Supplementary Material for

“Variational Quantum State Diagonalization”

Appendix A: Details on VQSD Implementations

Here we provide further details on our implementa-
tions of VQSD in Sec. II B. This includes further details
about the optimization parameters as well as additional
statistics for our runs on ns on the quantum computer.

1. Optimization Parameters

First, we discuss our implementation on a quantum
computer (data shown in Fig. 3). Figure S.1 displays
the circuit used for this implementation. This circuit is
logically divided into three sections. First, we prepare
two copies of the plus state p = |[+)(+| = HI|0)(0|H
by doing a Hadamard gate H on each qubit. Next,
we implement one layer of a unitary ansatz, namely
U(#) = Ry(m/2)R.(0). This ansatz was chosen because
each gate can be natively implemented on Rigetti’s quan-
tum computer. To simplify the search space, we re-
stricted to one parameter instead of a universal one-qubit
unitary. Last, we implement the DIP Test circuit, de-
scribed in Fig. 5, which here consists of only one CNOT
gate and one measurement.

For the parameter optimization loop, we used the Pow-
ell algorithm mentioned in Sec. IVB. This algorithm
found the minimum cost in less than ten objective func-
tion evaluations on average. Each objective function eval-
uation (i.e., call to the quantum computer) sampled from
10,000 runs of the circuit in Fig. S.1. As can be seen in
Fig. 3(b), 10,000 runs was sufficient to accurately esti-
mate the cost function (10) with small variance. Because
the problem size was small, we took ¢ = 1 in (10), which
provided adequate variability in the cost landscape.

Because of the noise levels in current quantum com-
puters, we limited VQSD implementations on quantum
hardware to only one-qubit states. Noise affects the com-
putation in multiple areas. For example, in state prepa-
ration, qubit-specific errors can cause the two copies of
p to actually be different states. Subsequent gate er-
rors (notably two-qubit gates), decoherence, and mea-
surement errors prevent the cost from reaching zero even
though the optimal value of 0 is obtained. The effect of
these various noise sources, and in particular the effect
of discrepancies in preparation of two copies of p, will be
important to study in future work.

Next, we discuss our VQSD implementation on a sim-
ulator (data shown in Fig. 4). For this implementation
we again chose ¢ = 1 in our cost function. Because of
the larger problem size (diagonalizing a 4-qubit state),
we employed multiple layers in our ansatz, up to p = 5.
The simulator directly calculated the measurement prob-
ability distribution in the DIP Test, as opposed to deter-
mining the desired probability via sampling. This al-
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FIG. S.1. Circuit used to implement VQSD for p = |+)+| on
Rigetti’s 8Q-Agave quantum computer. Vertical dashed lines
separate the circuit into logical components.

Unitary Ansatz

lowed us to use a gradient-based method to optimize our
cost function, reducing the overall runtime of the opti-
mization. Hence, our simulator implementation for the
Heisenberg model demonstrated a future application of
VQSD while alleviating the optimization bottleneck that
is present for all variational quantum algorithms on large
problem sizes, an area that needs further research [1]. We
explore optimization methods further in Appendix E.

2. Additional statistics for the Quantum Computer
Implementation

Here, we present statistics for several runs of the
VQSD implementation run on Rigetti’s 8Q-Agave quan-
tum computer. One example plot of cost vs. iteration
for diagonalizing the plus state p = |+)(+| is shown in
Figure 3(a). Here, we present all data collected for this
implementation of VQSD, shown in Figure S.2. The fol-
lowing table displays the final costs achieved as well the
associated inferred eigenvalues.

VQSD Run [min(C)|min(AZ*) [max(AS*)
1 0.107 0.000 1.000
2 0.090 0.142 0.858
3 0.099 0.054 0.946
4 0.120 0.079 0.921
5 0.080 0.061 0.939
6 0.090 0.210 0.790
7 0.65 0.001 0.999
Avg. 0.093 | 0.078 0.922
Std. 0.016 0.070 0.070

TABLE I. Minimum cost and eigenvalues achieved after per-
forming the parameter optimization loop for seven indepen-
dent runs of VQSD for the example discussed in Sec. IIB.
The final two rows show average values and standard devia-
tion across all runs.
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FIG. S.2. Cost vs iteration for all attempts of VQSD on
Rigetti’s 8Q-Agave computer for diagonalizing the plus state
p = |+)(+|. Each of the seven curves represents a different
independent run. Each run starts at a random initial angle
and uses the Powell optimization algorithm to minimize the
cost.

