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In this supplemental material, we discuss the reason for the degradation of the fidelity of the final state based
on the theoretical analysis in Ref. [1]. We define the coincidence probability among Dg with D-polarization, Dg/
with m-polarization and Da: with n-polarization by P, for m,n =H, V, D, A, R, L, where A, R, and L represent
antidiagonal polarization, right circular polarization and left circular polarization, respectively. Assuming that the
single detection probability at D/ does not depend on the measured polarization m, we define polarization correlation
visibilities of the final state as: Vz := |Puyng + Pyv — Pav — Pyvul|/(Paa + Pyv + Pav + Pyu), Vx := |Ppp + Paa —
Ppa — Pap|/(Pop + Paa + Ppa + Pap) and Vy := |Prr + Pur, — Pre — Pur — |/(Prr + Pur + Pri + Pur). Then,
the fidelity of the final state is given by

F=(1+Vz+Vx+Vy)/d (S1)

In the following, we estimate the influence of the multiple photon generation at the SPDC photon source and the
coherent laser pulse on the polarization correlation visibilities of the final state, while assuming the perfect indistin-
guishability. The model is shown in Fig 1. The states input to the quantum parity check from modes 1 and 2 are
the state heralded by photon detection at Dgs and D-polarized coherent state (average photon number: so, intensity
correlation function: 1). We assume that when an m-polarized photon in mode 3 is detected at Dp/, it heralds
m*-polarized signal photons (average photon number: s;, intensity correlation function: 95(2)) in mode 1, while multi-
pair emission from the SPDC source produces m’-polarized noise photons (average photon number: np, intensity
correlation function: 2) which have no correlation or phase relations with signal photons. m* is complex conjugate
to the m-polarization and m’-polarized state is orthogonal to m*-polarized state. Here, we assume that s;, n; and
gs(z) do not depend on heralding polarization m. As in our experiment, we assume that the overall transmittance
of the system including the quantum efficiencies of Da/, Dr» and Dgp/ are much less than 1 such that the detection
probabilities are proportional to the photon number in the detected mode.
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Supplementary Figure 1. The sketch of our theoretical model. The detection signal of a photon in the mode 3 is used to herald
photon in the mode 1. The QPC is performed on the coherent light pulse in the mode 2 and photon in the mode 1.

Under the above assumptions and conditions, we first derive V. The coincidence probability P,y is given by
Pont = mumas (b0 b1 borm) (S2)
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where 7; is the transmittance of the system in modes i = 1’,2". Here, we introduced the annihilation and creation
operators b; ,, and b;m of the m-polarized photons in the output modes of PBS for ¢ = 1’,2'. They satisfy the

commutation relation as [l;ik,l;;f, ] = 0iirOpps. Similarly, we define the annihilation and creation operators @;,, and
&Z’m of the m-polarized input modes, which satisfy the commutation relation as [&jk,d;/ w] = 0j;:0kk. Using a unitary

operator U of the PBS satisfying UBI,H(l,V)UT = dIH(QV) and UI;;,H(Q,V)UT = d;H(W), Eq. (S3) is transformed into

1

Pou = 5men (<&J{Hd;Hd1H&2H> + <d§V&£H&2vd2H>) . (S4)

Rewriting the operators in mode 2 of Eq. (S4) in terms of the polarizations D and A, we obtain

1 T JT T 1, .+ .« . T
P = e {<GIHGEDG1HG2D> + (6] by amaon) + §(<GEDGEDG2DG2D> + <a;Aa;Aa2Aa2A>)} - (S5)
For calculating Pgy, we substitute <dJ{H&1H> = s1, <d£Dng> = 9, <d£Ad2A> =0, <d£D&£Dd2D&2D> = 53 and

<&;Ad;Ad2Ad2A> = 0 leading to

1 1
Pyp = R (8182 + 253) . (S6)

Similarly, Pyg is calculated by substituting <dIH&1H> =nq, (&;Ddgm = 59, <d£Ad2A> =0, <d£D&;D&2Dd2D> = s3 and

<&;AQ£A&2A&2A> =0 as

1 1
Pyu = T (n182 + 253) : (57)



In the same manner, P,y is calculated as
Prv = numa <BJ{/D6J£/VZA71’DI;2’V>
1 “ ~ N N ~ ~
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For calculating Py, we substitute (dJ{VdW} = 51, <&J{H&1H> =nq, <d;D&2D> = 59 and (&;A&2A> = 0 leading to
1 1
PVV = 57’]1/’)72/ n1sy + 58182 . (Sg)
: T N e 0 Sty
Pyv is calculated by substituting (Gyy,G1v) = n1, (@jain) = s1, (a5paep) = s2 and (aj,d24) = 0 as

1 1
Pgy = 5771’772' <n181 + 271182) . (510)

