Supplementary Information: Digital Quantum Simulation, Trotter Errors, and
Quantum Chaos of the Kicked Top

Lukas M. Sieberer,!»2:* Tobias Olsacher,! Andreas Elben,'?
Markus Heyl,® Philipp Hauke,*® Fritz Haake,® and Peter Zoller' 2
L Center for Quantum Physics, University of Innsbruck, 6020 Innsbruck, Austria
2 Institute for Quantum Optics and Quantum Information of the Austrian Academy of Sciences, A-6020 Innsbruck, Austria
8 Maz Planck Institute for the Physics of Complex Systems, Néthnitzer Str. 38, 01187 Dresden, Germany
4 Kirchhoff-Institute for Physics, Heidelberg University, 69120 Heidelberg, Germany
5 Institute for Theoretical Physics, Heidelberg University, 69120 Heidelberg, Germany
S Faculty of Physics, University of Duisburg-Essen, 47048 Duisburg, Germany
(Dated: August 15, 2019)

I. PERTURBATION THEORY

In the regular regime of Trotter step sizes below 74, corrections to the ideal long-time averages of observables due
to Trotterization can be obtained by treating the difference between the effective Hamiltonian H, obtained from the
FM expansion and the target Hamiltonian H in time-dependent perturbation theory as described in Ref. [1]. Here, we
generalize the discussion of Ref. [1], which assumed a fixed initial state |1)y) polarized along the z-axis, to an arbitrary
choice of |1g).

The starting point is the FM expansion of the effective Hamiltonian H, up to second order in 7 (see Ref. [2] in the
context of the kicked top)

7_2

H, = H+7C, +72Cy = H + %[HI,HZ} — L5 [He — He,[H,, B (1)

where the operator V = 7C; 4+ 72C acts as a time-independent correction to the target Hamiltonian H = H, + H,.
The effective Hamiltonian gives rise to a time evolution according to the Schrodinger equation

10 [¥) = Hr ) (2)
which we transform into an interaction picture according to
Wi () = e [y) Vp = e tye (3)
We obtain the time-evolution operator from time ¢y to t as
.ort
Wt to) = Te e Vi(s) ds (4)

where T denotes a time-ordered exponential. We determine W (t) = W (¢,0) (to = 0) up to second order in the Trotter
step 7.

A. Corrections to the energy

We are interested in an expansion of the quantity

AE(t) = (H(t)), — Eo = (¢ole" He " apg) — (o |H|tbo)

7 ((1ho|C1ltho) — (ole™ " Cre™  |apg)) + 72 ({0 Caltbo) — (thole! '~ Cae™ ! 4hy))
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where we used Eq. (1), in the Trotter step 7 for an arbitrary initial state |1)g). To this end, we replace et by W (t)
which yields the time dependent correction up to second order in the Trotter step 7:

2
AE(t) = 7(wolC1 — Crr(®)lto) + T (wole'™ [H., [Hy, H.lJ e~ ui0)

ir2
+ =5 (Wol[Hz, Cr ()] [vo) + (40| Ca — Co,1(1)[tho) + O(7%).  (6)

The long-time averages of the above expectation values are determined in the diagonal ensemble [3],
. 1 rt
{¢0|Olho) = lim */ (olOMwo) dt =D (o N*(AO]A) (7)
>tJo Mo (H)

where the states |\) form a basis of eigenstates of the target Hamiltonian, H |\) = X |A). This simplifies the correction
to
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This expression yields the dotted lines in Fig. le of the main text (MT).

B. Corrections to arbitrary observables

In the same way as before we derive an expansion up to second order in the Trotter step 7 for the correction to an
arbitrary observable A starting from an initial state |1)g). After taking long-time averages in the diagonal ensemble
we obtain the result

A= 3" [WoNPNAN —7Im | > [(Ao) PAIHZAN) = Y (Alvo) (o Ho| A (AL A]N)
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II. MEASUREMENT OF OTOCS USING STATISTICAL CORRELATIONS OF RANDOMIZED
MEASUREMENTS

The onset of chaos and thus the breakdown of DQS is diagnosed by the OTOC defined in Eq. (17) of MT. In the
following, we describe here how the OTOC can be measured in experiments.

The measurement of the OTOC is very challenging due to the alternation between operators at time zero and
a finite time ¢. Protocols to measure C(t) (or F(t) defined in Eq. (24) of MT) that have been proposed in the
literature thus involve backward time evolution [4-8] or the coupling to auxiliary quantum systems [9], and the first



measurements have been implemented only recently [10-12]. Here we propose to measure the OTOC by adapting a
recently developed measurement protocol [13] which does not require the above ingredients. Instead, it is an example
of measurement protocols which are based on statistical correlations between randomized measurements. This concept
was first devised for Rényi entropies [14—16], and was recently demonstrated in a trapped-ion quantum simulator [17]
and in NMR [18]. The crucial ingredient in this class of measurement protocols are random unitary transformations
which form (approximate) unitary two-designs. Thus, we first comment on the generation of such random unitaries
in collective spin models and subsequently discuss how to use them to measure the OTOC.

