
1

SUPPLEMENTARY NOTES

Supplementary Note 1: Uhlmann phase for qubit
systems

The Uhlmann phase extends the notion of the geo-
metric Berry phase from pure quantum states (Berry)
to mixed quantum states described by density matrices.
Uhlmann was first to study this problem from a rigorous
mathematical perspective [1] and to find a satisfactory
solution [2–5].

Let θ(t)|1t=0 define a trajectory along a family of single
qubit density matrices parametrised by θ,

ρθ = (1− r)|0θ〉〈0θ|+ r|1θ〉〈1θ|, (S1)

where r stands for the degree of mixedness between the
ground state |0θ〉 and the excited state |1θ〉. Note that
ρθ can always be viewed as a pure state |Ψθ〉 in an en-
larged Hilbert space H = HS ⊗ HA, where S stands for
system and A for the ancilla degrees of freedom. This
process is called purification, and satisfies the constraint

ρθ = TrA

(
|Ψθ〉〈Ψθ|

)
. The set of purifications |Ψθ〉 gen-

erates the family of density matrices ρθ. This aims to
be the density-matrix analog to the standard situation
where vector states |ψ〉 span a Hilbert space and gen-
erate pure states by the relation ρ = |ψ〉〈ψ|. Actually,
the phase freedom of pure states, U(1)-gauge freedom,
is generalised to a U(n)-gauge freedom (n is the dimen-
sion of the density matrix). This occurs since |Ψθ〉 and
V t
A|Ψθ〉 are purifications of the same density matrix for

some unitary operator V t
A acting on the ancilla degrees

of freedom. The superindex t denotes the transposition
with respect to the qubit eigenbasis. If the trajectory de-
fined by θ(t) is closed ρθ(1) = ρθ(0), the initial and final
purifications must differ only in a unitary transformation
V t
A, |Ψθ(1)〉 = V t

A|Ψθ(0)〉. Hence, by analogy to the pure
state case, Uhlmann defines a parallel transport condi-
tion such that VA is constructed by imposing that the
distance between two infinitesimally closed purifications,
‖Ψθ(t+dt)〉 − |Ψθ(t)〉‖2, reaches its minimum value. Then
it is possible to write

VA = Pe
∫
AU , (S2)

where P stands for the path ordering operator along the
trajectory θ(t)|1t=0, and AU is the so-called Uhlmann con-
nection form [1, 6, 7].

The Uhlmann geometric phase is defined from the mis-
match between the initial point |Ψθ(0)〉 and the final point
after parallel transport, i.e. |Ψθ(1)〉,

ΦU := arg [〈Ψθ=0|Ψθ=1〉] = arg Tr
[
ρθ(0)VA

]
. (S3)

This phase is a gauge independent quantity [1–3], that
comes from the parallel transport of the purification |Ψθ〉.

The most explicit formula for the Uhlmann connection
was given by Hübner [4],

AU =
∑
i,j

|ψiθ〉
〈ψiθ|

[
(∂θ
√
ρθ),
√
ρθ
]
|ψjθ〉

piθ + pjθ
〈ψjθ|dθ, (S4)

in the spectral basis of ρθ =
∑
j p

j
θ|ψ

j
θ〉〈ψ

j
θ|. The param-

eter θ may play the role of the crystalline momentum in
condensed matter systems.

The derivative of the square-root of the density matrix
with respect to the transport parameter θ is given by

∂θ
√
ρθ =

√
(1− r)

(
|∂θ0θ〉〈0θ|+ |0θ〉〈∂θ0θ|

)
+

+
√
r
(
|∂θ1θ〉〈1θ|+ |1θ〉〈∂θ1θ|

)
. (S5)

We can simplify the connection AU in Eq. (S4), for the
density matrix (S1) and the Hamiltonian (3) in the main
text. We substitute Eq. (S5) in Eq. (S4), and take into
account that the summation indices in Eq. (S4) only runs
over the states |1θ〉 and |0θ〉, obtaining

AU =
[
(1− pr)〈1|∂θ0θ〉 |0θ〉〈1θ|

+ (1− pr)〈0θ|∂θ1θ〉 |0θ〉〈1θ|
]
dθ, (S6)

where pr = 2
√
r(1− r).

For computational purposes, we fix the gauge for the
eigenstates of the system Hamiltonian in Eq. (3) such
that,

|0θ〉 =
1√

1 + g2(θ,M)

(
1

g(θ,M)

)
, (S7)

|1θ〉 =
1√

1 + g2(θ,M)

(
g(θ,M)
−1

)
, (S8)

where

g(θ,M) :=
sin θ

M + cos θ +
√

1 +M2 + 2M cos θ
. (S9)

From Eq. (S7) and Eq. (S8), we compute

〈0θ|∂θ1θ〉 =
∂θn

x
θ

2nzθ
=

1 +M cos θ

2 + 2M2 + 4M cos θ
,

|0θ〉〈1θ| − |1θ〉〈0θ| =

(
0 −1
1 0

)
, (S10)

where niθ is the i−th component of the winding vector.
Finally, we insert Eqs. (S10) in Eq. (S6) and obtain

