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SUPPLEMENTARY NOTE 1: GROWING THE TRIANGULAR COLOR CODE

Here, we show how to measure the white plaquettes when implementing the growing schemes in Fig. 7 in the main
paper and apply the corrections from the matching graphs results in the correct encoded state. Let us first consider
the growing scheme shown in Supplementary Fig. that converts a physical input state a|0) + 5|1) into a logical
state @|0)g—5 + (3|1)4=5 encoded in the distance-5 triangular color code. In this scheme, we first prepare a stabilizer
state |S;) that is stabilized by 14 out of the 18 stabilizer generators of the distance-5 triangular color code

gg?)v 7gg?)7 and 9(3) T 395)7 (1)

as well as the following four weight-2 stabilizers

/(1) = X3Xs, 935*2) = X11 X5,

/(1) ZgZ 922) = Z11Z15. (2)
We define Sg; to be the group generated by the operators in Egs. and . Note that |S;) can be prepared by first
preparing all qubits in the |0) state, and then measuring only the X-type generators in Si. As such, we have
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One can readily check that |S;) is stabilized by all the 18 stabilizers in Eqs. and as desired.
Once |S;) is prepared, we measure the four missing stabilizer generators of the distance-5 triangular code given by

(1) = X1 X5 X3Xy, gﬁ?) = X5 X X11X9,
( ) = = L1 42232y, g(z) L5 23211 212. (4)

Such operators are the white plaquettes shown in Supplementary Fig. . We define Sy, to the group generated by
the operators in Eq. (4).
Initially, the system is in the state

[Y0) = (al0) + B[1)) @ |5:). (5)

After measuring the X-type stabilizers of Sp,, we get the following state

pimimaly o 1) g4 o), (6)
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conditioned on obtaining ((—1)", (—=1)"2) where my,ms € {0,1} when measuring gg(l) and gg?). In any case, we can

always convert the state |1); m1m2]> to |w£00]> by applying a correction operator

1 @ (mh m2) = (0, O)
l (m1,m2) = (0,1)
Zn D (. ma) = (1,0) (7)
gl) (m1,mg) = (1,1)



a 10 al0) + 4[1) b

Supplementary Figure 1: Layouts for growing schemes used in the non fault-tolerant preparation of an encoded magic state. a
An input physical state «|0) + 3|1) is grown to a logical state a|0)4—5 + 8|1)a=5 encoded in the distance-5 triangular color code.
b An input logical a|0)4=3 + 3|1)4=3 encoded in the distance-3 triangular color code is grown to a logical state a|0)a=7 + 5|1)a=7
encoded in the distance-7 triangular color code.

/(1) )

since gZ anti-commutes with g ) and 9(2) and g/( ) anti-commutes with g( Note that the correction operators in

Eq. (7) can be determined by implementing MWPM on the matching graph Gu shown in Fig. 7b in the main paper.
Thus after the correction, we are always left with the state
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where we used «|0) + 8|1) = (ol + 5X7)|0).
Next, we measure the two Z-type stabilizers of Sp,. After the measurement, the state becomes
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conditioned on the measurement outcomes ((—1)™, (—1)™2). Performing the same steps as above, the state | m1m2]>

can be converted to |’(/J£OO]> by applying an appropriate correction operator which is determined by implementing
MWPM on the matching graph Ggi) shown in Fig. 7b in the main paper. Afterwords, we are left with

2
[00 H I+ (k) [00]
Jop ) o
k=1 {

v

(I+gg“))](a1+5xl)[ﬁ I+g® Hﬁ (1+4%)] 10"
k=1 k=1

k=1
x [f[(ug(;))} <a1+6X1>[ﬁ<I+gX )] Bas. (10)
k=1 k=1

where [0)4—5 is the logical zero state of the distance 5 triangular color code. Note that
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Since X = X1 X3X5X11X15 is the logical X operator of the distance-5 triangular color code, we can conclude that the
output state \zbgoo]) is given by

WP (o + BX)[0)aes = a[0)as + BIT)a—s. (12)

Hence, the output state is the desired state «|0) + |1) encoded in the d = 5 triangular color code.

We now move on to the growing scheme shown in Supplementary Fig. that converts an input state a|0)g—3 +
B|1)a=3 (encoded in the d = 3 triangular color code) into a logical state a|0)q—7 + B|1)a=7 encoded in the d = 7
triangular color code. As in the previous scheme, we first prepare a stabilizer state |S;) that is stabilized by 24 out of
the 36 generators of the d = 7 triangular color code as well as 6 weight-2 stabilizers which are given by

g’;ﬁl) = Xg Xy, 9;&2) = X11 X5, 9/;({0’) = Xo5X31,
gél) = ZgZy, 952) = Z1121s5, 9;3) = Za5231. (13)

