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SUPPLEMENTARY METHODS

Proof of self-testing

Here we provide the full proof of theorem stated in the main text. However, before diving into more detailed
considerations we recall certain facts that will be used throughout the proof. First, let us recall that the explicit form
of the SATWARP Bell inequality with two measurements per observer is

d—1
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and the classical bound By, is given explicitly by
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Then, the maximal quantum value of Z; turns out to be ,BdQ = 2(d — 1). Let us also recall that the sum-of-squares
decomposition of the corresponding Bell operator 7, is

. 1 d—1
o1 —Zi =3 ¥ (PhPu+ PiiPo). 4)
k=1
with
k
Py=1-AFec® )
fori=1,2andk=1,...,d — 1, where
M = B  +aifB ¥, O = arBrk 4 aBy " ©6)
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Let us notice here that a;_; = a; and therefore C = [Clgk)]+ foranyk=1,...,d—1landi=1,2.

Introducing finally the following matrices

i
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we can now state and prove our main theorem.

Theorem. Assume that the SATWAP Bell inequality (1) is maximally violated by a state |¢p) € Ha ® Hp and unitary
observables A;, B; with i = 1,2 acting on H s and Hsg, respectively. Then, the following statements hold true for any d:

1. There exist local unitaries Up : Ha — C? @ Hpr and Ug : Hg — C?'® Hp such that
UgBiUf = Zy @ 1y,  UgByUf = Ty @ 1, 8)
and
UaAUY = [a]‘Zd + z(a;)m} Ry, UsAUl = (mZs—aiTy) @ 1u, )

where ay is defined in Eq. (2), whereas Z; and T, are defined in Eq. (7);



2. The state is | ) equivalent to the maximally entangled state of two qudits | ) in the sense that

Ua ® Uply) = l9;) @ [9), (10)
where 15 and 1y are identity operators acting on H o and Hg:, respectively, and ) is some state from Hr @ Hy.

Proof. The proof consists of three major steps to prove the theorem. First, we establish that the observables measured
by Bob act on a Hilbert space of dimension multiple of 4 and simultaneously obtain their explicit form. Second,
exploiting the symmetry of the Bell-operator we recover the desired form of A; and subsequently characterize the
shared entangled state.

Observables. Since the properties of the observables A; and B; can only be determined on the supports of the
reduced states pa and pg of i), without any loss of generality we can assume them to be full rank.

We begin our proof by showing that with the aid of the sum-of-squares decomposition (5) one can prove that the
following sets of conditions hold true:

k
c =[c] (11)
and
R _ (12)

fori=1,2andk=1,...,d—1.
To prove (11) we first notice that for the state |) and observables A; and B; the sum-of-squares decomposition (5)
implies that

k
A cly) =) (13)
are satisfied fori =1,2and k = 1,...,d — 1. Exploiting the fact that A; are unitary we can rewrite the above as
k
10cly) = (4h o 1ly) = (Ah e 1ly). (14

We then make use of (13) for k = 1 to see that AT @ 1|¢p) = 1 ® Ci(l) |), which allows us to rewrite the above relation
as

1ecly) =10 [c) I4), (15)

which, taking into account that pg is full-rank, is equivalent to the relation (11).
To prove (12) we again consider relation (13) and apply A?ik ® CYY to it. This due to the fact that Aj is unitary

gives i
10 CPcHy) = |y). (16)

In what follows we show that the conditions (11) and (12) are enough to fully characterize Bob’s observables. First,
in Lemma 1 we show that these conditions imply that

Tr(B!') = Tr(BY) =0 17)

for any positive integer n which is a proper divisor of d. Let us then denote by )\](.i) (j =0,...,d—1) the multiplicities
of the eigenvalues w/ of B; and use them to define two real polynomials

W)= Y A% (i=1,2). (18)
j=0
After rewriting the identities (17) as
-1,
Y Al o, (19)
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one directly finds that w" for any n being a proper divisor of d is a root of both W;(x). By virtue of Lemma 2, this
means that the multiplicities )L]@ of each of Bob’s observables B; are equal, that is, A,(;) = /\,(f) for m # n. This fact

allows us to draw two conclusions. First, the dimension of Bob’s Hilbert space Hp is multiple of the number of
outcomes d, meaning that

Hp = C? @ Hp, (20)

where Hy is some auxiliary Hilbert space of unknown but finite dimension. Second, there exists a unitary matrix
Vg : Hp — Hp such that

By := BV = Z;® 1y, (21)
where Z; is defined in Eq. (7) and 1p is the identity acting on Hp/. Thirdly and finally, Lemma 3 implies that there
exists another unitary operation Vg that preserves B; = Z; ® g and

Vp(VeBa Vi) Vg = Ty ® 1y 22)

with T, defined in Eq. (7). Thus, there exist a unitary operation Ug : Hp — Hp given by Ug = Vg V3 such that (8)
hold true. This completes the first part of the proof.

