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In this Supplemental Material, we provide the theo-
retical proofs missing in the main text and an extended
discussion of the experiment. In the first section we
gather useful theoretical results which we apply in the
second section to prove our theoretical findings stated
in the main text. The third section describes the experi-
mental implementation in more detail.

I. USEFUL THEORETICAL RESULTS

In this section, we present results that we will use
later in some proofs. If we can implement a stochastic
transformation from a state p to a state o with probability
p, we will write p — po. Using this notation, we present
the following Proposition.

Proposition 1. For two states p, o and a probability p let
there be a stochastic SIO achieving the transformation

p — po. ey

Then, for every incoherent state T and every 0 < g < 1-p,
there exists a stochastic SIO achieving the transformation

p — po+qt. 2)

Proof. The key idea in this proof is that the set of strictly
incoherent Kraus operators is closed under concatena-
tion. Therefore, the overall map that describes the appli-
cation of a SIO on post-selected output states of another
SIO is still in SIO. From Prop. 1 follows that we can
always complete a stochastic SIO for free. The part com-
pleting the map has, with probability 1 — p, a state u as
an output. Applying total dephasing to i, we obtain an
incoherent state y’, which we can transform into 7 us-
ing SIO. In addition, we can do this only stochastically,
which proves the Proposition. |

Another result we will need later is stated in the fol-
lowing Lemma.

Lemma 2. For any correlated state p'B # pA®pP there exists
a two-element POVM {MA, 1?4 = M4} on Alice’s side such that
Tr [MApAB] > 0 and
Tra [ MA pAB]
Tr [MApAB]

Proof. In the following, let {|iY3) be an eigenbasis of Bob’s
state pB. Consider now states of the form

'8 =Y pipl @liXil’. )

# pP = Tra [pAB]. ©)]

Following the notion of [1], we call these states quantum-
incoherent with respect to an eigenbasis of Bob.

If the state p® shared by Alice and Bob is not of the
form (4), there exists a POVM element M* such that
Tr [MApAB] > 0 and Try [MA pAB] is not diagonal in the
basis {|i)?}, see Thm. 2 in [1]. This proves the Lemma
for states p® which are not quantum-incoherent with
respect to an eigenbasis of Bob.

For completing the proof, let now p”® be of the
form (4). If the state p”® is not a product state, the
decomposition (4) must have at least two different states
pt # pf. Because these states are different, there neces-

sarily exists a POVM element M* such that
T [MApf] # Te [M7p7]. (5)

In the last step of the proof, note that Eq. (5) implies the
following:

GlpPliy  (lTea [MApA] 1)
GlOP1 ™ (jlTra [MAPAB] 1)

Thus, also in this case Eq. (3) is fulfilled, and the proof
of the Lemma is complete. m|

(6)

II. TECHNICAL PROOFS

Here we give the missing proofs of the results in the
main text, which we restate for readability.



Proposition 1. Every stochastic quantum operation that can
be decomposed into strictly incoherent Kraus operators is part
of a deterministic SIO.

Proof. Strictly incoherent Kraus operators K, are of the
form

Kp =Y cinlfuli)Xil @)

i

where f, (i) is a bijective function on {1, ..., d}. If they form
a stochastic quantum operation, we have

Y KKy =Y e PliXil < 1 ®)
n n,i

Therefore ), |c,4,,1|2 < 1Vi and we can define
G= 1= leiP ©
n

K=} alixi, (10)

and

which is a strictly incoherent Kraus operator and has the

property

KR + Z KK, = 1. a1
n

From Prop. 1 then follows Theorem 2.

Theorem 2. Let p and o be states of a single qubit. The
following statements are equivalent:

(1) There exists an IO transforming p with probability p to o.
(2) There exists a SIO transforming p with probability p to o.

Proof. An incoherent Kraus operator K is of the form
K=Y c@liiXi, (12)

and it is strictly incoherent if (i) is one-to-one [2]. There-
fore all incoherent qubit Kraus operators are either also
strictly incoherent or their output is, independent of the
input, incoherent. Let us use the strictly incoherent ones
to define a stochastic SIO. Then Prop. 1 finishes the proof.
Note that this proof technique does not work in higher
dimensions, since then, there exist j(i) that have neither
the same output for all i (and have thus incoherent out-
put), nor are they one-to-one. O

This allows us to prove the main statement of our
work.

