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I. 1D BOSE GASES IN A HARD WALL POTENTIAL

Consider a system with N identical bosons with a contact interaction confined in a one-dimensional (1D) hard-wall
potential. This system is described by the Hamiltonian

H = − ~2

2m

N∑
i=1

∂2

∂x2i
+ g1D

∑
1≤i<j≤N

δ(xi − xj) , (1)

where g1D = ~2c/m is the 1D coupling constant and c parametrizes the interaction strength. Hereafter, we set
~ = 2m = 1. This model can be exactly solved by the Bethe ansatz [1, 2], and the wavefunction is given by

Ψ{εiki}(x1, · · · , xN ) =
∑

ε1,··· ,εN

∑
P

ε1 · · · εN A(ε1kP1
, · · · , εNkPN

) ei(ε1kP1
x1+···+εNkPN

xN ) , (2)
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where the sum is taken over all N ! permutations P of N integers such that P : (1, 2, · · · , N)→ (P1, P2, · · ·PN ), and
εi takes ±1. Here, kPi

is the the wave number which satisfies the Bethe equations

ei2kiL = −
N∏
j=1

(ki − kj + ic)(ki + kj + ic)

(ki − kj − ic)(ki + kj − ic)
(i = 1, · · · , N) , (3)

and the energy of this state is given by

E =

N∑
i=1

k2i . (4)

Taking the logarithm of the Bethe equations (3), one obtains

Lki = πIi −
∑
j 6=i

(
arctan

ki − kj
c

+ arctan
ki + kj
c

)
(i = 1, · · · , N) , (5)

where {Ii} are integer quantum numbers, which are arranged in ascending order: 1 ≤ I1 ≤ · · · ≤ IN . Thus, the wave
numbers {ki} are also in ascending order, i.e., 0 < k1 < · · · < kN .

Scaling invariant behavior

We next focus on the low energy excitations which dominate the thermodynamics in the strongly-interacting Bose
gas at low temperature. A Taylor expansion of the rhs of Eq. (5) for c� kN yields the following asymptotic solution

Lki = πIi −
N∑
i 6=j

[
ki − kj
c

+
ki + kj
c

]
+O

(
k3N
c3

)

= πIi +
2(1−N)ki

c
+O

(
k3N
c3

)
≈ πIi +

2(1−N)

c

[
πIi
L

+
2(1−N)πIi

cL2

]
+O

(
k3N
c3

)
≈ π

[
1 +

2(1−N)

cL
+

4(1−N)2

c2L2

]
Ii +O

(
k3N
c3

)
. (6)

Note that, in this regime, the dependence of the quasimomentum ki on the other quasimomenta kj with j 6= i is of
higher order in kN/c. In this sense, the algebraic Bethe ansatz equations (5) decouple in this limit.

The energy eigenvalue εn(c) for a given set of quantum numbers In ≡ {I(n)i } is set by

εn(c) ≈
N∑
i=1

k2i

≈ π2

L2

[
1− 4(N − 1)

cL
+

12(N − 1)2

c2L2

] N∑
i=1

I
(n)
i

2
+

1

L2
O

(
k3N
c3

)
. (7)

Thus, up to corrections of order 1/c2, the energy eigenvalue can be written in terms of that of free fermions rescaled
by an overall factor resulting from the interactions. We refer to this factor as the generalized exclusion statistics
parameter, in view of [3], and define it as

λc = 1− 4(N − 1)

cL
+

12(N − 1)2

c2L2
. (8)

Using it, the energy eigenvalues of a strongly-interacting 1D Bose gases simply read

εn(c) ≈ π2λc
L2

N∑
i=1

I
(n)
i

2
, (9)

and exhibit the scale-invariant behavior

εn(c)

εn(c′)
=

λc
λc′

. (10)
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II. ENERGIES OF EQUILIBRIUM AND NON-EQUILIBRIUM STATES

The equilibrium state of the system at temperature T can be characterized by the partition function

Z =

∞∑
n=1

e−εn(c)/T , (11)

where the summation is taken over all the quantum states. The average energy of the system is given by

εeq(c, T ) =

∞∑
n=1

pn(c, T ) εn(c) , (12)

with pn(c, T ) being the probability measure of the n-th eigenstate in the Gibbs ensemble given by

pn(c, T ) = e−εn(c)/T /Z . (13)

During the interaction-driven strokes, the system generally deviates from the initial equilibrium state as a result
of the modulation of the interaction strength c. However, since the energy gap for low-energy excitations is nonzero
in the system with finite N bosons, a sufficiently slow ramping process becomes adiabatic and keeps the probability
distribution pn(c, T ) unchanged. Therefore, for the non-equilibrium state resulting from an adiabatic ramping process,
the average energy of the system at the interaction parameter c′ is given by