Alice’s observables. Let us now concentrate on Alice’s observables. To determine them we will exploit the sym-
metries of the SATWAP Bell inequality. Precisely, let with the aid of the facts that a;_; = a; and that Al =Bl =1,
the SATWAP Bell expression Z; can also be written as

d—1

7=y (¢ @B+ T @ BY), (23)
k=1
where
=) _ x 4—k —k =K) _ k. oa—k o a—k
C =a AT HaAy, G =w  a AT Hag Ay (24)

Moreover, one can construct another sum-of-squares decomposition for the SATWAP Bell inequality in terms of
these combinations of Alice’s observables. Precisely, one has

p 1 d—1 S —t —
Pl —Ba= 3 Y. (Pl,kpl,k + P2,kp2,k) , (25)
k=1
where
- —(k
Py =1-C" @B (26)

)

. . . p —(k
Thus, using the same reasoning as in the case of Bob’s observables one can show that the Cf

(k)

i

operators must satisfy

the same relations as the C;"’ operators, that is,

ch = [é(”] ¢ 7)
as well as
i he® =g (28)
(k)

withi = 1,2 and k = 1,...,d — 1. The crucial step now is to realize that C; = and fgk) have the same form as,

respectively, Cék) and Cgk) and hence from the whole analysis performed for Bob’s observables we know that

Ha :Cd®’}-[A, (29)

with H s being some auxiliary Hilbert space corresponding to the party A of unknown but finite dimension. More-
over, there exists a unitary operation Va : Hp — Ha such that

Avl = VAA1V/I =731y, sz = VAszg =T;® 1. (30)



Thus, similarly to Bob’s observables we can fully characterize Alice’s measurements. In principle we could end
our characterization of observables already here, however, for further benefits we will apply another local unitary

operation Wy : C? — C¥ to the qudit part of A; observables so that
WAZWE = ajZy +2(a})3Ty (31)
and
WAT,WE = a1Z; — a} T, (32)

The existence of Wy is shown under Fact 2-3 in Appendix . Thus, we have proven the existence of a unitary operation
Ua = (Wa ® 15/)Va such that Eq. (9) hold true. Importantly, by combining Egs. (31), (32) and (27), application of

the unitary U, to C; £ operators allows us to bring them to
—(k —(k
UACHUL = (ZDF 91y, UaCYUL = (T & 1y (3

In particular, if Alice’s observables are transformed by applying the unitary Uy, then C; cV =z 7 and G, ol = =Tj. As

we will see next this choice of the A; observables as well as the Cf ) operators guarantees that the self-tested state
(up to some additional degrees of freedom) is the maximally entangled state of two qudits written in the standard
basis

¢7) = f Z |ii). (34)

State. Let us finally prove Eq. (10). From the fact that |¢) violates maximally the SATWAP Bell inequality we
know, by virtue of the SOS decomposition (25) that

Bily) = [y), (35)
withi =1,2and k =1,...,d — 1, which after application of Uy ® Up can be rewritten as
[(Z))W © Z§ @ 1ap]lp) = |9) (36)
and
(TH® & Tf o Law]ly) = |9), (37)

where by 1 /g we denote the identity acting on H s ® Hp.
Since the state |ip) belongs to C? ® C? ® H o ® Hp we can decompose it as

Z i) [ij), (38)

i,j=0

where [;;) € H ® Hp are some in general nonorthogonal and not normalized states. With this decomposition the
condition (36) with k = 1 implies that

-1 -1
> i) lpyg) = Xl wi)- (39)
i,j=0 i,j=0

This condition directly implies that

l$ij) =0 (40)

for any pairi,j =0,...,d — 1 such thati # j.
Let us now exploit the other condition (37) with k = 1, which after projecting onto the ket (ii| gives
d—1

i) = Y (il T k) (i Talk) [ re) = 2| i| Talk) 1 ) (41)

k=0



where we have used the fact (i|T;|k) = (k|T;|i) as T; is symmetric. Using the explicit form of T; given in (7) we can
rewrite the above as