Theorem 3. A qubit state o is reachable via a stochastic SIO
or 10 transformation from a fixed initial qubit state p with a
given probability p iff

r?s2 + (1 - rg) <7, (13a)

2.2

2
Pe S g eIl ash)

Proof. According to Thm. 2, we can focus on SIO transfor-
mations. In order to implement a stochastic qubit state
transformation, we need a quantum instrument with
two possible outcomes, success and failure, modelled
by &°(p) and SJS[IO(p). In the case of SIO transforma-

tions, both E1°(p) and 8?10(p) have to be decomposable

into SIO Kraus operators. Due to Prop. 1, we can focus
exclusively on &°. According to [3], every E© can be
represented by four SIO Kraus operators

_ a1 0 _ 0 bz
Kl_(O b1)’K2_(a2 0)’
N 0 _ 0 b3
Ka_(o 0),1<4_(0 0). (14)

Since overall phases of Kraus operators are physically
irrelevant, we assume from here on a;, b3 > 0. Defining
a = (a1,a,a3) and b = (b, by, b3), the condition that E°
is trace non-increasing is equivalent to /2 := |a|*> < 1 and
I> := |b* < 1. Due to symmetries and as explained in
[3], we can restrict our analysis to the case s, = r, = 0
and sy, 1y,5;, 17, = 0. More precisely, we assume r, > 0
from here on, since otherwise we have the trivial case of
incoherent initial states. From

&(p) = po (15)
then follow the Equations
psy = 1y (a2 Re(b2) + a; Re(by)),
0= an Im(bZ) —ay Im(bl),
p(L+s2) = (aF +a3) (1 +r2) + (Iba + B3) (1 = 72),
p(1 =s) = a5(1 + 1) + b1 (1 = 7.) (16)
or equivalently
psx = 1x (a2 Re(b2) +a; Re(by)),
0 =dy Im(b2) —ai Im(bl),
2p = lﬁ(l +7,)+ li(l —7,),
2ps; = (a% + ué - ag) (1+71;)

+ (1b2P + B3 = 1) (1 = 72). (17)

The principal idea of our proof from here on is the fol-
lowing: For fixed r,,t;,p, we determine states (sy,s;)
on the boundary of the region which is achievable with



stochastic SIO, i.e., the region for which the Equations
above have a solution for suitable a, b. Since the achiev-
able region is convex and contains the free states (we
can always mix incoherently with a free state), this will
allow us to deduce the entire reachable region.

Now assume that (sy,s;) is on the boundary of the
reachable region. Then one can choose a3 = 0 and b3 = 0,
since K3 and Ky destroy all coherence. Formally, this can
be shown considering

a = (1/[1% + aé,ag, 0),
b, = (|b1|/ V |b2|2 + bé/ 0)/ (18)
which lead to

psy =ty (aé Re(b)) + a] Re(bi))
= (a2 ool + 8+ + a2 ol

= PSy,
2ps, = 2ps,,
ZZ _ ZZ

12 _ l2
v =ty
0 =a} Im(b}) — a} Im(b}). 19)

Remember that we consider fixed ry, r, and p > 0. Thus
sy = sy and s, = s,. This mixing argument with the
free states excludes boundaries of the achievable region
parallel to the x-axis. Therefore s, > s, for s, = s, cannot
happen if both (sy, 5;) and (s, s2) lie on the boundary and
we will assume from here on a; = b3 = 0 and by, b, > 0.

This leads to the Equations

psx =1y (a2b2 + a1b1),

2p = 13(1 +71;)+ 112](1 - 1),

2ps, = (a% - a%) 1+7r)+ (b% - b%) 1 -ry). (20)
Next we notice that the second line in the above Equa-
tions defines an ellipse. Remembering that we excluded

the trivial case of r, = 1 by assuming r, > 0, we can
therefore use the parametrization

| 2p
I, = T+r. cos (t),
[2p
I, = T sin (£). (21)

Without loss of generality, we choose 0 < ¢t < 7t/2 and
the condition [,, I, < 1 leads to

cos (f) < 1+ rZ’
2p
in(f) < | | —= (22)
S Zp P

which restricts the range of ¢ further. Next we substitute

_ [ % 0-¢
a = 1Jrrzcos(if)cos( > ),
B 2p . [0-¢
ay = 1_'_rzcos(i‘)sm( 5 ),

2p _(0+¢
b = 1_rzsm(t)sm( > ),

by = ﬂlz_pr sin(t)cos(9;¢), (23)

which automatically satisfies the ellipse Equation. Since

all left hand sides of these Equations are positive by

assumptions, we can choose without loss of generality
0-¢ 0+¢

0<b<mn/2and -0 <¢p<0(e 0= 5,5 < 7). The

remaining two Equations are then (since p > 0)
o = 7y sin(2t) sin(0)

X '—1 — 1’% 7
s, =cos(2t) sin(6) sin(¢) + cos(0) cos(¢). (24)
When we know for every reachable s, the largest possible
s,, we achieved our goal of determining the boundary of
the reachable region. Therefore we fix s, and and maxi-

mize s,. For fixed s,, we obtain from the first Equation a
relation between t and 9,

V1 —12s,

sin(00) = < ~sman

(25)

Using 0 < 0 < 1t/2, we can rewrite the second Equation
as

s:(t, @) = cos(2t) sin(O(t)) sin(¢p) + /1 — sin?(6(t)) cos(),

which is maximal either on the boundary or for

_9s:(t, )
0= 20

=sin(O(t)) cos(2t) cos(p) — /1 — sin?(6(t)) sin(¢).

