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I. SINGLE-SHOT SPIN READ-OUT

Electron spin relaxation rates were obtained by sin-
gle shot spin readout [1-4], using spin selective tunnel-
ing of donor-bound electrons to the nearby island of a
single electron transistor (SET). The drain current of
the SET as a function of Vg; and Vge (Vp = 750 pV,
Vsgr = Vr = 1 V) is plotted in Fig. Sla. Here, di-
agonal lines are Coulomb blockade (CB) peaks of the
SET with two parallel lines of charge offsets (dashed
white lines) indicating electron transfers between donor
and SET island whenever their electrochemical poten-
tials align (compare Fig. Slc) [2]. The presence of pre-
cisely two charge-offset lines indicate charge transitions
Dt < D% and D° +» D~ between the donor’s three pos-
sible charge states, D (0 electrons), D° (1 electron), D~
(2 electrons). The separation of the charge offset lines
in gate voltage allows to extract an electron addition en-
ergy, Eaqq = (504£7) meV, consistent with previous mea-
surements in STM-patterned devices [5, 6]. No further
charge transitions on the donor were observed within the
accessible gate voltage range ~ —500 mV to ~ 1000 mV,
applied to all gates [4].

In Fig. S1b, we show a close-up where the electrochem-
ical potential of the SET aligns with that of the donor D°
charge state, allowing D ¢ D charge transitions [2].
An external magnetic field Beyt splits the spin-degenerate
DY 1s(A;) state into |1) and ||), separated by the Zee-
man energy AE7 = gup|Bext|, such that AEz > kpTy,
(low temperature limit [2]).

Electron spin read-out was facilitated by a three-level
pulse sequence (Fig. S1d) [2-4] on gates G; and Ga,
upon monitoring the time dependent response Isgr(t)
(Fig. Sle) of the SET drain current (bandwidth of 3 kHz).
In the first phase of the pulse, the spin-split electrochemi-
cal potentials are lowered beneath that of the SET to ini-
tialize a spin of arbitrary orientation, |1) or |[{). During
the following read-out phase, the donor electrochemical
potentials are raised as shown in Fig. Slc, such that |1)
above and |]) below the electrochemical potential of the
SET. This now only allows spin-up electrons to tunnel

to the SET, followed by a spin-down electron tunneling
back to the donor. As result, a single rectangular current
pulse is observed in the SET current response Isgr(t) at
the start of the read-out phase (Fig. Sle, red trace). If a
|{) was initialized, the current response of the SET stays
flat (Fig. Sle, black trace). In the final phase of the pulse,
the spin-split electrochemical potentials are raised above
that of the SET to vacate the donor to reset the gate
pulse sequence. As previously shown, we achieve a spin
detection fidelity as large as 99.6% in this device [4], due
to the large "on” state currents of the SET and optimized
electron tunnel rates.

The probability Py to find an electron in the |1) state
as a function of the wait time ¢ after initializing is
plotted in Fig. S1f. Each data point is based on 100-
250 (depending on wait time) repetitions of the same
pulse cycle. We show data from three different mag-
netic field orientations at Bey = 3.5 T. Spin lifetimes
Ty were extracted from these data by exponential fits
Py(t) = Py(0) « exp(—t/T1) (black lines) varying be-
tween T ~ 25 ms for (B]|[001]) and T} ~ 150 ms for
(B[110)).

II. ELECTRON TEMPERATURE / GATE LEVER

The electron temperature of the SET can be extracted
[2] by scanning the electrochemical potential of the donor
with respect to that of the SET island around the Dt <
DY transition (see blue arrow in Fig. S2a, inset). Ex-
amples of the averaged and normalized SET current at
two mixing chamber temperatures (Ty;/c = 21 mK and
Tyijc = 675 mK) are shown in Fig. S2a. Here, each
trace has been averaged over 100 repetitions of a slow
(f = 0.5 Hz) gate voltage ramp (amplitude 4-16 mV,
depending on M/C temperature). These data can be fit
with a Fermi-function,