4 -1
i) = ?k;) [¥rk) +

2\* 4 = 4
<1 - d) - 512] Yii) = = k;) e} + [1 - d] i) (42)
We now move the [i;;) ket to the left-hand side of the equality (for d = 4 there is nothing to move) and obtain the
following relation,
4 d—1

. 4
Vi, Elwzz d2 Z ‘lpkk (43)

from which it follows that all |¢;;) are equal. This together with (40) allows us to conclude that

Ua @ Uglyp) = lii) @ [9) (44)

ir
with ) = V/d|ip;;). We thus recover (10), completing the proof. O

Below we append three lemmas used in the proof of the above theorem. Remark that, series of Observations are
employed inside the proof of Lemma 1 and Lemma 3.

Lemma 1. Consider two unitary observables B; (i € {1,2}) acting on a finite-dimensional Hilbert space whose eigenvalues
are w' (1 € {0,...,d —1}). If they satisfy the conditions (11) and (12), then for any proper divisor n of d, that is, a positive
integer such that n < dand d/n € IN,

Tr(By) = Tr(B3) = 0. (45)

Proof. Plugging the explicit form of Cék) given in Eq. (6) into Eq. (12) and using the fact that Bf’k = B;k, we arrive
at

(4Bt + aaB3) (ai By + B, ") = 1. (46)

Using then the fact that a; = a;_ and a; /a; = nwz a simple calculation leads us to the following condition
BiB,* = w *B5B ¥ (47)

withk = 1,...,d — 1. Due to the fact that Bf’ = 1, the above relation (47) extends to any integer k € Z. We now
establish some relations under observations 1.1 and 1.2 which will be used later in the proof.

Observation 1.1. First, we show that the following identities hold true for any non-negative integers s, x,y € N U {0}
Te(Bf) = w* Tr (BB %) (48)
and
Tr(BY) = w¥ Tr (By By ). (49)
We present only the proof of the first identity as that of the second one is analogous. It is pretty straightforward

and consists of multiple application of the identity (47). Let us thus focus on the right-hand side of Eq. (48) and
consider (47) for k = 2sx, multiply it by Bf and trace both sides of the resulting equation. This gives

Tr (B§ZS+1)XBZ_ZSX) — w BTy (B%st§—25+l)x) . (50)
We consider again (47) for k = (2s — 1)x, multiply it by B} and then trace both sides, which results in

Te (BZSXB (2571)x) — w(2s-1)x (3525—1)9:]32*(25—2)9(). (51)



After plugging Eq. (51) into Eq. (50) we obtain
Tr <B£25+1)XB2_2SX> — W (B§Zsfl)xB;(2s72)x> . (52)

We have thus lowered the power of By from (2s + 1)x in Eq. (50) to (2s — 1)x in Eq. (52). We repeat this double
substitution until the power of B is x, each time acquiring the phase w™" (notice that in this case the power of By
goes from —2sx in Eq. (50) to zero). As a result we arrive at

Tr (B§25+1)XBZ_ZSX) — w_sle‘(Bi(), (53)
which is what we wanted to show.

Observation 1.2. Next, the following simple relation between traces of powers of B; operators holds true

Tr(B) = w 2Tr(Bi), x=1,..., m . (54)

In order to prove this observation let us consider (11) for k = 2x, which we can equivalently state as
o1t 2\t
(] = { )] } . (55)

w?B¥ + w 2B3* = {BY,B3}. (56)

This after taking into account (6) implies

We then multiply the above by B, * and by taking trace on both sides we find
w2 Tr(BY) + w2 Tr(B; *B3) = 2Tr(B3). (57)
We then use (47) with k = x, i.e., ByB; ¥ = w*B{B, *. By multiplying it by B} and tracing both sides we obtain
Tr(B; *B%) = wTr(B}). (58)

Further, substituting the expression of Tr(B; *B3*) from Eq. (58) into Eq. (57) leads us to (54).

Let us now make use of the above observations for finally prove the validity of (45). We consider the cases of even
and odd d separately.