Since we have —711/2 < -0 < ¢ < 0 < 1/2, this is equiva-
lent to

sin(6(t)) cos(2t)

Ja—m&wm»'

Using that arctan(x) is monotonically increasing in x, we
find

¢ = arctan (26)

Ln(@)] =0
Vi-sin@p)
sin(6)

¢ = arctan[

¢ < arctan( =0 (27)



and therefore ¢ inside the allowed region. Then the s,(f),
the s, optimized over ¢, is independent of t and given

by

(28)

Note that the expression under the square root is, due to
Eq. (24), never negative.

Now we need to check the boundaries. To do this, we
express t in terms of 6 and define X = sin?(0) ( therefore
(1 -r2)s2/r2 < X < 1, again from Eq. (24)). For the
moment, we assume cos(2{(0)) > 0. This leads to

sT(¢p = 0,0) =cos(2t(0)) sin®(0) + cos*(0)

(1= r)st

" Zend @) sin?(0) + cos?(0)

_2\2
—1- X+ 4[1- w
reX
=s5,(X). (29)
Since
O:i(l—X+ 1-y/X X) (30)
X

has for y # 0 no solutions, s,(X) attains its extrema on
the boundaries. The exact maximum on the boundary
depends on ¢, but it is lower than the maximum of

7

1-— 2\ a2
S(X=(1-A2R) =1 - L%

X

sT(X=1) =4 /1 - w (31)
rx

and thus smaller than the extrema inside the allowed
region. In the case of cos(2t(0)) < 0, we have

s, (p = 0,0) =cos(2t(0)) sin?(0) + cos?(0)

1- 2\ a2
- 1- % sin(6) + cos?(6)
12 sin*(0)

— )2
=1-X-—+[1- (12&
X
<s¥(¢ =06,0). (32)
For the boundary with ¢ = -0, the above considera-

tions are the same, with the roles of cos(2t(0)) > 0 and
cos(2t(0)) < 0 inverted. We thus confirmed that the
maximal s, for given s, is indeed given by Eq. (28) and
independent of 0 and .

In order to finish the proof, we need to determine the
reachable range of s, which depends according to Eq. (24)

on t and therefore through Egs. (22) on r; and p. By the
convexity of the reachable region, it is again sufficient
to find the maximal reachable s,. This corresponds to
finding the allowed t closest to 11/4 (see again Eq. (24)),
for which we will consider different cases. The first case
is that neither of the conditions in Eq. (22) restricts ¢,
which is equivalent to

1-r,

<
p<— (33)
and therefore
Sy < —X (34)
1-12
If
1+7r,
<
Ps—— (35)

the constraints are

0<t< arcsin[

1-r,
2 ] (36)
For p < 1 —r;, the upper bound on ¢ is larger than /4,

and we find the same bounds on s, as in the first case.
Using

sin (2 arcsinx) = 2x V1 — &2, (37)

we find

ry 1
Sy < “\2p-(1-r 38
ey Vi 9

otherwise. In the last case, for
1+7r,
>
p - 2 4

we have a lower and an upper bound on ¢,

1+7r, . 1-r,
arccos[, {7\] <t< arcsm(1 f7] (40)

From Eq. (20), we see that the lower bound is always
smaller than the upper. In addition,

1+7r, 1 T
< arccos|—| = —. 41
2p J (\/5) 4 @b

Therefore, we end up with the same conclusions as in
the second case.