To initiate the growing scheme, we measure the following 6 stabilizers of the d = 7 triangular color code, which are
represented by the white plaquettes of Supplementary Fig. [Tp:

gg) = X6 X7 X9 X10X13X14,

gg?) = X5 X3 X11 X102, gg?) = X15X20X25 X096,

9% = 2671292102157 14,

92 = 2525211 Zva, 9D = Z15 700205 26, (14)
Note that the operators in Eq. are not stabilizers of the stabilizer state |S;) and the d = 3 triangular color code

(which is being merged with |S;)).
Once the stabilizer state is prepared, and prior to measuring the operators in Eq. , the system is in the state

[¥0) = (a[0)d=5 + BI1)a=3) @ [S}). (15)

After measuring the three X-type stabilizers in Eq. , we get the following state

3
™)) *le+ D™ g% )[o), (16)
where the values of mq,me, mg € {0,1} depend on the measurement outcomes of gX) g( ) and g . As in the case

where a physical state was grown to an encoded state of the d = 5 triangular color code, we can convert any output
[7n1m2m3] [000] . .
state |1); ) to |7 ) by applying a correction operator

I (mq1,ma, ms) = (0,0,0)

ggg) (mq, ma,ms) = (0,0,1)

957g5”  (mi,ma,ms) = (0,1,0)

9z "(2) (my,ma, ms) = (0,1,1) (17)
/(1) /(2)g§ ) (m1, ma, m3) = (1,0,0)
’<1> g3 (my,ma, ms) = (1,0,1)

gZ( ) (mqy,ma, ms) = (1,1,0)

93" g5 (m1,mz,m3) = (1,1,1)

Note that correction operators of Eq. can be determined by implementing MWPM on the matching graph Gé;)
shown in Fig. 7d in the main paper. After the applying such corrections, we are always left with the state
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The final step consists of measuring the three Z-type stabilizers in Eq. . The state in Eq. then becomes
3
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k=1

where the values of my,m2,mg € {0,1} depend on the measurement outcomes of g(Z)7 g(Z and g(Zg). The states

|w[m1m2m5]> can be mapped to the state |w£000]> again by applying an appropriate correction operator as was done in
Eq. ( 7 but with X-type operators. Thus, at the end of the growing scheme, we have

|¢£OOO]>O<HE[(I+9(ZM} ) []E[I+gz Hﬁ1+g }|¢o> (20)

k=1

Repeating a similar analysis as in Eq. , we get the following desired result

95 o af0)a—r + BIT)a—r. (21)

SUPPLEMENTARY NOTE 2: PROOF OF THE FAULT-TOLERANCE OF OUR MAGIC STATE
PREPARATION SCHEME

Here, we show that in order for the magic state preparation protocol of Fig. 1 in the main paper to be fault-tolerant
(see Definition 2 in the main paper), the pair of HY and EC@ circuits need to be repeated a minimum of (d —1)/2
times. Note that we have verified numerically that the HS and EC® circuits are t-flag circuits (witht = (d—1)/2).
Hence if there are s < ¢ faults in the H\Y or EC'@ circuits resulting in an error E with either min(wt(E), wt(EH)) > s
or min(wt(E), wt(EP)) > s (for any of the stabilizers P), at least one flag qubit will flag and the protocol aborts.

First, we consider all the possible output errors of the fault-free implementation of the H,(,‘Lj ) circuits given an input
error Ej, (see Supplementary Fig. |2 ' The input error Ej, arises from faults which occur during the implementation
of the G~ circuit (see for instance Fig. 7 in the main paper or Supplementary Fig. [1)). We illustrate all possible
cases for i, and for each case we show the resulting output errors. Note that in what follows, the state |GHZ) =
%(|O>®m + [1)®™) (where m is the number of ancilla qubits) can be replaced by the single-qubit |+) state without
changing the final result. We also write the controlled-Hadamard gate as C. Lastly, given an error E, s(E) will
correspond to the error syndrome of £ obtained by measuring all the stabilizer generators of the underlying stabilizer
code used to encode the data.
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Supplementary Figure 2: Schematic for the implementation of the Hf,‘f ) circuit with an input error Ejiy, resulting in an output
state |[1;). A GHZ state is prepared and the parity of the logical Hadamard operator H = H®" is measured. We omit the
details for the fault-tolerant preparation of the GHZ state (see for instance Fig. 3 in the main paper) as it is not important for
the discussion in this section.

Case 1: By = X or By, = Z. Suppose Ei, = X. Prior to performing the Cz gate, we have

1 _
E(XIH>®I0>+XIH>®\1>)~ (22)

Applying the C7; gate and using the identity HX = ZH, [¢;) transforms to |¢»2) which is given by

[1) = X|H) ® |+) =

1 —— S— 1 X+7 X7
Iwz>ZE(XIH>®I0>+Z\H>®I1>) \/5( 7 [H) ®[+) + 7 [H) ®[-))
1 X-7Z .
7(IH> I+ + 7 [H) @]=)). (23)



Similarly, if By, = Z, performing the same steps shows that

1 X-7
7 7 [H) @ |=)). (24)

From Egs. (23]) and , we see that performing the X-basis measurement and discarding the ancilla, the final
output state [13) is [1;) = [H) if a +1 outcome is obtained (which is the desired state), and |¢;) = Lg\ﬁ) ifa —1
outcome is obtained (each occurring with a 50% probability).