Even d. Let n be a divisor of d, i.e., d/n € IN. There are two possibilities, d/n is even or odd, i.e., there exists
integer s such that n = d/(2s) or n = d/(2s + 1), respectively. Whenever d/n is even, we consider Eq. (48) for
x =n = d/(2s), which reads

Te(BY) = w2 T (BWBZ—d) . (59)
Using then the facts that B;’Z = 1 and w?/? = —1, the above relation simplifies to,
Te(BY) = (~1)Tr (B)). (60)

Thus, for any n such that d/n is even, Tr(B}) = 0. Similarly, by taking y = d/(2s) in Eq. (49) one can conclude the
same for By, i.e., Tr(BY) = 0.
Now, for any divisor n of d for which d/#n is odd, we choose x = n = d/(2s + 1) in Eq. (48), which leads us to

Tr(BY) = (=1)w "2 Tr (B}). (61)

The above relation together with Eq. (54) imply Tr(B?) = 0 for any n such that d/n is odd and n < d/2. Thus, we
have shown that for any n which is a divisor of d and n # d, Tr(B}) = 0 fori = 1, 2.
Odd d. Since d is odd, there exists an integer s such that 2s + 1 = d. Plugging s = (d — 1) /2 in Eq. (48) we get

Te(BY) = wD%/2 e (BB, 1Y), (62)
which due to the facts that B = 1 and w*/? = —1 simplifies to
Tr(BY) = (—1)*w "2 Tr (B3). (63)

Now, for any odd x such that x < [d/2] we obtain from Egs. (54) and (63) that Tr(Bj) = Tr(Bj) = 0. Since all the
divisors of an odd d (except d) are odd and less than |d/2], we conclude (45). O



Lemma 2. Consider a real polynomial
-1
W(x) =) A (64)
i=0
with rational coefficients A; € Q. Assume that w" with w = €™/4 is a root of W(x) for any n being a proper divisor of d, i.e.,

n#dsuchthatd/n € IN. Then, \g = A = ... = Ay_1.

To be able to prove this lemma we need to introduce the following two relevant concepts.

Euclidean division algorithm. Let F(x),G(x) € F[x] be two nonzero polynomials over the field F such that
deg G(x) < degF(x). Then there exist two polynomials Q(x), R(x) € F[x] such that F(x) = Q(x)G(x) + R(x)
and deg R(x) < deg G(x).

Cyclotomic polynomials. Let n be any positive integer. The nth cyclotomic polynomial ¢, (x) is defined as
the unique irreducible polynomial over the field of rational numbers whose root is the primitive root of unity
exp(2 mi/n), and is given explicitly by the following formula

2mik
Pu(x) = H (x—e n ) (65)
1<k<n
ged(kn)=1
Let us then consider a positive integer d and denote by n; < n, < ... < ny its proper divisors with n; = 1 and

ny < d. Then, it is known that the product of the cyclotomic polynomials ¢;,,, over all these proper divisors can be
represented by the following simple formula

x?—1

k d—1
H(Pd/”i(x) = -1 = Z x'. (66)
i=1 i=0

Let us finally notice for further purposes that w": for some divisor #; is a root of ¢4y, (x) but not of ¢4/, (x) for any
other divisor n; # n; of d.

Proof. Letny <mny <ngz <...<mng <dwithny =1and ny < d be the proper divisors of d. From the assumption we
know that w is a root of W(x), that is

W(w")=0, i=1,..k (67)

We now use this last condition along with the Euclidean division algorithm to prove that the polynomial W (x) must
be a product of cyclotomic polynomials ¢4, (x). We do it in a recursive way
Let us begin with 177 = 1. The Euclidean division algorithm implies that

W(x) = Q1(x)Pa(x) + Ry(x) (68)

with Q1(x), R1(x) € Q[x] such that deg Ry (x) < deg¢,(x). From Eq. (67) we know that W(w) = 0, implying that
Rq(w) = 0. As ¢4(x) is the unique polynomial of minimal degree over the rational field whose root is w, the latter
implies that Ry (x) = 0. Thus,

W(x) = Q1(x)¢a(x). (69)

Let us then move on to the next divisor of d, n, > ny. Due to the fact that w™ is not a root of ¢;(x), the condition
(67) implies that Q1 (w™) = 0. We therefore apply the Euclidean division algorithm to Q1 (x), that is,

Q1(x) = Q2(x)Pa/n, (x) + Ra(x) (70)

with Q2(x), Rz(x) € Qx| such that deg Ry < deg¢,/p,(x). Due to the fact that w" is a root of Q; we see that
Ry(w™) = 0. Again, due to the fact that ¢/, (x) is the unique polynomial of minimal degree over the rational field
whose root is w2, the latter implies Ry(x) = 0. Consequently,

Q1(x) = Q2(xX)Pasn, (x). (71)



Applying the above procedure iteratively for every divisor n; of d it is now not difficult to see that our initial
polynomial W(x) is of the following form

k
X) [ 1¢asn (), (72)
i=1

with Q(x) is a rational polynomial. Owing to the fundamental relation satisfied by the cyclotomic polynomials given
in Eq. (66) one sees that the degree of the above product of cyclotomic polynomials is 4 — 1 and equals the degree
of W(x), which directly implies that Q(x) is simply a constant factor, denoted Q. Moreover, by comparing Egs.