Appendix B: Alternative Ansatz and the Heisenberg
Model Ground State

In this Appendix, we describe a modification of the
layered ansatz discussed in Section II A. Figure 2 in the
main text shows an example of a layered ansatz in which
every layer has the same, fixed structure consisting of
alternating two-qubit gates acting on nearest-neighbor
qubits. The modified approach presented here may be
useful in situations where there is no natural choice of
the structure of the layered ansatz.

Here, instead of working with a fixed structure for the
diagonalizing unitary U(a), we allow it to vary during
the optimization process. The algorithm used to update
the structure of U(a) is probabilistic and resembles the
one presented in [2].

In the examples studied here, the initial U () consists
of a small number of random two-qubit gates with ran-
dom supports (i.e. the qubits on which a gate acts). An
optimization step involves minimizing the cost function
by changing parameters a as well as a small random
change to the structure of U(a). This change to the
structure typically amounts to a random modification of
support for a limited number of gates. The new struc-
ture is accepted or rejected following the usual simulated
annealing schemes. We refer the reader to Section IT D
of [2] for further details on the optimization method.

The gate sequence representing U(a) is allowed to
grow. If the algorithm described above cannot minimize
the cost function for a specified number of iterations, an
identity gate (spanned by new variational parameters) is
randomly added to U(ea). This step is similar in spirit
to adding a layer to U(a) as discussed in Section ITA of
the main text.
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FIG. S.3. Comparison of two approaches to obtaining the di-
agonalizing unitary U(a): (i) based on a fixed layered ansatz
shown in Fig. 2 in the main text (black line) and (ii) based on
random updates to the structure of U(ea) (red line). The plot
shows eigenvalue error Ay versus 1/D, where D is the number
of gates in U(a). For the same D, the second approach found
a more optimal gate sequence.

We compared the current method with the one based
on the layered ansatz and found that it produced diago-
nalizing circuits involving significantly fewer gates. Fig-
ure S.3 shows the eigenvalue error Ay, defined in Eq. (3),
as a function of 1/D, where D is the total number of gates
of U(ax). Here, VQSD is used to diagonalize a 4-qubit
reduced state of the ground state of the one-dimensional
Heisenberg model defined on 8 qubits, see Eq. (19). For
every number of gates D, the current algorithm outper-
forms the one based on the fixed, layered ansatz. It finds
a sequence of gates that results in a smaller eigenvalue
error Ajy.

Finally, we use the current optimization approach to
find the spectrum of a 6-qubit reduced state p of the
12-qubit ground state of a one-dimensional Heisenberg
model. The results of performing VQSD on p are shown
in Fig. S.4. Panel (a) shows the convergence of the 11
largest inferred eigenvalues S\j of p to their exact values.
We can see that the quality of the inferred eigenvalues
increases quickly with the number of gates D used in
the diagonalizing unitary U(a). In panel (b), we show
the dominant part of the spectrum of p resolved in the
z-component of the total spin. The results show that
VQSD could be used to accurately obtain the dominant
part of the spectrum of the density matrix together with
the associated quantum numbers.

Appendix C: Optimization and local minima

In this Appendix we describe a strategy to avoid lo-
cal minima that is used in the optimization algorithms
throughout the paper and detailed in Appendix B. We
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FIG. S.4. VQSD applied to the ground state of the Heisenberg
model. Here we consider a 6-qubit reduced state p of the 12-
qubit ground state. (a) Largest inferred eigenvalues A; of p
as a function of 1/D, where D is the total number of gates
in the diagonalizing unitary U(a). The inferred eigenvalues
converge to their exact values shown along the 1/D = 0 line
recovering the correct degeneracy. Inset: Eigenvalue error Ay
as a function of 1/D. (b) The largest inferred eigenvalues A;
of p resolved in the (S;) quantum number. We find very good
agreement between the inferred eigenvalues (red crosses) and
the exact ones (black circles), especially for large eigenvalues.
The data was obtained for D = 150 gates.

adapt the optimization involved in the diagonalization of
the 6-qubit density matrix described in Appendix B as
an illustrative example.