Case 2: Ej, =Y. Prior to performing the C5 gate, we have

¥2) = —=(H) @ [+) -

[Yn) =Y [H) ®|+) = %(7lﬁ>®|0>+7lﬁ>®ll>)~ (25)

Applying the C7 gate and using the identity HY = —Y H, we have
1
V2

Hence the ancilla measurement outcome will always be —1 with the final output state [¢y) = Y|H).
Case 3: Eiy, = F'Y. In this case, we assume that s(E’) # 0 where 0 is the all zeros bit string of length n — 1 (where

[¢2) = —=(Y[H) @ |0) - Y[H) ®|1)) = Y|H) @ |-). (26)

n is the number of data qubits of the underlying stabilizer code encoding the data). Further, we define E'=HEFE' FT.
Performing an analogous calculation to the one leading to Eq. , we have
1 (E—FE)

|'(/)2> = ﬁ( \/i

Hence, if the ancilla is measured as +1, the output state will be |[¢;) = %Y|ﬁ> whereas a —1 outcome will

Y|H)® |+) + Y|H)® |-)). (27)

yield |¢¢) = &\/EE/)?|F> Both measurement outcomes occur with 50% probability. Further, note that (E/\;;/) and

(E/\'/EEl) are detectable errors.

Case 4: By, = E'X or Ey, = E'Z. Again, we assume that s(E’) # 0. Performing the same calculations as above,
we find

1 (EX+FEZ) (E'X —E'Z)

V2 V2

Again, the ancilla measurement outcomes will be +1, each occurring with 50% probability. A +1 outcome yields the

output state |1)y) = %\F} and a —1 outcome yields |¢;) = %\F) In both cases, the errors afflicting

the state |H) will be detected by a fault-free EC (@) circuit. The case where By, = E'Z yields identical output states,

up to a global sign. We will now explain why the Hfﬁl ) and EC@ circuits need to come in pairs.
In the example provided leading to Eq. , if the +1 measurement outcome is obtained, there can be a fault
resulting in the error E” at the very beginning of the subsequent EC@ circuit cancelling the term multiplying X and

thus resulting in the error £ = %\/%E/Z As such, there is a 50% chance that a trivial syndrome is obtained when

H) ®[+) + H) ®|-)). (28)

implementing the EC(4 circuit, resulting in the output error X. However, by applying the Hﬁff ) circuit a second
time (assuming it is fault-free), Case 1 shows that a +1 outcome cannot result in an output state with a logical fault.
Since the pair of = and EC@ circuits are repeated (d —1)/2 times, at least one such pair must be fault-free if the
total number of faults v has v < (d — 1)/2. This example illustrates the importance of applying the H,(f ) and EC@)
circuits in pairs. For instance, if all the Hffli) circuits were repeated (d — 1)/2 times, followed by the repetition of
the EC¥ circuits (d — 1)/2 times, an error of the form (EX+E'Z)
circuits and the output error would be unchanged. Then as shown above, a single fault at the beginning of the first
EC? circuit could result in a trivial syndrome with 50% probability (with an output error X) and all subsequent
rounds of syndrome measurement would yield the trivial syndrome.

Now suppose there are s = (d — 1)/2 faults spread throughout all the circuits illustrated in Fig. 1 in the main
paper. We consider the worst case scenario, where a single fault results in an error F (which should be detected by
our protocol), and the remaining s — 1 faults all result in measurement errors (and such faults can potentially add

would always result in a +1 outcome of the Hfﬁi )
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additional data qubit errors, say if it arises from a CNOT gate) preventing F from being detected in either the Hy(ff )
or EC? circuits. Since the pair of HYY and EC@ circuits are repeated (d — 1)/2 times, at least one pair of b2
and FC@ circuits will be fault-free and thus not afflicted by measurement errors. From the above, if the Hr(,f) and
EC@ circuits are fault-free, then +1 measurement outcomes in both circuits cannot yield an uncorrectable output
error. Further, since all the H,(,il) and EC@ circuits are t-flag circuits (with t = (d — 1)/2), the final output error
Efinal must have wt(Fgpa1) < s and as such, it must be a correctable error.

We note that in the general case, where a |GHZ) state is used instead of the |+) state, we can replace +1 and —1
measurement outcomes with even and odd parity measurement outcomes, and the same conclusions would follow.