1
I = 1
Tser) = Trep [(Vy — Vo) /kpTu] M)
where gate voltage difference (V, — V) and energy are
related by the effective gate lever a. From the fit, we can
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Figure S1. Single-shot spin readout of a single P donor qubit. a, Charge stability diagram, recorded at Vp = 750 uV
and Vsgr = Vr = 1 V. Two parallel lines of charge offset breaks (black dashed black lines and arrows) correspond to the
single donor Dt — D® and D° — D~ transitions (The horizontal offset line at ~ 800 meV indicates is due to a spontaneous
charge rearrangement in the device during measurement). Spin read-out was performed at a region as shown in b, where
the electrochemical potential of the donor and the SET island align to allow D™ — D charge transitions (c,). d, Gate-pulse
sequence and e, time-dependent SET current response. f, Spin-up probability P; as a function of wait time ¢ after initialization
for three orientations of the magnetic field with BJ|[001], BJ|[111], and B]||[110]. Black lines show fits to the data to extract T1.
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Figure S2. Electron temperature and gate lever a,

Time-averaged current response (Isgr) across 100 repetitions
of slow gate ramp and for two temperatures of the dilution
fridge mixing chamber (Ty;/¢). The direction of the gate ramp
is indicated by a blue arrow in the inset. The ratio of elec-
tron temperature and lever arm (Te1/«) is extracted by fit-
ting to a Fermi distribution (eq. (1)). b, The ratio of electron
temperature and lever arm (7w /) is plotted versus mixing
chamber temperature. A linear fit allows extraction of the
gate lever arm a = (0.076 &+ 0.02) and electron temperature
T ~ 100 mK.

extract the temperature-broadening parameter a/kpTey,
with Boltzman constant kg and electron temperature
To. Te/a is shown as a function of the mixing cham-
ber temperature Ty/c in Fig. S2b. From a linear fit to
the data (red line), we extract the an effective gate lever
a = (0.076+£0.02), and an approximate electron temper-
ature Ty ~ 100 mK where T, /« saturates (black dashed
line).

III. SPIN-RELAXATION THEORY

Historical background: Roth and Hasegawa’s
mechanism in bulk donors

Spin-lattice relaxation of electron spins in bulk donors
has been investigated since the 1960s [7-9]. It is well
established that the electron spin relaxes through inter-
acting with acoustic phonons in the presence of spin-orbit
coupling (SOC). The magnitude of 1/7} with respect to
the alignment of an external magnetic field Bey; depends
on how By aligns with the effective magnetic field pro-
duced by the crystal’s spin-orbit coupling. As a result,
spin relaxation rates have been shown both theoretically
and experimentally to be anisotropic with respect to the
crystal lattice as shown in Fig. S3a [10].

Two mechanisms have been shown to cause spin re-
laxation, namely the valley repopulation mechanism and
the single valley effect. First described by Hasegawa [7],
the valley repopulation relaxes the electron spin by mix-
ing the donor ground state with states of different val-
ley compositions and along different crystalline directions



through diagonal phonon strain. In contrast, the single
valley effect was described by Roth [8] and refers to re-
laxation within each valley, where the bottom of the con-
duction band mixes with the next higher band through
off-diagonal phonon strain. The measured anisotropic T}
behavior of a bulk P donor in Si is described in Ref. [10],
and also reproduced here in Fig. S3a with black dotted
data points. Note that these experimental data points of
Wilson and Feher [10] were explained by the sum of both
the relaxation rates due to valley repopulation and the
single valley effect.

Theoretically 1/7; due to valley repopulation alone is
shown separately in Fig. S3b. Here, a maximum 1/7}
occurs when the external magnetic field Bey is aligned
along crystalline directions (111), and a minimum when-
ever By points along (100). The 1/77 anisotropy can
be described by a sinusoidal anisotropy function f(6, ¢)
with a periodicity of 7 [7, 10], with the following form
(Fig. S3b):

f(0,¢) = sin® 6(4 cos® 0 + sin? § sin® 2¢) (2)

For the case of the single valley effect, independently
shown in Fig. S3c, the opposite holds true: A maxi-
mum 1/7} occurs when Byt [|(100) and a minimum when
Bext|[{111). The 1/T} anisotropy function due to the sin-
gle valley effect [7, 10] is of the form (Fig. S3c):

f(0,¢) = cos* 0 + % sin® A(1 4 cos? 2¢) (3)

Summed together these two effects can account for
the experimentally observed anisotropy (black line in
Fig. S3a) in bulk donors [10].

