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SUPPLEMENTARY NOTE 1: EFFECT OF SAMPLING IN IRREDUCIBLE REPRESENTATION

In previous work,' we used an initial version of TAMMBER to study the breakup of a C15-dumbell interstitial cluster in
an EAM model of iron. We refer the reader to the original paper for details. We later performed an identical simulation
using the new version of TAMMBER that compresses the state space for sampling to a representation irreducible under
exchange, space group and translational symmetries, as described in the main text. The compression in the size of
state space, and the resultant effect on the model quality, are summarized in figure 1. Interestingly, despite the low
degree of space group symmetry for this system, due to the presence of multiple nonlocal exchange events during
sampling, the compression of exchange symmetries produced a significant efficiency improvement.
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FIG. 1. Supplementary Figure 1: Above: Connectivity graph® for the states and transitions found by TAMMBER using the
previously presented reducible (left) and new irreducible (right) representation. Middle: Representative structures of the A
and B basins (left) and the found minimum energy pathway (right). Below: Probability Pr<a that the system executes a
A — B transition before absorption, residence times (7..s) and various approximate projected breakup times' at a range of
temperatures using a Markov model built using the previously presented reducible (left) or new irreducible (right) representation.
We see the irreducible representation achieves a significant compression of phase space and yields much greater certainty, as
encoded by Pp<a, and that our model has sufficient predictive power to capture the dominant breakup mechanism.



SUPPLEMENTARY NOTE 2: EQUIVALENCE OF DERIVATIVES OF THE GENERATING FUNCTION
TO PATH-WISE AVERAGES

We start by recalling the branching probability matrices for N irreducible states in D dimensions

u,c ko c ky c ko
B, = ﬁ’ B(N)gp = Z letc exp (=A-d;), [B90)]y = quzc?
P leCyy <P P

In the following, we will suppress the ¢ superscript for clarity of presentation, meaning B*¢ — B* B¢ — B, etc.
The generating function with arbitrary initial condition P(0) reads

Z(A) =B" Y [B(\)]"P(0) = B“[I- B(\)] "' P(0) = B"G(N)P(0). (1)

n

By conservation of probability, it is clear that [B“], + 3, [B(0)]g, = 1, which implies that B*[I — B(0)]7! =1 and
thus Z(0) = 1P(0) = 1.

Consider the set P,, of paths £ = {&}§ which execute n transitions between n + 1 states before absorption. The
probability weight P¢ of each path and all n-paths is given by

Pe = [BY,, (H [B(O)]gl&1> [P0),, = D> Pe=B"[B(0)]"P(0) (2)
=1 EEP,

The sum over of path weights over the set of all possible paths P = U, P,, can be confirmed to be unity as expected-

Y P=> > P.=> B"[B(0)]"P(0) =B"[I-B(0)] ' P(0) = Z(0) =1. (3)

£eP n £€Pn

The total displacement x¢ = >, dg¢, , across each path can be found by simply constructing the path-wise probability
as before, but replacing B(0) with B(A) to yield

u —A- d —A-x
Pe(A) = [BY], (ll_[l [B(O)]5151_1> exp (Zidee ) [P(0)]¢, = Peexp AXe = xe = —OxIn Pe(\) o’ (4)
The expected value (or first moment) of the total displacement over the set of all possible paths is therefore
() =Y xePe=—0a Y Pe(N)| = -2V _. (5)
¢eP ceP B -
The second moment matrix of the total displacement follows naturally-
= Pe=0r@0n > PeN)| = 0a@HZN)| 6
(x@x) = X @xcPr=0r @Y cN)] _, T A®NZN)|, (6)

£eP EEP

where ® is the outer (or dyadic) product.



SUPPLEMENTARY NOTE 3: EVALUATING DERIVATIVES OF THE GENERATING FUNCTION

Consider the following application of the chain rule, using the above definition G(A) = [I — B(A)] ™", but writing
G, instead of G(A) for readability-

M, (GI=B,]) =0, G [I[-B,] -G h.Bx=0 =0,,G5=G5(0\.By) Gy (7)
. The second derivative of G () follows by induction as

3)\a(9,\ﬁG)\ - (8)\5G>\) (3>\QB>\) G)\ + G)\ (3,\[3(9>\QB)\) G)\ + G)\ (8)\QB>\) (6)\ﬁG>\) (8)
- G)\ (8>\HB>\) GA (8)\QBA) G)\ + G’}\ (3)\[§8)\QB)\) G’}\ + G)\ ((%\QB)\) G)\ ((%\ﬁB)‘) G)\. (9)