We note that the classical optimization problem asso-
ciated with VQSD is potentially very difficult one. In the
example studied in Appendix B the diagonalizing unitary
consisted of 150 two-qubit gates. This means that in or-
der to find that unitary one has to optimize over at least
150 - 13 continuous parameters (every two-qubit gate is
spanned by 15 parameters, but there is some reduction
in the total number of parameters when two consecutive
gates have overlapping supports). Initiated randomly,
off-the-shelf techniques will most likely return subopti-
mal solution due to the presence of multiple local minima
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FIG. S.5. Cost function C' versus 1/D for three indepen-
dent optimization runs. Here, D is the total number of gates
in the diagonalizing unitary Up(a). Every optimization run
got stuck at local minimum at some point during the mini-
mization but thanks to the growth of the ansatz for Up (o)
described in the text, the predefined small value of C was
eventually attained. The data was obtained for a 6-qubit re-
duced state of the 12-qubit ground state of the Heisenberg
model.

and the rough cost function landscape.

Let Up () denote a diagonalizing unitary that is built
by D two-qubit gates parametrized by a. Our optimiza-
tion method begins with a shallow circuit consisting of
few gates only. Since there is only a small number of
variational parameters, the local minimum is quickly at-
tained. After this initial step, the circuit that imple-
ments the unitary Up(a) is grown by adding an iden-
tity gate (either randomly as discussed in this Appendix
or by means of a layer of identity gates as presented in
the main text). This additional gate contains new vari-
ational parameters that are initiated such that the uni-
tary Up(a) = Up41(a) and hence the value of the cost
function are not changed. After the gate was added, the
unitary Upi(ca) contains more variational parameters
which allows for further minimization of the cost func-
tion. In summary, the optimization of a deeper circuit
Up+1(a) is initialized by previously obtained Up () as
opposed to random initialization. What is more, even if
the unitary Up(a) was not the most optimal one for a
given D, the growth of the circuit allows the algorithm to
escape the local minimum and eventually find the global
one, as illustrated by an example below and shown in
Fig. S.5. For a similar discussion, see [3].

To clarify the above analysis, let us consider an ex-
ample of diagonalizing a 6-qubit reduced state of the
12-qubit ground state of the Heisenberg model, see Ap-
pendix B for comparison. Figure S.5 shows the value
of the cost function C' as a function of 1/D for three
independent optimization runs. Each optimization was
initialized randomly and we applied the same optimiza-
tion scheme described above to each of them. We see



that despite getting stuck in local minima, every opti-
mization run managed to minimize the cost function to
the predefined small value (which was set to 2 - 107 in
this example). For instance, at D = 28, optimization run
no. 2 clearly returns suboptimal solution (optimization
run no. 3 gives lower cost function by a factor of 6) but
after adding several identity gates, it manages to escape
the local minimum and continue towards the global one.

Appendix D: Optimization runs with various ¢
values

In this Appendix we present some numerical results for
training our overall cost function for various values of q.
Recall from Eq. (10) that ¢ is the weighting parameter
that weights the contributions of C; and C5 in the overall
cost, as follows:

C(U(@) = 4C1(Uy(@) + (1= ) Ca(Uyl)) (DL)
where
CrUy(@) = TH(p?) — THZ (7)) 02)
Cally(@) = Trl?) =+ Y THZ (). (D3)

As argued in Section II, C; is operationally meaning-
ful, while C; has a landscape that is more amendable to
training when n is large. In particular, one expects that
for large n, the gradient of C; is sharp near the global
minima but vanishes exponentially in n away from these
minima. In contrast, the gradient of C5 is not expected
to exponentially vanish as n increases, even away from
the minima.

Here, we numerically study the performance for dif-
ferent ¢ values for a simple example where p is a ten-
sor product of qubit pure states. Namely, we choose
p= ®?:1Vj\0><O|VjT, where V; = Rx(6;) with 6, ran-
domly chosen. Such tensor product states are diagonal-
izable by a single layer ansatz: U(a) = @)_; Rx(a;).
We consider three different problem sizes: n = 6, 8, and
10. Figure S.6 shows our numerical results.

Directly training the C cost (corresponding to ¢ = 1)
sometimes fails to find the global minimum. One can see
this in Fig. S.6, where the green curve fails to fully reach
zero cost. In contrast, the red and blue curves in Fig. S.6,
which correspond to ¢ = 0.5 and ¢ = 0 respectively,
approximately go to zero for large iterations.