Measured anisotropy in a nanoelectronic device

Fig. S3d shows the measured 1/77 anisotropy found
in this work for a donor within a nanoelectronic device.
Comparison between the experimental curves in panels
a) and d) of Fig. S3 highlights the completely differ-
ent anisotropy observed from Feher’s bulk measurements.
The anisotropy observed in our experiment neither agrees
with panel b) nor with ¢), and notably has a much higher
value of 1/T;. In addition, no combination of the valley
repopulation and single valley effect can reproduce this
anisotropy. This motivates us to consider what environ-
mental factors are present in a nanoelectronic device that
were not taken into account in the bulk relaxation theo-
ries.

Donors in a nanoelectronic device: Role of strain,
electric fields, and Johnson noise

In contrast to the results for bulk donors in silicon,
recent experiments in the context of donor based quan-
tum computing have enabled the realization of spins on

single donors fabricated within a nanoelectronic device
[5]. In this paper we have shown experimentally that
the anisotropy of the spin relaxation rate of a donor in a
nanoelectronic device is significantly different from that
in bulk. Whereas the anisotropy observed in T} in bulk
donors can be explained by a combination of the valley
repopulation and the single valley effect, in a nanoelec-
tronic device we also need to consider the effects such as
strain due to surrounding device contacts, electric fields
due to applied gate voltages, and Johnson noise on the
device electrodes. In addition to the valley repopulation
and single valley effect, a donor in a nanoelectronic device
may be susceptible to additional relaxation mechanisms
with their own specific anisotropy functions. Therefore,
by measuring the anisotropy function of 1/T}, we can de-
termine if the silicon lattice is strained or if electric fields
or noise sources are present. Strain and electric fields can
modify the relaxation mechanisms in two aspects. First,
both strain and electric field can cause mixing between
the donor valley states and repopulate the valleys [10, 11].
Second, having electric fields in the crystal introduces ad-
ditional SOC. Considering these two effects could greatly
modify the valley repopulation mechanisms. The single
valley effect, however, is minimally affected by uniaxial
or biaxial strain, which is the type of strain most likely
to be in the device as a result of the device geometry, and
electric fields. This is because uniaxial or biaxial strain
and electric fields cannot cause mixing between the bot-
tom two conduction bands, important in the single valley
effect [9-11]. Noise, on the other hand, can couple the
ground spin states to each other directly and cause re-
laxation without the mixing between valley states, as in
valley repopulation, or the mixing between conduction
bands, as in the single valley effect. Below we analyze
each of the above-mentioned relaxation mechanisms and
determine whether their anisotropy functions can explain
the measured data.

A. Strain: modified valley repopulation

In addition to the time-dependent lattice strain which
causes the phonon relaxation, the surrounding contacts
made of delta-doped layers might produce static strain in
the device. If the lattice is under static uniaxial strain,
valleys repopulate according to the strain direction. This
leads to a different anisotropy which depends on the
strain direction. For example compressive strain along
[001] yields a maximum at § = 45° (between [111] and
[001]) and a minimum at [100], as shown in Fig. S3e.
The anisotropy function due to valley repopulation un-
der compressive uniaxial strain along [001] [7] is given
below:

f(8,¢) = sin® B(cos? § cos® 2¢ + 4sin® pcos® ¢)  (4)

We have considered all uniaxial strain directions and
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Figure S3. Comparison of spin relaxation anisotropy measurements with various spin relaxation mechanisms.
a, Spin relaxation for bulk donors. b, Valley repopulation with bulk spin-orbit. ¢, Single valley effect with bulk spin-orbit. d,
Experimental data (¢ = 45°). e, Valley repopulation under compressive uniaxial strain along z with bulk spin-orbit. f, Valley
repopulation under dominating electric field along y with Rashba spin-orbit. g, Valley repopulation under dominating electric
field along y with Hgp spin-orbit. h, Comparison of the experimental 1/77 with the combined theory curve, which includes

the effect of b), ¢), ) and g).

found that no matter how the valley repopulates, strain
alone cannot reproduce the experimentally observed
anisotropy.