SUPPLEMENTARY NOTE 3: TWIRLING APPROXIMATION

Here, we show that a non-Pauli error after a T or T gate can be converted via a noise twirling operation into an
incoherent mixture of Pauli errors. To be clear, we do not propose to physically perform the noise twirling after the
Tt and T gates as part of the protocol as this can reduce the performance of our scheme. Instead, we aim to show
that the approximations we performed in our numerical simulations are justified.

Coherent superposition of Pauli errors

, H:%()HZ)
=
lTwirIing
2w
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| do oI el = j—m -+
0

Incoherent mixture of Pauli errors

Supplementary Figure 3: Conversion of a Hadamard error H = (X + Z)/+/2 (i.e., coherent superposition of Pauli errors) into
an incoherent mixture of Pauli errors X and Z via a noise twirling. Note that Y (0) is defined as Y (0) = exp[—i(6/2)Y] and
T =Y(n/4).

Suppose for instance there is an input Z error to a T gate. Recall that the input Pauli error Z is converted through
the T gate into a non-Pauli error H = %(X + Z). We make this non-Pauli error into an incoherent mixture of Pauli

errors by applying Y (0) and Y (—6) before and after the noisy T' gate where the rotation angle 6 is drawn uniformly
from the range [0, 27]. Note that

P = / %dGY(—Q)HTY(G)pY(—G)TTHY(G): / " dOY (—0)HY (0)(THTT)Y (—0)HY (6), (29)
0 0

where we used the fact that 7' =Y (§) commutes with Y () for any 6 € [0, 27]. Then, since

Y(-0)XY(0) = cos6X +sin6Z,

Y(-6)ZY(0) = —sin0X + cos0Z, (30)
we have
_ L

Y(-0)HY(0) = -5

Y (—6)(X + Z)Y(0) = cos (9 + %)X +sin (9 + %)Z (31)
and thus
o= /O27r d&{cos2 (0 + %)X(TpTT)X + sin? (0 + %)Z(TpTT)Z
+ %Sin (29 + g)X(TpTT)Z + %sm (29 + g)Z(TpTT)X}

[X(TpTT )X + Z(TpT" )Z} . (32)

N | =



That is, the output Hadamard error H = %(X + Z) is converted via the noise twirling to an incoherent mixture of

the Pauli X and Z errors, each with 50% probability (see Supplementary Fig.|3). The same reasoning holds for any
output error cos ¢pX +sin ¢Z for any ¢ € [0,27]. On the other hand, since a Pauli Y error commutes with the T' gate
and the Y'(0) gates, it is unaffected by the noise twirling and remains to be a Pauli Y error.

SUPPLEMENTARY NOTE 4: PREPARING AN H-TYPE MAGIC STATE WITH PHYSICAL
STABILIZER OPERATIONS

Here, we discuss more details on the simulation of non-Clifford gates. Note that an X error propagating through
the control qubit of a controlled-Hadamard gate results in a Hadamard error applied to the data (see Supplementary
Fig. [4). Therefore, an X ® X error on the firss CNOT between the ancillas |[+) and |0) in the circuit implementing
HY results in the error H&" (which acts trivially on |H)) without any flag qubits flagging (see Supplementary Fig.
for an illustration). However, since the controlled-Hadamard is decomposed as in Fig. 5b in the main paper, an X
error on the control qubit of the controlled-Z gate results in a Z error on the data. Therefore, if we propagate Z®"
(arising from the X ® X error at the CNOT mentioned above) through the T' gates as described above, the output
will not be a benign error. As such, prior to the application of the T gates, let Ez be the Z component of the data
qubit errors. For instance, if the data qubit errors are F = Z® X ® Y, then £z = Z® I ® Z. The Z component
which is propagated through the T' gates is chosen to be E%, = min(wt(Ez), wt(EzZ®™)). This prevents a single fault
from causing a logical error without any flag qubits flagging in our simulations.

H gl

X X

Supplementary Figure 4: An X error on the control qubit of the controlled-Hadamard gate results in an H error on the target
qubit.
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Supplementary Figure 5: Example of an X ® X error on a CNOT gate of the circuit H resulting in a H = H®" data qubit

error without any flag qubits flagging. However, such an error acts trivially on the |H) state being prepared.



SUPPLEMENTARY NOTE 5: PREPARING AN H-TYPE MAGIC STATE WITH ENCODED
STABILIZER OPERATIONS

Here, we provide a detailed overhead analysis of our magic state preparation scheme with stabilizer operations
encoded in the triangular color code.

Recall that to prepare an |H) ¢ state with some target logical error rate, we require all stabilizer operations to be
encoded in a triangular color code of distance dy. First, |H )4, states are prepared using the scheme described in Fig. 1
in the main paper (with d; € {3,5, 7} and with physical stabilizer operations). The distance d; is chosen such that the
|H)q4, states have smaller logical failure rates compared with those of the distance dy encoded stabilizer operations.
The |H)g4, states are used to implement the logical T gates (see Fig. 5a in the main paper) and for injection in the
circuit GU91), If dy < dy, the [H)g, states must first be grown into [H)4, states using the growing circuit G4 —42)
shown in Fig. 7c in the main paper or in Supplementary Fig. . Note that we did not put the tilde on G(41~%2) since
all operations are implemented with physical gates. Using encoded |H)g4, states ensures that stabilizer operations
encoded in a distance ds triangular color code can be used with the prepared magic states.