Even more interesting are the purple and yellow curves,
which respectively correspond to evaluating the C7 cost
at the angles o obtained from training the ¢ = 0.5 and
q = 0 costs. It is remarkable that both the purple and
yellow curves perform better (i.e., achieve lower values)
than the green curve. This implies that one can indirectly
train the C] cost by training the ¢ = 0.5 or ¢ = 0 costs,
and this indirect training performs better than directly
training C7. Since Cy is operationally meaningful, this

indirect training with ¢ < 1 is performing better in an
operationally meaningful way.

We expect that direct training of C; will perform worse
as n increases, due to the exponential vanishing of the
gradient of C;. The particular runs shown in Fig. S.6
do not show this trend, although this can be explained
by the fact that the gradient of C; depends significantly
on the initial values of the «, and indeed we saw large
variability in the performance of the green curve even for
a fixed n. Nevertheless, it is worth noting that we were
always able to directly train C (i.e., to make the green
curve go to zero) for n < 6, which is consistent with our
expectations.

Overall, Fig. S.6 provides numerical justification of the
definition of our cost function as a weighted average, as
in Eq. (10). Namely, it shows that there is an advantage
to choosing ¢ < 1.

Appendix E: Comparison of Optimization Methods

As emphasized previously, numerical optimization
plays a key role in all variational hybrid algorithms,
and further research in optimization methods is needed.
In VQSD, the accuracy of the inferred eigenvalues are
closely tied to the performance of the optimization al-
gorithm used in the parameter optimization loop. This
issue becomes increasingly important as one goes to large
problem sizes (large n), where the number of parameters
in the diagonalizing unitary becomes large.

Here, we compare the performance of six different op-
timization algorithms when used inside the parameter
optimization loop of VQSD. These include Powell’s al-
gorithm [4], Constrained Optimization BY Linear Ap-
proximation (COBYLA) [5], Bound Optimization BY
Quadratic Approximation (BOBYQA) [6], Nelder-Mead
[7], Broyden-Fletcher-Goldfarb-Shanno (BFGS) [8], and
conjugate gradient (CG) [8]. As mentioned in the main
text, Powell’s algorithm is a derivative-free optimizer
that uses a bi-directional search along each parameter.
The COBYLA and BOBYQA algorithms are both trust
region or restricted-step methods, which approximate the
objective function by a model function. The region where
this model function is a good approximation is known as
the trust region, and at each step the optimizer attempts
to expand the trust region. The Nelder-Mead algorithm
is a simplex method useful for derivative-free optimiza-
tion with smooth objective functions. Lastly, the BFGS
and CG algorithms are both gradient-based. The BFGS
method is a quasi-Newton method that uses first deriva-
tives only, and the CG method uses a nonlinear conjugate
gradient descent. The implementations used in our study
can be found in the open-source Python package SciPy
Optimize [9] and in Ref. [10].

For this study, we take the input state p to be a six-
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FIG. S.6. Cost versus iteration for different values of ¢, when p is a tensor product of pure states on n qubits. Here we consider
(a) n =6, (b) n = 8, and (a) n = 10. We employed the COBYLA optimization method for training (see Appendix E for
discussion of this method). For each call to the quantum simulator (i.e., classical simulator of a quantum computer), we took
500 shots for statistics. The green, red, and blue curves respectively correspond to directly training the cost with ¢ = 1, ¢ = 0.5,
and ¢ = 0. The purple and yellow curves respectively correspond to evaluating the ¢ = 1 cost for the angles o obtained by

training the ¢ = 0.5 and ¢ = 0 costs.

qubit pure product state:
6
p = w)w;|, where [1;) =V;|0). (E1)
j=1

Here, the state preparation unitary is
Vj = Ro(af)) Ry (af))) R.(al?) (E2)

where the angles (aiﬂ ), al(,] ). Y )) are randomly chosen.

Using each algorithm, we attempt to minimize the cost
by adjusting 36 parameters in one layer of the unitary
ansatz in Fig. 2. For fairness of comparison, only the
objective function and initial starting point were input
to each algorithm, i.e., no special options such as con-
straints, bounds, or other information was provided. The
results of this study are shown in Fig. S.7 and Table II.

