Supplementary Information

Entropy Plateaus, Combinatorial Degeneracy, Local Moments, and Heavy-Fermion
Mass Renormalization in Magic-Angle Graphene

Zhenyuan Zhang,''* Shuang Wu,»* Dumitru Calugiru,®? Haoyu Hu,>* Takashi
Taniguchi,” Kenji Watanabe,% B. Andrei Bernevig,>*7 and Eva Y. Andrei®: '
! Department of Physics and Astronomy, Rutgers University, Piscataway, New Jersey, 08854, USA
2 Department of Physics, Princeton University, Princeton, New Jersey, 08544, USA
3 Rudolf Peierls Centre for Theoretical Physics, University of Ozford, Ozford OX1 3PU, United Kingdom
4 Donostia International Physics Center (DIPC),
Paseo Manuel de Lardizdbal, 20018, San Sebastiin, Spain
5 International Center for Materials Nanoarchitectonics,
National Institute for Materials Science, 1-1 Namiki, Tsukuba 305-0044, Japan
8 Research Center for Functional Materials, National Institute for Materials Science, 1-1 Namiki, Tsukuba 305-0044, Japan
TIKERBASQUE, Basque Foundation for Science, 48013 Bilbao, Spain

Appendix A: Methods

FIG.S1. dI,,/dV, map and Extraction of inverse compressibility.

FIG.S2. Filling-dependent inverse compressibility with and without magnetic field.
FIG.S3. Landau levels of flat bands and remote bands.

FIG.S4. Partial filling and entropy S.

FIG.S5. Extraction of entropy.
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FIG. S1. dI,/dV, map and Extraction of inverse compressibility. a, dI,,/dV, map as a function of V; and n/ng. The
phonon-induced gap feature near V4 = OmV is omitted. b, Extracted du/dn on the clectron side at 4K with data in Fig.le.
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FIG. S2. Filling-dependent inverse compressibility with and without magnetic field. a, Extracted du/dn at 0.3K
and 4K from dI/dV; and dI/dVy at Vi, = 42mV b, du/dn map on the electron side as a function of filling and perpendicular
magnetic field. The Landau filling factor and Chern number can be extracted from the response of du/dn peaks of LL and
Chern gaps labeled by dashed lines. ¢, Chemical potential (stacked) on the electron side at various perpendicular magnetic
fields. Arrows mark the LL and Chern gaps developing under magnetic fields. All the degeneracies of the 0*" LL are lifted
under high magnetic fields.
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FIG. S3. Landau levels of flat bands and remote bands a, High-resolution df,/dV4(40mV) near CNP on the hole side.
The low dI,,/dV, dark lines correspond to the high compressibility of gaps between LLs. b, Same as a, but measured at
—40mV and on the electron side. ¢, dI/dV,"(stacked) as a function of V;, — Vp (Vp is the bias voltage of the Dirac point) at
the fixed v, ~ 1 near the CNP from 1 to 3T. The LLs of the flat bands are labeled with arrows. d, dI/dV, (stacked) as a
function of V, at n/ng = —2.5 from 0 to 8T. The flat bands (VFB: valence flat band, CFB: conduction flat band) and the
LLs of remote bands are labeled with dashed lines. e, V; of the LL peaks as a function of /N(NN — 1)B taken from ¢ and d.
En — Eg = hwey/N(N — 1) for massive chiral bands, w. = eB/m*. The linear fittings claim an effective mass of 0.047m. and
0.174m. for remote bands and flat bands, respectively.



a r y . . b
4+ T=20K y
——c electron
f electron
3 -
£ 3
5 2 %
£ =3
e »
1 -
0
0 1 2 3 4 5 0 1 2 3 4
n/n0 ning