Once enough |H)g4, states have been prepared (see below), such states are injected into the circuits of Fig. 5a in
the main paper to perform the logical T' gates, in addition to being injected in the circuit G1=d) (see for instance
the circuit used in Fig. 7a in the main paper or Supplementary Fig. [Th, but with distance dy encoded stabilizer
operations). The final |H) s state used for computation is then prepared repeating the same steps as in Fig. 1 in the
main paper (i.e. applying (dy —1)/2 pairs of the f{,(f ) and EC(d) circuits) with each stabilizer operation encoded in
the distance do triangular color code. In Supplementary Fig. [6] we provide a schematic illustration of the full scheme
described above.

To compute the overhead for preparing the state | H) t, we consider the case where all the Tt gates are simultaneously

Each gate is encoded in a triangular

color code of distance d» \
\

l (df —1)/2 times
f . )
) AAa=d) N W @) ] @) oo d7p(dy) L] m~dr) | — |
|H)a, =GO~ = | H) o= g9 5 Ec'Y ai) HEC — [H)¢
Input encoded ng4,encoded Ndencoded
magic state M ?Z?Tc ;;Zg ndfe;cg;tzg ! Ttgates T gates

[H)a,— Gl 42) = |H)q,

T < T 1 R e ) PR ).

[Ma—g@ s MW [, .
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3-10
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Supplementary Figure 6: General scheme for fault-tolerantly preparing an encoded magic state. Unlike in Fig. 1 in the main
paper, each gate is encoded in a triangular color code of distance d2. Magic states that are encoded in a triangular color code
of distance d1 (i.e., |H)q,) are directly prepared by using the scheme in Fig. 1 in the main paper. These magic states are then
grown to the distance do triangular color code (i.e., |[H)4,) by using the growing scheme in Fig. 7c in the main paper or in
Supplementary Fig. . Initially, m4, > na, + 1 encoded magic states |H)q4, are prepared where ng, = (3d7 +1)/4 (see Eq.
for the definition of ma, ). One of these encoded magic states is further grown to |H) via a growing circuit G' 7% where
each gate is encoded in the distance dz color code. The remaining Ny encoded magic states are used to implement the N

encoded TT gates in the I?[f,;jf) circuit. While the circuit I:L(ff) is being implemented, another nq, encoded magic states need
to be prepared so that they can be used to implement nq, encoded T gates at the end of the flfrff) circuit. Since the circuit

) i repeated (dy —1)/2 times, we need in total (dy — 1)na, + 1 encoded magic states |H)q,. The EC'™ circuits are used
to measure the stabilizers of the triangular color codes but with encoded d» stabilizer operations.
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Supplementary Figure 7: Weight-six Z-type stabilizer plaquette used in the lattice £ for performing the encoded Clifford
operations. The plaquettes used for preparing the stabilizer state |S;) which is gauge fixed with |H)q4, also use the layout
shown in this figure. The X-type stabilizer is obtained by inverting the directions of the CNOT gates, swapping |0) with |+)
and exchanging the Z-basis measurements with X-basis measurements.

implemented during the second time step of the HYY circuit. We can thus prepare mg, |H)q, states which are used
for implementing the 7' gates in addition to injecting one of these states into the circuit G(=9)  The probability
that at least (3d? +1)/44+1=mngq, + 1 |H)q, states pass the verification test is given by

m.df

(” ) maq mq,—

Pyl (poma) = Y < kf)PSié)(p)(lpéfié)(p)) o, (33)
k:ndf+1

where pgféé) (p) is the probability of acceptance for preparing the state |H)4,. An accepted |H )4, state then grows into
an encoded |H),4, state since the Clifford operations are chosen to be encoded in the distance ds triangular color code.
Since the weight-six stabilizers of the stabilizer state (and all encoded Clifford gates) are obtained from the circuit in
Supplementary Fig. |7} the total number of qubits required for the stabilizer state |S;) is

(3dy — 1) (3dy — 1)2

ng,(di,dz) = 1 - 1 ; (34)

and the number of qubits for each |H)4, state is

6d1%2 —9d; +5

5 (35)

ng, =
Lastly, since the qubits in the implementation for preparing |H) ¢ using the protocol of Fig. 1 in the main paper are
encoded in the triangular color code with distance ds, we require an additional

(3dy — 1)2(6d3 — 9d; + 5)
8 )

Nadd(d1, dy) = (36)
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qubits. Hence, the total average number of qubits (n¢) required to prepare [H) is