Finally, using the symmetry and mixing arguments,
the reachable region is defined by the inequalities

(39)

arccos [

1-12

2 z (2, 2
s <1- (s +s)
z = 2, 2 \"x Ty
retry
24,2
_ L2 2ty
p<l-—|rl: sy +s, < 1_% 42)
2L 2 B

pzl—|r|: sp+s;< m;(Zp—(l—lrzl))



Rearranging the terms in the above Equations and using
the short hand notations leads to

52 + (1 - rﬁ)s2 <7, (43)

{p <1—|r]: (1 —rﬁ)s2 <7,

(44)
p2l-lrl: p*? < @2p-Q1-1r)),

formally also including the trivial cases of r, = r, = 0.
Now one can easily see that the condition forp < 1—|r|is
always satisfied if condition (43) is satisfied. If we insert
p = 1 — |r;| into the condition for p > 1 — |r,|, we obtain
after simplifications

(1-13)s? <72, (45)

which s also always satisfied if condition (43) is satisfied.
Therefore the condition

2.2 L _ _
PSS i @p = A1) (46)

is for p < 1 —|r,| automatically satisfied, if condition (43)
holds. This leads us to the Theorem. ]

As stated in the main text, these results allow us to
evaluate the optimal conversion probability P(p — o)
via IO and SIO for any two states p and o of a single
qubit.

Corollary 4. The maximal probability P (p — o) for a suc-
cessful transformation from a coherent qubit state p to a co-
herent qubit state o using 10 or SIO is zero iff

rs? + (1 - rf) > 47)
and
2 s2 (1 - r%)
in{ —— |1+ \|[1-——=1,1 48
R e P )
otherwise.

Proof. From Thm. 3 and its discussion in the main text,
we get that a transformation from p to o (with p coher-
ent, i.e., ¥ > 0 and therefore r§ < 1) is possible with

probability p > 0 iff
P52+ (1-12)s? < 2. (49)

As soon as we are inside this ellipsoid, the maximal
probability of success is bounded by Eq. (13b). Now
we want to maximize p such that this inequality is still
satisfied. This is the case if we choose the larger p for
which

2
2.2 r

A ey

@p -1 —r). (50)

Together with the assumptions that pmax is a probability,
this finishes the proof. o

Next we prove the partial generalization of these re-
sults to higher dimensions.

Theorem 5. A necessary condition for the existence of a
stochastic SIO transformation from p to o is

Car(0) < Car(p)- (51)

Proof. Assume that there exists a SIO transformation
which maps p to o with probability p # 0. Due to Prop. 1,
we can restrict ourselves to the case of successful trans-
formations which we write as,

Alp] = po. (52)

From here on, we will suppress unnecessary brackets
for readability and write for example Ap instead of A[p].
Since A can be decomposed into strictly incoherent Kraus
operators, we have AA = AA and therefore

AAp = AAp = pAo. (53)
Defining
s¢ = max{s|At + s(At — 1) = 0}, (54)
ensures that
p=2p+s)(Ap—p) (55)

is a valid density operator with the property
Ap = p(Ao + sp(Ao — 0)) =: pg, (56)
where G is a valid density operator too. This implies that
So = Sp (57)

is a necessary condition for the existence of a stochastic
transformation from p to o using SIO. From the definition
of s; follows directly that this quantity can be calculated
using a semidefinite program. In addition, we will show
now how Eq. (57) can be reformulated in terms of the
A robustness of coherence Cx r [4, 5]

p+it
7 €L t200p= Aty (58)

Car(p) =min {t >0

Because Ap = AT, this is equivalent to
Car(p) =min{t > 0’p =(1+tAp—-tr,T20,Ap = AT}.

Using the same technique as in [6], we can further sim-
plify this expression to

Car(p) =min{t > 0lp < (1+)Ap}. (59)
To prove this, we first note that for t,7 > 0,

p=0+HAp—tr (60)



implies p < (1+t)Ap. To show the converse, assume that
p < (1+t)Ap. Then we can define 7 := [(1 + t)Ap — p] /¢
and it is easy to check that AT = Ap, p = (1 + t)Ap -
and 7 > 0. Substituting s by 1/t, we find

=max{s|At + s(At — 1) > 0}

—max{s > 0|AT + s(At — 1) > 0}
=max{1/t{{At + (At — 1)/t = 0, > 0}
=max{1l/t|t < (1 +t)At,t > 0}. (61)

A comparison with Eq. (59) shows that Car(7) = 1/s,,
and therefore Eq. (57) is equivalent to

Car(0) < Car(p). (62)
O

Now we turn to the proofs of our results concerning
optimal conversion with assistance. We begin with the
proof of Thm. 6 from the main text.

Theorem 6. Let Alice and Bob share a pure two-qubit state
[)AB and denote Bob's local state by pP. The maximal prob-
ability P,([Y)AB — oP) to prepare the qubit state ® on Bob’s
side via one-way LQICC is given by

(63)

P, (19" — o*) = min{l, (=) 5 ”}‘52}

where r and s are the Bloch vectors of pP and o®, respectively.