(64) and (72) and taking into account Eq. (66), we immediately see that A; = Qfori=0,...,d—1, meaning that
Ag = Ay = ... = Ay_1, which completes the proof. O

Lemma 3. Consider two unitary operators By and By acting on C% ® Hy such that BY = 1 withi = 1,2. Assume moreover

that By = Z; ® 1 and that they both satisfy the conditions (11). Then, then there exists a unitary U such that UB;U' = By
and UB,Ut = T; ® 1y with T, defined in (7).

Proof. We begin by proving the following relation for B; and B, matrices:
‘ 1 k=
Bf = —(k—1)w?Bf + w7 ZB’"BZB" em o k=1,...,d (73)

m=0

We prove this relation by induction. For k = 1 it is not difficult to see that both its sides equal By. Assuming then
that (73) holds true we will prove it for k 4 1. To this end, let us rewrite (11) as

fork = 1, ey d— 1, which in terms of Bi [Cf Eq (6)] can be rewritten as

BkH = o B 4 wgB’fBz + w%B’z‘Bl. (75)

Now, substituting B’Z‘ from (73), we have

B = —0" 7 B 4 WIBEBy  w? | —(k—1)wiBf +w' s Z B,BE-1-m| By
— k' Bk+1 twh 2 By Bsz ", (76)
m=0

Having established (73), let us now write B, as

-1
By =) |i)}jl®Fy, 77)
i,j=0

where F;j are some matrices acting on Hp/. Our aim now is to determine F; using the conditions (73). We first focus
on F; and then move on to F;; withi # j.
Finding F;;. Taking the relation (73) for k = d — 1, we obtain

_(d _2)wd%lB? 1 % E B'lnBzBfizim, (78)

which after taking into account that By = Z; ® 1p/ and that B, is given by Eq. (77), can be rewritten as

d—1 —1d-2
N =2
Y liil @ Bj = —( de Vi @ 1y + w2 2 Zw(d 2rtmi=Dliyj| © By, (79)
i,j=0 i,j=0m=
By projecting the first subsystem onto |i)(i|, we arrive at the following condition for F;; matrices

d

= (d-2)wTw iy + (d— 1w T w 2, (80)



Conjugating the above equation on both sides we obtain
-1 —42 2ipt
=—d-2w Zwlg+(d—-1)w 7 w'Fj}. (81)
After plugging into the above relation F; from Eq. (80) we obtain an equation for F;; whose solution is

d—2 ;
Fii = Twl+%]].3/. (82)

Finding F;;. Let us now move on to determining the F;; matrices for i # j. We formulate our derivation as a
sequence of observations.

First, by comparing the matrices appearing on |7)(j| position of both sides of (79) with i # j, we obtain the following
equation

iz od=2
Fl=w?w Y " E, (83)
m=0
which after taking into account the fact that for i # j,
w1 = =) (84)
reduces to

Fij = wiﬂ'“lfﬁ. (85)

Thus, (78) only provides a relation between the symmetric elements of B, in the form (85). To find the explicit form
of F;j, we have to look for equations involving higher order terms in F;. To this aim, let us prove the following
observation.

Observation 3.1. The following conditions hold true

gt g =1 - (UM ,
—(k=1Dw?2 ) Wli)jleFj+wz ) |i)jl® Z FyFyj + k" VIFsF
1,j=0 i,j=0 6:0
1
= ko'T Zw 113\ @ 1 + wz (Z k=i | ®F1]> k=1,...,d—1. (86)
i=0 i,j=0 \m

From (73) we know that
k+1 L | K : m k—m
Byt = —kw 7 B! + w2 ) B{'B,By ™. (87)
m=0