Figure S.7 shows cost versus iteration for each of the
six algorithms. Here, we define one iteration by a call
to the objective function in which the cost decreases. In
particular, the number of iterations is different than the
number of cost function evaluations (see Table IT), which
is not set a priori but rather determined by the opti-
mizer. Plotting cost per each function evaluation would
essentially produce a noisy curve since the optimizer is
trying many values for the parameters. Instead, we only
plot the cost for each parameter update in which the cost
decreases. Both the number of iterations, function evalu-
ations, and overall runtime are important features of the
optimizer.

In this study, as well as others, we found that the Pow-
ell optimization algorithm provides the best performance
in terms of lowest minimum cost achieved, sensitivity to

Alg.|Powell COBYLA |BOBYQA |Nelder-Mead | BFGS | CG

r.r. | 13.20 1 2.32 23.65 3.83 |2.89

flev.| 4474 341 518 7212 1016 |1045

TABLE II. Relative average run-times (r.r.) and absolute
number of function evaluations (f.ev.) of each optimization
algorithm (Alg.) used for the data obtained in Fig. S.7. For
example, BOBYQA took 2.32 times as long to run on average
than COBYLA, which took the least time to run out of all
algorithms. Absolute run-times depend on a variety of factors
and computer performance. For reference, the COBYLA al-
gorithm takes approximately one minute for this problem on
a laptop computer. The number of cost function evaluations
used (related to run-time but also dependent on the method
used by the optimizer) is shown in the second row.

initial conditions, and fraction of correct solutions found.
The trust-region algorithms COBYLA and BOBYQA
were the next best methods. In particular, although the
Powell algorithm consistently obtained lower minimum
costs, the COBYLA method ran thirteen times faster on
average (see Table II). Indeed, both trust region meth-
ods provided the shortest runtime. The gradient-based
methods BFGS and CG had comparable run-times but
were unable to find any minima. Similarly, the Nelder-
Mead simplex algorithm was unable to find any minima.
This method also had the longest average run-time of all
algorithms tested.

This preliminary analysis suggests that the Powell al-
gorithm is the best method for VQSD. For other vari-
ational quantum algorithms, this may not necessarily
be the case. In particular, we emphasize that the op-
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FIG. S.7. Optimization tests on six-qubit product states in
the VQSD algorithm. Each plot shows a different optimiza-
tion algorithm (described in main text) and curves on each
plot show optimization attempts with different (random) ini-
tial conditions. Cost refers to the C; cost function (¢ = 1 in
(10)), and each iteration is defined by a decrease in the cost
function. As can be seen, the Powell algorithm is the most
robust to initial conditions and provides the largest number
of solved problem instances.

timization landscape is determined by both the unitary
ansatz and the cost function definition, which may vary
drastically in different algorithms. While we found that
gradient-based methods did not perform well for VQSD,
they may work well for other applications. Additionally,
optimizers that we have not considered here may also
provide better performance. We leave these questions to
further work.

Appendix F: Complexity for particular examples
1. General Complexity Remarks

In what follows we discuss some simple examples of
states to which one might apply VQSD. There are several
aspects of complexity to keep in mind when considering
these examples, including:

(C1) The gate complexity of the unitary that diagonal-
izes p. (It is worth remarking that approximate diago-
nalization might be achieved with a less complex unitary
than exact diagonalization.)

(C2) The complexity of searching through the search
space to find the diagonalizing unitary.

(C3) The statistical complexity associated with read-
ing out the eigenvalues.

Naturally, (C1) is related to (C2). However, being effi-

cient with respect to (C1) does not guarantee that (C2)
is efficient.

2. Example States

In the simplest case, suppose p = |1 )}Y1| ® -+ ®
[thn X1y is a tensor product of pure states. This state can
be diagonalized by a depth-one circuit U =U; ®--- Q@ U,
composed of n one-qubit gates (all done in parallel). Each
U, diagonalizes the associated [1;)(1);| state. Searching
for this unitary within our ansatz can be done by setting
p = 1, i.e., with a single layer L; shown in Fig. 2. A
single layer is enough to find the unitary that exactly di-
agonalizes p in this case. Hence, for this example, both
complexities (C1) and (C2) are efficient. Finally, note
that the eigenvalue readout, (C3), is efficient because
there is only one non-zero eigenvalue. Hence, :\ist ~ 1
and €, &~ 1/v/Nieadout for this eigenvalue. This implies
that Nyeadout can be chosen to be constant, independent
of n, in order to accurately characterize this eigenvalue.

