Multidimensional coherent spectroscopy of correlated lattice systems

SUPPLEMENTARY INFORMATION
A. High order Kubo formula
We consider a time dependent Hamiltonian in an interaction plcture where the full time dependent H(t (t) is split

into a time independent part Hy and a time dependent perturbation H', i.e., H(t) = Hy + H'(t). Defining |¢;(t)) =

’H°t|1/JS( )) and H}(t) = eZHotH’( Je —ifot  one obtains the Liouville-von Neumann equation of motion for the density
matrix

&ﬁ[(t) = —i[H(t), pr(t)]. (1)
The solution is
p1(ty) = U (t1,t0) pr(to) % (t1, o) ,

with the time evolution operator %7 (t1,t9) = T exp [—i fr‘i dffl}(f)} The density matrix p; can be expanded in
powers of H' as pr(t) = 3, 4 () [, with

A0 (1) = (—i)"/dti/dti,l.../dtl[ﬁ}(ti),[ﬁ}(ti,l)...,[ﬁ}(tl),ﬁ(o)]...}]. )

For an operator 7, the corresponding expectation value J(t) can also be expended into series 3(t) =3, J (@) (t), with
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B. High order electric current in correlated lattice models

In the velocity gauge, the vector potential A (t) satisfies V-A=0, representing a transverse electromagnetic field.
The electrical current is obtained by j7(¢) = —dH (t)/dA [2]. Specifically, for an interacting tight-binding model,

I;T[A Zhlﬂ exp [ieA(t) - R; ]c is + Hint,
i.j,8
(4)
5 (5H g
J(t) = —5—A = ZGZ hijRijexp[ieA(t) - Rij] ¢} éis.
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Combining the equations above, the n-th order current becomes

990 =T (1059 0) = T ( —i [ [at [ aniiye), (e L ,[ﬁfﬂtl),ﬁ(o»..m). (5)

The perturbation term
Hi(t) = €70 § =3 Thij (1= explieA(t) - Ryg]) €] i) o 10!
0,5,

vanishes when A(t) = 0, and Hy is the Hamiltonian without laser field,

],;[0 = — Zhijé;r'séis + ﬁint. (6)
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Expanding H}(t) into a series of the vector potential A(t), we get [2]
R . . 1 .
Hj(t) = etHot {—jOA(t) + ii’A(t) @A)+ ... } e~ Hot, (7)

with the linear current operator j’o and stress tensor operator 7 are given by

.70 Zezhlj 17 chzsv 7= €2Zh1jR1j ®R7,j chzs~ (8)
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Finally, we can expand the current operator in the interaction picture into a series of A(t),

SH;

- Tt _ lHot _ 7iI:I0t
3ty = =50 (0) = e {Go — AL + .. per o, (9)
Now, we start from the zeroth order current in Eq. (5)), where 5(%)(¢) = 5(0) commutes with e~iHot,
3OW =T (3057 (1) = (Go) — (A() + O(A*(®)). (10)

Here, we have used the notation (...) = Tr(...p(0)). The first term vanishes when the system has no current before
the perturbation. The second term vanishes when the vector potential is zero at time ¢t. Next, for the first order
current,

30 =T (3100 0) =T (d1(0(-) [ dnlfry(n), 50} )
= i/ot dt, Tr (j'ol(t) [j‘oz(tl)A(tl),ﬁ(O)D +O (A(t)A(t) + A% (1)) (11)

= /Ot dt1< [3oz(t),3'01(t1)] >A(t1) + O (A(t)A(t) + A%(t)) .

Within linear response theory, one defines the two-time optical conductivity

o(tth) = (r >t—/0tx(t,t1)dt1 (t>t >0) (12)

with susceptibility
x(t,t1) = Z< [.;OI(t)’.;OI(tl)} > (13)
Taking into account A(t;) = — Otl E(t)dt, the linear current j(t) = fot dt1o(t,t1)E(t1) is thus given by the zeroth

and first order contribution above.
Similarly, for the second order current, we find

590 =1 (31052 0) =15 (007 [ dts [ st e. 1100 50
= [t [ (o) o) Ate). fur(0) A1), 0)]]) + 0(4) (19
/t1 dt2/ dty JOI( ) [JOI(tQ)A(t2) JOI(tl)A(tl)H > O(A?%),

and for the third order current

590 =15 (305 0) =1 (3r00° [ ans [t [ a7 ) 7 ). 000 )

¢ t ty (15)
_z)3/0 dt1/0 dtg/o dts Tr< {501(& [301(t3)A(t3)7 [301(’52)14(752),501(t1)A(t1)}H > + O(AY.



