We denote the material parameters: p is the density of the drum material, E is the Young’s modulus, v, the Poisson’s ratio, and
o the stress (negative for tensile stress). The drum geometry is taken into account via the drum radius Ry and thickness /.
Finally,

(20)

_10. (0. 10
T ror\ or r2 062

is the Laplacian operator in polar coordinates. From Eq. (19), we can calculate the mode frequency woo = +/Ko.0/ Mo.o-

In the COMSOL model shown in Fig. 8 of Methods, we use material parameters p = 2700 kg m™3, E = 76.6 GPa, v, = 0.32,
and the average value of the von Mises stress over the drum domain, o = —270 MPa (following the convention of Supplementary
Ref. 22, tensile stress is negative in the analytical description, while in the COMSOL plots tensile stress is positive). Combined
with the drum diameter 2Ry = 11.3 um and the thickness of the evaporated Al 4 = 120 nm, we can evaluate Eq. (19). We find
Moo = 1.38 x 10713 kg m? and Koo = 1467 Nm. The resulting frequency woy = 27 X 16.4 MHz is close to our bare resonator
frequency w; = 27 X 16.3 MHz.
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The geometric nonlinearity can be captured in a cubic term (e x*), and its coefficient for the fundamental mode can be found
from the expression®?

cD or AR

~ Eh O’O d

Koo = —— (o.0(r, O)Agro (1, 0)) rdrdd (2D
Rd 1- Vr Jo 0

where C((;()) = (.389664 as tabulated in Table IV of Supplementary Ref. 22. From our COMSOL simulations, we obtain Ky =

3.55 x 10" N'm~!. We then relate this to the coefficient ap of the Duffing term,

Fq
X+ Y X + wex + an3 = R (22)
Meft

where ap = Koo/ Moo = +2.57 x 102 m~2s72. This value is close to the experimental fit of Refs. 22 and 23, which is
ap = +7 x 10’ m~2 572 in a drum resonator that is of nearly identical design to the one in this work.

From the coefficient ap, we can estimate that a +1 Hz frequency shift should occur if the motional amplitude is x ~ 0.6 nm.
At those amplitudes, we see a multiple-kHz negative frequency shift corresponding to the Casimir force. Thus we can exclude
the geometrical mechanical nonlinearity based on the magnitude and sign of the frequency shift.

4. Higher-order optomechanical couplings

The optomechanical cavity is formed by a plate capacitor where one of the plates is mechanically compliant. The capacitance
is not a linear function of the separation distance d’, and g, only represents the first-order Taylor series of the capacitance in
x/d’. To estimate the "higher order’ optomechanical couplings that stem from the nonlinearity of the capacitance expansion, we
follow the method of?? derived for the same type of system. The cavity frequency and couplings up to third order in x are

2 3
we(x) = we(0) — | g0 +&(i) +g—2( o )
Xzpf 2 Xzpf 2 Xzpf

Xypf 20 }

d 7 w0)

Xzpt 2 Xzpf €0 80 :

82= 80 [2( @ ) RN +5(u)c(0)) }
For a motion amplitude of x = 0.2 nm, close to the maximum amplitude observed here, the frequency shift from the gy term is
Aw. =~ —6.5 MHz, the additional shift from g; would be Aw, = —7.5 x 1072 MHz and the additional shift from g, would be
Aw, = —8.7 x 10™* MHz. These higher-order contributions are only a relevant contribution to the frequency shift for extremely
large displacements (=~ nm). At these displacements, the frequency shift is much larger than the cavity linewidth, Aw. > «,
so the drive efficiency that we describe in the main text is the most important optomechanical effect to take into account. We
emphasize that the nonlinearity from the plate capacitor expansion only affects the cavity frequency shift and not the mechanical
frequency shift from the Casimir force.

81 =80 [2 (23)

B. Measurements on a second device

We have repeated the experiments of the main text in a second device, fabricated using an identical design but in a different
fabrication run. The parameters of the device were characterized using the same method as for the device in the main text, and
they are reported in Supplementary Table 1.

In the absence of the Casimir force, the devices have a similar mechanical resonance frequency. However, this second device
has a slightly different separation of the plates at mechanical zero (d), the final mechanical frequency is rather different due to
the nonlinear nature of the Casimir force. Due to the lower optomechanical coupling rate, and higher cavity linewidth, it requires
more drive power to reach larger displacement amplitudes, and we are limited by the maximum power that our measurement
chain can handle. These measurements were performed in a different dilution refrigerator to the experiments in the main text,
with a separate set of measurement equipment.

One of the mechanical response curves of the second device is shown in Supplementary Fig. 22. We have performed the same
calibration procedure as in the device of the main text, and extract d = 19.1 £ 0.5 nm (solid black line) from a fit to the data. For
completeness, we also show the theory curves for d = 19.6 nm (dotted black line) and d = 18.6 nm (dashed black line).
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Quantity Symbol | Value

Unperturbed frequency Wy 27 % 16.710 MHz
Mechanical frequency Wm 27 x 13.688 MHz
Mechanical linewidth Ve = Ym |27 X231 +4 Hz
Cavity frequency We 27 x 7.589718 GHz
External linewidth Ke 27 x 304.7 + 2.8 kHz
Internal linewidth K 2 X 608.7 + 6.2 kHz
Optomechanical coupling g0 2nrx 67 +3 Hz
Effective mass Mey 3.96 x 107 kg

Rest separation without Cas. f. |d 19.1 £ 0.5 nm

Rest separation d’ 17.3 £0.5 nm
Bottom plate diameter 2r 11.3 um

Casimir amplitude P (1275 +7) - 107 Pam®
Casimir force scaling exponent|n 3.193

Supplementary Table 1 | Parameters of the second device.
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Supplementary Fig. 22 | Measurement of the nonlinearity in a second device. The measured response (blue) for 10 dBm cavity drive power
and 0 dBm red sideband drive power. The theory curves based on the Casimir force for a separation of mechanical zero of d = 19.1 nm (solid
black line), d = 19.6 nm (dotted black line) and d = 18.6 nm (dashed black line) are overlaid on the measured data. The d = 19.1 nm curve is
closest to the center of the measured data.
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