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I. PERTURBATION THEORY

In the regular regime of Trotter step sizes below τ∗, corrections to the ideal long-time averages of observables due
to Trotterization can be obtained by treating the difference between the effective Hamiltonian Hτ obtained from the
FM expansion and the target Hamiltonian H in time-dependent perturbation theory as described in Ref. [1]. Here, we
generalize the discussion of Ref. [1], which assumed a fixed initial state |ψ0〉 polarized along the z-axis, to an arbitrary
choice of |ψ0〉.

The starting point is the FM expansion of the effective Hamiltonian Hτ up to second order in τ (see Ref. [2] in the
context of the kicked top)

Hτ = H + τC1 + τ2C2 = H +
iτ

2
[Hx, Hz]−

τ2

122
[Hx −Hz, [Hx, Hz]], (1)

where the operator V = τC1 + τ2C2 acts as a time-independent correction to the target Hamiltonian H = Hx +Hz.
The effective Hamiltonian gives rise to a time evolution according to the Schrödinger equation

i∂t |ψ〉 = Hτ |ψ〉 (2)

which we transform into an interaction picture according to

|ψI(t)〉 = eiHt |ψ〉 , VI = eiHtV e−iHt. (3)

We obtain the time-evolution operator from time t0 to t as

W (t, t0) = Te
−i

∫ t
t0
VI(s) ds

(4)

where T denotes a time-ordered exponential. We determine W (t) = W (t, 0) (t0 = 0) up to second order in the Trotter
step τ .

A. Corrections to the energy

We are interested in an expansion of the quantity

∆E(t) = 〈H(t)〉τ − E0 = 〈ψ0|eiHτ tHe−iHτ t|ψ0〉 − 〈ψ0|H|ψ0〉
= τ

(
〈ψ0|C1|ψ0〉 − 〈ψ0|eiHτ tC1e−iHτ t|ψ0〉

)
+ τ2

(
〈ψ0|C2|ψ0〉 − 〈ψ0|eiHτ tC2e−iHτ t|ψ0〉

)
,

(5)
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where we used Eq. (1), in the Trotter step τ for an arbitrary initial state |ψ0〉. To this end, we replace e−iHτ t by W (t)
which yields the time dependent correction up to second order in the Trotter step τ :

∆E(t) = τ〈ψ0|C1 − C1,I(t)|ψ0〉+
τ2

4
〈ψ0|eiHt [Hz, [Hx, Hz]] e−iHt|ψ0〉

+
iτ2

2
〈ψ0|[Hz, C1,I(t)]|ψ0〉+ τ2〈ψ0|C2 − C2,I(t)|ψ0〉+O(τ3). (6)

The long-time averages of the above expectation values are determined in the diagonal ensemble [3],

〈ψ0|O|ψ0〉 = lim
t→∞

1

t

∫ t

0

〈ψ0|O(t)|ψ0〉 dt =
∑

λ∈σ(H)

|〈ψ0|λ〉|2〈λ|O|λ〉 (7)

where the states |λ〉 form a basis of eigenstates of the target Hamiltonian, H |λ〉 = λ |λ〉. This simplifies the correction
to

∆E = τ〈ψ0|C1|ψ0〉+ +τ2〈ψ0|C2|ψ0〉 −
τ2

4

∑

λ∈σ(H)

|〈ψ0|λ〉|2〈λ| [Hz, [Hx, Hz]] |λ〉

− τ2
∑

λ∈σ(H)

Im (〈λ|ψ0〉〈ψ0|Hz|λ〉〈λ|C1|λ〉)−
τ2

12

∑

λ∈σ(H)

|〈ψ0|λ〉|2〈λ| [Hx −Hz, [Hx, Hz]] |λ〉+O(τ3). (8)

This expression yields the dotted lines in Fig. 1e of the main text (MT).