Proof. In the following, we will prove the more general
case in which Alice holds an arbitrary purification of
Bob’s qubit state. Recall that by performing local mea-
surements on Alice’s side and using classical communi-
cation, Bob can obtain any decomposition {g;, p?} of his
local state p? = Y, qip; B [7]. After Alice’s measurement
has been performed, Bob applies incoherent operations
to stochastically transform his post-measurement states
p? into the desired state o”. First we will show that there
always exists an optimal decomposition containing only
pure states.

To do this, we use a decomposition of every mixed
qubit state p into two pure states, which we will also use
later in this proof. The Bloch vector r corresponding to p
can be written as a convex combination of two points ¢
and u on the surface of the Bloch sphere having the same
z-coordinate as 7, i.e.,

r=qt+(1-qu, (64a)
r,=t, = Uy, (64b)
[t = |u] = 1. (64¢)

Now assume that an optimal decomposition of Bob’s
local state contains a mixed state p, which occurs with

probability g,. Since every decomposition can be ob-
tained, Bob can also obtain a decomposition in which the
pair {gx, px} is replaced by the two corresponding pure
states from Eqgs. (64) and probabilities 4.4, (1 —4). From
Cor. 4 follows that the transformation probability from
both of these states to any target state is at least as high as
the probability from p,: In case the transformation from
px to a target state is forbidden by Eq. (47), there is noth-
ing to prove. If not, the transformation probability from
px and the two pure states to the target is determined
by Eq. (48), since a pure initial state can never satisfy
Eq. (47). Remember that by choice, we have r, = t, = u,
and t,u > r. Now note that for a fixed target state ¢
(fixed s) and fixed r;, the quantity in Eq. (48) increases if
r increases. From this follows the claim, which implies
that the new decomposition is also optimal. Eliminating
all mixed states using this procedure, we end up with
an optimal decomposition {g;, |¢i>B} which only contains
pure states.

If we denote the corresponding maximal conversion

probability by P, (Il,bi)B — 0P ), our figure of merit can be
written as

P, (1) - %) = maxZ giP (1" - o®),  (65)

where the maximization is performed over all pure state
decompositions {g;, |¢;)2} of Bob’s local state.

In the next step, we deduce from Eq. (48) that the
maximal probability for stochastic conversion between
two single-qubit states [1);)® and o® can be expressed as

P(ly)? — o) = min{l,(l ) “s— '21_52} (66)

This result allows us to bound the average conversion
probability for a decomposition {g;, [¢;)8} of the state p®
as follows:

Y P (190" = o)
_Zqum{ 1-—1Jr ’|)1+ 521_52}

1+ V1 -2
<Zq1 sz

= {I—Zqi|r2|Js—2

1+ V1-352
<@ =) —a (67)

1—I|

where in the last inequality we used the fact that
Ligilrll = L aikiilo-lyi) 2 |Trlp®o:]| = Ir=|. Since Eq. (67)
holds for any decomposition {g;, [t;)B} of the state p?,



it implies that the probability for assisted conversion
P, (|¢>AB N UB) is bounded as

P, (lp)** - ¢”) < min {1, 1-Ir) (68)

1+ Vl-s2
s? '
To complete the proof of the Theorem, let Alice per-
form a two-outcome measurement such that Bob’s post-
measurement states [¢;)? fulfill

P Uz - 1Pllo'zh]bl)_ 1#2"7z|1102> (69)

Such a measurement always exists, see the discussion
above Egs. (64).

Depending on the outcome i, Bob then applies a
stochastic incoherent operation to convert the state |zpi>B
into the desired state o®. This conversion protocol gives
a lower bound on our figure of merit:

P, (|4)>AB . oB) ZqP(lzpl)B N oB)
+[1-q1P (Ip2)® — o)

1+V }

=min {1 A =Ir)) ————¢, (70)

where in the last equality we used Egs. (66) and (69).
Noting that the lower bound (70) coincides with the up-
per bound (68), we conclude that the presented protocol
achieves the claimed conversion probability (63) and that
this probability is optimal. ]

Next we prove our results concerning two-qubit
Werner states.

Theorem 7. The optimal probability P, (pAB - O‘B) for con-

w
verting pAB into the qubit state o via one-way LQICC is

given by,

1 if gu > =,
Pa(pdf = o) = { EVE oy

0 otherwise.
Proof. Suppose that Alice performs a general local mea-
surement with POVM elements {M{‘}. Conditioned on
the measurement outcome i, Bob finds his system in the
state pP = Tra[M?paP1/pi, where p; = Te[MZpiP] is the
correspondmg probability. To determine the set of states
that Bob can achieve in this setting with nonzero prob-
ability, recall from the discussion below Thm. 5 in the
main text that Bob can transform a qubit state p into an-
other qubit state § via stochastic incoherent operations
if and only if

Car(p) = Car(P), (72)

where Cpr is the A-robustness of coherence [4, 5, 8],
which, for a single-qubit state p, can be expressed as

Car(p) =

(73)
=T

Thus, for characterizing the set of states achievable with
nonzero probability, we need to evaluate the maximal
A-robustness Car for any possible post-measurement
state of Bob. Noting that Car is convex, which follows
directly from Eq. (59), we can restrict ourselves to rank-
one POVMs on Alice’s side.

