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SUPPLEMENTARY NOTE 1: PROPERTIES OF
WIGNER REPRESENTATIONS

Here we present basic properties of the phase-point
operators and the Wigner distribution that are used
throughout the main text.

Proposition 1. For any dimension d, the phase-point
operators satisfy:

(i) Hermiticity and unitarity: A†z = Az = A−1
z ;

(ii) Closure under transposition: AT(q,p) = A(q,−p);

(iii) Unit trace for odd d: tr[Az] = 1;

(iv) Completeness relation:
∑
z∈Pd Az = d1;

(i) Orthogonality: tr[A†zAy] = dδz,y.

All properties follow from the definition in Eq. (6) in
the main text along with properties of the displacement
operators Dz and can be found in the literature, e.g. [1–3]

Proposition 2. The state Wigner distribution is

(i) Real valued: Wρ(z) ∈ Rd2 ;

(ii) Normalized:
∑
z∈PdWρ(z) = 1;

(iii) Bounded: |Wρ(z)| ≤ 1
d .

(iv) Additive under mixing:

Wpρ1+(1−p)ρ2(z) = pWρ1(z) + (1− p)Wρ2(z);

(v) Multiplicative under tensor products:

WρA⊗ρB (zA ⊕ zB) = WρA(zA)WρB (zB).

Proof. Proof of all properties can be found in the litera-
ture [1–4] except for property (iii) which we prove here.

Let {λi}i∈Zd be the (non-negative) eigenvalues of ρ,
summing to 1. Let {αz,i}i∈Zd be the eigenvalues of Az.
For any z, αz,i ∈ {−1, 1}, due to the hermiticity and
unitarity of the phase-point operators. Then,

|Wρ(z)| = 1

d
|tr[Azρ]| ≤ 1

d

∣∣∣∣∣∑
i

αz,iλi

∣∣∣∣∣
≤ 1

d

∑
i

λi =
1

d
. (1)

The first inequality follows from Theorem 1 of [5] for
the trace of complex matrices, while the second is the
Cauchy-Schwarz inequality.

Proposition 3. The Wigner distribution of a quantum
channel E : B(HdA)→ B(HdB ) is

(i) Real-valued: WE(z|y) ∈ Rd2A × Rd2B ;

(ii) Normalized:
∑
y∈PdB

WE(z|y) = 1

for any z ∈ PdA ;

(iii) Bounded: |WE(z|y)| ≤ dA
dB

;

(iv) WE(ρ)(z) =
∑

y∈PdA
WE(z|y)Wρ(y) for any z ∈ PdB .

Proof. Proof of all properties are provided in [4] except
for property (iii) which is a direct consequence of the
definition of WE and property (iii) in Proposition 2.

Within the context of the Wigner representation, we
define the rescaled quasi-distribution

Wρ|τ (z) :=
Wρ(z)

Wτ (z)
, (2)

which is well-defined if τ is a full-rank stabilizer state.
The following result shows that the rescaled Lorenz

curves behave in a natural way under tensor products.

Proposition 4. Let τA, τB be full rank stabilizer states
on systems A and B, and let ρA, ρB be arbitrary states
on A,B. Then, the rescaled quasi-distribution obeys

WρA⊗ρB |τA⊗τB (zA⊕zB) = WρA|τA(zA)WρB |τB (zB) (3)

Proof. This follows from the multiplicativity of the
Wigner distribution,

WρA⊗ρB |τA⊗τB (zA ⊕ zB) =
WρA⊗ρB (zA ⊕ zB)

WτA⊗τB (zA ⊕ zB)

=
WρA(zA)WρB (zB)

WτA(zA)WτB (zB)
= WρA|τA(zA)WρB |τB (zB).

SUPPLEMENTARY NOTE 2: PROPERTIES OF
RELATIVE MAJORIZATION AND LORENZ

CURVES

Relative majorization for quasi-distributions

We prove the following result connecting majorization
to relative majorization [6–8].