Again using (73) for B, the left-hand side of the above equation can be written as

uk

BY* = BBy = —(k— 1w B{By+w'T Y BI'ByBf 17"B,. (88)
m=0

Let us now focus on the sum appearing in Eq. (88). After substituting the explicit forms of B; and B; into it, we can
rewrite it as

k—1 d—1 ,
Y BI'BBE 1By = Y VY WD iY| @ By (89)
m=0 i,jl=0 m=0
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After splitting the above summations into the cases of i = | and i # I, we obtain

k=1 k=1 .
Y BI'B,B 1B, = Z i)(j| ® |kwFVIEF; + Z < k=0t y~ w’”(l—”PﬂF,j)
m=0 m=0

i,j=0 I l#l
d=1 =1 [ ki Kl
o/ w™t — w P
- .;OW]'@ ;0 <wwz> FyF; + k" VIEE; | (90)
K |12

Let us then consider the sum appearing in Eq. (87). After plugging the explicit forms of By and B; into it we arrive
at

k
Y BI'BBY " = 2 wh 2 w" =D )| @ Fy. (91)

m=0 i,j=0 m=

We finally substitute B’Z<+1 from Eq. (87) into Eq. (88), and then plug the explicit forms of B; and B, as well as the
expressions (90) and (91) into the resulting equations, which leads us to (86). This completes the proof of observation
3.1.

Now, having the formula (86), we proceed as before. That is, we first look at the diagonal elements of it and solve
the resulting equations. Then, we consider the off-diagonal elements of Eq. (86) to have full characterization of F;.
As for the diagonal part of Eq. (86) we establish the following observation.

Observation 3.2. The following conditions hold true

d=1 (1 _ . k(j—i)

1-—w b 4k ,
j=
J#i

To prove the above relation let us consider the |)(i| elements of (86) which, after some algebra, gives us the following
relation

d—1 ki kI
Wt — w . 1 w .
Z (aﬂ—aﬂ) FilPli = k(Ukl |:2£()2Fii — W IPZ% — a)H'l]lB/ , (93)
=0

1#£i

which after substituting F;; from Eq. (82) into it simplifies to

d—1 ki Kl 4k
Yo ) By = — @D, (94)
o\ w—-w d

1£i

This after some manipulations can further be rewritten as

d=1 (1 _  k(I—i) ,

1-w _ 4k
Z (1 R > FilFliw (1) — d2 ]]-B’ (95)
=3

and after taking into account (85) and changing the index ! to j, we obtain the desired relation (92).

The subsequent observation provides the solution of equations (92).

Observation 3.3. The solution of (92) is given by

4

T _

i# ). (%)
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We multiply Eq. (92) by w*" withk =0,...,d —1andn = 1,...,d — 1 and then sum the resulting identity over all
k's, which leads us to

-1 d—1
. 4
+ k(j— k
- Z — ]Fl]Fl] 2 WU = 1y ) k™, (97)
=0 k=0
J#z
where we have exploited the fact that foranyn =1,...,d -1,
d—1
Y W =0. (98)
k=0

Applying then Eq. (116) to the right-hand side of Eq. (97) and the fact that

Z Wkl = ]1 n mod d (99)
to its left-hand side we can bring it to
1. 4
Fl(l n  mod d)F (1 n mod d) ﬁ]]'B, (100)

To complete the proof it suffices to realize that for any i = 0,...,d — 1 thereexistn = 1,...,d — 1 such thati —n
mod d is any number from {0, ...,d — 1} different than i.

The relation (96) is unfortunately not sufficient to fully characterize Fj;. However, we can find a unitary operation
U that preserves By and allows us to obtain an explicit form of a few matrices F;j from Eq. (96).

To be more precise, let us consider a unitary matrix U acting on C? @ Hp of the form

d—1
u= Y liXjleu, (101)
i,j=0
where
d —ipl .
Uy = 1p, u; = Ew 2 Fy;, i=1,...,d—1. (102)

We can readily check that UB; U' = B;. Let us then denote

UBZU1~ Z| ]|®U ij ]- 2| ]|®sz (103)
i,j=0 i,j=0

Note that, all the algebraic relations for Ej obtained so far hold also for FZJ, and F; = F;.
Now, we see that

- d it 2 &
Foj = UpFoiU} = S FyiFg = T 1p, (104)
2 a“
where to obtain the last equality we employed Eq. (96). Using Eq. (85) we then obtain Fjo.
Thus, the remaining part of the proof of Lemma 3 is to obtain the elements F;; such that i, j # 0andi # j. Todo

so, we use the off-diagonal elements of (92) to obtain a set of relations as follows.