From Eq. (S6), (S7), (S9) and (S10), the visibility V, is calculated to be

2Xs(]— - Xn)

z — 5 S11
Axm + 2xs(xn + 1) + X2 (11
where xs = s2/s1 and x, = n1/s1.
Next, we calculate V. The coincidence probability P,,p is given by
Prp = e (bbb, pb1nbap)
= (B} + BTy ) (Bl + By ) (brss + buv) (borms + barv))
1 St At Nt Aty SN -
= 1771’772’ (a1 + Ggy) (g + Gyy) (@1 + Gav) (G2 + d1v))
= Lime (@10l s anain) + (0] ol \aradia) + (b al doadan) + (6, al, doadan))
- 16771 2 1D%1pYU1D®1D 1A% AQTAUTIA oD Wop UW2AU2D oA Ugp U2AU2A
+ 4(al padparpagp) + 4(al \al ,a1ad0a). (S12)
By substituting (4l aip) = s1, (al,a1a) = ni, (@hpaon) = so, (abaaoa) = 0, (@lpalpaipan) = ¢2s2,
<&J{A&J{Ad1Ad1A> =2n3, <d;D&£D&2D&2D> = s3,
1
Ppp = LR {3% + s%gs@ +2n? + 43132} . (513)
Similarly, Pap is calculated by substituting (alpain) = ni1, (al aia) = s1, (@paep) = s2, (@b a0a) = 0,
(@lpalpaipaip) = 2n3, (al,ala1aain) = g8¥'s3, and (afpalpaspazp) = s3 as
1
Pap = 1—6171,772/ {sg + s%gb@) + 2n3 + 4n152} . (S14)



In the same way, P,,a is calculated as
Poa =nm <BLD?);AE1/D62/A>
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= 1771”72’<(b1/H +bY) (B — By (brrm + bary) (borm — bary))
1

= 1771/772’<(dJ{H + d;v)(d;H - &Iv)(le + &2V)(&2H - &1V)>
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+ 4(ahpal A Gopaa) + 4alpalsaipasa)). (S15)

For calculating Paa, we substitute (alpain) = s1, (@] ya1a) = 11, (alpasp) = so, (abydoa) = 0, (alpalpaipan) =

2 At At oA a it At A A .
gg )s%, <aJ{AaJ{Aa1Aa1A> = 2n?, <a£Da£DagDa2D> = 53, leading to

1
Pap = Rnllny {sg + 8%952) + QTL% + 48182} . (816)
Similarly, Ppa is calculated by substituting <&J{Dd1D> = nyq, <AJ{A“1A> = s, <&;Dd2[)> = S, <d£A&2A> = 0,
At oAt oA s At At oA s 2 At At A s
<aJ1rDa]iDa1Da1D> = 2ni, <aJ{AaIAa1Aa1A> = gs( )5%7 <a§Da;Da2Da2D> = 55, as
1
Ppp = EnllT}Q/ {Sg + S%gs(m + 27’L§ + 4’/1152} . (817)

From Eq. (S13), (S14), (S16) and (S17), the visibility V4 is calculated to be

V _ 2Xs(1 - Xn)
X2+ 2x2 4 0% 4+ 2(xn + 1)xe

(S18)

The coincidence probabilities Prr,Prr,PLr and Ppr, are calculated in a similar manner, which leads to Vi, = Vi.
As a result, we obtain

1+ V42K

F
4

(S19)

In our experiment, the parameters gb@), Xs, and Y, are obtained as follows. The intensity correlation function
gs(z) = 0.098 is obtained by running another experiment. The average number of the m*-polarized heralded photon s}
is estimated from the experimental data. The detection probability of H-polarized photon at Dg» conditioned on the
H-polarized photon-detection at Dp: is given by s} := Cyg(Dr» NDg/)/Su(Dp/) = 6.0 x 1073, where Oy (Dr» NDp')
is the two-fold coincidence count between Dy with H-polarization and Dp, with H-polarization, and Sy(Dg-) is the
single detection count at Dp with H-polarization. The relation between s; and s} is given by s1 = s} /g, where 74 is
the system transmittance after the PBS including the quantum efficiency of the SSPD. Similarly, n; is given by n; =
nll/nd, where n’1 = CH\/(DR// ﬂDB/)/SH(DB/) =1.1x 10_4. Then, Xn is calculated to be Xn = n1/51 = Tlll/S/l = 0.018.
Finally, we estimate the average photon number of the coherent light pulse so. This is given by so = s5/n4, where
sh =28 (Dgrr)/f = 1.7x 1073, Here f is the repetition rate of the mode lock laser. The factor 2 arises from the fact
that D-polarized coherent light pulse is divided into two at the PBS. Then, x; is given by xs = s2/s51 = sh/s} = 0.28.

Using those parameters, Eq. (S11), (S18) and (S19), we obtain V, = 0.76, V, = 0.74 and F' = 0.81. In addition,
it is possible to estimate how much fidelity will be expected improving the SPDC source. In Fig. 2, we show the

dependence of the fidelity on g§2), Xs, and xp-

[1] Y. Tsujimoto et al., Sci. Rep. 8 1446 (2018).
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Supplementary Figure 2. The relation between the fidelity and the parameters gs(z), xBn and xs. (a) g§2) = 0.098. (b)

¥ =0.05. (c) ¥ =0.01.
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