Proposition 5. Let w ∈ RN ,w′ ∈ RN ′ be quasi-
distributions and r ∈ RN , r′ ∈ RN ′ probability distribu-
tions with positive rational entries given by ri = ai/K
and r′i = a′i/K for positive integers ai, a

′
i and K =∑N

i=1 ai =
∑N ′

i=1 a
′
i. Then,

(w, r) � (w′, r′) if and only if Γa(w) � Γa′(w
′), (4)

where the embedding map Γa : RN → RK is given by

Γa(z) :=

N⊕
i=1

ziηai , (5)

with ηai = (1/ai, 1/ai, . . . , 1/ai) the uniform distribution
on ai elements.
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Proof. We first note that the map Γa is stochastic and
has a well-defined left-inverse Γ−1

a : RK → RN given by

Γ−1
a (x) =

 a1∑
i=1

xi,

a1+a2∑
i=a1+1

xi, . . . ,

K∑
i=a1+···+aN−1+1

xi

 , (6)

that obeys (Γ−1
a ◦ Γa)(z) = z for all z ∈ RN .

The claim is equivalent to the statement that there
exists a bistochastic map B sending Γa(w) to Γa′(w

′) if
and only if there exists a stochastic map A sending w to
w′ and r to r′.

Suppose there is a stochastic map A such that Aw =
w′ and Ar = r′. We define B : RK 7→ RK by B :=
Γa′ ◦A ◦ Γ−1

a so that it is stochastic as a composition of
stochastic maps and it preserves the uniform distribution
in RK , since

B(1/K, 1/K, . . . , 1/K) =
(
Γa′ ◦A ◦ Γ−1

a

)(
Γa′(r)

)
=

Γa′(r
′) = (1/K, 1/K, . . . , 1/K), (7)

therefore B is bistochastic. Finally, B maps the embed-
ded distributions as follows,

BΓa(w) =
(
Γa′ ◦A ◦ Γ−1

a

)(
Γa(w)

)
= Γa′(w

′). (8)

Conversely, suppose a bistochastic map B exists send-
ing Γa(w) to Γa′(w

′). Again, define A : RN 7→ RN ′ by
A := Γ−1

a′ ◦B ◦Γa so that it is stochastic as a composition

of stochastic maps and Aw =
(
Γ−1
a′ ◦B ◦ Γa

)
w = w′, as

well as Ar = r′.

We note that the vectors r, r′ with rational compo-
nents form a dense subset of the positive probability dis-
tributions, and do not consider further technicalities that
have no impact on actual physical measurements, which
always have a finite resolution.

Restricting the above result in the context of proper
probability distributions, we can prove the Lorenz curve
condition for probability distributions. We define a
Lorenz curve elbow as a point where the slope of the
curve changes, expressed explicitly in Eq. (15) for Lorenz
curve Lw|r(x)

Proposition 6. Given probability distributions w, r ∈
RN and w′, r′ ∈ RN ′ with r, r′ having positive compo-
nents, then

(w, r) � (w′, r′) if and only if Lw|r(x) ≥ Lw′|r′(x),

for all x ∈ [0, 1].

Proof. In the case of N = N ′ and r = r′ = η, where
η = (1/N, 1/N, . . . , 1/N) is the uniform distribution on
N elements, the statement reduces to the Lorenz curve
condition Lw(x) ≥ Lw′(x) for all x, for simple majoriza-
tion which follows immediately from the defining set of
inequalities for majorization [9]. Namely, the Lorenz
curve Lw(x) for w is obtained from the partial sums of
w sorted in non-increasing order. It is also clear from

the definition that the Lorenz curve of w is given by
Lw(x) = Lw|η(x).

To prove the general statement we reduce the rela-
tive majorization Lorenz curve condition to standard ma-
jorization. Using the notation and assumptions of Propo-
sition 5 for distributions with rational components, we
can define Γa(w),Γa′(w

′) and the uniform distribution
η = (1/K, 1/K, . . . , 1/K).

