
Supplementary Material for robust entanglement distribution via optical fibre assisted
by an asynchronous counter-propagating laser light

Koichiro Miyanishi
Graduate School of Engineering Science, Osaka University, Toyonaka, Osaka 560-8531, Japan

Yoshiaki Tsujimoto
Graduate School of Engineering Science, Osaka University, Toyonaka, Osaka 560-8531, Japan and

Advanced ICT Research Institute, National Institute of Information and
Communications Technology (NICT), Koganei, Tokyo 184-8795, Japan

Rikizo Ikuta, Takashi Yamamoto, and Nobuyuki Imoto
Graduate School of Engineering Science, Osaka University, Toyonaka, Osaka 560-8531, Japan and

Center for Quantum Information and Quantum Biology, Institute for Open and
Transdisciplinary Research Initiatives, Osaka University, Osaka 560-8531, Japan

Shigehito Miki
Advanced ICT Research Institute, National Institute of Information and
Communications Technology (NICT), Kobe, Hyogo 651-2492, Japan and

Graduate School of Engineering, Kobe University, 1-1 Rokko-dai cho, Nada-ku, Kobe 657-0013, Japan.

Masahiro Yabuno and Hirotaka Terai
Advanced ICT Research Institute, National Institute of Information and

Communications Technology (NICT), Kobe, Hyogo 651-2492, Japan

Taro Yamashita
Graduate School of Engineering, Nagoya University, Furo-cho, Chikusa-ku, Nagoya 464-8603, Japan and

JST PRESTO, 4-1-8 Honcho, Kawaguchi, Saitama 332-0012, Japan

Masato Koashi
Photon Science Center, The University of Tokyo, Bunkyo-ku, Tokyo 113-8656, Japan

In this supplemental material, we discuss the reason for the degradation of the fidelity of the final state based
on the theoretical analysis in Ref. [1]. We define the coincidence probability among DR′′ with D-polarization, DB′

with m-polarization and DA′ with n-polarization by Pmn for m,n =H, V, D, A, R, L, where A, R, and L represent
antidiagonal polarization, right circular polarization and left circular polarization, respectively. Assuming that the
single detection probability at DB′ does not depend on the measured polarization m, we define polarization correlation
visibilities of the final state as: VZ := |PHH + PVV − PHV − PVH|/(PHH + PVV + PHV + PVH), VX := |PDD + PAA −
PDA − PAD|/(PDD + PAA + PDA + PAD) and VY := |PRR + PLL − PRL − PLR − |/(PRR + PLL + PRL + PLR). Then,
the fidelity of the final state is given by

F = (1 + VZ + VX + VY)/4. (S1)

In the following, we estimate the influence of the multiple photon generation at the SPDC photon source and the
coherent laser pulse on the polarization correlation visibilities of the final state, while assuming the perfect indistin-
guishability. The model is shown in Fig 1. The states input to the quantum parity check from modes 1 and 2 are
the state heralded by photon detection at DB′ and D-polarized coherent state (average photon number: s2, intensity
correlation function: 1). We assume that when an m-polarized photon in mode 3 is detected at DB′ , it heralds
m∗-polarized signal photons (average photon number: s1, intensity correlation function: g(2)s ) in mode 1, while multi-
pair emission from the SPDC source produces m′-polarized noise photons (average photon number: n1, intensity
correlation function: 2) which have no correlation or phase relations with signal photons. m∗ is complex conjugate
to the m-polarization and m′-polarized state is orthogonal to m∗-polarized state. Here, we assume that s1, n1 and
g
(2)
s do not depend on heralding polarization m. As in our experiment, we assume that the overall transmittance

of the system including the quantum efficiencies of DA′ , DR′′ and DB′ are much less than 1 such that the detection
probabilities are proportional to the photon number in the detected mode.
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Supplementary Figure 1. The sketch of our theoretical model. The detection signal of a photon in the mode 3 is used to herald
photon in the mode 1. The QPC is performed on the coherent light pulse in the mode 2 and photon in the mode 1.