Using the above identity B*G|ax=0 = 1 we find
(6], = 1(02,B) |, _ GP(0) (10)
and
[<X®X>]aﬂ = 1 [(8)\5B>\) G)\ (6)\QB>\) + (a)\ﬁakaB)\) + (6>\QB)\) G)\ (8>\ﬁB)\)] ’)\:OGI)(O)7 (11)

where the vector and matrix-valued first and second derivatives of B, write

k; k;
[6)‘BA|>‘:0]qp = ktotdl = [B@d ap’ [8,\®8,\B()\)|/\:0]qp = Z @dl ®dl = B®d®d ap " (12)
l€Cy, P 1€Cyp P

SUPPLEMENTARY NOTE 4: TRANSPORT COEFFICIENTS FROM TRAJECTORIES OF VARIABLE
DURATION

Consider an average (...), over the set of all trajectories P, with 7.5 € [7,7+d7]. By the definition of drift and
diffusivity, the average displacement estimators (x), and (x ® x), have limits

(x), = Z XePe = mp, (x®@%); = Z X @x¢Pe —» 21D+ T2p@p, (71— o) (13)
£EP, EEP,

which defines the true drift and diffusion coefficients g and D. The behavior of (...), at small 7 is challenging
to quantify for general initial conditions, due to the possible presence of multiple transient modes. To see how a
well defined estimates of p and D emerge, we remove initial transients by preparing the system in the longest lived
eigenmode of K** — K, known as the quasistationary distribution (QSD)?, with right eigenvector vo = w@5P and
(smallest) eigenvalue vy > 0. In the complete sampling limit v9 — 0, the QSD limits to the Boltzmann distribution,
wQ5P 5 7t and the left eigenvector wy = 1950 — 1. With P(0) = #95P the probability density in the known state
space becomes the single exponential decay

P(r) =1P(r) = > wexp(—ur) (1v)) (wim95P) = vy exp(—mt). (14)
l

The residence time thus has moments (7,..s) = 5 ' and (72,,) = 21, 2. Using these initial conditions we now consider
averages over an ensemble of trajectories of variable duration, defined through

(x) = / (x),P(r)dr, (x®@x)= / (x @ x),P(r)dr, (15)
0 0
where P(7) is the probability density of trajectory duration.

We have seen that the average displacement (x), and displacement variance are all expected to scale linearly with
trajectory duration 7. When P(7) is a simple exponential decay, averages (f(7)) of functions that scale approximately
linearly with 7, f(7) ~ A7, will have a contribution of 7/(7Ties) exp(—7(Tres)) from trajectories of length 7. This
contribution is negligible for trajectories shorter than (7.es)- for example, removing all contributions from trajectories
with 7 < 0.1(7s) affects the final result by around 0.5%.



We therefore know by (13) that in the limit (7¢5) — 00, ensemble averages (x), (x ® x) will be swiftly dominated
by trajectory averages where the drift and diffusion tensors are independent of the trajectory length, giving limits

(%) = (Treshpt, (x@%) = 2Tes) D+ (TR ) @ g ((Tees) = 00, P(0) = 79P) (16)

This qualitative statement on convergence will be demonstrated in more detail in , where we formally take the
(Tres) — 00 limit of our drift and diffusion estimators to demonstrate convergence to standard results for diffusion
in periodic media®®. Equation (16) is a key result, as it shows that averages over an ensemble of trajectories with
exponentially distributed duration yield well defined transport coefficients when the ensemble average duration (7yes)
becomes very large, in close analogy to the typical ensemble of uniform duration. We therefore define our drift and
diffusion estimators for general (7;05) as

(x) 1
ey’ P =505

k") = [(x@x) —2(x) @ (x)], (17)

which we show in yield exact results as (Tes5) — 00. Using the above relations (5) and (6), we thus obtain

D(k*) = 1<ms>*16A ® O [1/Z(N)]

(k") = (Tres) PN [1/Z(N)] 2

(18)

A=0,P(0)=#Q@5D’ A=0,P(0)=#Q@5D’

as presented in the main text. We have shown that transport coefficients can be estimated from trajectories of variable
length when the system is prepared in the QSD, as the influence of short trajectories, where transport coefficients are
ill-defined, vanishes as (7,.s) — 00. We note that the diffusion tensor is no longer the covariance of the displacement
as (12,,) # (Tres)? when trajectory duration are variable. In we provide a demonstration of convergence for a simple
toy system.