In the next step, note that for any rank one POVM
element M*, the corresponding post-measurement state
of Bob has the form

]lB
P = qulnXnl® + 1 - )= (74)

While the probability g, here is fixed via the initial
Werner state

0 = qulo™ X0+ (- g ], 75)

we can arbitrarily vary the state |n) by suitable adjust-
ing Alice’s POVM elements. Among all such states, the
maximal A-robustness Cy r is attained for

B
B = X + (- ) T 76)
i.e., it holds Cor(p?) < Car(uP). To see this, note that
for single-qubit states the A-robustness does not increase
under incoherent operations [4, 5, 8], and moreover for
any [n)® there exists an incoherent operation convert-
ing 1 into p? [9]. Combining these arguments, we see
that any post-measurement state of Bob has not more
A-robustness of coherence than the state . Thus, we
obtain the following condition for assisted state conver-
sion of the Werner state (75) into a state o® on Bob’s side:

P, (pfP > 0%)>0 = Car(d®) < Car(@®.  (77)

We will now show that the state u® is in fact achiev-
able with unit probability: P, (p(;‘,B - yB) = 1. For this,
Alice first performs a local measurement on the Werner
state in the {|+),|—)} basis. Conditioned on the mea-
surement outcome Bob finds his system either in the
desired state u®, or in the state o,uf0,. In the latter
case, Bob performs an incoherent o, rotation, thus ob-
taining ©® with unit probability. Note that via local
incoherent operations Bob can transform the state u?
into another state o® with unit probability if and only if
Car(0®) < Car(uB). This follows from the discussion of
the geometrical interpretation of Thm. 3 in the main text.
All states reachable from u® with non-zero probability
are inside the ellipse through u®, which is equivalent to
Car(0®) < Car(uP). These states are reachable with cer-
tainty, since Tr(uf0,) = 0. Combining these arguments,
we obtain the following condition:

Car(0®) < Car(u®) = Pa(pdf »0%)=1.  (78)



Both conditions (77) and (78) imply the following:

CA,R(UB) < CA,R(luB) s P, (p@B - OB) =1, (79a)

Car(0®) > Car(u®) & Pa(pa" - o) =0. (79b)

The proof of the Theorem is complete by noting that
Car(HP) = Gu. m

We will continue with the proof of our claim from
the main text that correlations enhance conversion prob-
abilities, as long as the global state is not quantum-
incoherent.

Theorem 8. If Bob’s system is a qubit, then for any state
pAB which is correlated and not quantum-incoherent the set
of accessible states for Bob via stochastic one-way LQICC is
strictly larger, when compared to p ® p®.

Proof. As is shown in Lem. 2, for any correlated state
pB # pA®p® there exists a two-element POVM (M4, M2}
on Alice’s side such that p? # p?, where p? is the state of
Bob conditioned on the measurement outcome of Alice:

B _ Tra [M?‘DAB]

; 80
i o (80)

andp; = Tr [Mf‘ pAB ] is the corresponding probability for
obtaining the outcome i. Noting that

p° = pi1p] +paps, (81)

we conclude that — whenever the state pAB is not

quantum-incoherent — either p? or p? must be outside
of the reachable ellipsoid of Bob’s reduced state p?. This
completes the proof of the Theorem. ]

Next we continue with our statements about asymp-
totic conversion rates.

Theorem 9. Assume qubit states p and o obey
s2<r? and s=r. (82)
Then we have R(p — o) = 1.

Proof. In the first step of the proof note that P(p — o) =1
for any two states p and o fulfilling Eqgs. (82), which
follows directly from Egs. (3a) and (3b) in [3]. This proves
that R(p — o) > 1 in this case.