Observation 3.4. The following conditions hold true

: N
1/21:.:%“,# <k+1 w.aﬂ), k=1,...,d—1, j=1,...,d—1 (105)

“MM|
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Taking the inner product with (i . \ ) (where i # j) on the both side of (86) we obtain

k1 (k+1)i _ ,,(k+1)f
( — @ > lFl] + kew k= i w*%FiiFij = @ - (U‘ Fz] (106)

1

—(k—1)w"F; + *z

w! — w!

NOMH

After rearranging some terms and using the formula for F;; given above, we express the above equation as

— Wkl 1| kD)i — y(k+1)j 2k
IZ(;) FyFj = w? [ —— + <d — 1> F;j. (107)
1540
Next, we set i = 0 and obtain
d=14 _ Kkl o, (k+1)j
1—w 1 (1—w 2k
— R =w2 | ——+—+ = 1| Fy; 108
glfwl 0141j w < 1_ i +d ) 0j ( )
and then substitute Foj from (104) which gives
d—1q _ Kkl , _ o (k+1)f
1—w" i 1—w 2k
Th=wtt | 1] 1y 109
l:ll_wlw lj w ( 1— i +d ) B ( )

Let us then take the term corresponding to | = j out of the sum and use Eq. (82) to express Fj;. This after some
simplifications allows us to rewrite Eq. (109) as

-1 ki , ki
1- 2 1—whi
) ( ad ) w%Plj —Zolr <k+ « w]> Ig. (110)
d 1—w

Finally, changing the index [ to i leads us to (105). Note that the equations derived for F;; are also valid for Fj, and
Fij = F.

The following observation provides the solution of (105).
Observation 3.5. The solution of the equation (105) is

2 it

Fy=—50 = ly, ij=1l..d-1 i#] (111)

We multiply Eq. (105) by w %" with n € {1,...,d — 1} such that n # j and then sum both sides of the resulting
formula over k =0,...,d — 1, obtaining

-1, i/2  d-1 , wl’? il
= k=0

i=1

i7j

We now notice that the first sum on the left-hand side of the above and the last two sums on the right-hand side
simply vanish due to Eq. (98) and the fact that n # j. Exploiting then Eq. (117) as well as the fact that

d—1 ,
Y Wk = dg, (113)
k=0

holds true for any x,y € {0,...,d — 1}, we obtain

w"/? 2 d

which after some manipulations leads us to (111). Finally, taking into account Egs. (77), (82) and (111) we conclude
that

UB U™ =T; @ 1 (115)
with T, given by Eq. (7). O
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Fact 1. The following identities hold

=k k=1,...,d—1, i=0,...,d—1, (116)

and

d—1
ka’“‘:wn_l, n=1,...,d—1. (117)

Proof. To prove the first relation (116) we first notice that its left-hand side can be rewritten as

d=11 _  k(j—i) d=1 1 _ k(-0

Z 1“’717 = _ Z w]lewi;i. (118)
- 1-w™/ =0 -

i i

Observing then that the expression appearing on the right-hand side under the sum is actually a sum of a geometric
series, one can rewrite the above equation as

d=117 _ k(-0 d—

Zm:—Z;(w]lew(] )4+ k- ,>):_ ”’Zw (119)
i=0 =1
]J'#i J#l ' J#l

Let us finally notice that for any n = 1,...,d — 1 one has the following chain of equalities

Z w" = Z w" — " = — ™. (120)
]#z "

After plugging this last formula into Eq. (120) we arrive at Eq. (116).
To show the second identity we use the following relation

-1
1 — x4
121

Z X =g (121)

Taking the derivative and multiplying by x on both sides, we get

d—1 d d d
d [1-x —dx*  x(1—x%)

Ik = x— = . 122
k;)x xdx(l—x) 1—x+(1—x)2 (122)
Substituting x = w" and using the fact that w? = 1 we obtain (117). O

Unitary equivalence to CGLMP measurements

Let us first define the d-dimensional CGLMP measurements as
Z W' [r)r| A Z W' |r)(r|p, (123)
with k = 1,2, where the eigenvectors are defined as
1 di (r—a) Bi)
Na,=—= ) W' *q),  |r)p, = TP g), (124)
k \/E = k

where ay = (k—1/2)/2and By = k/2 [1].
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Fact 2. There exist unitary operators Wy, Wy : ©* — C© that transform Z, Ty (7) to the d-dimensional CGLMP measurements

in the following way: A} = W1Z;W{, Ay = Wi ;W and B} = WoZ;W1, B, = W, T,W5.