FIG. S4. Partial filling and entropy S. a, Partial filling of f- and c-electrons calculated in the atomic limit of the topological
heavy-fermion model with strain. The Hubbard interaction energy U; of 23mV and the compressive heterostrain ¢ = 0.001
are set to match the experimental data (Appendix I). Within the flat bands, most electrons are localized f-electrons at AA
sites. Above full filling, mobile c-electrons have high occupancy in the remote bands. b, Total entropy S on the electron
side at various temperatures calculated with the same parameters as a. At low temperatures below 10K, the non-interacting
conduction and valence flat bands separate due to heterostrain, each with degeneracy of 4. As temperature goes up, charge
transfer becomes possible between flat bands and the degeneracy gets doubled to 8, increasing the total entropy.
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FIG. S5. Extraction of entropy. a, Chemical potential on the electron side from 4K to 40K. The chemical potential at CNP
is set to 0. b, The integrals of chemical potential at filling of 2 and 3 as a function of temperature. ¢, Extracted entropy with
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the formula S (%, T)= —w and data in b. The entropy curves show two plateaus around 10K and 20K. The

error bars represent the estimated 1-sigma (1o) uncertainty of the fitted entropy.

Appendix B: Determination of the lattice misalignment

The TBG and graphite underneath the hBN could be imaged through electrostatic force microscopy. [1] The lattice
misalignment between graphite probe and TBG could be measured based on their edge orientations as shown in
Fig. S6. Assuming their edge types are the same, the angle between the edge orientations of 102° (or 78°) indicates
that the lattice misalignment is 18°.
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FIG. S6. Lattice misalignment by EFM imaging. The yellow (white) dashed line in the phase image of EFM mode
indicates the edge of TBG (graphite probe). Darker contrast in TBG or graphite originates from the cover of the top hBN.

Appendix C: Fitting of transmission coefficient background

This transmission coefficient background is due to the gate dependence of the tunneling barrier height [2-4]. In our
sample, the tunneling layer is a 6-layer h-BN, which is thick enough to observe the exponential T'(n). Through the
normalization by the transmission coeflicient background, the effect of tunneling rate to the chemical potential could
be excluded leaving the chemical potential only depending on the filling.
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FIG. S7. Fitting of T'(n) background. dI/dV; curve at V3, = 34mV. The red dashed line is an exponential fitting of the hole
side with dI/dV;, = const - exp(k - n/no), here k = 0.258 . The exponential term is from the filling dependence of transmission
coefficient.

Appendix D: Filling correction near filling of -4 and 4

Usually, carrier density n is calculated simply using a parallel capacitor model and carrier density is proportional
to the gate voltage applied. However, it is noted that using this method, the du/dn peaks (Fig.S8a) around fillings -4
and 4 are away from integer by about 0.2. This may be explained by considering quantum capacitance and geometric
capacitance in series as shown below.

1 1 1
= D1

c C, C, (D1)
Geometric capacitance Cy depends on sample-gate distance and is a known constant. Quantum capacitance Cj is
proportional to the density of states. When the sample enters insulating states at bandedges, the effect of quantum
capacitance becomes stronger, and the true filling needs adjustment. With the extraction of dy/dn and the relationship
that Cy = 623—2, the total capaticance is calculated (Fig.S8b) and the filling is corrected (Fig.S8c). After correction,

the du/dn peaks appear almost exactly at -4 and 4 (Fig.S8a). All the fillings in the paper are corrected with this
method. Note that it has little effect on the filling determination within the flat bands.
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FIG. S8. Filling correction. a, du/dn before and after correction at 0.3 K. b, Total area capacitance combining Cy and Cj.
c, Filling as a function of Vg. Filling is proportional to V; within the flat bands.