Nadd(d1,dy) +ma, (ng, +ns,(d1,dz))

(na,+1) (na,) (dy—2)
PA7df (p7mdf)(PA7d;c (p,mdf)>

<7’Lf<p, mdf)> = ) (37)

Pau,(p)

where Pa g, (p) is the acceptance probability for preparing |H) ¢ with Clifford operations encoded in a distance da
triangular color code. For a fixed value of p, mg, is chosen to minimize Eq. . Note that we assume that all the
qubits used to prepare the mg, |H)q, states can be reused to implement the 7' gates at the end of the H,(,f ) circuit.
In doing so, it is assumed that the time scale required to prepare the |H )y, states is less than or equal to the time

scale required to implemented all the encoded operations prior to applying the T gates at the end of the Flr(,‘f ) circuit.

Also, the denominator of Eq. has the factor PIE:;;H)(p, mdf)<Pf(:§;)

In the first time step, an extra magic state is used in the G(1=45) circuit (see Supplementary Fig. @) Second, only
nd, |H)a, states are required when implementing the sequence of T' gates (which are implemented after the TT gates).

(df—2) .
(p, mdf)) for the following reasons:

The term PX;){)(]), mq, ) is taken to the power of dy — 2 since the HY) circuit is repeated (dy —1)/2 times (and each

circuit requires the injection of n4, magic states for both the Tt and T gates).

If one is willing to significantly increase the time-overhead required for preparing all the magic states used in the
preparation scheme of |H) ¢, the number of qubits required to prepare |[H); can be reduced compared to the require-
ments given by Eq. . In particular, one can repeat the |H)g4, protocol until ng ; Mmagic states are simultaneously
accepted and ready to be grown to |H)g, states. Such qubits are then reused to prepare |H)g, states prior to im-
plementing the Tt and T gates every time the HT(,?) circuit is repeated. If any of the |H),4, states do not pass the
verification test described in Fig. 1 in the main paper, the protocol is aborted. In this case, the minimum number of
qubits required to prepare |H)y is simply

min(nyg(p)) = naaa(di, dy) + (na, +1)(na, + ns,(d1,d2)). (38)

We now describe how to compute the space-time overhead for preparing | H) 7. We first need to consider the space-

time overhead of preparing the mg, |H)q4, states, and then growing them to |H )y, states. The space-time overhead
for preparing a single |H)g4, state is obtain in a similar way to Eq. (6) in the main paper and is given by

(dy —1)

S = nd1(14+ 5

(t5) + 158, (39)
where tg?;? and t(Edé) correspond to the number of time steps for implementing the H and BEC@) circuits. When
growing a state |[H)g4, to |H)q4,, the measurements of the plaquettes are repeated d; times, with the maximum number

of time steps for each round of measurement being tgié) (which come from measuring the stabilizers for the state
|H)q, using the circuits of Fig. 2 in the main paper). Therefore, the space-time overhead for growing an |H)g, to
|H)g, state is given by

Sgb) = tl(adé)dl (nst (dl,dz) + ndl). (40)

Since we prepare mg, such states, the space-time overhead for preparing all of the |H)q4, states which are injected in
the TT gates and the circuit G(1—47) is

SQ = md‘f (51 + Séd2)) (41)

The last step consists of implementing the (dy — 1)/2 pairs of %) and EC @0 Circuits. Each implementation of an
encoded Clifford gate requires do rounds of error correction, and an encoded block consists of (3dy — 1)?/4 qubits.
Furthermore, if ds > 3, the total number of time steps for one round of error correction is 16. Thus the space-time
overhead for preparing |H); with encoded Clifford gates is

Sdf = 16n444(da2, df)(max(14, do)+

de —1
(1‘27)(max(t§§;], dy) + max(t%) | dy)). (42)
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Note that in Eq. 7 we choose a large enough time window for the implementation of the circuits G(—dg), fl,(,f 7

and EC (ds)

all logical gates in this time window are Clifford (for Hf,fl), this is true for gates applied in between the Tt and T
gates) and performed using lattice surgery [IH4], one can perform the appropriate Pauli frame updates to incorporate
the correct decoding scheme over the full triangular color code cycle. In our numerical simulations, we pessimistically
added an error at each logical Clifford gate location using the failure probabilities obtained in ref. [5] instead of using
such probabilities for adding failures over a full distance ds triangular color code cycle. Hence the p(Ldf ) values reported
in Supplementary Table [I| are upper bounds on the exact values that would be obtained using our scheme. Combining

Eqgs. and , the total space-time overhead for the |H) t preparation scheme is given by

to ensure that at least do time steps occur allowing one to decode to the full ds color code distance. Since

Sy + S,
S et (3
© n 1 n (d -2)
(na,+1) (na;) I
Py a; (p,ma,) Py a; (p,may,) Pa,m,(p)