B. Electric fields: Rashba spin-orbit coupling

Applied electric fields within a nanoelectronic device
gives rise to the Rashba SOC [12]. The Rashba Hamil-

tonian, described in Eqn. (2) of the main text, couples
the electron spin with the electric field and the electron’s
momentum.

Hpasnoa = (k xE) - R -0 (5)

The valley repopulation mechanism in the presence of a
Rashba coupling can yield an anisotropy function that
is dependent on the electric field distribution of the de-
vice. From detailed electrostatic modelling using COM-



SOL (described in the main text), we expect a dominat-
ing electric field pointing in the y direction (i.e. [010])
due to the device geometry and applied biases. With
this field distribution, 1/T7 due to Rashba SOC is shown
in Fig. S3f. The analytically derived anisotropy function
for valley repopulation under an electric field along y (i.e.
[010]) with Rashba SOC [13, 14] is given as:

f(0,0) = %(1 — sin 26 cos ¢ + sin” f sin® ¢) (6)

This curve has a minimum between § = 0° and 0 =
45°, and a maximum between 6 = 90° and 6 = 135°,
almost exactly opposite to the experimental curve. The
magnitude is also found to be almost three orders lower
than the experimental data. The presence of Rashba
SOC alone therefore cannot reproduce the experimental
data.

C. Electric fields: Hgp spin-orbit coupling

In the presence of electric and magnetic fields, while
Rashba SOC couples the electron spin with the electron’s
momentum, the higher order spin-orbit coupling also al-
lows coupling of the electron spin with external magnetic
field and electric fields. Such a SOC has previously been
considered to describe hole spins [15]. A more recent
derivation, based on k - p, was given by Winkler [12].
The Hamiltonian, shown in Eqn. (1) of the main text is

T

-C-o (7)

E,B. + E.B,
E.B, + E.B,
E.B,+ E,B,

Hpp =

For example, Hgp SOC from an electric field along y cou-
ples spins pointing along z and z, but not spins pointing
along y, giving rise to a highly anisotropic 1/77. The re-
laxation rate due to valley repopulation in the presence
of this Hgg SOC under the electric field in the device
is shown in Fig. S3g. Remarkably, this curve shows a
maximum at # ~ 0° and a minimum 6 ~ 90°, in very
close agreement with the experimental data. The magni-
tudes are also close to the experimental curve, as shown
in Fig. S3g. The analytically derived anisotropy function
of valley repopulation with Hgp SOC under electric field
iny (i.e. [010]) is given below:

f(8,¢) = cos? fsin? ¢ + cos? ¢ (8)

The relaxation mechanism of Hgp captures both the
experimentally observed anisotropy and the magnitude
of ]./T1 .

By now considering all the effects of valley repopula-
tion with Rashba SOC and Hgp SOC, as well as the
single valley effect, with the exact electric fields in the
device, we can determine the final anisotropy shown as
the solid line in Fig. S3h. As we can see this provides a
very good fit to the experimental data.

D. Evanescent wave Johnson noise

In this section we consider the effect of Evanescent
wave Johnson noise (EWJN). Previous discussions with
the different spin relaxation mechanisms are all based on
the interaction of the electron spin with phonons. While
phonon fields can couple the donor ground state to the
excited valley states, and affect T7 through valley repop-
ulation, EWJN can directly couple the ground donor spin
states to each other, leading to spin relaxation.

The relaxation rate can be written as [16]

1

7, = f(0,9)5(wz) 9)

where S(w) is the magnetic field spectrum, wy is the
angular frequency of the Zeeman splitting of the donor
ground spin states.

