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SUPPLEMENTAL DISCUSSION

As discussed in the main text, in order to find circuits
that respect total spin, we start by constructing unitaries
that transform ⊗n

i=1 |0〉 into an arbitrary state in a par-

ticular particle-number subspace, where the coefficients
in this state are specified by hyperspherical coordinates
(see Eq. (5) of the main text). A specific example of
such a unitary in the case of two fermions occupying four
spin-orbitals is given by

E4 =



0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0

C4S1S2S3 0 0 0 0 S4 −C1C4S2S3 0 0 0 −C2C4S3 0 0 0 0 −C3C4

0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
S1S2S3S4S5 0 0 0 0 −C4S5 −C1S2S3S4S5 0 0 −C5 −C2S3S4S5 0 0 0 0 −C3S4S5

C3S1S2 0 0 0 0 0 −C1C3S2 0 0 0 −C2C3 0 0 0 0 S3

0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0

C5S1S2S3S4 0 0 0 0 −C4C5 −C1C5S2S3S4 0 0 S5 −C2C5S3S4 0 0 0 0 −C3C5S4

C2S1 0 0 0 0 0 −C1C2 0 0 0 S2 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

C1 0 0 0 0 0 S1 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0



, (S1)

where Ci = cosui,Si = sinui. The first column of this
matrix is designed to satisfy Eq. (5) of the main text,
while the remaining columns are chosen to ensure uni-
tarity. In Fig. S2, we show an explicit symbolic de-
composition of this unitary in terms of 4-qubit Toffoli
gates, which have a known decomposition into elemen-
tary gates [1]. In general, a single 4-qubit Toffoli gate
can be decomposed into 13 CNOT’s [2]. However, it is
important to note that for all pairs of identical 4-qubit
Toffoli gates, which occur frequently in our decomposi-
tion, we can utilize the approximate decompositions de-
scribed by Barenco et. al. [1]. Each of these pairs can
be decomposed exactly (the relative minus signs cancel
due to the fact that we are decomposing pairs of iden-
tical 4-qubit Toffoli gates) into 18 CNOT’s, rather than
the 26 that result from the standard decomposition. This
means that, in total, the E4 gate can be decomposed into,
at most, 155 CNOT gates. In the most basic example of
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simplification (for the |s = 1, sz = 0〉 case), the CNOT
gate count can be as little as 67 CNOT’s. Our decompo-
sition utilizes Gray codes, but as the 4-qubit gate itself
is sparse, this is fairly efficient if one desires a symbolic
decomposition. We also note that each n-bit Toffoli de-
composition to elementary gates only grows polynomially
with n [2].

Alternatively, if we instead utilize numerical decompo-
sitions, then we can significantly reduce the number of
required CNOT gates. In this case we use the method
described in Ref. [3], which is implemented in Qiskit [4].
A similar, but separate method is also utilized in Ref. [5].
This method takes the ground state to an arbitrary n-
qubit state by use of quantum multiplexers. In a typical
VQE algorithm, this numerical method would need to be
run at each step of the VQE. However, this algorithm
itself is fairly efficient and is computationally much less
expensive than the optimization step. An example of
this decomposition for a random choice of our state co-
efficients ui, is shown in Fig. S1 and results in, at most,
28 CNOT gates. In the general case, the decomposition
method itself gives a CNOT count of 2n+2−4n−4 CNOT
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gates for the generation of a n-qubit state. However,
Qiskit’s transpiler typically reduces the CNOT count of
the resulting circuit by an additional factor of 2. The
exact CNOT count after transpiliation depends on the
target state and therefore fluctuates slightly. We note
that this method is not a decomposition of our proposed
E4 gate but instead does produce the same output state
as the E4 gate when it acts on the ground state.