In the next step we will show that states fulfilling
Egs. (82) have equal coherence cost:

Ce(p) = Cc(0). (83)

Since C.(p)/Cc(0) is an upper bound on the conversion
rate, this will then complete the proof of the Theorem.
For proving Eq. (83), note that > = 12 + rﬁ = 4|po1/*. Thus,
Egs. (82) directly imply the equality |pp1[> = |oo1[>. Now
note that for any single-qubit state p the coherence cost
is a simple function of |po1 [?, see Eq. (19) in the main text.
This completes the proof of Eq. (83) and also the proof of
the Theorem. O

As we show now, the above Theorem cannot be for-
mulated as an if and only if statement. From Eq. (18) in
the main text follows that the coherence cost of a pure
state 1 is equal to S(A[¢]) and therefore equal to its dis-
tillable coherence (compare Eq. (17) in the main text).
Now there exist pure states 1) and mixed states p such
that

0 < Ca(¥) = Calp)- (84)
Using Eq. (16) from the main text, we can conclude

_ Galp) _ Calp) Calp) _
Ca(y)  Ce(¥) Ca(¥)
which proves R(p — 1) = 1. However, this case is not

covered by Thm. 9.
We conclude this section with the proof of Prop. 10.

<R(p-y)< 1, (85

Proposition 10. Among all single-qubit states, the family of
states

o=qX++ A -gl-X-I 0<g<1) (86)
has the minimal distillable coherence Cq for a fixed coherence
cost C. and vice versa maximal C. for fixed Cq.

Proof. In the first step, we recall that for any single-qubit
state p the coherence cost depends only on the abso-
lute value of the offdiagonal element |pg;| = [(Olp|1)l, see
Eq. (19) in the main text. In particular, C. is a strictly
monotonically increasing function of |pg;|. Moreover, re-
call that |pg1] is directly related to the Euclidian distance
of the state to the incoherent axis in the Bloch space:
2 + rﬁ = 4|po1|* [10]. This means that all states with a
fixed coherence cost have the same distance to the inco-
herent axis in the Bloch space.

In the next step, we note that for any single-qubit state
p with Bloch vector r = (ry, 7y, r.)T we can introduce the
state p having the Bloch coordinates

Fo= A2 +712

2, 7y=0, E=r.. 87)

The state p can be obtained from p via an incoherent uni-
tary, and thus both states have the same coherence cost
and distillable coherence. In the next step, we introduce
the state 7 as follows:
1.1
T= 5P+ 50xp0x (88)

Note that T has the same distance to the incoherent axis
—and thus the same coherence cost —as p and p, i.e.,

Ce(1) = Cc(ﬁ) = Cc(p)~ (89)

Moreover, it is straightforward to see that 7 lies on
the maximally coherent plane, i.e., the plane spanned
by Bloch vectors corresponding to maximally coherent



states. By construction, the Bloch vector of 7 also lies
in the x-z plane, which implies that 7 has the desired
form (86).

In the final step, recall that the distillable coherence is
convex, and thus

Cal®) < 5Cal(p) + 5Cal0:p5) = Ca(p) = Calp),  (90)

where we used the facts that the Pauli matrix o, is an
incoherent unitary, and thus preserves Cq, and that p and
p have the same distillable coherence. This completes the
proof. |

III. EXPERIMENTAL ASPECTS

In this section, we describe the experimental details
concerning the implementation of non-unitary incoher-
ent operations as illustrated in Fig. 1(d) in the main text.
plement strictly incoherent operations given by Kraus
operators of the form

Ky = (cos 6o 0 sin 67

0
0 COS@l)’ Kz_(sinGO 0 ) O

For experimentally realizing these operators, the angles
of Hego are set to 45° for applying a bit flip o, on the
polarization, the angles of Hy5 are set to % and w,
and Hy is used for phase compensation, respectively.

Without loss of generality, we suppose initially we
have a qubit state

1
Po = z (]1 + 7y0x + T’ZUZ) (92)

in the basis {|H),|V)}. Considering the path degree of
freedom, which is a two dimensional system ey, 1, the

J

overall state can be written as

po ® leoXeol, (93)

where we assume the initial state is in path ¢y. Then
BD; displaces the horizontally polarized component of
a photon from the vertical component to a distance of
about 6 mm. Accordingly, the quantum state is entan-
gled by a controlled-NOT gate (the polarization encoded
qubit is the contolling qubit) acting on the whole state,
resulting in

1+r,

<
=

S ON)

N

P1= (94)

1

|
<

z

N O On
[cNeNoNe)
[N eNoNe}

2
Then, using Hys, we implement a controlled-rotation
operation on the whole state,

H

IHXH| ® leoXeol — 105 X051 @ leoXeol,
H - -

[VXVI® leoXeol — 105 X0 @ leoXeol,

Then the overall state after this transformation is given by

% cos’0y % cosOgsin 6,
_| % cos6ysin0; 1_2rz sin? 64
p2= % sin 26, % sin Oy sin 0y
—%5 cos O cos 01 —% sin 20,

in the basis {|H) ® leo), [H) ® le1), [V) ® leo), [V) @ le1)}-

BD, has length equal to % the length of BDygs,
which displace the horizontal component 4 mm away
from the vertical component, resulting in the following