As shown in Fig. la in the main text, both the gates
and donor are in-plane. Since the noise that can reach
the donor must propagate through the plane, and the
electric field can only fluctuate in-plane, the magnetic
field fluctuates in the z direction. With this fluctuating
magnetic field the resulting anisotropy function is

f(0,¢) =sin?0 (10)

The fluctuating electric field can couple the spins by pro-
ducing an effective magnetic field through Rashba SOC.
The wavefunction is asymmetric in the y direction with
the strong static electric field along y. The matrix el-
ement of the operator k in the Rashba SOC therefore
points in the y direction. Since both the matrix element
of the operator k and the electric field from the noise
are in-plane, the effective magnetic field (Be.ys =k x E)
points in the z direction. The resulting anisotropy func-
tion from fluctuating electric field is the same as Eqn. 10.

The spectrum S(w) of the effective magnetic field
(Berf = k x E) has a linear B to B® dependency,
since it depends on the electric field spectrum Sg(w) of
EWJN, which is proportional to B [16], and the oper-
ator k = —iV + £A, which has a constant to linear B
dependency as the magnitude of the vector potential A
is proportional to the external magnetic field B.

If we now compare these results to the experiment ob-
servation, in Fig. 1f in the main text we see that 1/7}
has a B® dependency, in contrast to the linear B to B3
dependency expected with EWJN. Furthermore the 1/73
caused by EWJN has its minimum at § = 0° (Eqn. 10),
different from the experiment measurements (As shown
in Fig. S3d, which has minimum at 8 = 90°). We there-
fore conclude that spin-relaxation caused by EWJN can-
not explain our measurement results.



Dominant relaxation mechanism in the experiment

From the above comparison of the measured anisotropy
data with the anisotropy functions of the wvarious
mechanisms, we can make two important conclusions.
First, Hgp-dominated spin relaxation is the only spin-
relaxation mechanism which correctly describes the mea-
sured anisotropy and magnitude of the relaxation rates.
Here the anisotropy shows a 180° phase with a maximum
at [001] and minimum at [110] for out-of-plane rotation.
Second, its spin-relaxation rates are one order of mag-
nitude larger than any other spin-relaxation mechanisms
which makes Hpgp-driven spin-relaxation the only mech-
anism, able to describe our data.

IV. QUANTITATIVE ANALYSIS OF THE
EXPERIMENTAL DATA

Having derived the 1/7} anisotropy of each of these
mechanisms, and found that an electric field induced
higher order spin-orbit coupling of the form Hgp has
the same anisotropy as the measured data, we now de-
scribe how we obtained the quantitative description of
the anisotropy data.

We need to obtain the strengths of each of the relax-
ation mechanisms described above. The magnitude of
the valley repopulation and the single valley effect are
known from the experiments of Wilson and Feher [10].
For the remaining mechanisms of Rashba and Hgp, we
determined their strengths given by the coefficients R and
C of Eqn. 5 and Eqn. 7, respectively. Furthermore, since
these mechanisms are dependent on the electric field, we
obtained the electric field components (in particular, the
ratio of E,, E,, and E,) in the device. We treat R, C,
and the ratio of the E-field components as fitting param-
eters to the experimental 1/77 data points to reproduce
the experimental curves of Fig. 2 of the main text.

Functional form of the 1/7; anisotropy due to all
mechanisms combined

In order to obtain the contributions of Rashba and
Hgp SOC driven spin relaxation, in the main text we
fitted the measured spin relaxation rates with an expres-
sion which adds all the valley repopulation mechanisms,
Rashba SOC and Hgp SOC and the single valley effect,
together.

1
? - Cvallcyrcp.|(gl - gt)NBB .
1

+(Ri — Ri)(kor xE)- D -o™ (49

—
+(C—CHEXxB)T- D -g™?
+Cinglevalley |(Bzog* + ByolY) + cycl.perm.|*

where R; and R; are the longitudinal and transverse com-
ponents, respectively, in the tensor R. C; and Cy are the
longitudinal and transverse components, respectively, in
the tensor cycl.perm. represents terms having the
same form of B,»JJN + Bjaiﬂ, with the index ¢,j being
cyclic permutations of x,y and z.
Further substituting the magnetic field

B = | B|(sin 8 cos ¢, sin 8 sin ¢, cos 0) (12)
and the Pauli matrix elements o]+ = cos @ cos ¢ + i sin ¢,
ogi = cosfsin g — icos ¢, and oI+ = —sinf, as well as