The key ingredient in the proof is that the Lorenz curve
of w relative to r coincides with the Lorenz curve of
Γa(w), namely

Lw|r(x) = LΓa(w)|η(x) = LΓa(w)(x) for all x ∈ [0, 1].
(9)

To see this we consider the elbows of Lw|r(x),

(xk, Lw|r(xk)) =

(
k∑
i=1

rπ(i),

k∑
i=1

wπ(i)

)
, (10)

where the permutation π sorts (wi/ri) in non-increasing
order. Expressing Γa(w) as

Γa(w) =
1

K

N⊕
i=1

(
wi
ri
, . . . ,

wi
ri

)
, (11)

where (wi/ri, . . . , wi/ri) has ai elements, it is clear that
permutation π sorts Γa(w) in non-increasing order too.
The Lorenz curve elbows (yk, LΓa(w)|η(yk)) occur at

yk =

aπ(1)+···+aπ(k)∑
j=1

1

K
=

k∑
i=1

aπ(i)

K
= xk (12)

and take values

LΓa(w)|η(yk) =

k∑
i=1

aπ(i)
1

K

wπ(i)

rπ(i)
= Lw|r(xk). (13)

Therefore, the Lorenz curve of the embedded distribution
coincides with the Lorenz curve in the relative majoriza-
tion setting.

Finally, we have (w, r) � (w′, r′) if and only
if Γa(w) � Γa′(w

′), which holds if and only if
LΓa(w)|η(x) ≥ LΓa′ (w

′)|η(x) for all x ∈ [0, 1], which in
turn holds if and only if Lw|r(x) ≥ Lw′|r′(x), x ∈ [0, 1],
which concludes the proof.

We now verify useful majorization properties in the
context of quasi-probability distributions, starting from
the property that the Lorenz curve is concave.

Proposition 7. Let w be a quasi-distribution and let r
be a probability distribution with strictly non-zero compo-
nents. Then Lw|r(x) is a concave function on [0, 1].

Proof. Let x? be the point where Lw|r(x) first attains it
maximum. Therefore, on [0, x?] the function rises mono-
tonically to Lw|r(x?), via the sum of all positive entries
of w, taken in decreasing order. Likewise on [x?, 1], the
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function decreases monotonically from its maximum via
the partial sums of the negative entries of w in decreas-
ing order. Let f1(x) be equal to Lw|r(x) on [0, x?] and 0
otherwise. Also let f2(x) be equal to Lw|r(x) on [x?, 1]
and and 0 otherwise. By inspection both f1 and f2 are
concave functions, and f1(x) + f2(x) = Lw|r(x) for all
x ∈ [0, 1]. However, the sum of two concave functions is
also concave which concludes the proof.

The following result is used in the main text to extend
the Lorenz curve condition of Proposition 6 into the con-
text of quasi-distributions.

Proposition 8. Let w be a quasi-distribution and let r
be a probability distribution with strictly non-zero com-
ponents. Then, Law+br|r(x) = aLw|r(x) + bx for any
constants a > 0 and b ∈ R.

Proof. The Lorenz curve of aw + br relative to r passes

through (0, 0) and the points (
∑k
i=1 rπ(i),

∑k
i=1(aw +

br)π(i)) where π is the permutation that puts (awi/ri+b)
in non-increasing order. Since a > 0, the permutation π
puts (wi/ri) in non-increasing order too. We thus have(

k∑
i=1

rπ(i),

k∑
i=1

(aw + br)π(i)

)
=(

k∑
i=1

rπ(i), a

k∑
i=1

wπ(i) + b

k∑
i=1

rπ(i)

)
,

so the value of the Lorenz curve at each potential elbow

point xk =
∑k
i=1 rπ(i) is given by

Law+br|r(xk) = aLw|r(xk) + bLr|r(xk) =

aLw|r(xk) + bxk, (14)

so we have Law+br|r(x) = aLw|r(x)+bx for any x ∈ [0, 1]
due to linearity.

The following provides equivalent formulations of rel-
ative majorization on quasi-distributions.