Appendix E: Landau levels and Chern insulators at 6T

The Landau levels (LLs) arising from quantum Hall states of the flat bands are quite hard to observe owing to
the narrow bandwidth and large effective mass. By contrast, the remote bands, which are wide and parabolic, are
expected to develop LLs similar to those in Bernal bilayer graphene where the carriers are massive chiral fermions.
At 6T, as the magic angle TBG sample is doped below n/ng = —4, the unoccupied bands jump away from the Fermi
level at Landau filling of vy = —4 and vy = —8 marked in grey color in Fig.S9a, indicating LLs with degeneracy
of 4 and Berry phase of 0 or 2r. The energy jumps below n/ng = —4 marked by purple dashed lines in Fig.S9a at
Landau filling vy, = —4 (V" = —=11V) and v, = =8 (V" = —13V) are equal to the energy spacings between the
corresponding remote LLs, which are comparable to the bandwidth of flat bands. The gate voltages corresponding to
the CNP, LLs/Chern insulators (Cls) and band edges of the flat bands are marked in Fig.S9a-S9d.
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FIG. S9. LLs and Chern insulators in TBG. a, dI/dV, map at 6T. Gate voltages of dark vertical lines are marked with
distinct colors. At high energies above 40mV, discrete flat bands are observed which are LLs of the remote bands. Flat bands
below n/ng = —4 are marked by purple dashed lines. b, Extracted gate voltages corresponding to CNP, LLs/CIs, and band
edges (BE) at various magnetic fields.c, Top panel: dI/dV;, map at 0.3K and zero magnetic field. Bottom: du/dn at 0.3K and
zero magnetic field. The du/dn peaks at n/ng = 0, 2,4 align well with dark vertical lines in the top panel indicating low DOS.

d, Same as ¢, but under a perpendicular magnetic field of 6T. Peaks in du/dn caused by LLs and CIs align with dark vertical
lines in the dI/dV, map.



Appendix F: Magnetic field dependence of du/dn and dI/dVy.

The perpendicular magnetic field dependence of du/dn on the hole side is shown in Fig.S10a. No prominent Cls
are observed below 6T (also not observed in the dI/dV; map at 6T in Fig. S9a). The dI/dV,(n/ng, B) at the Fermi
energy (22 mV in this case) also shows features of LLs and Cls (Fig.S10b). Cls with C' = —2, —3 develop only above
6.5T, much weaker than on the electron side. The same trend implies a connection between cascade of transitions at
zero magnetic field and the CIs at high fields (both being stronger on the electron side, both happening near integer
fillings).
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FIG. S10. Magnetic field dependence of du/dn and dI/dVy. a, du/dn map on the hole side as a function of filling and
perpendicular magnetic field. b, Magnetic field dependence of dI/dV; at the Fermi energy. Cls on the hole side develop only
above 6.5 T. LLs/CIs and CNP are marked by black dashed lines.

Appendix G: The topological heavy-fermion model
1. Model

In this work, we employ the topological heavy-fermion (THF) model [5-20] to study twisted bilayer graphene (TBG).
We adopt the parameters from Ref. [5] for a twist angle § = 1.05° and a tunneling amplitude ratio wg/wy = 0.8,
incorporating strain and relaxation effects following Ref. [18].

At the single-layer graphene scale, uniform strain induces the transformation r — (1 + &) r, where £ is a general
real two-dimensional square matrix. For each TBG layer { (with [ = + for the top layer and | = — for the bottom),
the strain tensor is given by [18]

Lad
5ZE<€+16 leyl>’ (G1)

€y €4 — €
where el+ and €' denote the isotropic and anisotropic strain components, respectively, and eﬁcy represents the shear
strain. These strain tensors can be decomposed into symmetric (homostrain, £~ + £1) and antisymmetric (heteros-
train, £~ — £T) combinations. Since homostrain has negligible effects on TBG’s band structure to leading order [18],

we focus solely on heterostrain, characterized by opposite strains in the two layers, i.e., €~ = —£*. Thus, we define
E=E &%, ex=ei—€f, ey=6, €, (G2)

with typical values of e+ and €,y ranging from 0.001 to 0.004. In this study, we consider compressive heterostrain e
along the x direction of the conventional TBG unit cell [5, 19], where €5, = 0 and e = — (1 £ v¢) €/2, with vg = 0.16
being graphene’s Poisson ratio [19]. Throughout, € refers to compressive heterostrain along the %X axis.