Proof. We know that the following spectral decomposition holds, Z; = Zg;é w7lg){(q|, and Ty = Z‘Z;é w'r)(r|T,

where
p w?
1)1, =5 3 (~1)%e |9)-
Ay e

For clarity, we verify the spectral decomposition of Ty,

d—1 Sl 9 d-1 i 5 d-1 w7
Talr)t, = <2w+2|z><z =5 L (D) |l><]|> (d Z(—l)‘sq"i%lm

i=0 i,j=0 4=0 1-w'172
241 o g 1 241 1
=AY ()t -2 )
dqg() 1— w12 dkzolfwrfk 1
Using the relation

d—1
Y W=D _ 2 y
=0 1—w k2

we evaluate the sum
d—1 1
k=0 1—w'™
The above sum is nonzero iff | = 0, which gives
d—1 1 d
k=01 —w'™ 2

Substituting the above relation (129) in Eq. (126) and the replacing the form of |r) 7, from (125), we get
p 941 1
Tl = 5 L (D0 (— =1} 10
q:O 1-— (,Ur q=2
= w’|r>Td.

Next we define the unitary operators Wy, W, as follows:

w; = MIFYt, W, = SMiFYT,

where
d-1 s A -1 .
Y=Y (1) "%w|j)jl, S=) |jNd-1-]],
j=0 j=0

and F, My (x = 1,2) are explicitly given by

1 41 U
F=—2 YU, M= ;)m 7)Gl-

i,j=0 j

(125)

(126)

(127)

(128)

(129)

(130)

(131)

(132)

(133)

Here §; ; denotes the Kronecker delta, that is, §;; = 1if i = jand §;; = 0 for i # j. To this fact it is sufficient to show
that the proposed unitary transforms the eigenstates of one observable to the eigenstates of another observable up

to a complex number. By expanding W; = MIFY' we obtain,

1ol
W= Y (1) et g,
ik, j

(134)
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and further
d—

—_

Wil 4 )00l ), (135)

]q:O

kn

The sum on the right-hand-side of the above equation would only exist if r = j as Zk ow"" = 0 whenever n is a

non-zero integer, and thus

Wi r)a, = 0700~ 2)r). (136)
Similarly, the expression
Wilr)a, = 3 (—1) 90w\ 2 w2 ). (137)
ja=0
Carrying the above sum over g and using the fact that w? = —1for any non-negative odd integer n, with the aid of
(125) we get
Wilr)a, = =Ir)1,. (138)

Similarly, for Bob’s observables B,’C, expansion of Wy = SM}L FY' leads to

1 d—1

W= (- 1)1 000345 g —1 i) (j], (139)
i,j=0
and further
Wil %i 1)1 =80l a-D D=4 (140)

The sum on the right-hand-side of the above equation would only exist if r = j as Zk 0 Lwk® = 0 whenever 7 is a
non-zero integer, and thus

Wi[r)p, = €717 =00 ), (141)
While, the following expression
Wil ;]; V=04 b=t @044 ), (142)

which after carrying the sum over q and using (125) simplifies to
Wilr)g, = —w" 1)1, (143)
Altogether, Egs. (136), (138), (141), and (143) complete the proof. O

Fact 3. There exists a unitary operator Wy : C% — C¥ such that
WAZgWE = a5 Zy +2(a3)3T;, WATyWE = a124 — ai Ty (144)

Proof. Due to the fact that the CGLMP measurements together with the maximally entangled state |¢) yield the
maximum violation of SATWAP Bell inequality [2], the following relations hold true,

(B)" =ai(A)" +a1(43)",  (By)" = mw" (A" +aj(43)", (145)
Substituting the CGLMP measurements from Fact 2, we get

(WoZ W) = af (W1 ZyW)T + ag (W, T,W])T,
(W2 T, W) = mpw* (Wi ZgW) T+ ag (W T,WHT (146)
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Taking the transpose-conjugate on both sides, and then multiplying W) and W; from left end and right end, respec-
tively, of the above equations, we further obtain

Zg = ayWAZ W + a3 WAT, WY, Ty = aiwWAZyWL + ay WA T WL (147)

where W = W) W;. Consequently, the above equations lead us to the desired relation (144). O
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