A generalization of product states are classically cor-
related states, which have the form

p= 3 pa b0y
z

©- @ PN (F1)

where {|b§"),[p")} form an orthonormal basis for
qubit j. Like product states, classically correlated states
can be diagonalized with a depth-one circuit composed
of one-body unitaries. Hence (C1) and (C2) are efficient
for such states. However, the complexity of eigenvalue
readout depends on the {p,} distribution; if it is high
entropy then eigenvalue readout can scale exponentially.

Finally, we consider pure states of the form p = [¢))¢)].
For such states, eigenvalue readout (C3) is efficient be-
cause Nyeadout can be chosen to be independent of n, as
we noted earlier for the example of pure product states.

Next we argue that the gate complexity of the diago-
nalizing unitary, (C1), is efficient. The argument is sim-
ply that VQSD takes the state p as its input, and p must
have been prepared on a quantum computer. Let V' be
the unitary that was used to prepare |1)) = V|0) on the
quantum computer. For large n, V must have been ef-
ficient to implement, otherwise the state |1) could not
have been prepared. Note that VT, which is constructed
from V by reversing the order of the gates and adjoint-
ing each gate, can be used to diagonalize p. Because V is
efficiently implementable, then VT is also efficiently im-
plementable. Hence, p can be efficiently diagonalized. A
subtlety is that one must compile VT into one’s ansatz,
such as the ansatz in Fig. 2. Fortunately, the overhead
needed to compile VT into our ansatz grows (at worst)
only linearly in n. An explicit construction for compiling
VT into our ansatz is as follows. Any one-qubit gate di-
rectly translates without overhead into our ansatz, while
any two-qubit gate can be compiled using a linear number
of swap gates to make the qubits of interest to be nearest



neighbors, then performing the desired two-qubit gate,
and finally using a linear number of swap gates to move
the qubits back to their original positions.

Let us now consider the complexity (C2) of searching
for U. Since there are a linear number of parameters in
each layer, and p needs only to grow polynomially in n,
then the total number of parameters grows only poly-
nomially in n. But this does not guarantee that we can
efficiently minimize the cost function, since the landscape
is non-convex. In general, search complexity for problems
such as this remains an open problem. Hence, we cannot
make a general statement about (C2) for pure states.

Appendix G: Implementation of qPCA

In the main text we compared VQSD to the qPCA al-
gorithm. Here we give further details on our implemen-
tation of qPCA. Let us first give an overview of qPCA.

1. Overview of qPCA

The qPCA algorithm exploits two primitives: quan-
tum phase estimation and density matrix exponentiation.
Combining these two primitives allows one to estimate
the eigenvalues and prepare the eigenvectors of a state p.

Density matrix exponentiation refers to generating the
unitary V(t) = e~ * for a given state p and arbi-
trary time t. For qPCA, one actually needs to apply
the controlled-V () gate (Cy()). Namely, in qPCA,
the Cy(;) gate must be applied for a set of times,
{t,2t,2%¢,...,2%t}, as part of the phase-estimation algo-
rithm. Here we define t,,,« := 2%t.

Ref. [11] noted that V(t) can be approximated with
a sequence of k exponential swap operations between a
target state o and k copies of p. That is, let S;x be
the swap operator between systems J and K, and let
o and p®F be states on systems A and B = B;...B,,
respectively. Then one performs the transformation

Tap=0® (p**) = Thp =W ()W,

(G1)
where
W =Uap, ---Uap,, and Ujg =e /58 (G2)
The resulting reduced state is
Th = Trp(thp) = V()pV (1) (G3)

where t = kAt. Finally, by turning each Ujk in (G2)
into a controlled operation:
Cuyie = [0)0] @ 1+ [1)(1] @ e~ (G4)

and hence making W controlled, one can then construct
an approximation of Cly ().

p |e—1pt|
E e—lSAt E
PP -
apply k times
------------------------------------------ L
—{u]
P [ua}——&—{w] (s

FIG. S.8. Circuit for our qPCA implementation. Here, the
eigenvalues of a one-qubit pure state p are estimated to a
single digit of precision. We use k copies of p to approximate
Cv () by applying the controlled-exponential-swap operator k
times for a time period At = t/k. The bottom panel shows
our compilation of the controlled-exponential-swap gate into
one- and two-qubit gates.