Under the above assumptions and conditions, we first derive VZ . The coincidence probability PmH is given by

PmH = η1′η2′⟨b̂†1′Db̂
†
2′Hb̂1′Db̂2′H⟩ (S2)

=
1

2
η1′η2′(⟨b̂†1′Hb̂

†
2′Hb̂1′Hb̂2′H⟩+ ⟨b̂†1′Vb̂

†
2′Hb̂1′Vb̂2′H⟩), (S3)

where ηi is the transmittance of the system in modes i = 1′, 2′. Here, we introduced the annihilation and creation
operators b̂i,m and b̂†i,m of the m-polarized photons in the output modes of PBS for i = 1′,2′. They satisfy the
commutation relation as [b̂ik,b̂

†
i′k′ ] = δii′δkk′ . Similarly, we define the annihilation and creation operators âi,m and

â†i,m of the m-polarized input modes, which satisfy the commutation relation as [âjk,â
†
j′k′ ] = δjj′δkk′ . Using a unitary

operator Û of the PBS satisfying Û b̂†1′H(1′V)Û
† = â†1H(2V) and Û b̂†2′H(2′V)Û

† = â†2H(1V), Eq. (S3) is transformed into

PmH =
1

2
η1′η2′

(
⟨â†1Hâ

†
2Hâ1Hâ2H⟩+ ⟨â†2Vâ

†
2Hâ2Vâ2H⟩

)
. (S4)

Rewriting the operators in mode 2 of Eq. (S4) in terms of the polarizations D and A, we obtain

PmH =
1

4
η1′η2′

{
⟨â†1Hâ

†
2Dâ1Hâ2D⟩+ ⟨â†1Hâ

†
2Aâ1Hâ2A⟩+

1

2
(⟨â†2Dâ

†
2Dâ2Dâ2D⟩+ ⟨â†2Aâ

†
2Aâ2Aâ2A⟩)

}
. (S5)

For calculating PHH, we substitute ⟨â†1Hâ1H⟩ = s1, ⟨â†2Dâ2D⟩ = s2, ⟨â†2Aâ2A⟩ = 0, ⟨â†2Dâ
†
2Dâ2Dâ2D⟩ = s22 and

⟨â†2Aâ
†
2Aâ2Aâ2A⟩ = 0 leading to

PHH =
1

4
η1′η2′

(
s1s2 +

1

2
s22

)
. (S6)

Similarly, PVH is calculated by substituting ⟨â†1Hâ1H⟩ = n1, ⟨â†2Dâ2D⟩ = s2, ⟨â†2Aâ2A⟩ = 0, ⟨â†2Dâ
†
2Dâ2Dâ2D⟩ = s22 and

⟨â†2Aâ
†
2Aâ2Aâ2A⟩ = 0 as

PVH =
1

4
η1′η2′

(
n1s2 +

1

2
s22

)
. (S7)
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In the same manner, PmV is calculated as

PmV = η1′η2′⟨b̂†1′Db̂
†
2′Vb̂1′Db̂2′V⟩

=
1

2
η1′η2′⟨(b̂†1′H + b̂†1′V)b̂

†
2′V(b̂1′H + b̂1′V)b̂2′V⟩

=
1

2
η1′η2′⟨(â†1H + â†2V)â

†
1V(â1H + â2V)â1V⟩

=
1

2
η1′η2′(⟨â†1Hâ

†
1Vâ1Hâ1V⟩+ ⟨â†2Vâ

†
1Vâ2Vâ1V⟩)

=
1

2
η1′η2′

{
⟨â†1Hâ

†
1Vâ1Hâ1V⟩+

1

2
(⟨â†2Dâ

†
1Vâ2Dâ1V⟩+ ⟨â†2Aâ

†
1Vâ2Aâ1V⟩)

}
. (S8)

For calculating PVV, we substitute ⟨â†1Vâ1V⟩ = s1, ⟨â†1Hâ1H⟩ = n1, ⟨â†2Dâ2D⟩ = s2 and ⟨â†2Aâ2A⟩ = 0 leading to

PVV =
1

2
η1′η2′

(
n1s1 +

1

2
s1s2

)
. (S9)

PHV is calculated by substituting ⟨â†1Vâ1V⟩ = n1, ⟨â†1Hâ1H⟩ = s1, ⟨â†2Dâ2D⟩ = s2 and ⟨â†2Aâ2A⟩ = 0 as

PHV =
1

2
η1′η2′

(
n1s1 +

1

2
n1s2

)
. (S10)

From Eq. (S6), (S7), (S9) and (S10), the visibility Vz is calculated to be

Vz =
2χs(1− χn)

4χn + 2χs(χn + 1) + χ2
s

, (S11)

where χs = s2/s1 and χn = n1/s1.

