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Supplementary Note 1

Convergence of the GW-BSE calculations The convergence of our GW-BSE calcu-
lations against the number of bands and the cutoff of dielectric matrix is checked using the
VnNg defect in a 4x4 supercell as a prototypical case. As shown in Supplementary Table 1
below, the quasiparticle energy is converged for the 10 Ry cutoff energy and 800 bands (or 8
times the number of valence bands, for systems with different sizes) used in our calculations.

We also use the same prototype to check the convergence of the exciton state against
the number of bands included in the BSE matrix. Supplementary Figure 1 below shows the
absorption spectrum of the VyNg defect when different number of bands are included in the
diagonalization of the BSE matrix. The main exciton peak around 2.4 eV is converged with
just 9 bands (splitted 4/5 between valence and conduction bands for each spin). (Due to the
smaller supercell used in this test, the exciton energy is different from the value reported in
the manuscript.) Therefore, including at least 6 valence bands and 6 conduction bands in
the BSE calculation can ensure convergence.

Finally, the convergence of our GW-BSE calculations is checked against the sizes of the
supercell, k-point grid of the dielectric function and vacuum using the VNCp defect as a
prototypical case. As shown in Supplementary Table 2, the exciton energy and transition
dipole both reach a converged value for a 2x2x1 k-point grid, and thus the 3x3x1 k-point
grid employed in our calculations is converged. Using a supercell size greater than 5x5 and
increasing the vacuum beyond 1.5 nm does not change the GW band gap, exciton energies
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converge with | dielectric | number of | VBM spin- | VBM spin- | CBM spin- | CBM spin-

respect to cutoff (Ry) bands down (eV) up (eV) down (eV) up (eV)
4 -1.44 0 4.55 4.92
i . 6 -1.58 0 4.27 4.71
d'flfg;:c'c 8 400 163 0 4.23 4.70
10 -1.67 0 4.18 4.66
12 -1.69 0 4.16 4.65
number of 6 400 -1.58 0 4.27 471
bands 800 -1.57 0 4.22 4.64

Supplementary Table 1. Convergence of the GW calculations. The convergence of
the GW quasiparticle energy with respect to the cutoff energy of the dielectric matrix and
the total number of bands used for the polarizability and self-energy summation is shown.
The VyNg defect in a 4x4 supercell is used with a 3x3 k-point grid. The spin-up VBM
energy is used as a reference.
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Supplementary Figure 1. Convergence of the optical absorption spectrum. Con-
vergence of the optical absorption spectrum with respect to the number of bands N, used in
the BSE diagonalization is shown.

absorption (arb. unit)

and transition dipoles appreciably. Therefore, our choice of working with 5x5 supercells and
1.5 nm vacuum guarantees reliable results. Although the GW band gap converges slower than
the exciton energy with respect to the k-point grid, this trend does not affect the conclusions
of our work. We believe this trend is due to the slow convergence of the long-range part of
the screened Coulomb interaction in 2D materials!, which makes approximately equal but



opposite contribution to the screened-exchange self-energy and exciton binding energy.

con\{erge supercell . vacuum | GW band | lowest exciton IOW?S.t eXC.' ton
with size k-grid size (nm) | gap (V) eneray (V) transition dllpole
respect to (per k-point)
55 1x1x1 15 5.92 2.44 0.175
kegrid 555 2221 15 5.08 2.58 0.212
555 3x3x1 15 4.86 2.61 0.214
55 4>4<]1 15 477 2.62 0.216
vacuum 555 2> %1 2 5.09 2.59 0.210
supercell 6>6 1x1x1 15 5.65 2.55 0.225
size 6>6 2221 15 5.01 2.63 0.222

Supplementary Table 2. Convergence of the GW-BSE calculations. Convergence
of the GW-BSE calculations with respect to the sizes of the supercell, k-point grid and
vacuum.



Supplementary Note 2

Properties of candidate defects Supplementary Table 3 below shows other properties
of the candidate defect that are not included in the main text due to limitation in space,
including the formation energy and the GW transition energy. Formation energy is calculated
using Egoem [X] = Eiot[X] — Eiot[hBN] =Y. njp; for defect X where n; and p; is the number
difference and chemical potential of atomic species ¢. The total energy of atoms in a-R
boron, Ny molecule, diamond and Os molecule are used as the reference for the chemical
potential.