If one chooses the input state for quantum phase es-
timation to be p = > A;|vz)(v.| itself, then the final
state becomes

Z >\z|Uz><Uz| ® |;\z><j‘z‘ (G5)

where )\, is a binary representation of an estimate of
the corresponding eigenvalue \,. One can then sample
from the state in (G5) to characterize the eigenvalues and
eigenvectors.

The approximation of V'(¢) in (G3) can be done with
accuracy e provided that one uses O(t?¢~1) copies of p.
The time ¢, needed for quantum phase estimation to
achieve accuracy € is tax = O(e71). Hence, with qPCA,
the eigenvalues and eigenvectors can be obtained with
accuracy € provided that one uses O(e~?) copies of p.

2. Our Implementation of qPCA

Figure S.8 shows our strategy for implementing qPCA
on an arbitary one-qubit state p. The circuit shown corre-
sponds to the quantum phase estimation algorithm with
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FIG. S.9. The largest inferred eigenvalue for the one-qubit
pure state p = |+)+| versus application time of unitary e ",
for our implementation of qPCA on Rigetti’s noisy and noise-
less QVMs. Curves are shown for £ = 1 and k = 2, where
k indicates the number of controlled-exponential-swap opera-
tors applied.

one bit of precision (i.e., one ancilla qubit). A Hadamard
gate is applied to the ancilla qubit, which then acts as
the control system for the Cy(; gate, and finally the
ancilla is measured in the z-basis. The C'y () is approx-
imated (as discussed above) with k applications of the
controlled-exponential-swap gate.

To implement qPCA, the controlled-exponential-swap
gate in (G4) must be compiled into one- and two-body
gates. For this purpose, we used the machine-learning
approach from Ref. [2] to obtain a short-depth gate se-
quence for controlled-exponential-swap. The gate se-
quence we obtained is shown in Fig. S.8 and involves 7
CNOTs and 8 one-qubit gates. Most of the one-qubit
gates are z-rotations and hence are error-free (imple-
mented via a clock change), including the following gates:

up = uy = R (—(m + At)/2) (G6)
us = Ro((m — A1) /2) (@)
ug = R,(At/2) (G8)
us = R.((m + At)/2) (G9)
ug = R.(7/2). (G10)

The one-qubit gates that are not z-rotations are:

1 1 1

Uz = NG <e—i(ﬂ—m)/z ei(ﬂ+At)/2> (G11)
1 1 efi(ﬂ'JrAt)/Q

Ug = ﬁ <_l e—iAt/Q . (G12)

We implemented the circuit in Fig. S.8 using both
Rigetti’s noiseless simulator, known as the Quantum Vir-
tual Machine (QVM), as well as their noisy QVM that

QVM k=1 k=2
noiseless| ~ {1,0} ~ {1,0}
noisy |~ {0.8,0.2}|~ {0.7,0.3}

TABLE III. Estimated eigenvalues for the p = |+){+| state
using qPCA on both the noiseless and the noisy QVMs of
Rigetti.

utilizes a noise model of their 8Q-Agave chip. Because
the latter is meant to mimic the noise in the 8Q-Agave
chip, our qPCA results on the noisy QVM can be com-
pared to our VQSD results on the 8Q-Agave chip in
Fig. 3. (We remark that lack of availability prevented us
from implementing qPCA on the actual 8Q-Agave chip.)

For our implementation, we chose the one-qubit plus
state, p = |+)+|. Implementations were carried out us-
ing both one and two controlled-exponential-swap gates,
corresponding to kK = 1 and k = 2. The time ¢ for which
the unitary e~** was applied was increased.

Figure S.9 shows the raw data, i.e., the largest in-
ferred eigenvalue versus t. In each case, small values of
t gave more accurate eigenvalues. In the noiseless case,
the eigenvalues of p = |4 )(+| were correctly estimated to
be =~ {1,0} already for k¥ = 1 and consequently also for
k = 2. In the noisy case, the eigenvalues were estimated
to be ~ {0.8,0.2} for K = 1 and ~ {0.7,0.3} for k = 2,
where we have taken the values for small ¢. Table III
summarizes the different cases.