Next, we calculate Vx. The coincidence probability PmD is given by

PmD = η1′η2′⟨b̂†1′Db̂
†
2′Db̂1′Db̂2′D⟩

=
1

4
η1′η2′⟨(b̂†1′H + b̂†1′V)(b̂

†
2′H + b̂†2′V)(b̂1′H + b̂1′V)(b̂2′H + b̂2′V)⟩

=
1

4
η1′η2′⟨(â†1H + â†2V)(â

†
2H + â†1V)(â1H + â2V)(â2H + â1V)⟩

=
1

16
η1′η2′(⟨â†1Dâ

†
1Dâ1Dâ1D⟩+ ⟨â†1Aâ

†
1Aâ1Aâ1A⟩+ ⟨â†2Dâ

†
2Dâ2Aâ2D⟩+ ⟨â†2Aâ

†
2Aâ2Aâ2A⟩)

+ 4⟨â†1Dâ
†
2Dâ1Dâ2D⟩+ 4⟨â†1Aâ

†
2Aâ1Aâ2A⟩. (S12)

By substituting ⟨â†1Dâ1D⟩ = s1, ⟨â†1Aâ1A⟩ = n1, ⟨â†2Dâ2D⟩ = s2, ⟨â†2Aâ2A⟩ = 0, ⟨â†1Dâ
†
1Dâ1Dâ1D⟩ = g

(2)
s s21,

⟨â†1Aâ
†
1Aâ1Aâ1A⟩ = 2n2

1, ⟨â
†
2Dâ

†
2Dâ2Dâ2D⟩ = s22,

PDD =
1

16
η1′η2′

{
s22 + s21g

(2)
s + 2n2

1 + 4s1s2

}
. (S13)

Similarly, PAD is calculated by substituting ⟨â†1Dâ1D⟩ = n1, ⟨â†1Aâ1A⟩ = s1, ⟨â†2Dâ2D⟩ = s2, ⟨â†2Aâ2A⟩ = 0,
⟨â†1Dâ

†
1Dâ1Dâ1D⟩ = 2n2

1, ⟨â
†
1Aâ

†
1Aâ1Aâ1A⟩ = g

(2)
s s21, and ⟨â†2Dâ

†
2Dâ2Dâ2D⟩ = s22 as

PAD =
1

16
η1′η2′

{
s22 + s21g

(2)
s + 2n2

1 + 4n1s2

}
. (S14)
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In the same way, PmA is calculated as

PmA = η1′η1′⟨b̂†1′Db̂
†
2′Ab̂1′Db̂2′A⟩

=
1

4
η1′η2′⟨(b̂†1′H + b̂†1′V)(b̂

†
2′H − b̂†2′V)(b̂1′H + b̂1′V)(b̂2′H − b̂2′V)⟩

=
1

4
η1′η2′⟨(â†1H + â†2V)(â

†
2H − â†1V)(â1H + â2V)(â2H − â1V)⟩

=
1

16
η1′η2′(⟨â†1Dâ

†
1Dâ1Dâ1D⟩+ ⟨â†1Aâ

†
1Aâ1Aâ1A⟩+ ⟨â†2Dâ

†
2Dâ2Dâ2D⟩+ ⟨â†2Aâ

†
2Aâ2Aâ2A⟩

+ 4⟨â†2Dâ
†
1Aâ2Dâ1A⟩+ 4⟨â†1Dâ

†
2Aâ1Dâ2A⟩). (S15)

For calculating PAA, we substitute ⟨â†1Dâ1D⟩ = s1, ⟨â†1Aâ1A⟩ = n1, ⟨â†2Dâ2D⟩ = s2, ⟨â†2Aâ2A⟩ = 0, ⟨â†1Dâ
†
1Dâ1Dâ1D⟩ =

g
(2)
1 s21, ⟨â

†
1Aâ

†
1Aâ1Aâ1A⟩ = 2n2

1, ⟨â
†
2Dâ

†
2Dâ2Dâ2D⟩ = s22, leading to

PAA =
1

16
η1′η2′

{
s22 + s21g

(2)
s + 2n2

1 + 4s1s2

}
. (S16)