AU = −i(1− pr)
∂θn

x
θ

2nzθ
σydθ. (S11)

As the connection in Eq. (S11) commutes for different
values of θ, we can drop the path ordering that appears
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in the expression for the Uhlmann unitary [Eq. (S2)], and
get the simplified equation

VA(θ) = e
−i(1−pr)

∫ θ
0

∂
θ′n

x
θ′

2nz
θ′

σydθ
′

. (S12)

Lastly, we substitute Eq. (S12) and Eq. (S1) in Eq. (S3)
to compute the Uhlmann phase

ΦU = arg

{
cos

[
1− 2pr

2

∫ θ

0

(
∂θ′n

x
θ′

nzθ′

)
dθ′
]}

. (S13)

The mapping ρ −→ VA is a so-called pointed holon-
omy. This means, that even if the trajectory in parame-
ter space is closed, in general the holonomy depends on
the initial point of the path [7, 8]. Nonetheless, we have
identified instances in which the pointed holonomy re-
duces to an absolute holonomy becoming independent of
the initial point [6, 9]. This is indeed the case studied in
the present paper, as well as most of the representative
models of 1D and 2D topological insulators and super-
conductors.

Supplementary Note 2: Holonomic time evolution

At this stage, we would like to physically implement
the holonomy that has been mathematically described
in the previous section. For that purpose, we express
the parallel transport generated by the change in the pa-
rameter θ, as a unitary time evolution over system and
ancilla US ⊗ UA where the control-parameter θ(t) is var-
ied in time. The system unitary evolution US is defined
through the relations

|0〉θ(t) := US(t)|0〉, |1〉θ(t) := US(t)|1〉, (S14)

where |0〉 =

(
1
0

)
and |1〉 =

(
0
1

)
is the standard qubit ba-

sis. Using the eigenstate equations (S7) and (S8), US(θ)
is obtained straightforwardly,

US(t) =
1√

1 + g2[θ(t),M ]

(
1 −g[θ(t),M ]

g[θ(t),M ] 1

)
,

(S15)
where g(θ,M) was defined in Eq. (S9).

At this point Eq. (S15) can be expressed as the expo-
nential of a Hamiltonian using the following relations

US(t) = e−i
∫ t
0
h(t′)dt′ , (S16)

h(t) = i

(
dθ

dt

)[
∂θUS(θ)

]
U†S(θ). (S17)

We substitute Eq. (S15) into Eq. (S17), arriving at

h(t) =

(
dθ

dt

)
∂θ(t)n

x
θ(t)

2nzθ(t)
σy, (S18)
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FIG. S1: Circuit diagram to test the Uhlmann parallel trans-
port condition. The gates Rαy represent single qubit rotations
about the y-axis for an angle α, and the different angles of
rotation are given in Eq. (S21) and Eq. (S22).

where we have used Eq. (S10) as well.
The unitary for the ancilla qubit UA is determined by

combining: 1) the transport of the eigenstates |0(1)θ〉
through US(t) and 2) the Uhlmann correction VA[θ(t)],
for the purification as a whole to be parallely transported
[Eq. (S12)]; hence,

UA(t) = [U†S(t)VU (t)]t. (S19)

Here, the superindex t denotes the transposition with
respect to the qubit eigenbasis. Further simplifications
of Eq. (S19) using Eq. (S18) and Eq. (S12) lead to

UA(t) = e−ipa
∫ t
0
h(t′)dt′ , (S20)

with pa = pr.

Supplementary Note 3: Experimental test of
Uhlmann parallel transport

In this section we present further details on how to
experimentally test the Uhlmann parallel transport con-
dition along the holonomy. The experimental results are
shown in the middle plot of Fig. 3 in the main text.

The protocol is depicted in Fig. S1. The state prepa-
ration part of the protocol is the same as in the state-
dependent and state-independent protocols described in
the main text. We prepare the initial state |Ψt=0〉 using
single qubit rotations Rθy about the y-axis for an angle θ

and a two-qubit controlled not gate. Then, we apply R
α
ti
1
y

and R
α
ti
2
y on the system and ancilla qubits respectively,

where

αti1 = 2

∫ ti

0

h(t′)dt′,

αti2 = prα
ti
1 .

(S21)



3

The entangled state between system and ancilla will
evolve until |Ψt=ti〉 (red block of Fig. S1). Next, we ap-

ply R
β
ti
1(2)
y to the system and ancilla qubits, conditional

on the probe (which has been previously prepared on an
equal superposition of states |0〉 and |1〉). The angles of
rotation in this case are

βti1 =

∫ ti+δt

ti

h(t′)dt′,

βti2 = prβ
ti
1 .