X X
ap o 0 0
D= 0o afaX o (13)
0 0 ofa?

allows us to represent the 1/7) anisotropy with the solid
lines of Fig. 1le and Fig. 2a-b of the main text. For these
fits, we have assumed the strength of valley repopulation
and single valley effect (Cyaleyrep = 18.507 1/s(ueV)?,
Csinglevalley = 0.0338 1/sT?), as well as g; —g; = 0.001, as
previously measured [10]. We also assumed bulk-donor
valley weights g = (1,1,1) for the 1s(A;) state and
a, = (1,0,1) for the 1s(E) state [17], and ko, = 103
1/m, the matrix element of k = —iV + £ A with respect
to the 1s(A4;1) and 1s(FE) states. The latter was obtained
from NEMO tight-binding calculations [18].

This only leaves the relative electric field contribu-
tions (E, : E, : E,) and the coupling constants of
Rashba (R = Ry — R;) and Hgp (C = C; — C}) as fit-
ting parameters. We note that we can only fit the ratio
and not the absolute values of the electric field due to
the interdependency of R and C with the electric field
strength. A least absolute error fit to the experimental
data points gives the coefficients R = 9.05 x 10~ '% m?
and C = 5.86 x 107 1e m/T for the out-of-plane rota-
tion, as stated in the manuscript, and a ratio of (E, :
E, : E.) = (-0.26 : 1 : —0.20), showing the dominat-
ing y component of the electric field. Another data set
of the relaxation rate was given by the in-plane rotation
measurements, where the gate applied bias is different
from the out-of-plane measurements (see main text for
details). Following the same procedure, the fitting results
show R = 9.53 x 10~ m? and C' = 6.01 x 10~ '*e m/T.
If we compare the fitting results of R and C from the
out-of-plane measurements to the the in-plane measure-
ments, we see that the values are consistent with each
other.



V. INDEPENDENT CHECK OF THE FITTED
PARAMETER VALUES

An independent check of the parameters fitted to the
experimental 1/T7 data points, electrostatic and atom-
istic modeling were performed. Detailed COMSOL mod-
eling showed a dominant £, field (see the method sec-
tion of the main text), justifying the electric field ra-
tio fitted. To confirm the strength of the Rashba cou-
pling, atomistic tight-binding calculations of the donor
g-factor was performed as a function of B-field angle.
By fitting to the g-factor tight-binding calculation re-
sults with an effective mass expression based on valley
repopulation and Rashba effect, the Rashba strength (R)
was extracted for the device electric field as shown in
the next section. The difference between the Rashba
strength obtained from these tight-binding calculations
(R = 1.47 x 10~ % m?) and the value obtained from the
1/Ty fit (R = 9.05 x 10~1% m?) was found to be within
one order of magnitude. Lastly, to obtain the strength of
the Hgp SOC (C), the ratio of the Rashba strength and
the Hpp strength (C/R = 5.7 x 10* m/Vs) was derived
using the k- p theory in the subsequent section and found
a good correspondence with the values obtained from the
fit (C/R = 6.5 x 10* m/Vs). Therefore, an independent
justification of the T} anisotropy fitting results was pro-
vided. Finally, since this is the first time the Hgp SOC
has been reported in donor systems, we checked the ef-
fect of Hgp SOC on the donor g-factor and found the
g-factor is increased by only 0.0001% including the Hgp
SOC (with E =3 MV/m and B = 2 T), explaining why
it might not have been observed in the Stark shift exper-
iments of donor spin resonance [19].

Strength of the Rashba SOC

We can obtain an independent estimate for the Rashba
SOC strength R of donors in Si by calculating the
g-factor anisotropy using the nanoelectronic modeling
tool NEMO. NEMO uses a 20 band spin-resolved tight
binding method with sp3d®s* atomic orbital model, in-
cluding nearest-neighbor and spin-orbit interactions to
represent the Hamiltonian of a nanoelectronic device,
such as a donor in silicon [20, 21]. To calculate the elec-
tronic states in donor-based systems, a Coulomb poten-
tial of a positive charge screened by the dielectric con-
stant of Si is added to the Hamiltonian. At the donor
site, a cut-off potential is adjusted to yield the measured
binding energy of a single donor [18]. The model repro-
duces known experiments [5, 11, 18, 22-25].