We adjust the interaction parameters from Ref. [5] to align with the experimental geometry considered here.
Specifically, we model the Coulomb interaction between electrons using a single-gate screened potential [21]

1 — e 2

Vi(q) = Qngfzf—q,

(G3)

where Ug = 477‘;—055 sets the interaction energy scale, ¢ is the dielectric constant, and ¢ denotes the distance between

the sample and the screening gate. We use € = 12 [22] and £ = 2nm, resulting in U = 60 meV. The THF interaction
parameters are then [5]

Ui = 23.095meV, Uy =0.77TmeV, Wi =Wy =17.41meV,
J = 6.965meV, K =2.17meV, W3 =W,y =20.12meV. (G4)

The meaning of these parameters is the same as in Ref. [5]: U; and U, denote, respectively, the onsite and nearest-
neighbor f-electron repulsion; the parameters W, (for 1 < a < 4) quantify the Coulomb repulsion between f-
and c-electrons; J describes the ferromagnetic exchange between f- and c-electrons and the double hybridization
interaction, while K corresponds to the density hybridization interaction. The c-c interaction potential follows the
same form as in Eq. (G3).

2. Hartree-Fock simulations in the symmetry-broken phase

We perform simulations incorporating strain and relaxation effects to compute the compressibility of the incom-
mensurate Kekulé spiral (IKS) ground state near v = +2. To this end, we first obtain the self-consistent Hartree-Fock
solution of the IKS state exactly at integer filling v = +2, utilizing the analytical variational ansatz for the corre-
sponding density matrix derived in Ref. [19]. We apply a strain of e = 0.001 in these calculations.

Once the self-consistent solution at integer filling is obtained, we determine the Hartree-Fock self-consistent density
matrix for non-integer fillings by incrementally doping the system. To ensure efficient convergence, we employ standard
acceleration algorithms [23-27]. At fractional fillings, where the system becomes gapless, convergence is further
improved by introducing a small but finite temperature.

From the Hartree-Fock simulations, we can extract the dependence of the chemical potential on the filling, u(v).
To enable a direct comparison with experimental results, we subtract the classical charging energy associated with
uniformly charging the TBG sample to a filling v. This procedure effectively removes a linear contribution in v from
the chemical potential [17], leading to the following adjustment

1
= = Q_OV (0) v. (G5)

Appendix H: The atomic limit of the topological heavy-fermion model with strain

In this section, we counsider the entropy of twisted bilayer graphene (TBG) within the topological heavy-fermion
(THF) model in atomic limit. In the atomic limit, the f-clectrons are treated as uncoupled from the c-electrons at
either the single-particle or interaction level. This allows us to analytically obtain the entropy of f-electrons in the
presence of strain effects.

1. Atomic limit Hamiltonian

The atomic limit for the THF model of TBG [5] was considered by Ref. [28]. In the atomic limit, the f-electrons at
different lattice sites are decoupled from one another and also decoupled from the c-electrons. Because in this limit,
the f-electrons at a given lattice site are not hybridizing or interacting with any other fermions, we can study the
atomic problem via the following grand canonical Hamiltonian,

U U, N 1\ /- . 1
KAt — Z (]\/[f [emyam + ’I’]E_O'y]aﬂ — ﬂ5aﬂ) fct,n,sfﬁyms + 7 Z (f(t/,’r],sfaﬂhs — 5) <f(i/,n’,s/fa’,n’,5' — §> . (Hl)

a,3 a,n,s
s a’',n',s
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In Eq. (H1), f;.m creates an f-electron at a given lattice site Ry (since the system is translationally invariant, the
exact choice of Rg is unimportant) in valley n = =+, orbital a = 1,2, and having spin s =7, . The first term in
Eq. (H1) denotes f-electron strain contribution to the single-particle dispersion of the THF model, as derived by
Ref. [18], where My = 4252meV and o, o, denoting the Pauli matrices acting on the f-electron orbital subspace.
The second term of Eq. (H1) is just the U (8) onsite Hubbard repulsion of the THF model, with U; denoting the
corresponding interacting energy scale [5]. The zero-strain limit of Eq. (H1) was extensively studied in Ref. [28].