εneq(c′; c, T ) =

∞∑
n=1

pn(c, T ) εn(c′) . (14)

Due to the scale-invariant behavior at strong coupling, the energy of the non-equilibrium state at the end of the
interaction-ramp isentropic process is found to be

εneq(c′; c, T ) =
λc′

λc
εeq(c, T ) . (15)

Furthermore, the scale-invariant behavior Eq. (10) indicates that we can relate a non-equilibrium state in adiabatic
interaction-driven processes to an equilibrium state with an effective temperature T ′ by noting that

εneq(c′; c, T ) =

∞∑
n=1

e−εn(c)/T

∞∑
m=1

e−εm(c)/T

εn(c′)

=

∞∑
n=1

e−εn(c
′)λc/Tλc′

∞∑
m=1

e−εm(c′)λc/Tλc′

εn(c′)

= εeq(c′, T ′) , (16)

where the effective temperature reads

T ′ = λc′T/λc . (17)

III. QUANTUM HEAT ENGINE

For the interaction-driven quantum heat engine (see Fig. 1 in the main text), the heat absorbed from the hot
reservoir is given by

Q2 = εeq(cB, TC)− εneq(cB; cA, TA)

= εeq(cB, TC)− λcB
λcA

εeq(cA, TA) , (18)
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while the heat released from the engine to the cold reservoir reads

Q4 = εneq(cA; cB, TC)− εeq(cA, TA)

=
λcA
λcB

εeq(cB, TC)− εeq(cA, TA) . (19)

Therefore, the efficiency η and the work W done by the engine are given by

η = 1− Q4

Q2
= 1− λcA

λcB
, (20)

W = Q2 −Q4 =

(
1− λcA

λcB

)
Q1 . (21)

The efficiency η and work W can also be obtained numerically by solving Eq. (5). In our calculations, we take a
proper cutoff for excited states whose probability pn given by Eq. (13) is much smaller than that of the ground state.
The efficiency of the interaction-driven cycle is set by the energy ratio between the isolated strokes. This feature
is as well shared by the harmonic Otto cycle. Here we would like to remark that the conventional definition of an
Otto cycle involves expansion and compression strokes by definition. A generalized notion of Otto cycle has been
considered in the literature, e.g. see section 25.2.2 of the reference [4]. Whenever the Hamiltonian is proportional to

a scaling function g(γ), Ĥ = g(γ)ĥ, the efficiency of an Otto like cycle based on a change of the parameter γ reads

η = 1− ming(γ)
maxg(γ) .

However, scale invariance cannot be taken for granted in an interaction-driven system. It is our contribution to
establish that this is the case in an interacting Bose gas and effectively one-dimensional quantum liquids, i.e. Luttigner
liquids acting as a working substance. The many-particle interaction-driven cycle proposed in this manuscript can be
described an a generalized Otto cycle if an only if the spectrum is scale invariant. In this case, the role of c plays the
role of the parameter γ and λc the role of g(γ).

IV. THERMODYNAMIC LIMIT

In the laboratory, a Bose gas confined in an effectively 1D trap typically consists of thousands of particles. It is
generally considered that such system is well described by the thermodynamic limit, i.e., N and L→∞ with n = N/L
being kept constant. The equilibrium states can then be described by the Yang-Yang thermodynamic equation [5].
The pressure p, particle density n, entropy density s and internal energy density E can then be found as described in
the text.

Note that we take the thermodynamic limit after the slow ramping limit to guarantee that no diabatic transitions
occur during the ramping processes. Thus, the probability pn(c, T ) is unchanged during the ramping processes. In
these processes, the entropy should also be constant because no heat is transferred in or out of the working substance.
Given the expressions for the heat absorbed during the hot isochore stroke (B to C)

Q2 = L [E(cB, TC)− E(cB, TB)] (22)

and the heat released during the cold isochore stroke (D to A)

Q4 = L [E(cA, TD)− E(cA, TA)] , (23)

the efficiency η and work output W are given by

η = 1− E(cA, TD)− E(cA, TA)

E(cB, TC)− E(cB, TB)
, (24)

W = L [E(cB, TC)− E(cB, TB)− E(cA, TD) + E(cA, TA)] . (25)

Here, TB and TD can be determined using the fact that the interaction-driven strokes are isentropic, namely

s(cA, TA) = s(cB, TB), s(cB, TC) = s(cA, TD) , (26)

where TA and TC denote the temperature of the cold and hot reservoir, respectively. The efficiency can thus be
obtained numerically by solving the TBA equation, see Methods.
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Universality at low energies

The low-energy physics of 1D Bose gases can be well captured by the Luttinger liquid theory. The free energy
density F is given by [6]

F ≈ E0 −
πT 2

6vs
, (27)

where E0 is the energy density of the ground state, vs is the sound velocity which depends on the particle density n
and the interaction strength c. The entropy density s is given by the derivative of the free energy, namely,

s = −∂F
∂T

=
πT

3vs
. (28)