While 1/T depends on the off-diagonal coupling in the
spin Hamiltonian between ground and excited states, the
g-factor comes from the diagonal term [7]

— 1 —
(PlupB- G -olv) = upB-(g: T +30—g) D)o, (14)
(@®)2 0 0
D=3 0o @)2 o (15)
0 0 (a?)?
—
Here, 7 is the identity matrix and D contains the

valley weights o' with valley index i = X,Y,Z. For
the A; donor ground state, the valley weights are equal
in all six valleys, hence D is simply the identity ma-
trix. The g-factor of the A; ground state is therefore
g = %gt + %gl, independent of the alignment of the ex-
ternal magnetic field. However, for higher valley states
(see inset of Fig. S4a), D is different. As a result differ-
ent magnetic field directions can result in different Zee-
man energies. For example, for an electric field pointing
along y, the degeneracy of the E state manifold is bro-
ken, whereby the lowest state of this manifold has valley

weights aX = 1,a¥ = 0,0 = —1. Consequently, for
this state,
100
—
D=3{000 (16)
001
and

<1/)|NBB'<?>'UW> = gt,UBB'U‘F%(gl_gt).UB(Bxax"‘BzUZ)»
(17)
The second term on the right hand side of Eqn. 17 adds
an anisotropic term to the Zeeman energy. This term is
larger if Byt is aligned along [001] (§ = 0°) compared
t0 Bext|[[110] (8 = 90°), since the y component does not
contribute. At § = 0° the total g-factor is therefore larger
than at 8 = 90°, as shown by the line marked as “E-1” in
Fig. S4a. In general, the g-factor anisotropy is therefore
different for different excited states, depending on the
valley weights. To demonstrate this, Fig. S4a shows the
Aq, T and F states’ g-factor anisotropy calculated from
NEMO under an electric field E, = 3MV/m.
The spin Hamiltonian in the presence of an electric
field is given by

H=psB- g 0+ (kxE)-R -0 (18)

where the first term is the Zeeman term considering
the bulk spin-orbit coupling and the second term is the
Rashba SOC. The corresponding Zeeman energy of a
donor state ;- is given by
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Figure S4. Extraction of the magnitude of the Rashba coefficient by calculating the g-factor anisotropy of the
valley-orbit states from NEMO. a, The g-factor anisotropy of the donor valley-orbit states from NEMO with £, = 3MV /m.
The inset shows a schematic of the the donor valley-orbit states. b, The g-factor anisotropy of the low-lying donor E state
with the electrostatic potential profile obtained from COMSOL. The dots represent the simulation results from NEMO, and

the line represents theoretical fits from Eqn. 19.
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The total g-factor is defined as the Zeeman energy di-
vided by upB.

To extract the strength of Rashba SOC (R = R; — Ry)
from the spin relaxation rate measurements, the electro-
static potential profile of the device was obtained from
finite-element modeling of the Poisson equation in COM-
SOL, and was used as an input to NEMO. The spin
resolved tight-binding Hamiltonian of the donor in the
presence of this electrostatic potential is then solved in
NEMO to obtain the donor eigen-energies and the corre-
sponding g-factors.

Fig. S4b shows the g-factor anisotropy of the low-
lying E state under the COMSOL electrostatic poten-
tial. With this, we fit Eqn. 19 to our NEMO data and
obtain the magnitude of each term in Eqn. 18. The elec-
tric fields at the donor site obtained from the COMSOL
simulations are E, = 1.25 MV/m, E, = 5.33 MV/m, and
E. = 0.26 MV/m. Substituting ker = —i(¢,| 7 |¢r) +
#(r|Altpy), the second term can be evaluated using the
symmetric gauge (A;, Ay, A;) = %(Byz — B,y,B.,x —
Bz, Byy — Byx). Here, we approximate the dipole mo-
ments <1/)r|$|¢7> ~ <w7|y|¢r> ~ <¢7‘Z|1/)r> ~ 107*m un-
der the electric field distribution [18]. Finally, from the
fitting results we obtain