Next, we consider the same problem but now for the
case of three fermions in six spin-orbitals. The different
spin subspaces are now given by∣∣∣∣s =

3

2
, sz = +

1

2

〉
=

1√
3

(|011010〉+|100110〉+|101001〉),

∣∣∣∣s =
3

2
, sz = −1

2

〉
=

1√
3

(|010110〉+|011001〉+|100101〉),

∣∣∣∣s =
1

2
, sz = +

1

2

〉
=α |001110〉+ β |001011〉+ γ |110010〉

+δ |111000〉+ ε |100011〉+ η |101100〉

+
χ√
2

(|101001〉 − |100110〉)

+
ξ√
6

(|100110〉+ |101001〉 − 2 |011010〉),

∣∣∣∣s =
1

2
, sz = −1

2

〉
=α |010011〉+ β |011100〉+ γ |000111〉

+δ |110100〉+ ε |001101〉+ η |110001〉

+
χ√
2

(|011001〉 − |010110〉)

+
ξ√
6

(2 |100101〉 − |010110〉 − |011001〉).

If we construct an E6 unitary analogous to Eq. (S1) and
perform a similar decomposition in terms of Toffoli gates,
we obtain the circuit shown in Fig. S3. A summary of
gate counts for E4, E6, and E8 is given in Table S1.

If we again consider the numerical decomposition
methods that construct the desired superposition state,
then we can construct such a state in only 124 CNOT
gates. Using Qiskit’s transpiler, the CNOT count for
constructing an n-qubit state (n ∈ 2N) with only n/2
particles is, at most, 2n+1 − 4 CNOT’s.

In order to confirm the validity of our A gate circuits,
we compute the circuit fidelity as a function of the num-
ber of variational parameters for several example cases.
We first consider one of our core examples from the main
text, Fig. 3, which shows an A gate circuit for m = 2
electrons in n = 4 orbitals. A general state in this sub-
space can be written as

α |1100〉+β |1010〉+γ |1001〉+δ |0110〉+η |0101〉+χ |0011〉 ,
(1)

which involves the
(
4
2

)
= 6 basis states that span the

number conserving subspace. Following the discussion in
the main text, our proposed circuit should span this space
using the fewest possible parameters. For clarity, we fol-
low the suggestions in the main text for time-reversal
symmetry and therefore set all φi to zero and fix θ5 to
zero. With these settings, this circuit then produces the
following parameterized state, when it acts on the ground
state |0000〉,

|0110〉 (−C2C3S1S4 − C1C2C4)

+ |1001〉 (C4S1S2 + C1C3S4S2)

+ |1010〉 (C2C3C4C6S1 + C2S3S6S1 − C1C2C6S4)

+ |0101〉 (−C1C3C4C6S2 + C6S1S4S2 − C1S3S6S2)

+ |1100〉 (−C2C6S1S3 + C2C3C4S1S6 − C1C2S4S6)

+ |0011〉 (−C1C6S2S3 + C1C3C4S2S6 − S1S2S4S6),

(2)

where Ci = cos(θi), Si = sin(θi). From here we can now
sample over random choices of coefficients in Eq. 1 and

calculate the fidelity, F = 1
N

∑N
i=1 |〈Ψ(θj)|ψi〉|2, maxi-

mizing over θj . We show in Fig. S4 that the fidelity of
this circuit increases monotonically with the number of
θj parameters and saturates at unity once this number
equals the dimension of the symmetry subspace, which is
5 in this case. The fidelity is computed by averaging over
N = 2000 random states. We also performed similar nu-
merical checks for the other choices of number of qubits
(n) and the number of excitations (m), including all (n >
m) permutations of n = {2, 3, 4, 5, 6},m = {1, 2, 3, 4, 5},
following the general construction outlined in the main
text. The case n = 6, m = 2 is also included in the figure
(green curve), where it is again evident that the fidelity
reaches unity when the number of parameters equals the
subspace dimension. The same behavior arose in all the
examples we checked.