Supplementary Figure 2 below shows the optical absorption spectrum for all the hBN
defect structures on which we carried out GW-BSE calculations. Shown are the absorption
spectra calculated from the DFT electronic band energies, without including quasiparticle
corrections or excitons (curves labeled "RPA”), as well as the absorption spectra including
quasiparticle corrections but without excitons (GW-RPA curves) and the absorption spectra
including both GW corrections and excitons (GW-BSE curves). The latter is the most
accurate level of the theory and it was employed as input for our Bayesian approach.



type defect ground §tatt_e spin | formation energy | same-spin band | same-spin band
polarization (PBE, eV) gap (PBE, eV) | gap (GW, eV)

Ve 3/2 9.8 0.66

Ng 0 6.9 2.32

Vn 1/2 7.4 2.05" 4.69

B, 0 7.0 2.20° 5.10
32;2?; ViVs 0 11.3 2.84

BnVs 1/2 7.4 0.85

V N, 1/2 10.1 2.04 4.45

BnNe 0 75 2.82

sw 0 7.0 3.57 6.24

Ce 1.2 3.9 1.35

C, 1/2 4.0 1.25 3.89

C.V, 1 11.9 1.15 3.78
i;agsfi?y CaNe 112 7.2 2.22

V. C. 0 9.6 1.93 4.86

BnCs 1/2 7.2 2.3

CnCs 0 4.1 3.52

O, 1/2 7.5 151 4.47

On 1/2 1.6 0

oV, 1 5.4 0.72 3.72
iﬁ:‘g{?ﬁ:‘y OnNe 112 5.9 2.3

V.0, 0 9.0 3.02 5.84

BnOs 1/2 9.3 2.2

OnOs 0 4.6 3.41

Supplementary Table 3. Calculated properties of candidate defect emitters. SW
is the Stone-Wales defect. The * symbol marks the cases where we exclude lower band gaps
with a symmetry-forbidden dipole transition.

Supplementary Note 3

Details of the Bayesian inference process In the Bayesian inference method, a pos-
terior likelihood p(h|FE) of a given hypothesis h (here a hypothetical atomic structure of the
emitter) is derived from the product of the prior likelihood p(h) and the likelihood function
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Supplementary Figure 2. The optical absorption spectrum of hBN defect struc-
tures from GW-BSE calculations. The absorption is expressed as the imaginary part
of the dielectric constant 5. SW is the Stone-Wales defect.

p(E|h) that describes how well the evidence E matches the hypothesis:
p(h|E) o p(h)p(E|h). (1)

The likelihood here is employed to infer which structures are more likely among those con-
sidered. Note that the likelihood is meaningful only for comparisons within the pool of
structures considered; it does not represent the probability of a certain defect structure be-
ing the “true” structure, and it is not normalized to 1. To carry out the Bayesian inference

6



procedure, three elements need to be specified: the set H from which the hypothesis h is
drawn, the method to determine the prior p(h), and the method to determine the likelihood
function p(Eh). In our study, we choose these elements as follows:

1. While the number of possible structures is in principle unlimited, here we generate the
set H of candidate point defect structures by enumerating defects according to the number of
sites they occupy. Each atomic site in the original hBN lattice can be replaced by a vacancy
(Vg, V), an antisite atom (Ng, By) or a substitutional impurity element (e.g. Cg, Cy).
The possible structures in which multiple atomic sites are replaced are generated from the
combination of these one-site replacements. Here we investigate all charge-neutral native
defects and carbon/oxygen impurities that occupy one or two adjacent atomic sites. These
structures span most defect emitters of interest in hBN?? with exception of non-hexagonal
lattice reconstructions such as the Stone-Wales (SW) defect, dislocations and other more
extended defects with three or more atomic replacements. We have verified in Fig. S1 above
that the SW defect exhibits emission energies of order 4 eV and thus well outside the range
of interest (1.6—2.2 eV) in this work. Interstitial defects, which are similarly not included
in our analysis, have been shown to possess a low migration barrier and become unstable at
room temperature in hBN®, contrary to the experimental observation that the SPEs in hBN
remain stable well above room temperature!®. Finally, we have not included defects that
appear along the edge, such as the boron dangling bond!!, which may account for some of
the emitters in hBN 1215,