The remainder of this section is devoted to evaluating explicit expressions for these estimators via (10) and (11),
which we use to evaluate the diffusivity and perform our Monte Carlo uncertainty quantification. In we show how
these estimators reduce to known expressions for drift and diffusion coefficients in periodic media®® in the complete
sampling limit (7es) — o0 (equivalently |k%| — 0), whilst in we demonstrate how various terms in the limiting
expression simplify for systems where detailed balance holds.

Expressions for drift and diffusion estimators

To evaluate p(k") and D(K"), we expand the Greens function matrix G = Kt [Kt* — K] ' in the eigenbasis
{wi,v;} of K" — K, where w; - v,;, = 8y, This yields

G — Ktot [Ktot _ K]*l = (}+ + <TreS>KtOt7TQSD ® 1QSD’ (19)

where only the relation (7,.s) = vy ! requires the system to be prepared in the QSD. The definition of G in the limit
vo — 0 is discussed in . Using these identities in the general expression (10), the drift estimator emerges as

p(kY) = <T<X>> = 1B ® dK"' 795D, (20)

For the second moment we use the expansion (19) of G in (11) to write (x ® x) = M + M where

1 -
M = (Tres)1 {23 ©dRd+Bed[Gi + (1) K9P © 1997 B @ d] K gQ5D, (21)
Multiplying out this expression and noting that (72,,) = 2(7,.cs)? when we prepare the system in the QSD, the
diffusivity estimator reads

1
2<Tres>

- 1
D(k")=1 {QB ®ded+BedG,B ®d] K" #@SP, (23)

D(k")

@ x) — 200 ® (0] = 3 [D) + BT (k)] (22)




Infinite sampling limit and connection to previous work

In the limit of complete sampling |k*| — 0, vy — 0 and thus (7..s) — oo and #9%P — 7« with the Greens

function matrix G becoming singular, as can be seen from the expansion (19), with G, thus the pseudoinverse of

[I—B] = [K' — K][K']". We take the vy — 0 limit by setting the unknown rate to be very small and the

same for each state, namely k* — k*1T, where k* — 0. Combining this with the eigenvalue relation for vy, we
find 1 [K* — K] 7#95P = k* = 15. We can then split the diagonal total rate matrix K** into two components,
Ktot = K0 1 141, meaning K9 — K is now a standard rate matrix with no absorbing rates. To compare with
previous work that starts directly with K**? — K, we rewrite the estimators in terms of W* = K*'G__, where W+
will become the pseudoinverse of K*°*? — K in the limit 19 — 0. Our choice of notation follows the recent work by
Trinkle*. Omitting the full expansion in orders of vy = 1/(7..s) < 1 for brevity, the expressions for the transport
coefficients in the limit of comprehensive sampling then read

1
(k") - 1IK@dr +0(w), DKk")=1|;Boded+BadW,Ked|#+0m), -0 (21)

where as before D = % D +DT|. We thus see that the limiting error in the transport coefficients is expected to

scale as vy = 1/(Tyes), 1.e. inversely with (7,.s). Taking the limiting expressions, elementary algebraic manipulations
show that TrD = TrD gives exactly the form for the self diffusion constant (diagonal terms in the Onsager matrix)
as derived recently by Trinkle*:®. We also refer the reader to many other works on diffusion in periodic media®. We
have thus shown that our transport coefficient estimators agree with existing results on diffusive transport in periodic

media, and the limiting form for the error is O(1/(7,¢s)), which we have observed empirically, as shown in figure 2.

Symmetries under detailed balance

With a steady state Boltzmann distribution lim,, o [K'* — K] 7 = 0, and a Boltzmann matrix [II] ,, = dpq7y, the
detailed balance condition reads

KI=[KI =0OK|, = O'K=K]'IT', = WI=n[wt' . (25)
We define the transpose of K®d and K ® d ® d as
——T — T
Ked'| =Y ka, [Keded | =3 kdod. (26)
P e, P e,
As every jump vector d;,! € 0C,, will have a one-to-one correspondence with a vector di = —d; for some I’ € 6Cy,,
the detailed balance symmetries imply in particular that
Kodll= IIKod , Kededil=NDKedod ,. (27)
These relations imply that the drift vector is always zero in equilibrium- using 7 = TI1T and the fact that

1M1"T =1MT1" for any matrix M we have
p=1Kpdll’ =1[Kedl] 17T =-1Kedll' = —p, = p=0. (28)