[H); [17)a, | [Col ' [ o] [mi I
[H)s | [H)ay p  |Color code distance (d2)|  pj (ng(p,ma,)) [min(ns(p))|  Sioi

ldf =3[ =7] 107" ] dy =11 [359 x 10~"°] 10,917 [ 6,288 [3.91 x 10° |
df =5[di =5] 10°* d2 =9 1.10 x 1077 14,955 12,795 [ 1.22 x 107
df =5|d; =5(2x107* dy =11 4.01 x 107 25,265 19,320 | 1.88 x 107
df =5|d; =5(3x107* dy =15 6.12 x 10717 53,449 36,420 | 3.84 x 107
df =7]d1 =3[ 1077 de =17 5.37 x 10" 16,262 15,600 | 2.30 x 107
df =7|d1 =3|2x 107" da =9 5.11 x 10717 28,141 26,364 | 3.91 x 107
df =7|d1 =3|3x107* de =11 9.87 x 10717 43,329 39,936 | 5.96 x 107
df =7|d1 =3|4x 107" ds =13 5.74 x 10710 62,540 56,316 | 9.26 x 107
df =7|d1 = 3|5x 107" ds =15 1.17 x 107*%| 84,200 75,504 |1.156 x 10®

Supplementary Table 1: Qubit and space-time overhead of various schemes using encoded Clifford gates to obtain |H); states
with logical error rates p(Ldf) < 4x 10715, Here ds is the triangular color code distance used to encode the logical Clifford gates,
dy is distance used for the |H) state preparation scheme of Fig. 1 in the main paper, d; is the distance of |H) prior to being
grown into |H)a, and p is the physical error rate. We provide both the average number of qubits (given by Eq. ) and also
the minimum number of qubits (see Eq. (38)) for preparing |H)s. The space-time overhead is given by Eq. (43).

In Supplementary Table [I] we provide the average number of qubits, minimum number of qubits and space-time
overhead required to prepare |H) ¢ states with logical failure rates p(Ldf) < 4 x 10715, To obtain such results, we
assume that each Clifford gate encoded in the triangular color code fails according to the logical error rate polynomials
obtained in ref. [5] (which we call p(Ldé) (p)). Hence, when preparing the stabilizer state |.S;) and for all encoded Clifford
operations, the ancilla qubit layout for the weight-six checks are chosen as in Supplementary Fig. [7| (note that the
weight-four checks remain unchanged). Further, the distance d; is chosen to be the smallest d; which ensures that
|H)q, has a lower logical error rate than pgdé) (p). Lastly, due to the low failure rates of the encoded components,
to obtain p(Ldf ) we repeat the simulation described in the Methods section of the main paper for physical values of
p > 1073, and extrapolate the best fit curves to the regime where p € [107%,5 x 1074].

The numerical values obtained in Supplementary Table [I] shows that the least costly scheme to prepare the state
|H); with p(Ldf) < 4% 1071 when p = 107 is to first prepare the states |[H)q, with d; = 7, and to grow these states to
encoded dy = 11 states. Using distance da = 11 encoded stabilizer operations, the final magic state |H) t is prepared
using the distance dy = 3 scheme of Fig. 1 in the main paper. On average, the amount of qubits required to prepare

such a state is 10,917 and the space-time overhead is 3.91 x 10%. If the time cost for preparing the |H)g4, states is of a
lesser concern, the minimum number of qubits required to prepare |H) ¢ with p(Ldf ) <4 %1071 is 6,288. To compare
with other schemes, in ref. [6], a magic state with a logical error failure rate of 2.4 x 107! required a minimum of
16,400 qubits.

To obtain a state |H) ¢ with p(Ldf ) ~ 10~ when p = 1072 using a small amount of resources requires encoded
stabilizer operations with much lower logical failure rates than what is achieved with the triangular color code family.
One viable option is to use stabilizer operations encoded in the surface code due to the low error rates that can be
achieved when p = 1073 [7]. However, in such a setting, after the states |H)q, have been prepared, they must be
teleported to the surface code before they can be injected in the circuit of Fig. 5a in the main paper and in the circuit
implementing G(=ds) In particular, one can convert the color code encoded state to the surface code using lattice
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surgery techniques as was done in Ref. [8]. In Supplementary Table [2] we provide estimates of the qubit overhead
for preparing |H)s when the stabilizer operations are encoded in the surface code. The cost of first encoding the
states |H)g, in the color code and then using extra qubits to convert such states into the surface code is taken into
account. However, we assume that the quality of the encoded |H)g4, states does not change when performing lattice
surgery. Although such an omission is optimistic, we verified numerically that when only the 7" and T gate locations
are allowed to fail, the protocol of Fig. 1 in the main paper produces |H) ¢ states with logical error rates two to four
orders of magnitude (depending on the value of p) less than when all stabilizer operations fail according to the noise
model described in the Methods section in the main paper. As such, the simulation provides evidence that the logical
error rates obtained in Supplementary Table [2] are good estimates of the error rates that would be obtained when
considering errors introduced when performing lattice surgery to obtain surface code encoded |H )y, states.