In what follows, we will find it useful to work in the basis in which single-particle term of KAt is diagonal. To this
end, we define rotated f-fermion operators f(j,,n,s? where a = £, where

ot 1 €pyFinE_ o

f+,n,s — i Ve, tel fl,n,s

A €y HiNE AT . (HQ)
f—.,n,s L == 5

\/i \/eiy—b—ef‘i

f 2,1,
We then define the number operators

Mg = Z faT,n,sfa-,n-,m (H3)

7,8

in terms of which the atomic-limit grand canonical Hamiltonian is given by

2
U N
At _ Ao 2L Y i
K —Z(as—,u)na—i—z (Zna 2) ) (H4)
where Ny = 8 denotes the number of f-fermion flavors, while & = [M|,/€2, + €2 is half the f-electron strain-splitting.

2. Entropy in the atomic limit

The single-site partition function corresponding to the atomic limit Hamiltonian from Eq. (H4) is given by

ZA (B, p) = Tr (e_BKAt)

Ny/2
L () (Eye e
nmo— n_— n4
Ny Ny _ Il
e e N N
-y Y el El —6[2en—(N+ )+ 587 H5
- Z Z N Ny N Ny e ’ ( )
Ny i Ny N2 TP A

where 8 = % is the inverse temperature. By definition, the corresponding single-site grand potential is

1
O (B ) = —5log 2% (B, ), (H6)
from which the entropy can be extracted using the thermodynamic relation

_a(DAt (ﬁ?:u’) _ /828(I)At (ﬁv:u’)

SAt (B,p) = 8<l> 9B

In principle, the partition function (and, as a result, the corresponding entropy) can be computed numerically for
different values of U; and ¢ as a function of p and . In order to get some analytical understanding of the results, we
will also get approximate analytical expressions for the entropy in two experimentally-relevant regimes: % Lek U
(the low-temperature regime) and & < % < Uy (the high-temperature regime). Note that the strain splitting of the

f-electrons is always smaller much smaller than their onsite Hubbard repulsion (¢ < Uy). At the same time, for the
temperatures employed in the experiments % < U; (the interaction TBG scale corresponds to hundreds of Kelvin).



To derive analytical approximations for the entropy, we start by defining the following probability distribution

N N
d(Nv n) —B[QE’IL—M(N+7Nf>+ﬂN2] . ( % >( Tf )
N,n) = ———"c¢ 2 2 , with d(N,n)= , HS
p( ) ZAt(IBHU') ( ) ﬂ_n‘i‘]\ii %_Fn_i_]\if ( )

2
such that p (N, n) denotes the probability of the system having N + Ny occupied f fermions, with 2n more fermions
in occupying the +¢ strain band compared to the —e one, a state which has degeneracy d(IN,n). In terms of the
probability function defined in Eq. (H8), the single-site entropy can be directly obtained from Egs. (H6) and (H7)

SAY (B, 1) = 523 (—1 log Z*¢ (ﬂw))

op B
B dlog ZM (B, )
ZA (B, ) op

— Z . p(N,n) logzng Z; (H9)

Ny
v=Y_ Np(N,n). (H10)

N N
_ f o, NI £
N=——rn=%——

a. Asymptotic expressions for the atomic-limit entropy in the low-temperature regime

By definition, in this limit, 1 <« B¢ < SU;. As a result, we find that

p(anl) —2Be(n1—n2)
P . 1m2) 1, HI1
p(N,TI,Q) ( )

where the order-one combinatorial prefactor has been dropped, as it is less important than the exponential. In
turn, this implies that in Egs. (H9) and (H10), for every N only the terms with the smallest n give a non-vanishing
contribution, which allows us to approximate

MG x>0 (ot (1)
NTf__T
vae Y Np(N), (H13)

( T+ 3 +5
L) oo () () gy < (7
75 ., with d'(N) <|]3[|>. (H14)

Moving forward, we note that the leading behavior of p’ (N) with N is governed by the exponential prefactor, i.e.