The energy E = F + T s = E0 + πT 2

6vs
. The heat absorbed from the hot resevoir in the hot isochore stroke (B to C) is

given by

Q2 = L(EC − EB) =
πL

6vBs
(T 2

C − T 2
B) , (29)

and the heat released to the cold reservoir in the cold isochore stroke (D to A) is

Q4 = L(ED − EA) =
πL

6vAs
(T 2

D − T 2
A) . (30)

By Eq. (26), we obtain

πTA
3vAs

=
πTB
3vBs

,
πTD
3vAs

=
πTC
3vBs

, (31)

namely,

TA
TB

=
TD
TC

=
vAs
vBs

. (32)

To simplify, we introduce the following two dimensionless parameters:

ξ =
vAs
vBs

, κ =
TA
TC

. (33)

Since TA < TB < TC, we get

0 < κ < ξ < 1 (34)

The work can be extracted from the heat engine is given by

W = Q2 −Q4

=
πL

6vBs
(T 2

C − T 2
B)− πL

6vAs
(T 2

D − T 2
A)

=
πLT 2

C

6vBs
(1− ξ)

(
1− κ2

ξ2

)
. (35)

An interesting question is what is the optimal work extracted from this heat engine when the temperatures of the two
reservoirs, TA and TC, are fixed. It is easy to show that the work output W always has a maximum value (see the
right panel of Fig. 1) at ξ = ξc with

ξc =
κ2

a1/3
− a1/3

3
, (36)

where a = 27κ2
[√

1 + (κ2/27)− 1
]
≈ κ4/2. Thus for small κ� 1, we get

ξc ≈ (2κ2)
1
3

[
1− 1

3

(κ
2

) 2
3

]
. (37)
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FIG. 1: Work W and efficiency η vs interaction strength cA. The blue lines with squares and circles are obtained by
numerically solving the TBA equation. The red solid lines in the left and right panels are obtained by Eqs. (35) and (38),
respectively, where ξ for a given cA is obtained by numerically calculating the sound velocities vAs and vBs at zero temperature
[7]. The black dashed line corresponds to ξc ≈ 0.69 for κ = 0.5 given by Eq. (37). In our numerical calculation, we set n = 1,
cB = 2, and L = 1.

The efficiency of the heat engine is

η = 1− Q4

Q2

= 1− vBs
vAs

T 2
D − T 2

A

T 2
C − T 2

B

= 1− ξ . (38)

Especially, for the strong interaction case, the sound velocity is vs ≈ 2πn
[
1− 4(n/c) + 12(n/c)2

]
[7], and thus the

efficiency is given by

η ≈ 1−
1− 4n

cA
+ 12n2

c2A

1− 4n
cB

+ 12n2

c2B

, (39)

which agrees with Eq. (20) in the thermodynamic limit. For the weak interaction case, the sound velocity is vs ≈
2n
[
(c/n)− (2π)−1(c/n)3/2

]1/2
[7], and the efficiency is given by

η ≈ 1−
√
cA
cB

. (40)

The work output and the efficiency given by Eqs. (35) and (38) are universal at low energies for 1D system. Here
we shall take 1D Bose gases as a platform to test these universal properties. For the interaction-driven engine with
fixed particle number N and the length L studied in the present work, the sound velocity is changed during the two
isoentropic strokes [(A to B) and (C to D)] by changing the interaction strength. We numerically calculate the work
W and efficiency η for κ = 0.5 and n = N/L = 1. The interaction strength cB is fixed at cB = 2, which corresponds
to the sound velocity vBs ≈ 2.50. From Eq. (37), the optimal work is obtained at

ξc ≈ 0.69 (41)

for κ = 0.5. The numerical results are shown by the blue lines in Fig. 1. In the low temperature region, the numerical
results are well explained by the results of the Luttinger liquid theory given by Eqs. (35) and (38), which are shown
by the red solid lines. In the high temperature region, these two results deviate, which indicates the breakdown of
the Luttinger liquid theory.
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FIG. 2: Phase diagram of the 1D Bose gas. The color coding shows the specific heat. As the chemical potential µ is
increased, the system undergoes a crossover from the classical gas (CG) to the Tomonaga-Luttinger liquid (TLL) across the
quantum critical (QC) region.