(S22)

This part comprises the blue block in Fig. S1. As a con-
sequence, the three qubits {S,A,P} end up in the super-
position

|Φ〉SAP =
1√
2

(
|Ψt=ti〉⊗ |0〉P + |Ψt=ti+δt〉⊗ |1〉P

)
. (S23)

Now we are interested in reading out the relative phase
Φ from the state of the probe qubit. Tracing out the
system and ancilla in Eq. (S23), the reduced state for
the probe qubit is

ρP =
1

2

(
1+ Re(〈Ψt=ti |Ψt=ti+δt〉)σx

+ Im(〈Ψt=ti |Ψt=ti+δt〉)σy
)
.

(S24)

Thus, by measuring the expectation values 〈σx〉 and 〈σy〉
(green block of Fig. S1), we can retrieve the relative phase
Φ between the states |Ψt=ti〉 and |Ψt=ti+δt〉. If the trans-
port fulfills the Uhlmann parallel condition between ti
and ti+δt, then the two vectors should be in phase Φ ≈ 0.
This is actually what we observe in the experiment (see
the middle plot in Fig. 3 of the main text).

Supplementary Note 4: Quantum Algorithm

The experiments on the topological Uhlmann phase
have been realized on the IBM Quantum Experience (ib-
mqx2) [11], a quantum computing platform with online
user-access based on five fixed-frequency transmon-type
qubits coupled via co-planar waveguide resonators. We
have used three qubits, qubit Q0 as the probe qubit,
Q1 as the system qubit and Q2 as the ancilla qubit.
This choice is motivated by the connectivity required
for the measurement protocol and the superior T1 and
T2 times of this set of qubits when compared to the set
{Q2, Q3, Q4} at the time of the experiment. We have
used the open-source python library QISKit [12] to pro-
gram the quantum computer and retrieve the data. The
quantum algorithm to measure the expectation values of
σx is

OPENQASM 2.0;
include ”qelib1.inc”;

qreg q[5];
creg c[5];
u3(θ,0,0) q[1];
cx q[1],q[2];
h q[0];
cx q[0],q[2];
cx q[0],q[1];
barrier q[0],q[1],q[2],q[3],q[4];
u3(β2,0,0) q[2];
u3(β1,0,0) q[1];
barrier q[0],q[1],q[2],q[3],q[4];
cx q[0],q[2];
cx q[0],q[1];
h q[0];
measure q[0] −> c[0];

in the OPENQASM intermediate representation, de-
scribed in [13]. For measuring σy we insert the rotation
’sdg q[0];’ before the last hadamard gate ’h [q0]’. The
circuit diagram (including the rotation for the measure-
ment of σy) is shown in Figure S2. Note, that we do
not implement the last set of single-qubit rotations on
system and ancilla qubits because these do not change
the outcome of the measurement of the probe qubit Q0.
The phase is then extracted from the measured data by
evaluating ΦM = arg(〈σx〉 − i〈σy〉).

Supplementary Note 5: Interacting Systems & 2D

The protocol to measure the topological Uhlmann
phase deals with single-qubit Hamiltonians [Eq. (3) in the
main text]. These can be mapped to free-fermion topo-
logical insulators. We may identify the ramp parameter
θ with the crystalline momentum in the Brillouin zone
k. In 2D, a way to define a non-trivial topological in-
variant for isotropic systems at finite temperature is by
means of the winding number of the Uhmann phase, as
shown in Refs. [7, 9, 10]. We could test this experimen-
tally by mapping two independent parameters θ and δ of
our quantum simulator to the crystalline momentum of
a 2D topological insulator kx and ky. By measuring the
Uhlmann phase along θ, for different values of δ, we can
extract the value of the winding number by observing
discontinuous jumps in the Uhlmann phase.

More complicated Hamiltonians involving more qubits
could be considered in a more general setup. Actually, it
has been shown in Ref. [14] that an L−qubit interacting
system can be mapped onto two types of systems that
we discuss in what follows.

On the one hand, a system of 2 qubits can be mapped
to a system of two interacting fermions with spin 1/2.
Therefore, an Uhlmann experiment for interacting 2-
qubit Hamiltonians would be the first experimental mea-
surement of a topological phase associated to an interact-
ing system in a mixed state. It would be very interesting
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FIG. S2: Example of the circuit diagram on the IBM Quantum Experience for the measurement of the topological Uhlmann
phase for r = 0.15. The values for the rotation angles are γ = 2 arccos(

√
1− r) = 0.7954, β1 = π and β2 = 2π

√
r(1− r) =

2.24355

to analyse how the interaction term counteracts or en-
hances the effect that noise produces in the system.

On the other hand, there is a complementary mapping
from a many-body interacting spin system to Haldane-
like models [15] with 2L bands. These are free-fermion
models but the fact of having more bands opens the
possibility of having higher topological quantum num-
bers. From the point of view of the Uhlmann theory of
symmetry-protected topological order at finite temper-
ature, one can envision the possibility of testing topo-
logical transitions between non-trivial topological phases
solely driven by noise or temperature. This is an effect
that only appears in systems with high topological num-
bers as shown in [9].
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