C. Keldysh contour formalism (Liouville paths, double-sided Feymann diagram)

The Keldysh formalism provides a convenient framework for representing the nonequilibrium evolution of the density
matrix. In the Schrédinger picture, the observable corresponding to the operator O is

O(t) = Tr (p(0)O(1)) = Tr | (t,t0) pO) (t,10)' O

with % (t,tg) = T;exp|—i f:ﬂ dt_H(f)} In the Keldysh path integral formalism, one can separate the time dependent
part H'(t) from the time independent part Hy(t),

1 r . A . ey o
O(t) = 7 Tr _72:671 Je dtHo o—i [o dtH'(T) &) (t_‘_)}
_ %Tr Toe-iJedifiog =t e d-F') g ¢y y =il dt+H’<t+>}
U i (o o [ e iy i\ A o (16)
= Tr | Tee e > (=) dty ...ty H'(t;) ... H'(t7) | O (t1)
L n=0 B
(Z(—i)n/ dtf ... dtTH'(tF) ... ﬁ’(tf))
n=0 ct
Collecting the orders of H’, one obtains the zero-th, first and second order electric current response,
1 i
FO() = o Tr [TeetJe o0 (1)] (17)
j(l)(t):%Tr {T chd“%f)( (t*)/ dtfﬁ'(t{“)wL/ dty H'(t7)7 (t7) )] (18)
c+ -
F® @) = ( Z) Tr {Te iJe dtHW( (tT) // dtStF H (¢ H' (¢ / dt+/ dty H'(ty)g (¢7) H'(t7)
) (19)

+/C+ dty /Ci dty H'(t7)3 (¢7) H'(t3) +/67 dty dty H'(t5 ) H'(t7)] (t+))] :

We are interested in the third order current 5 (¢). Expanding H'’ in powers of A in the weak field limit gives
H'(t) = j(t)A(t) + O(A?). The third order current thus includes eight terms, which we can write as

A3 I
@) = %Tr Tpe Jo 4o () / / / dtadtadty Alts) Alts) A1) R (1, ts, b, 11) | + O(A), (20)
1
with the four point response “generator” (¢t > t3 > to > 1)
RO (t,ts,t0,t1) =J1-Ja—JiJot + Jo—Jeds+I1+
“~ _". _". ~ + “~ B N ~
J1-32-3t33+ T J3-JtJ2+J1+ (21)

32—33—3t51+ + 3173t33+32+
JtJs+J2+J1+ + J1-J2-J3-Jt-

Here, ji+ is a short hand notation for j (t;), t; € C+. The Keldysh index of ¢ is dropped due to the fact that
F(tT) = 3(t7) at the end of the real time branches of the Keldysh contour. The time integration on the C_ branch
brings a negative sign compared to a normal time integral.

For simplicity, we consider the semi-impulsive limit, i.e., assume an external field A(t) x §(t) cos(wt — k - r) =
o(t) (e’i‘”t“k* +e“"t*ik"‘) 7 which is the sum of an excitation and deexcitation. If a given pulse would create
additional excitations and deexcitations along the contour, it would complicate the analysis.



In the non-collinear setup, we can selectively detect the signal in a given direction. For example, in the “box”
geometry of four-wave-mixing, after three non-collinear pump pulses, we can put the fourth pump (local oscillator)
along the direction Esig = (—EA + EB + Ec) By ordering the time sequences of the laser pulses A, B, C, we can select
the excitation or deexcitation term of the light-matter interaction.

Following the notations in Ref. [3| if k4 comes first, the ¢; pulse deexcites, while o, t3 excites along the contour.
Three of the pathways survive, the rephasing diagrams R;, Ra, and R3 (top panels of Fig. ) If kp comes first, the
to pulse excites while ¢y, t3 deexcites, as illustrated by the nonrephasing diagrams Ry, Rs5, Rg in the middle panels of
Fig. [[b. If k¢ comes first, t3 excites and ¢y, t5 deexcites, as in the two 2Q) pathways Rz, Rg in the bottom panels of
Fig. [Ib.

We note that in the presence of inhomogeneous broadening of the excitations, the R signals (R; ,Rg, R3) rephase
when t = 7, while the NR signals (R4 ,R5, Rg) keep dephasing. Consider an excitation energy centered at wy with
Gaussian broadening of width Aw. Neglecting the decoherence during the time evolution, the R and NR signals are
SR/NR (7 ). The R signal echos when t = 7, since the factor e~ (T=*Aw®/2 — 1 while the NR signal with e~ (T+t)*Aw?/2
keeps decreasing.

For comparison, we also plot the traditional double-sided Feymann diagrams in Fig. [[e. In Table [[ the signal
locations of each pathway in the (w,,w;) domains are listed, together with the frequencies of the intensity oscillations
during T

k
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Figure 1. a, Energy levels of a generic quantum system. b, Keldysh contours for the R (top), NR (middle) and 2Q (bottom)
signals R1-Rs. ¢, Double-sided Feymann diagrams for the same signals as in b.
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Signal

Peak location

Oscillation

index (wr,wt) frequency 2
Ry (—wj, wi) wij
R Rz (—wj7 wi) Wij
Rs | (—wj,wjk) wij
R4 (wj,w;) Wij
NR Rs (wj, wi) 0
Rg (wj, wik) Wi
Rr (wj, wi) W
2
Q Rs (wj, wik) W

Table I. Locations of the R (top), NR (middle) and 2Q (bottom) signals in the (w-,w;) plane and oscillation frequencies of the

signal intensities during the waiting time 7.
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