(dy)

[[H); [ )4 | p [Surface code distance (ds)|  pl [(ns(p,ma,)) | min(ns(p))]
df =7[dy = 3[107* d2=5 5.07 x 10717 10,025 9,506
df =7|dy =3]1073 dy = 11 811 x 107%°| 60,886 47,324

Supplementary Table 2: Qubit overhead of schemes for obtaining an encoded |H); as in Fig. 1 in the main paper, but with
logical stabilizer operations encoded in a distance dz surface code. Note that the states |H)q, are first encoded in the color
code, and lattice surgery is performed to obtain an |H)g4, state encoded in the surface code as in Ref. [§].

Instead of performing lattice surgery to convert a color code encoded |H )4, state to one encoded in the surface code,
another option would be to initially prepare an encoded |H )4, state in a small distance surface code using some other
method, such as a magic state distillation protocol. The |H)g, states would then be injected in the T gate circuits
of Fig. 5a in the main paper in addition to the G149 circuit in order to prepare an |H) ¢ state using the methods
presented in Fig. 1 in the main paper. To obtain comparable logical failure rates to the ones shown in Supplementary

Table (say p(Ldf) < 107%) at p = 1073, the surface code distance ds would need to be do = 15 if the dy = 3 scheme
was chosen, dy = 13 if the dy = 5 scheme was chosen and dy = 11 if the df = 7 scheme were chosen. Note that
the logical error rate of the surface code is given by 10~° for dy = 15, 107® for dy = 13, and 107 for dy = 11 [7].
In contrast, do > 27 would be required if conventional non fault-tolerant magic state distillation schemes are used,
since in this case the stabilizer operations should have a logical error rate as low as 10715, A careful analysis of the
overhead would require choosing the appropriate magic state distillation protocol (or some other scheme which uses
fault-tolerant circuits to prepare encoded magic states) and therefore such an analysis is left for future work.

One could also directly prepare an encoded |H )4, state in a distance do surface code using the non-fault-tolerant state
injection methods of ref. [9]. Such states would then be injected in the scheme for preparing |H) s (see Supplementary
Fig. @) with encoded stabilizer operations in a distance dy surface code. In this case, the injected |H )4, states would
have much higher failure rates compared to the encoded stabilizer operations. In such a setting, extending our scheme
to df > 9 could potentially be very beneficial. However, to avoid preparing a state |H)f with dy > 7, one could
consider a two level approach. As a first step, one could inject |H )4, states to first prepare an |H) ¢ state with dy <5.
Afterwords, the obtained |H) could be further injected to prepare a new |H) state with dy > 5.

Note also that the underlying codes that are used for our work belong to the triangular color code family. One
avenue of exploration would be to consider the 4.8.8 color code family (see for instance Refs. [10, [I1]) for potentially
better performance. In addition, the color codes used to encode the Clifford operations required two and three ancillas
for the weight-four and weight-six stabilizers respectively. Using similar edge weight renormalization schemes to those
described in Ref. [5], one could use fewer ancillas for measuring each stabilizer while maintaining the full effective
code distance of the Lift decoder. Due to the smaller number of fault locations and reduced ancilla requirements,
such an implementation could potentially significantly reduce the overhead for preparing encoded |H) states.

When considering the implementation of our scheme with encoded stabilizer operations using the surface code, the
ds = 7 version of our scheme was optimal for both p = 107* and p = 1073. A clear direction of future work would
be to find a v-flag circuit (with v > 4) allowing a fault-tolerant implementation of a dy > 9 scheme. Such a scheme
could potentially further reduce the overhead for preparing |H) states with very low error rates.

The schemes considered in this work to prepare |H) states are error detection schemes. In particular, for p = 1073
and d; > 3, the acceptance probability for preparing an |H) state is very low (for instance, only 12% when d; = 5).
One way to improve the acceptance probability could be to use qubits encoded in a bosonic code [12] (such as a GKP
code [13]) and concatenate such qubits with the color code (the GKP code concatenated with the surface code was
considered in Refs. [T4HI6] for quantum memories). By using bosonic qubits, repeated rounds of error correction at the
bosonic level prior to measuring the logical Hadamard operator and stabilizers of the color code could be performed
to reduce some of the errors afflicting the data and ancilla qubits. Another possibility would be to develop an error
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correction scheme for preparing an |H) state which applies directly to the color code family. Such a scheme would
have higher logical error rates compared to an error detection scheme, and the scheduling of the controlled-Hadamard
gates would have to be considered more carefully. However, since an error correction scheme would not require any
post selection, there could be an interval of physical error rates where it achieved better performance compared to
the error detection scheme considered in this work.
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