R =147 x 10" %e m? (20)

)0+ (Ker ><E)~(Rt<?+%(Rl—Rt)<B)-a

(19)

(

This number is only a factor of six different from
the value obtained by fitting the 1/7} anisotropy data
from Fig. 2 in the main text and Eqn. 9 (R = 9.05 x
10~ m?). Compared to other systems such as quan-
tum dots [26], where the Rashba parameter is known to
be around @ = RE ~ 107V m for an electric field
of a few MV/m, we have a ~ 10~ eV m in donors un-
der similar magnitude of the electric field. The large
difference of two orders of magnitude in the Rashba pa-
rameter is mainly due to the strong confinement of the
donor wavefunction compared to the weaker confinement
in quantum dot systems which the electron wavefunction
spreads out more [26]. In general, the magnitude of the
Rashba SOC is determined by the Rashba parameter o
multiplied by the matrix element of the operator k. The
Rashba parameter in quantum dots, as shown above, is
two-orders of magnitude smaller than in donors. How-
ever, the matrix element of the operator k for quantum
dots, with respect to the ground states, for example, is
usually two to three orders of magnitude larger than in
donors (consider dots having radius of 10-100nm). As a
result, the Rashba SOC contribution in Zeeman energy
is usually larger in quantum dots than in donors.

In Eqn. 10, Hgp is neglected because it always pro-
duces a small effective magnetic field which is perpendic-
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Figure S5. Comparison of the g-factor Stark effect with
and without Hgp. The data without the Hgp are taken
form the calculations of Ref. [11]. The magnitude of the mag-
netic field is 2 T. When F points along y and E and B are par-
allel, Hgp has no effect on the donor g-factor. When E and
B are perpendicular, the g-factor increases slightly (0.0001%
at £ =3MV/m) due to Hgp.

ular to the external magnetic field, and results in negli-
gible corrections to the total g-factor (see Fig. S5).

Strength of the Hgp SOC

Having obtained the Rashba strength (R), the remain-
ing parameter is the Hgp strength (C). Below we derive
the relationship of R and C and compare the ratio C'/R
with the fitting results as an independent check. From
perturbation theory,

HRashba = (k X E) . ? -0 (21)

where

h? a hye
L T
ZZ’rnO (Ea - E;L,n)
h is defined by
H,, = (VV xp)-o=h-o (23)

2.2
2mge

and « represents the Si conduction band, n, m sums over
all other bands. Similarly

E,B.+E.B, \
E,B, + E,B,
where
e’h? ((Pap X Puv) X Pon) @h
o En e L pv vn no 2
T G 5 oy BT (25)

therefore

C_ ¢ Pw (26)
R mo Eau

miopm, = 1.5 x 10719 ¢V m is the momentum matrix el-
ement between the silicon valence bands p and v, evalu-
ated at the conduction band minimum kg. Eq, ~ 4 eV is
the energy difference between the conduction band min-
imum and the valence band at kg [8]. Substituting these
values to Eqn. 26, the resulting C/R is 5.7 x 10* m/Vs.
This matches well with the ratio obtained from the fit
(C/R = 6.5x10* m/Vs.). The observed relationship be-
tween the strength of Rashba and Hgp SOC is therefore
well-explained by the k - p theory.

Effect of Hgep SOC on the donor g-factor

As we have shown, valley repopulation with Hgp SOC
taken into account dominates spin-relaxation in the pres-
ence of electric fields. Finally for completeness we con-
sider how Hgp affects the electron’s g-factor.

Fig. S5 compares the donor ground state g-factor under
electric fields with and without the Hgp, where data
without Hgp was taken from Ref. [11]. We see that Hgp
has a negligible effect on the g-factor under electric fields
below 3MV /m (<0.0001% change) which explains why it
may not have been observed in previous measurements
of the donor g-factor [11, 19].

VI. CONCLUSION

To conclude, the experimentally observed Tj
anisotropy can be fully explained by the Hgp the-
ory. With atomistic calculation, electrostatic modelling
and the k-p theory, we give a comprehensive quantitative
description of the observed data.
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