2. The prior likelihood p(h) represents the probability for defect h to exist in the hBN
sample a priori, without considering the measured properties of the emitter. In general, p(h)
is determined by the formation process of the defect, often out of thermal equilibrium, which
depends on many factors that are generally difficult to quantify, such as the sample prepa-
ration procedure and the chemical composition and stability of the defect. Here, we make
the assumption that more complex structures or structures that involve external elements
are less common than simpler structures and native defects. The prior likelihood for each
defect is assumed to take a single exponential form:

p(h) x S, A=Cr, (2)

where C}, is a “complexity index” of the structure h, defined as the number of vacancies and
antisites plus twice the number of impurities in the structure, A is a constant to be deter-
mined below, and S}, is a degeneracy factor accounting for symmetry-related configurations.

The advantage of this model is that the only free parameter A can be determined using
the maximum entropy principle!%, which states that the prior probability distribution should
contain minimal information beyond what the model requires, and thus maximize the entropy
S = =3 ,cup(h)log(p(h)), where H is the set of all possible structures. Using the ansatz
that p(h) takes the form in Eq.(2), the only constraint we impose is that the total probability,
summed over all possible structures (as the number of sites in the structures go to infinity)
converges to a finite number and therefore is normalizable. This normalizability is achieved
here by finding the minimal value of A that converges the series >,  N(C)A~C, where
N(C) is the number of different configurations with “complexity index” C'. To this end, we
use the numerical result that the number of different clusters on a honeycomb lattice grows
exponentially with the size of the cluster!”, obtaining a minimum A ~ 3.8 for the series to
converge, which we use to calculate our prior likelihood.
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3. The likelihood function p(FE|h) is determined by comparing the results of our ab
initio calculations for each structure H with available experimental results for the emit-
ters, as discussed in the main text. The posterior likelihood based on DFT results are
determined from the DFT transition energy and polarization of the emission: pi(h|E) =
p(h)pprr(E|h)ppai(E|h), and those based on GW-BSE results are determined from the GW-
BSE transition energy and radiative lifetime of the emission, plus the polarization infor-
mation gained from DFT results: po(h|E) = p(h)ppo(E|h)pew-sse(E|h)pisetime(E|R). To
compare the transition energy with experiment, we assume, for a given calculated transition
energy ¢, for defect h, that the value of the real transition energy of the defect has a normal
probability distribution N(ep,0?) centered around ej,, where o is the standard deviation,
which depends on the accuracy of the calculation method. To account for the range of ex-
perimental values, we use pprr/gw-pse(E|h) = N(gp, 0?) - unif(ef, %), where unif(ep, e3,) is
the uniform distribution function between energies eL,=1.6 eV and £%=2.2 eV, which defines
the energy range in which SPEs are observed experimentally, and the dot product stands for
integrating the product of the two functions. Using our calculated GW-BSE results for all
the hBN defects as benchmark, we determine the standard deviation of the DFT transition
energy to be 0.45 eV. For the GW-BSE calculations, we assume a standard deviation of 0.2
eV, based on a conservative estimate of the accuracy (10% of the band gap) of the method
for typical band gap values of semiconductors and insulators!®.

In addition to the transition energy, the emission polarization and radiative lifetime are
also included in the inference process. The likelihood function p,(E|h) is set to zero for
defects with D3, symmetry because they will not emit polarized light and thus should be
excluded, while it is set to one for defects with other symmetries. Our computed radiative
lifetime values are greater than the experimental lifetimes; as discussed in the main text, this
trend is attributed to non-radiative decay channels that may reduce the quantum yield of
the emitters measured in experiments. Despite this, longer radiative lifetimes correspond to
dimmer emitters, which cannot account for the bright SPEs seen in experiment. Therefore,
we set a likelihood function for radiative lifetime that halves with every order of magnitude
difference between the experimental lifetime 7z and calculated lifetime 74 piifetime (E'|R) =
2-log10(m/7e) wwhere the experimental lifetime 75 is chosen as 10 ns, which is approximately
the upper bound of the reported experimental values.
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