transformations by extending the system to a higher-

(95)
Hs
IHXH| ® le1 Xe1| — 1607 XO7| ® le1 Xeil,
Hs | oo e
[VXV|® lerXerl —> 107 X071 ® lerXeal,
where we have
16§ = cos By|H) + sin 6y|V),
|6y) = sin Og|H) — cos Go|V), 96)
|07 = cos 01|H) + sin 64|V),
|07 = sin 01|H) — cos 01|V').
1*"[2 sin20p  —% cos Oy cos 6
% sin 6 sin 0; - 1:[2 sin 264 97)
“Trz sin® 6, —3 sin O cos 6,
—% sin O cos 64 1% cos? 64
[
dimensional space,
IH) ® leo) 22 [H) ® |do),
BD;,
VY®lep) — VYR |dy),
V) ® leg) V) ®|dy) (98)

IH) ® le) - |Hy ® |da),
V) ® ler) =2 V) @ |da).



Then the quantum state after BD, will be

Hzr"‘ cos?6p 0 Fcosbpsin6; 0

0 0 0 0
FcosBpsinO; 0 1_77 sin?6; 0

_ 0 0 0 0

Ps = 0 0 0 0
1”2 sin20p 0 ZsinOpsinO; 0

0 0 0 0

2 cosBgcosB; 0 —% sin26; 0

in the basis {|H) ® |do), |[H) ®|d1), |[H) ®|d>), |H) ®d3), |V) ®
ldo), IV) ®1d1), [V} ®1d2),|V) ® |d3)}. As Heg are set to 45°,
performing a o, operation on the polarization state in

J

00 0 0
00 0 0
1-r, .. 2 1—-r, .
00 —=sin” 0; —=3-sin26,
|00 -EEsin20 1‘2“ cos? 01
P = 0 0 % cos0Opsin0O; —5 cos Oy cos 01
0 0 —%sin6sinf; —% sin 6 cos Oy
00 0 0
00 0 0

The action of BD3 will coherently combine the paths
dop, di3, followed by Hy with rotation angle 45° which

1+rZ

cos? 6 5 cos 6 cos 01

3 2' cos B cos 61 ’1 zr cos? 64

p5 = % cos B sin 0y 14r sin 20,
12’ sin20p)  —% sin Oy cos 6,

Note that we can tilt BD; for phase compensation,
removing the negative signs in the interference terms

11’Z

1;” cos? Oy + sin® 0,

pf=

which is exactly the state after implementing K; and

% cos O cos 01 + 75 sin O sin O

10

0 1”2 sin20p 0 —% cos O cos 61

0 0 0 0

0 ZsinOpsin; 0 —1=sin20;

0 0 0 0

0 0 0 0 (99)
0 1” sin?60p 0 —% sin 6 cos 6

0 0 0 0

0 —%sin6Opcos 01 0 1_Trz cos? 64

(

path dg3, and Hy is set to 0° for applying a ¢, operation
on the polarization state in path d; », the state afterwards
is given by

0 0 00
0 0 00
rz cos O sin 01 2 sin@ysin®; 0 0
2 cos By cos O 2 X sin@pcosB; 0 0 (100)
1;” cos? O 12” stGO 00}
B = sin 26, 1”2 sinf6, 00
0 0 00
0 0 00

(

flips the polarization state in path ¢y. The final quantum

state after that two Hs will be

1”2 sin 26,

5* cos O sin 01
_1-r,

== sm 264 2 sin B cos 64
1-r, (101)
== sin® 0; 5 sin 6y sm 01
% sin O sin 0y 1;rz sin” 6,

(

between the horizontal and vertical component in each
arm. When tracing over the path degree, we obtain

2 cos 6y cos 0+ = 2 sin 60 sin 64

147, 1=
i 5 cos? 67

102
== sin® Oy + (102)

K;. Combination of two BDs (BD; and BD3) results in



a natural robust interference, and the phase between d,
d, and d;, d3 can be removed either by adjusting the
position of BD; 3 or tilting the Hs in each arm.

Note that in our experiments, if we obtain a final state
with Bloch coordinates 7, > 0 and 7, > 0, then we can also
obtain the state (-7, 0, 7,), (7, 0, —7,), and (-7, 0, —7,) via
a 0, operation, a o, operation and the combination of a
0, operation and a o, operation. In Fig. 1(d), Hy is set
to 0° for implementing a ¢, operation, and Hjy; is set to
45° for implementing a o, operation. Namely, we only
need to focus on the states with Bloch coordinates 7, > 0
and 7, > 0, and complete the whole boundary via simple
incoherent operations.
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