Proposition 9. Given quasi-distributions w,w′, r, r′,
such that the components of r and r′ are positive, the
following statements are equivalent:

(i) w′ = Aw and r′ = Ar for a stochastic map A;

(ii) Lw|r(t) ≥ Lw′|r′(t) for t ∈ [0, 1) and

Lw|r(1) = Lw′|r′(1);

(iii)
n∑
i=1

|wi − rit| ≥
n∑
i=1

|w′i − r′it| for all t ∈ R.

Proof. The proofs for these properties on proper proba-
bility distributions can be found in [9–12] and references
therein.

The equivalence between (i) and (ii) on quasi-
distributions was proven in Theorem 1 in the main text.

The equivalence between (i) and (iii) follows from a
similar argument where we mask negativity with a prob-
ability distribution. Namely, let ε > 0 be such that
w(ε) := εw + (1 − ε)r and w′(ε) := εw + (1 − ε)r′ are
genuine probability distributions. This is guaranteed by
picking a sufficiently small ε > 0, since r has positive
components. We now have that (w, r) � (w′, r′) if and
only if (w(ε), r) � (w′(ε), r′). Moreover, we have that
for all c ∈ R,

∑n
i=1 |w(ε)i − ric| ≥

∑n
i=1 |w′(ε)i − r′ic|,

which leads to

n∑
i=1

∣∣∣∣wi − ri ε+ c− 1

ε

∣∣∣∣ ≥ n∑
i=1

∣∣∣∣w′i − r′i ε+ c− 1

ε

∣∣∣∣
Replacing t = (ε+ c− 1)/ε, we see that t can attain any
real value for c ∈ R, so we deduce the required L1–norm
condition on quasi-distributions w,w′.

Component-multiplicity pairs

In general, a 1–copy d–dimensional state ρ is described
by its d2–dimensional Wigner distribution Wρ. The dis-
tribution Wρ is defined on the phase space, but it can
be convenient to re-express this using vector notation.
We discuss this in terms of Wigner distributions, but
there is nothing to prevent the discussion from applying
to rescaled Wigner distributions as well.

To each Wigner distribution Wρ(z) we can associate
component-multiplicity pairs {(wi,mi)} where the value
wi occurs in the distribution Wρ(z) with multiplicity mi.

As an example, for the Strange state ρS := ρS(ε = 0)
with

WρS = (−1/3, 1/6, 1/6, 1/6, 1/6, 1/6, 1/6, 1/6, 1/6) (15)

we have the component-multiplicity pairs:
{(−1/3, 1), (1/6, 8)}. However, we might also wish
more freedom and not require that the different wi
values are all distinct. For example, the component-
multiplity pairs {(−1/3, 1), (1/6, 2), (1/6, 3), (1/6, 3)}
also describe WρS .

This representation is more compact when a Wigner
distribution has a lot of multiplicities, and allows for sim-
ple handling of multiple copies via the following fact.

Proposition 10. Consider two Wigner distributions
WρA(zA),WρB (zB) with component-multiplicity pairs

{(wi,mi)} and {(w′j ,m′j)}, (16)

respectively. Then, {(wiw′j ,mim
′
j)} gives component-

multiplicity pairs for WρA⊗ρB (zA ⊕ zB).

Proof. This result is true because all components of
WρA⊗ρB (zA ⊕ zB) are of the form wiw

′
j and∑

i

∑
j

mim
′
j =

∑
i

mi

∑
j

m′j = d2
Ad

2
B ,
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where dA, dB are the dimensions of ρA, ρB respectively,
and so the set {(wiw′j ,mim

′
j)} contains exactly the

Wigner components of WρA⊗ρB (zA ⊕ zB).

The above result also applies when we consider rescaled
Wigner distributions, crucially due to the multiplicativity
result shown in Proposition 4.

In the case of distillation protocols, we are interested
in copies of distributions. For this, we have the following
result, which follows from combinatorics.