P (N) ~ P (N5 N7) (H15)
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which implies that at a given chemical potential, there will be at most two non-vanishing probabilities: p’ (V) and

p' (N + 1), for some —% <N<L % — 1. Therefore, at a given filling v, the only way to satisfy Eq. (H13) is if
lv]+1—-v it N=|v|
p(N)=<{v—|v] if N=|v|+1, (H16)
0 otherwise

where |v] denotes the largest integer smaller than v. In turn, through Eq. (H12), this allows us to obtain the
low-temperature entropy as a function of v analytically

SA (B v) ~ — (lv] +1—v) logM+N—f1_V — (v — |v])log # for 1< fe < BU;. (H17)
(T (1 f'ea)
Exactly at integer fillings, Eq. (H12) reduces to
Ny
SAY(B,v) = log (|5|), for vez. (H18)

b. Asymptotic expressions for the atomic-limit entropy in the high-temperature regime

In this limit, fe < 1 <« BUq, as a result of which we can ignore the term proportional to € in the exponential factors
of Eq. (H5). Under this approximation, the partition function of the single-site problem reduces to its zero-strain
form derived in Ref. [28],

Ny
2

AR Yl (V) e (o)

N
N, WV 4+ 5
N=—-F

Similarly to Eq. (H8), we now define the following probability distribution

NeY_Up e N
p(N):%eﬁ[u(Nw) AN ith d(N)=<N+f%), (H20)

where p(IN) denotes the probability of the system having N + N{ electrons, while d(NN) denotes the total number of
such states. Using Eqgs. (H6) and (H7), we obtain the following expression for the entropy of the system

Ny
M@~ Y )bk, (H21)

N
N=——

which is valid for fe < 1. At the same time, the filling of the system can be found directly from the partition function
in Eq. (H19)

Ny
2
va Y Np(N). (H22)
N=-Tf
- 2
Similarly to Eq. (H15), the leading behavior of p(N) with N is again governed by the exponential prefactor
pN) ~ N3N (H23)

which again implies that at most two probabilities p(NN) (corresponding to consecutive integers N) are non-vanishing
at a given chemical potential. As a result, one again finds that

lv]+1-v it N=|v|
p(N)=<v—|v] if N=|v|+1, (H24)
0 otherwise
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such that the high-temperature entropy from Eq. (H21) has the following analytical expression

SA (B v)~ —(lv] +1—v)log M+N—J}_I/ — (v —|v])log V_N—fLVJ, for 1< fe < pU;. (H25)
LyJ+‘1_,i) LVJ+%L+1)
Exactly at integer fillings, Eq. (H12) reduces to
SAY (B, 1) ~ log( N};\, ), for vez. (H26)
v+ =t

Appendix I: Zero-hybridization limit

In the atomic limit discussed in Section H, we neglected the contribution of the c-electrons to the entropy of TBG.
In contrast, the zero-hybridization limit considered in this section includes the entropy contributions from both f
and c-electrons while ignoring any single-particle coupling between them. Apart from the inclusion of strain [18], the
zero-hybridization Hamiltonian is identical to that in Ref. [9]. Explicitly, the Hamiltonian is given by

H= Hc+HU1 +HV +HW +HSt1'aina (Il)
where H,. represents the kinetic term for the c-electrons
f T

fch.,l,n,s Ci1s
0, — Z o ns 0 ‘ Vs (Nkgoo + ikyo) Geams | (12)

511 5 vs (nkyoo — ikyo,) Mo, Cx,3.m.5

k,n,s e 31,8 ék4
4.m,s

Ckam,s

Here, 0 denotes the zero matrix, and the single-particle parameters v, and M are specified in Ref. [5].
The interaction terms in Eq. (I1) include the onsite f-electron repulsion (Hy, ), the c-electron Coulomb interaction
(Hy ), and the f-c density-density interaction (Hw) [5]:

Uy ;. 2 ot 2
HUl = 7 :fR,a,n,szvav"lys::fR,o/,n’,s/vat’/JI/vS/:’ (13)
RO,
a'n'ys
Hy = — V(q) :éf é el é : (14)
V= q): ki1+q,a,n,s ki,a,m,s" ko—q,a’,n’,s’ ka,a’,n’ ;8"
200N, e al,
ki ke a @78,
a,n,s
Hy = — W o fd h el Cheg.al s (15)
w = No a’ ki 4q,0,m,s Ki,o0m,8-Cky —q,a’ n’ s’ Ck2,a” 0’8"

kiky q Q78
a ,

X
48

In these expressions, €y denotes the surface area of the TBG unit cell, Ny is the number of unit cells in the sample,
and V (q), Uy, and W, (for 1 < a < 4) are given in Section G.
The strain effects are captured by Hggrain, defined as [1§]