We now split D into uncorrelated and correlated terms as

~ ~ ~ ~ 1 ~
D =D, +D,, Duc:§1K®d®dH1T, D, =1K@dW'K®dII1'. (29)

As all rates are positive, it is clear that Tr]SuC > 0. For the correlated contribution we first use the symmetry of W+
to write

m'wh= [ 'wt =W'WwW (30)
where we introduce W to write the symmetric matrix II7'WT as WTW. We then use detailed balance symmetries
to rewrite the correlated contribution as

[ﬁc} =3 ApAy, A=WKodm' - -WoKed 17, = [ﬁc] =-Y A%, <0, =TD,. <0,
af aa
P P
(31)

which shows that the correlated contribution always reduces the diffusivity for a system obeying detailed balance.



SUPPLEMENTARY NOTE 5: SENSITIVITY OF THE DIFFUSIVITY TENSOR TO ADDITIONAL
SAMPLING DATA

Under additional sampling, the unknown rates k* will decrease, additional transition rates will be found, and new
states may be discovered. We first focus on the case where no new state is discovered, only additional rates, and
assume the QSD #®°P ~ # is unchanged. The rate matrix perturbations can be grouped into additional sets of
connections Cpq —+ Cpq + 6Cpq and changes in the unknown rates 0k", satisfying

0K],, = Y k>0, [0k'], <-[10K], [0k"], < —[k"],, = [0K""] <0, (32)
1€6C,,

which assumes that the unknown rate estimates k" are accurate and therefore an upper bound, meaning that the
total additional escape rates 10K from each state cannot exceed the negative change in unknown rates —dk". To

generate candidate 0K we first define the symmetric matrix SK which satisfies

0K =K, 0K =0KII, [10K| <[k, (33)

p

The Monte Carlo procedure discussed in the main text created candidate JK in the following procedure-
1. £ = randomly shuffled list of pairs p, ¢, where p < ¢

2. ITterate through £, filling 5I~(pq = 5I~{qp with a random number drawn uniformly from [0, min(kgm,—> » I~{pq, kpm,—

> qu)), to ensure the above inequality is satisfied

3. Pick a random (possibly zero) lattice vector for each new transition add this to the difference in intercell positions
to form d,; = —dg, for each new transition

4. Add 6K = 6KII! to existing K, remove 10K from k* then calculate new D + §D
5. Repeat until convergence

For the example calculations presented in the main text we found 200-400 samples per temperature were adequate.

Time independence of the Kullback-Leibler divergence

The fundamental solution p(x,t) to the three dimensional diffusion equation 0;p = (VDV)p with initial condition
p(x,0) = §(x) reads

p(x,t) = exp (—XTD_lx/(4t)) // (47t)3Det(D), (34)

giving a Kullback-Leibler divergence of

= xp(x,t)1n 7p(x,t)
= —In+/Det (D~'Dy) + /dxp(x, t)x' (D' =D 1) x/(4t) (36)
= —Iln/Det (D~'D4) + %TI‘ (Dlei) — %, (37)

which is manifestly time independent.

Empirical study of convergence behavior

In figure 2 we illustrate how our estimate for the diffusion constant and convergence measure R behave with
increasing expected residence time (7,.s) for a simple one-dimensional system with two irreducible states and two
irreducible transitions. After the discovery of the lower barrier 1 — 2 — 1 pathway, a diffusion constant is estimated
along with the Kullback-Leibler spread dR using the Monte Carlo procedure. The expected diffusivity and MC-UQ



bounds change sharply when the direct 1 — 1 path is discovered, leading to a sharp jump in the predicted diffusivity.
However, this is well within the MC-UQ bounds. The convergence measure dR is monotonically decreasing, with a
convergence rate 0R — ¢/(Tres), as expected from the analysis in . As a result, when 0R is small we can be confident
that our estimate of the diffusivity of the discovered states is accurate to an error of order O(1/(Tyes)), as discussed

in the main text.
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FIG. 2. Supplementary Figure 2: Demonstration of diffusivity convergence with increasing computational effort for a simple
one dimensional periodic system. The validity time is used as a proxy as it is monotonically increasing. Left: Energy landscape
of three unit cells, with the two irreducible states and two irreducible transitions shown. Center: The exact diffusivity D along
with estimates D(k") (Eq. (5) in the main text) and error bounds from our Monte Carlo procedure with 400 samples. Right:
The Kullback-Leibler spread R, Eq. (6) in the main text, with increasing validity time. The convergence rate of 1/(Tes) can

be seen.
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See equation S15 of the supplementary material for the most direct comparison.
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