A. Generation of random unitaries

In systems realizing collective spin models, the same tools that are used to engineer Hamiltonians of the form
given in Eq. (7) of MT can be applied to generate random unitaries from approximate unitary two-designs. Unitary
two-designs are ensembles that approximate the circular unitary ensemble (CUE) up to 2nd order correlations [19].
We adapt ideas from Ref. [15, 16] to create such random unitaries from a series of random quenches as a random time
evolution operator u,

U= Uy Uy with Uy = e HHITTIHT (10)
where the Hamlitonians H} take the same form as in Eq. (7) of MT,
HY = h S, + .50 /(25 +1). (11)

For each quench, parameters hf; and Jj are chosen independently from uniform distributions hj; € [0.5/7,1.5/7],
Jy € [6.5/7,6.5/7] such that the kicked top which would be realized by periodic repetition of any of the u, is deep in
the chaotic regime [20].

To test whether the ensemble of thusly created random unitaries indeed forms a unitary two-design, we consider
first their phase spacing statistics as characterized by the ratios of adjacent phase spacing [21]. As displayed in Fig. 1,
we observe a very rapid convergence of the mean value (r) with the number of quenches n towards the CUE value
rcur = 0.5996(1). Second, to test not only eigenvalues but also the eigenvectors of the created unitaries, we consider
the second frame potential [19], which is defined as

Fg@):i 3 @ty (12)
1€ e

where £ is an ensemble of unitary matrices. As shown in Ref. [19], for £ being a unitary two-design, the frame
potential takes a minimal value FéQI}E = 2!, and FE(Q) - Féng represents a fine-grained measure of distance between an
ensemble £ and a unitary two-design. However, we note that for small ensembles |£| < D*, the diagonal contribution
D*/|€| in the sum Eq. (12) dominates, irrespective of the properties of £. Thus, to test numerically using a finite

sample size whether the generated random unitaries are sampled from an approximate unitary two-design, we consider

the quantity Fé2) — é?UE Here, Féz)UE = 2! + D*/|Ecug| is the average frame potential of a finite number |Ecug]
of unitaries sampled from the CUE (see also Ref. [22]). In Fig. 1, F, £2) - F S(Z)UE is displayed as function of number of
quenches 7, for a sample size |Ecug| = |€;| = 500. We observe rapid convergence of F, éi) —Fézl}E towards the statistical

error threshold ~ 1/|&,|, signaling that the generated random unitaries are indeed sampled from an (approximate)
unitary two-design.

B. Protocol to measure the OTOC

The generated random unitaries, sampled from an approximate unitary two-design, can be used to measure the
OTOC according to the following recipe [13]: (i) To an arbitrary pure state |tg), apply a random unitary u generated
via random quenches (see Appendix ITA), to prepare the state [1,) = u|1)p). This randomized state serves as the
input for two independent experiments. (ii.a) Evolve the state in time with U(¢) and measure the expectation value
(W (@), = Wu|UT(#)WU(t)|[th,) of the operator W. (ii.b) The state ¢, is perturbed by the operator V, evolved in
time and W is measured, to obtain (VIW(t)V), = (¢, |VIUT#)WU(t)V|4,). (iii) Repeat steps (i) and (ii) for a
sample of random unitaries u to estimate the statistical correlations of the two expectation values obtained in (ii.a)
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Supplementary Figure 1. Generation of approximate two-designs. Convergence of Nyy = 500 generated random unitaries to an
approximate two-design as a function of the number of random quenches 7 for different spin sizes S. a Average adjacent phase
spacing ratio. The black line corresponds to the CUE value. b Difference of the frame potential Fg, of the generated unitaries

to the frame potential Fey,, = k! + d*/Nu of an ensemble of same size |€;| = |Ecur| = 500 which is drawn from the CUE.

The black dashed line is the statistical error threshold ~ 1/|&,].
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Supplementary Figure 2. Measurement of the OTOC. Time evolution of the exact (solid lines) and “measured” (dots) squared
(S(S+1)/3 —Re(F(t)) for a system with collective spin S = 64. Parameters are the same as in Fig. 2 of
the main text. The “measurements” are simulated using Ny = 100 random unitaries generated with n = 5 random quenches

commutator C(t) =
(same parameters as in Fig. 1). Projection noise is not included. The black line is the COE value.

(13)

and (ii.b) across the unitary ensemble. As shown in Ref. [13], the OTOC can be expressed in terms of these statistical

F(t)/(0) = — OOV
(W@ viwmviz)

correlations as

where - - denotes the ensemble average over random unitaries u. This expression underpins the interpretation of F(t)

as a measure of the butterfly effect in a quantum system: In analogy to rapidly diverging classical chaotic trajectories,
the expectation values in the numerator can become decorrelated due to the perturbation V' of the initial state. This
is diagnosed by the decay of F(t). In Fig. 2, data points correspond to simulated experiments using 100 generated

random unitaries. The data demonstrates that the protocol outlined above can serve as another experimental probe

to delimit the region of applicability of DQS and the onset of quantum chaos.
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