B. Corrections to arbitrary observables

In the same way as before we derive an expansion up to second order in the Trotter step τ for the correction to an
arbitrary observable A starting from an initial state |ψ0〉. After taking long-time averages in the diagonal ensemble
we obtain the result

A =
∑

λ∈σ(H)

|〈ψ0|λ〉|2〈λ|A|λ〉 − τ Im


 ∑

λ∈σ(H)

|〈λ|ψ0〉|2〈λ|HzA|λ〉 −
∑

λ∈σ(H)

〈λ|ψ0〉〈ψ0|Hz|λ〉〈λ|A|λ〉




+
τ2

4


 ∑

λ∈σ(H)

|〈λ|ψ0〉|2〈λ|HzAHz|λ〉+
∑

λ∈σ(H)

|〈ψ0|Hz|λ〉|2〈λ|A|λ〉


− τ2

2
Re


 ∑

λ∈σ(H)

〈λ|Hz|ψ0〉〈ψ0|λ〉〈λ|HzA|λ〉




+
τ2

6
Re

( ∑

λ1 6=λ2

(
〈ψ0|λ2〉〈λ2|A|λ1〉 − 〈ψ0|λ1〉〈λ1|A|λ1〉

)
〈λ2|ψ0〉〈λ1| [Hx −Hz, [Hx, Hz]] |λ2〉

1

λ1 − λ2

)

− τ2

2
Re

( ∑

λ1 6=λ2

(
〈ψ0|λ2〉〈λ2|A|λ1〉 − 〈ψ0|λ1〉〈λ1|A|λ1〉

)
〈λ2|ψ0〉〈λ1|[Hx, Hz]Hz|λ2〉

1

λ1 − λ2

)

+
τ2

2
Re


 ∑

λ∈σ(H)

〈ψ0|λ〉〈λ|Hz|ψ0〉〈λ|AHz|λ〉


− τ2

2
Re


 ∑

λ∈σ(H)

〈ψ0|λ〉〈λ|A|λ〉〈λ|H2
z |ψ0〉


+O(τ3). (9)

II. MEASUREMENT OF OTOCS USING STATISTICAL CORRELATIONS OF RANDOMIZED
MEASUREMENTS

The onset of chaos and thus the breakdown of DQS is diagnosed by the OTOC defined in Eq. (17) of MT. In the
following, we describe here how the OTOC can be measured in experiments.

The measurement of the OTOC is very challenging due to the alternation between operators at time zero and
a finite time t. Protocols to measure C(t) (or F (t) defined in Eq. (24) of MT) that have been proposed in the
literature thus involve backward time evolution [4–8] or the coupling to auxiliary quantum systems [9], and the first
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measurements have been implemented only recently [10–12]. Here we propose to measure the OTOC by adapting a
recently developed measurement protocol [13] which does not require the above ingredients. Instead, it is an example
of measurement protocols which are based on statistical correlations between randomized measurements. This concept
was first devised for Rényi entropies [14–16], and was recently demonstrated in a trapped-ion quantum simulator [17]
and in NMR [18]. The crucial ingredient in this class of measurement protocols are random unitary transformations
which form (approximate) unitary two-designs. Thus, we first comment on the generation of such random unitaries
in collective spin models and subsequently discuss how to use them to measure the OTOC.

A. Generation of random unitaries

In systems realizing collective spin models, the same tools that are used to engineer Hamiltonians of the form
given in Eq. (7) of MT can be applied to generate random unitaries from approximate unitary two-designs. Unitary
two-designs are ensembles that approximate the circular unitary ensemble (CUE) up to 2nd order correlations [19].
We adapt ideas from Ref. [15, 16] to create such random unitaries from a series of random quenches as a random time
evolution operator u,

u = uη · · ·u1 with uα = e−iH
α
z τe−iH

α
x τ (10)

where the Hamlitonians Hα
µ take the same form as in Eq. (7) of MT,

Hα
µ = hαµSµ + JµS

2
µ/(2S + 1). (11)

For each quench, parameters hαµ and Jαµ are chosen independently from uniform distributions hαµ ∈ [0.5/τ, 1.5/τ ],
Jαµ ∈ [5.5/τ, 6.5/τ ] such that the kicked top which would be realized by periodic repetition of any of the uα is deep in
the chaotic regime [20].