Al T

(/k,l,n,s ék,l,n,s
” , .
H . Ck,2,n,s & (fa:yo':r + Tlf—Uy) c (exy0'$ - 77€—O'y) Ck,2,n,s
Strain — AT / M’ N
C c (€my0$ + nE—Uy) €+O-2 Cky3’7775
k,n,s k,3,m,s ~
of Ck,4,m,s
k,4,m,s
~ T
flilns fk,l,n,s
+ | My (€xyo +ne—0y) | %% . (16)
k,2,n,s k,2,m,s

The strain parameters ¢, ¢/, M’, and My are provided in Ref. [18].
In the zero-hybridization limit, the model can be solved exactly by treating Hy and Hy at the Hartree level [9].
The total entropy at chemical potential x and inverse temperature § is given by

Stot(B, 1) = Se (B, ) + S (B, 1) - (I7)
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Here, SA%(B, 1) is the entropy of the f-electrons as defined in Eq. (H9), while S.(3, i) represents the entropy of the
c-electrons within the zero-hybridization model.

Let ex, (B, 1) (for 1 <n <4 x 2 x 2 = 16) denote the grand-canonical quasi-particle energies of the c-electrons
for the n-th c-electron band at momentum k. These energies are computed self-consistently for each p by solving the
zero-hybridization model following Ref. [11]. The explicit expression for the c-electron entropy then reads

Se (B.1) = =Y [np (exn (B, 1)) 10g (nr (eren (B, 1)) + (1= np (eicn (B, 1)) log (1 = np (excn (B, 0))] (18)

k,n

where np(w) = ﬁ is the Fermi-Dirac distribution at inverse temperature S.

Note that our simplified model cannot reproduce the second entropy increase observed experimentally. Additional
contribution, such as enhanced f-electron charge fluctuations, phonon contributions, or finite f-c¢ hybridization, may
account for this behavior but incorporating them would require a significantly more elaborate calculation, which lies
beyond the scope of this work. Nevertheless, even though this issue is not central to our conclusions, we have added a
figure showing the extended temperature range in Fig. S11. As seen in the plot, once the entropy reaches the second
plateau, it increases only very slowly with temperature. This slow rise reflects the limited contribution from the
c-electrons and from the strongly temperature-suppressed f-electron charge fluctuations within the zero-hybridization
approximation. We stress, however, that simulations in this high-temperature regime are not strictly justified, since
several additional entropy sources are ignored. For instance, even a small f—c hybridization would enhance the
f-electron charge fluctuations and lead to a further entropy increase. Our omission of this extended-temperature
simulation was therefore based on avoiding results obtained outside the regime of validity of the zero-hybridization
approximation.

S(kg/moiré)

20 40 60 80 100

FIG. S11. Simulation of entropy vs. temperature Entropy at integer fillings calculated in the atomic limit of the
topological heavy-fermion model with strain within broader temperature range from 2 K to 100K. The Hubbard interaction
energy U; of 23 mV and the compressive heterostrain e = 0.001 are set to match the experimental data.

Appendix J: The phonon contribution to entropy

In this appendix, we consider the potential phonon effects on the entropy of TBG. We qualitatively estimate the
entropy of phonons in TBG in the low-temperature limit.