Next we discuss the enforcement of sz symmetry using
this same circuit. In order to take advantage of sz sym-
metry, we only require slight modifications to the base
circuit as described in the main text. First, we need to
assign spin labels to the qubits. We choose a block as-
signment for this example, where all spin-up orbitals are
assigned to the top half and all spin-down orbitals are
assigned to the bottom half of the qubits. If we consider
the case of n = 4,m = 2, sz = 0, the states that span
this spin subspace are

β |1010〉+ γ |1001〉+ δ |0110〉+ η |0101〉 ,

which is just a reduced version of Eq. 1, due to our sz = 0
restriction. With this choice, it is clear that if we start
with an initial state with a quantum number of sz = 0
and do not mix the split spin subspaces, then the circuit
will preserve this symmetry. In order to illustrate this, we
include the modification of the original circuit to main-
tain this symmetry (also assuming time-reversal symme-
try), in Fig. S5. Here, we can see that we have removed
some A gates from the general circuit case (n = 4,m = 2,
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without any spin symmetry) in order to reduce the pa-
rameter count to the dimension of this reduced space,
following the protocol in the main text. Similar to the
previous example, this modified circuit produces the fol-
lowing state when it acts on the ground state,

C1S2−3 |1010〉+ C1C2−3 |1001〉
+ S1S2+3 |0110〉+ S1C2+3 |0101〉 ,

(3)

where Ci±j abbreviates for cos(θ1 ± θ2). In this case, we
only require 3 parameters to span the relevant subspace
and again achieve unit fidelity in this case as shown in
Fig. S4(a) (yellow curve). The case n = 6, m = 2 is also
shown in the figure (red curve).

In all cases shown in Fig. S4(a), we find the optimal
point where we achieve unit fidelities(with minimal pa-

rameters for the chosen space) and fix parameters to zero
(starting from the “end” of the circuit) to show how
the fidelity decreases when too few parameters are used.
For our A gate circuits, over-parameterization is also in-
dicated by including extra parameters (inserting extra
gates), which of course maintains the fidelity at unity.
Although numerical verification is not necessary in the
case of our E gate circuits, which conserve total spin
in addition to particle number, spin magnetization, and
time-reversal symmetries, we also show the fidelities of
these circuits in Fig. S4(b) for comparison. As expected,
the fidelity again saturates at unity when the number of
parameters reaches the dimenions of the symmetry sub-
space. Our E4, E6 gates show an approximate linear in-
crease in subspace coverage with increasing parameters.
We include these examples cases in an skeleton notebook
on Github [6].
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|0〉 Y (2.7) • • • • •

|0〉 Y (−0.4) Y (1.9) Z(0.79) •

|0〉 Y (0.93)

|0〉 • • •
• • •

Y (−0.54) Y (0.64) Y (2.1) Z(0.79) Z(0.79)

• •
•

• • •
Y (0.39) Y (−0.39) Y (−1.2) Y (−0.39) Y (0.39)

•
• •

• • •
Y (−0.39) Y (0.39) Y (1.2) Z(0.79) Z(−2.4)

•
•

• •
Z(0.79) Z(0.79)

FIG. S1. 4-qubit circuit which creates a superposition state of the form of Eq. (5) of the main text. This example relies
on numerical decomposition methods in terms of quantum multiplexers as described in Ref. [3] and is found using Qiskit.
Each dashed box represents a single p-controlled Ry or Rz multiplexer (where p is necessarily 1 ≤ p ≤ 3). For this random
choice of parameters ui = (3.64084243, 5.64400577, 4.13234724, 0.73049135, 0.10130389), this circuit takes the ground state
to the superposition state |ψ〉 = 0.177936 |0011〉 + 0.0161198 |0101〉 + 0.156527 |0110〉 + 0.158578 |1001〉 + 0.384251 |1010〉 +
0.877942 |1100〉.

|0〉 X • • • Y †4 Y4

|0〉 X Y †2 Y2 Y †5 Y5

|0〉 Y †1 Y1 • • • • • •

|0〉 Y †3 Y3 • • • • • •

FIG. S2. Using Gray codes, we show the decomposition of the E4 gate into elementary single and two qubit gates. Decomposition
of all Toffoli gates results in a total of 155 CNOT gates and 12 single qubit gates. The notation for the single qubit Y rotations
is that Yi = RY (ui − π