Quantum criticality

The 1D Bose gases show rich critical properties in the plane of the temperature T and the chemical potential µ;
see Fig. 2. In the so-called the Tomonaga-Luttinger liquid (TLL) region, where µ > 0 and the temperature is below
the right critical temperature, the magnitude of quantum and thermal fluctuations are comparable. In this region,
the low-energy properties can be well captured by the Luttinger liquid theory and the excitation spectrum is given by
E = vs|k|, where vs and k are the sound velocity and the wave vector, respectively. In the region of µ/T � 0, i.e., the
mean distance between atoms is much larger than thermal wave length, the system behaves as a classical gas (CG).
A quantum critical (QC) region emerges between two critical temperatures (see the white dashed lines in Fig. 2)
fanning out from the critical point µc = 0. In this region, quantum fluctuation and thermal fluctuation have the same
power of the temperature dependence. The density n is monotonically increasing with the chemical potential µ for
a given temperature T and the interaction strength c. Therefore, one can go across the QC region from the CG to
TLL regions only by increasing the density n of the working substance. Our numerical calculation shows W/N takes
a maximum value in the crossover region between QC and TLL (see Fig. 3 in the main text).

Adiabatic processes versus quasi-static adiabatic processes

We consider a heat engine running through the interaction-driven quantum cycle shown in Fig. 1 in the main
text. There are two heat sources with temperature TA and TC, where we assume TC > TA. The interaction strength
is varied between cA and cB during the strokes B→ C and C→ D, with cB > cA. The average work per particle
W/N is analyzed for differnet values of the density n of the working substance. In order to see the difference of the
work output in the adiabatic and quasi-static adiabatic processes, we first numerically calculate the average work per
particle done in a setting with cA = 1, cB = 3, TA = 1 and TC = 5. Figure (3) shows that there is an optimal work
corresponding to a density nc, denoted by dashed blacked lines. The critical value nc increases as N increasing. In
general, this optimal work exists in the thermodynamic limit, namely, N →∞, L→∞ and n = N/L is finite. In this
case, the nc does not depend on N .

For the 1D interacting Bose gas, the scale-invariance does not hold for whole temperature regime. In Fig.(4), our
numberical calculations show that the work output in the adiabatic processes (non-equilibrium states: A → B′ ,C→
D′) is not the same as that in the quasi-static adiabatic processes (equilibirum states: A → B, C→ D). Indeed, this
difference does exist [8], but does not qualitatively change the work output of the heat engine, see Fig. 3. For a heat
engine with fixed state parameters cA, cB, TA and TC, we observe that the optimizing work exists due to the change
of the effective quantum statistics in the quantum critical region. The figure (4) suggests the quasi-static adiabatic
processes can be used to qualitatively understand the optimizing work. Therefore, in the thermodynamics limit, we
may use the quasi-static adiabatic processes instead of adiabatic processes to study the work output and efficiency of
heat engine, also see Fig. 3 in the main text.
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FIG. 3: Average work per particle W/N as a function of the density n = N/L in an adiabatic process (dashed lines) and a quasi-
static adiabatic process (solid lines) with different particle numbers. It shows existence of an optimal work for a characteristic
value nc of the density.
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FIG. 4: Adiabatic driving versus quasi-static adiabatic driving in the interaction driven cycles. The stroke A→ B (C → D)
corresponds to the quasi-static adiabatic process, whereas A→ B′ (C → D′) follows the non-equilibrium state associated with
an adiabatic process. Here we set TA = 1, TC = 5, N = 15 and L = 3.5 for the numerical calculation.

V. 1D SPINOR FERMI GAS AS WORKING SUBSTANCE

Denoting by P̂ s
ij = 1

4 − Ŝi · Ŝj and P̂ t
ij = 3

4 + Ŝi · Ŝj are the projectors onto the subspaces of singlet and triplet
functions of the spin arguments (σi, σj) for fixed values of all other arguments, the Hamiltonian of the system is given
by [9, 10]

ĤSFG = −
N∑
i=1

∂2xi
+

∑
1≤i<j≤N

[geδ(xij)P̂
s
ij + vo(xij)P̂

t
ij ] . (42)

Here, vo is a strong, attractive, zero-range, and odd-wave interaction that is the 1D analog of 3D p-wave interaction.
Similarly, ge denotes the even-wave 1D coupling constant arising from 3D s-wave scattering [11]. The Hamiltonian of
the spinor Fermi gas can be mapped to the Lieb-Liniger Hamiltonian [9] by promoting the coupling strength to an
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operator dependent on the spin degrees of freedom

ĉ = 2−1
[
(3co + ce)/2 + 2(co − ce)Ŝi · Ŝj

]
, (43)

where the coupling constants {co, ce} are set by ge and vo. The operator-valued coupling strength ĉ can however be

reduced to a real number c = (3co + ce)/4 + (co − ce)〈Ŝi · Ŝj〉 making use of a variational method that combines the
exact solution of the LL model with that of the 1D Heisenberg models [9, 10]. As it turns out, this approximation is
corroborated by the exact solution of (42) in a broad range of parameters [12]. Thus, the dependence of the interaction
strength on the spin degrees of freedom provides a possible work outcoupling mechanism.
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