Already for the case of k = 1, the required resources
of qPCA (3 qubits + 7 CNOT gates) for estimating
the eigenvalue of an arbitary pure one-qubit state p are
higher than those of the DIP test (2 qubits + 1 CNOT
gate) for the same task. Consequently, the DIP test
yields more accurate results as can be observed by com-
paring Fig. 3 to Fig. S.9. Increasing the number of
copies to k = 2 only decreases the accuracy of the esti-
mation, since the Cy ;) gate is already well approximated
for short application times ¢ when & = 1 in the noiseless
case. Thus, increasing the number of copies does not offer
any improvement in the noiseless case, but instead leads
to poorer estimation performance in the noisy case. This
can be seen for the k = 2 case (see Fig. S.9 and Table
III), due to the doubled number of required CNOT gates
relative to k = 1.

Appendix H: Circuit derivation
1. DIP test

Here we prove that the circuit in Fig. S.10(a) computes
Tr(Z(0)Z(7)) for any two density matrices o and 7.

Let 0 and 7 be states on the n-qubit systems A and
B, respectively. Let wap = 0 ® 7 denote the initial state.
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FIG. S.10. Test circuits used to compute the cost function in
VQSD. (a) DIP test (b) PDIP test. (These circuits appear in
Fig. 5 and are also shown here for the reader’s convenience.)

The action of the CNOTs in Fig. S.10(a) gives the state

Wi = XZoX* ®|2)z|r|2 2],

’
z,z

(H1)

where the notation X?* means X** ® X*2 ® --- ® X*».
Partially tracing over the B system gives

Wh = T2X70X?, (H2)

where 7, , = (z|7|z). The probability for the all-zeros
outcome is then

(0lwy0) = > 7= 2(0[X*0X?0) = 7..0.., (H3)
z z

which follows because X#|0) = |z). Hence the probabil-
ity for the all-zeros outcome is precisely the diagonalized
inner product, Tr(Z(o)Z(7)). Note that in the special
case where 0 = 7 = p, we obtain the sum of the squares
of the diagonal elements, __ 5% . = Tr(Z(p)?).

2. PDIP test

We prove that the circuit in Fig. S.10(b) computes
Tr(Z;(0)Z; (7)) for a given set of qubits j.

Let 5" denote the complement of j. Let ¢ and 7, re-
spectively, be states on the n-qubit systems A = A;;
and B = Bjj;. The initial state wap = 0 ® 7 evolves,
under the action of the CNOTs associated with the DIP
Test and then tracing over the control systems, to

Wip, = Y (X*@1)o(X* @ 1)@ Trg,((|z)(z| @ 1)7),

(H4)

where X# and |z)(z| act non-trivially only on the j sub-
systems of A and B, respectively. Measuring system A;
and obtaining the all-zeros outcome would leave systems
A Bjr in the (unnormalized) conditional state:

Tra, ((10)0] ® Dwyp,) = Y of @77, (H5)

where 0%, 1= Tra, ((|2)z|®1)0) and 75 := Trp, ((|z)2]|®

1)7). Finally, computing the expectation value for the
swap operator (via the Destructive Swap Test) on the
state in (H5) gives

> Tr((0f @15)S) =Y Tr(of7h) = Tr(Zi(0) Z5(T)) -
z z

(H6)

The last equality can be verified by noting that Z;(o) =

2. [2Nz|®@0% and Z5(7) = 3, [2)z| @7} . Specializing
(H6) to 0 = 7 = p gives the quantity Tr(Z;(p)?).

Appendix I: Proof of Eq. (40)

Let Hy(o) = —logy[Tr(0?)] be the Renyi entropy of
order two. Then, noting that Ho(0) < H(o), we have

Te(25(5)?) = 27 #(20) > 9~ HEG) (1)

Next, let A denote qubit j, and let B denote all the other
qubits. This allows us to write p = pap and p = pap.
Let C be a purifying system such that papc and papc
are both pure states. Then we have

H(Z;(p)) = H(Z;(paB)) (12
= H(Z;(pac)) (I3
< H(Z;(pa))+ H(pc) (14

where the inequality in (14) used the subadditivity of von
Neumann entropy. Finally, note that

H(pc) = H(pap) = H(pap) = H(p) (I5)

and H(Z;(5a)) < 1, which gives
H(Z,(7) <1+ H(p). (16)

Substituting (I6) into (I1) gives
Tr(25(p)*) > 277 H@, 7)

and (40) follows from H(p) < log, 7.
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