The low-energy phonon spectrum of monolayer graphene comprises two in-plane linearly dispersing acoustic modes —
the longitudinal acoustic (LA) and the transverse acoustic (TA) modes — and one out-of-plane quadratically dispersing
mode, known as the z-directional acoustic (ZA) mode. The dispersion relations for these three modes are given by

K2
wra (k) =vralk], wra (k) =vealk|, wza (k) = [k

= 1
P (1)

where vra = 0.10eV A, vpa = 0.16eV A, and myza = 1.1 x 10~ 4m, (with m, being the electron mass) [29, 30].
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To estimate the low-temperature entropy of twisted bilayer graphene, we make the approximation of neglecting
interlayer coupling. Additionally, we employ the Debye model for the phonon spectrum, which includes only acoustic
phonons. The dispersion of the acoustic phonons is assumed to hold up to the edge of the Brillouin zone (BZ), which,
for simplicity, is taken to be circular. The resulting “radius” of the BZ is known as the Debye wave vector K p, chosen
so that the circular BZ contains as many states as the original BZ. Letting Ng denote the number of graphene unit
cells in one layer of the system and €2 the total surface area, we have

TK?2
# = NG7 (J2)
Q
which implies
4 N,
Kp =] —=C. (J3)
Q
The internal phononic energy associated with the moiré unit cell (denoted by €2g) is given by
w
UPhonon (ﬂ) - 2_ dw / (Qﬂ.) Bw _ 1 (6 ("JTA (k) - w) +4 (WLA (k) - U-)) +9 (WZA (k) - w))
K|<Kp ere —1
Ko 1 1
/ / 2k dk ~ — 5 (k= — )+ —b (k= =) + 25 (k — V2mzaw)
27T 272 —1 \vra UTA ULA VLA k
=0 dw— ( Y6 (KD - L) + € (KD - i) +mza0 (Kp — \/2mZAw)>
™ Jo UTA VLA VLA
Qp [ x? MZAT 8K}
= — K — Kp— — —
. /0 ( O (BuraKp — ) + 53U%A@ (BvpaKp — ) + 52 (C] ST T
Q[ 1 1 1 > x? mga [ x
N? E(T_F’ULA)/O dl’ 1+ 52/0 dl‘ez_l
Qo [T3)CB) [ 1 1 mZAF(2)C (2)
~—lmm et )t —
™[ B UTa 1A B
Qo [2¢(3 1 1 2
~ 2 C() -+ 5 +7TmZA . (J4)
T | B \via  via 652

The factor of two accounts for the two graphene layers in TBG. The internal energy was approximated in the low-

2
temperature limit by assuming fvra Kp, Bopa Kp, f—ni{zfi > 1. In Eq. (J4), ¢((n) denotes the Riemann zeta function.
The corresponding specific heat is given by

dUPhouon (ﬂ) N& m L 1 7T27n—ZA
a(3) 5 () )

via VA
Consequently, the phonon contribution to the entropy of graphene is
s 1 Qo [6¢(3) [ 1 1 myga
SPh non /3 =/ /301311 non /8 d (—) ~ — |: <— + _> + :|
ono ( ) 0 ono ( ) /); p [7)2 ’U%A ’U%A 3/))
Qo [3¢(3 1 1 2
~— <<2) ot + LA

™8 UTA VLA 36

“(52) (%)

In Eq. (J6), we have introduced the characteristic inverse temperatures for the acoustic modes of graphene

C(Phonon (ﬂ) =

1

1 3¢(3)Q2 1 1 2
JETEREy
Bra LA 7T Ura VLA

1 TQom -
— = (‘)—ZA> ~ 5 x 10*K. (J7)
Bza 3
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The estimation in Eq. (J6) indicates that the in-plane acoustic modes of graphene begin to contribute significantly
to the entropy of TBG around 7K. In the absence of electron-phonon coupling, this phonon contribution would not
affect the experimentally measured entropy, as the experiment measures the difference between the entropy of TBG
at a given filling v and at the band edge.

However, due to electron-phonon coupling effects, the acoustic phonon dispersion can acquire a weak dependence
on the filling, leading to phonon contributions in the experimentally measured entropy. Since the acoustic phonon
contribution becomes relevant around 7K and subsequently grows quadratically with temperature, this effect can
account for the observed increase in entropy beyond the second plateau at temperatures much lower than the f-
electron interaction energy scale or the characteristic energy dispersion of the c-electrons.
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