Similarly, PDA is calculated by substituting ⟨â†1Dâ1D⟩ = n1, ⟨â†1Aâ1A⟩ = s1, ⟨â†2Dâ2D⟩ = s2, ⟨â†2Aâ2A⟩ = 0,
⟨â†1Dâ

†
1Dâ1Dâ1D⟩ = 2n2

1, ⟨â
†
1Aâ

†
1Aâ1Aâ1A⟩ = g

(2)
s s21, ⟨â

†
2Dâ

†
2Dâ2Dâ2D⟩ = s22, as

PDA =
1

16
η1′η2′

{
s22 + s21g

(2)
s + 2n2

1 + 4n1s2

}
. (S17)

From Eq. (S13), (S14), (S16) and (S17), the visibility Vx is calculated to be

Vx =
2χs(1− χn)

χ2
s + 2χ2

n + g
(2)
s + 2(χn + 1)χs

. (S18)

The coincidence probabilities PRR,PRL,PLR and PLL are calculated in a similar manner, which leads to Vx = Vy.
As a result, we obtain

F =
1 + Vz + 2Vx

4
. (S19)

In our experiment, the parameters g
(2)
s , χs, and χn are obtained as follows. The intensity correlation function

g
(2)
s = 0.098 is obtained by running another experiment. The average number of the m∗-polarized heralded photon s′1

is estimated from the experimental data. The detection probability of H-polarized photon at DR′′ conditioned on the
H-polarized photon-detection at DB′ is given by s′1 := CHH(DR′′ ∩DB′)/SH(DB′) = 6.0×10−3, where CHH(DR′′ ∩DB′)
is the two-fold coincidence count between DR′′ with H-polarization and DB′ with H-polarization, and SH(DB′) is the
single detection count at DB′ with H-polarization. The relation between s1 and s′1 is given by s1 = s′1/ηd, where ηd is
the system transmittance after the PBS including the quantum efficiency of the SSPD. Similarly, n1 is given by n1 =
n′
1/ηd, where n′

1 := CHV(DR′′∩DB′)/SH(DB′) = 1.1×10−4. Then, χn is calculated to be χn = n1/s1 = n′
1/s

′
1 = 0.018.

Finally, we estimate the average photon number of the coherent light pulse s2. This is given by s2 = s′2/ηd, where
s′2 = 2SH(DR′′)/f = 1.7× 10−3. Here f is the repetition rate of the mode lock laser. The factor 2 arises from the fact
that D-polarized coherent light pulse is divided into two at the PBS. Then, χs is given by χs = s2/s1 = s′2/s

′
1 = 0.28.

Using those parameters, Eq. (S11), (S18) and (S19), we obtain Vz = 0.76, Vx = 0.74 and F = 0.81. In addition,
it is possible to estimate how much fidelity will be expected improving the SPDC source. In Fig. 2, we show the
dependence of the fidelity on g

(2)
s , χs, and χn.

[1] Y. Tsujimoto et al., Sci. Rep. 8 1446 (2018).



5

0.0 0.1 0.2 0.3 0.4

0.00

0.02

0.04

0.06

0.08

0.10

0.8

0.7

0.6

0.5

0.4

0.3

0.8

0.7

0.6

0.5

0.4

0.3

0.8

0.7

0.6

0.5

0.4

0.3

0.9

0.0 0.1 0.2 0.3 0.4 0.0 0.1 0.2 0.3 0.4
0.00

0.02

0.04

0.06

0.08

0.10

0.00

0.02

0.04

0.06

0.08

0.10

�s

� n

�s

� n

�s

� n

(a) (b) (c)

Fidelity
Fidelity

Fidelity

Supplementary Figure 2. The relation between the fidelity and the parameters g
(2)
s , χßn and χs. (a) g

(2)
s = 0.098. (b)

g
(2)
s = 0.05. (c) g

(2)
s = 0.01.