2
).
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n,m, s, sz NT NC(E) NC(A) NC(N)
n = 4,m = 2 15 155 135 28

n = 4,m = 2, s = 1, sz = 0 7 67 63 14
n = 4,m = 2, s = 0, sz = 0 9 93 81 24

n = 6,m = 3 57 2337 - 124
n = 6,m = 3, s = 3

2
, sz = 1

2
14 574 - 62

n = 6,m = 3, s = 3
2
, sz = − 1

2
14 574 - 62

n = 6,m = 3, s = 1
2
, sz = 1

2
24 984 - 114

n = 6,m = 3, s = 1
2
, sz = − 1

2
24 984 - 106

n = 8,m = 4 207 17595 - 508
n = 8,m = 4, s = 2, sz = 1 21 1785 - 254
n = 8,m = 4, s = 2, sz = 0 35 2975 - 254
n = 8,m = 4, s = 2, sz = −1 21 1785 - 254
n = 8,m = 4, s = 1, sz = 1 45 3825 - 454
n = 8,m = 4, s = 1, sz = 0 71 6885 - 508
n = 8,m = 4, s = 1, sz = −1 45 3825 - 454
n = 8,m = 4, s = 0, sz = 0 77 6545 - 432

TABLE S1. For each spin configuration, we count the total number of Toffoli gates, NT, and CNOT gates required in
each respective circuit using our E gate construction. NC(E) represents exact Toffoli decomposition while NC(A) represents
approximate decomposition. When n ≥ 6, NC(E) = NT(2n2 − 6n + 5) [2]. We include NC(N), which shows the maximum
possible CNOT count using the numerical methods in Ref. [3] and after transpiling in Qiskit, for any random target state in
the chosen subspace.
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|0〉 X • • • • • • • • • • •
|0〉 X • • • • • • • • •

|0〉 X Y †4 Y4

|0〉 Y †1 Y1

|0〉 Y †2 Y2

|0〉 Y †3 Y3 • •
• • • • • • • • • • • •

• • • • • •

Y †5 Y5 Y †7 Y7 • •

Y †6 Y6 • • •

• Y †8 Y8

• • • •

Y †10 Y10 • • • • •

• Y †11 Y11 • •

Y †9 Y9 • • • Y †12 Y12

• • • • • • • • •

• • • • • • • • • •

Y †13 Y13 • • • • • • • •

• • • • Y †16 Y16

Y †14 Y14

Y †15 Y15 • •

• • • • • • •
• • • Y †19 Y19

Y †17 Y17 • • • • • •

• Y †18 Y18 • • •

FIG. S3. Using Gray codes, we show the decomposition of the E6 gate into elementary single and two qubit gates. Decomposition
of all Toffoli gates results in a total of 2337 CNOT gates and 41 single qubit gates. The notation for the single qubit Y rotations
is that Yi = RY (ui − π

2
).
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(b)

# Parameters

F
id

el
it

y

E4,2

E4,2,s=0,sz=0

E6,3

E6,3,s=1/2,sz=1/2

FIG. S4. Fidelity F (defined in the main text) of our state preparation circuits as a function of the number of variational
circuit parameters. (a) Fidelity of our An,m circuits for n qubits and m excitations (particles). For n = 4,m = 2 and spin
projection left unspecified, these gates can achieve unit fidelity with only the minimal

(
4
2

)
−1 = 5 parameters (blue solid circles).

Restricting to states with a spin projection eigenvalue of sz = 0 further reduces the number of minimal parameters to three
(orange open circles). For the case n = 6,m = 2, a similar circuit achieves unit fidelity with the minimal number of parameters(
6
2

)
− 1 = 14 (green squares). Again restricting to the sz = 0 subspace reduces the number of minimal parameters to eight

(red x’s). One extra parameter is included in each case to show that additional gates are unnecessary. (b) Fidelity of our En,m
gates and total-spin-conserving En,m,s,sz gates. These gates also achieve unit fidelity using the minimal number of parameters
needed to span the relevant Hilbert subspace.

|0〉 X
A(θ1, 0) A(θ4, 0)

|0〉
A(0, 0)

|0〉
A(θ2, 0)

|0〉 X

FIG. S5. An example circuit for the case of time reversal
symmetry with n = 4,m = 2, sz = 0 which exactly spans
the subspace defined by four basis states using the minimal
number (3) of parameters.
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