To test whether the ensemble of thusly created random unitaries indeed forms a unitary two-design, we consider
first their phase spacing statistics as characterized by the ratios of adjacent phase spacing [21]. As displayed in Fig. 1,
we observe a very rapid convergence of the mean value 〈r〉 with the number of quenches η towards the CUE value
rCUE = 0.5996(1). Second, to test not only eigenvalues but also the eigenvectors of the created unitaries, we consider
the second frame potential [19], which is defined as

F
(2)
E =

1

|E|
∑

U,V ∈E

∣∣tr(U†V )
∣∣4 (12)

where E is an ensemble of unitary matrices. As shown in Ref. [19], for E being a unitary two-design, the frame

potential takes a minimal value F
(2)
CUE = 2!, and F

(2)
E −F

(2)
CUE represents a fine-grained measure of distance between an

ensemble E and a unitary two-design. However, we note that for small ensembles |E| � D4, the diagonal contribution
D4/|E| in the sum Eq. (12) dominates, irrespective of the properties of E . Thus, to test numerically using a finite
sample size whether the generated random unitaries are sampled from an approximate unitary two-design, we consider

the quantity F
(2)
E − F (2)

ECUE
. Here, F

(2)
ECUE

= 2! + D4/|ECUE| is the average frame potential of a finite number |ECUE|
of unitaries sampled from the CUE (see also Ref. [22]). In Fig. 1, F

(2)
E − F

(2)
ECUE

is displayed as function of number of

quenches η, for a sample size |ECUE| = |Eg| = 500. We observe rapid convergence of F
(2)
Eg −F

(2)
CUE towards the statistical

error threshold ∼ 1/|Eg|, signaling that the generated random unitaries are indeed sampled from an (approximate)
unitary two-design.

B. Protocol to measure the OTOC

The generated random unitaries, sampled from an approximate unitary two-design, can be used to measure the
OTOC according to the following recipe [13]: (i) To an arbitrary pure state |ψ0〉, apply a random unitary u generated
via random quenches (see Appendix II A), to prepare the state |ψu〉 = u |ψ0〉. This randomized state serves as the
input for two independent experiments. (ii.a) Evolve the state in time with U(t) and measure the expectation value
〈W (t)〉u = 〈ψu|U†(t)WU(t)|ψu〉 of the operator W . (ii.b) The state ψu is perturbed by the operator V , evolved in
time and W is measured, to obtain 〈V †W (t)V 〉u = 〈ψu|V †U†(t)WU(t)V |ψu〉. (iii) Repeat steps (i) and (ii) for a
sample of random unitaries u to estimate the statistical correlations of the two expectation values obtained in (ii.a)
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Figure 1. Generation of approximate two-designs. Convergence of NU = 500 generated random unitaries to an approximate
two-design as a function of the number of random quenches ⌘ for di↵erent spin sizes S. a Average adjacent phase spacing
ratio. The black line corresponds to the CUE value. b Di↵erence of the frame potential FEg of the generated unitaries to the

frame potential FECUE = k! + d4/NU of an ensemble of same size |Eg| = |ECUE| = 500 which is drawn from the CUE. The black
dashed line is the statistical error threshold ⇠ 1/|Eg|.
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Figure 2. Measurement of the OTOC. Time evolution of the exact (solid lines) and “measured” (dots) squared commutator
C(t) = 2 (S (S + 1)/3 � Re(F (t)) for a system with collective spin S = 64. Parameters are the same as in Fig. 2 of the main
text. The “measurements” are simulated using NU = 100 random unitaries generated with ⌘ = 5 random quenches (same
parameters as in Fig. 1). Projection noise is not included. The black line is the COE value.

and (ii.b) across the unitary ensemble. As shown in Ref. [13], the OTOC can be expressed in terms of these statistical
correlations as

F (t)/F (0) =
hW (t)iuhV †W (t)V iu⇣

hW (t)i2u hV †W (t)V i2u
⌘1/2

, (13)

where · · · denotes the ensemble average over random unitaries u. This expression underpins the interpretation of F (t)
as a measure of the butterfly e↵ect in a quantum system: In analogy to rapidly diverging classical chaotic trajectories,
the expectation values in the numerator can become decorrelated due to the perturbation V of the initial state. This
is diagnosed by the decay of F (t). In Fig. 2, data points correspond to simulated experiments using 100 generated
random unitaries. The data demonstrates that the protocol outlined above can serve as another experimental probe
to delimit the region of applicability of DQS and the onset of quantum chaos.
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(same parameters as in Fig. 1). Projection noise is not included. The black line is the COE value.
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