Proposition 11. Suppose Wρ has a set of D
component-multiplicity pairs {(wi,mi)}. Then, Wρ⊗n

has component-multiplicity pairs {(Wq,Mq)}, with in-
dex q running through all vectors (q1, . . . , qD), where
q1, . . . , qD are non-negative integers that sum to n, and

Wq =

D∏
i=1

wqii (17)

Mq =

(
n

q1, q2, . . . , qd

) D∏
i=1

mqi
i . (18)

The term outside the product in the expression for Mq is
the generalized binomial coefficient,(

n

q1, q2, . . . , qd

)
:=

n!

q1! . . . qD!
. (19)

Proof. Denote by CnD := {k} the set of all vectors k :=
(k1, . . . , kD) with non-negative integer components that
sum to n, i.e.

0 ≤ k1, . . . , kD ≤ n and k1 + · · ·+ kD = n.

We proceed by induction. Assume n = 1 and let ki
be the vector with its i-th component equal to 1 and 0’s
elsewhere. The set C1

D consists of all vectors of this form,
i.e.

C1
D = {ki}i=1,...,D

It is also true by direct calculation that

(Wki ,Mki) = (wi,mi).

Therefore, {(Wk,Mk)}k∈C1
D

is a complete set of
component-multiplicity pairs for Wρ.

Assume that {(Wk,Mk)}k∈CnD as given in Eqs. (17,
18) is a complete set of component-multiplicity pairs for
the n–copy distribution Wρ⊗n = W⊗nρ . By construction,

the distribution W
⊗(n+1)
ρ = W⊗nρ ⊗Wρ, so it admits the

complete set of component multiplicity pairs

{(Wkwi,Mkmi)}, k ∈ CnD and i = 1, . . . , D. (20)

Consider the component sum of distribution W
⊗(n+1)
ρ ,

∑
k∈CnD

D∑
i=1

MkmiWkwi =
∑
k∈CnD

MkWk

D∑
i=1

miwi =

∑
k∈CnD

n!

k1! . . . kD!

D∏
i=1

mi
kiwi

ki

D∑
i=1

miwi =

(
D∑
i=1

miwi

)n( D∑
i=1

miwi

)
=

(
D∑
i=1

miwi

)n+1

=∑
q∈Cn+1

D

MqWq,

where in the last expression, vectors q = (q1, . . . , qD)
have non-negative integer components that sum to (n+1)
and

Mq =
(n+ 1)!

q1! . . . qD!

D∏
i=1

mi
qi ,

Wq =

D∏
i=1

wi
qi .

We have used the multinomial theorem to proceed be-
tween lines 2-3 and lines 3-4 of the derivation.

We have achieved a regrouping of the distribution com-
ponents. Every component Wq is of the form Wkwi with
qi = ki + 1 and qj = kj for j 6= i and

∑
q∈Cn+1

D

Mq =
∑

q∈Cn+1
D

(n+ 1)!

q1! . . . qD!

D∏
i=1

mi
qi =

(
D∑
i=1

mi

)n+1

= d2(n+1),

which is the dimension of W
⊗(n+1)
ρ .

Therefore, {(Wq,Mq)}q∈Cn+1
D

contains exactly the

components of W⊗nρ , completing the proof.

Once again, the above result applies on rescaled
Wigner distributions as well.

Results on Lorenz curve constraints

We first prove the following result on the relation be-
tween majorization in a particular sub-theory Rσ and
mana.

Theorem 5. Given a magic state ρ, the maximum L?
of its Lorenz curve Lρ|σ(x) is independent of the Rσ and
equal to 1+sn(ρ). Moreover, the majorization constraint
is stronger than mana in every Rσ.

Proof. We denote the Wigner distributions of the states
single-component vectors w(ρ) = Wρ(z) and w(σ) =
Wσ(z). Likewise, we writew(ρ|σ) = Wρ|τ (z). We choose
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the component indexing so that w(ρ|σ)↓ = w(ρ|σ), so
the components are sorted in non-increasing order.

Note that all components of w(σ) are positive, so
w(ρ|σ)i ≥ 0 if and only if w(ρ)i ≥ 0 for any i = 1, . . . , d2.

Let i? be the index of the smallest non-negative com-
ponent of w(ρ|σ)↓. Then, w(ρ)i < 0 if and only if i > i?,
so the maximum of Lorenz curve Lρ|σ(x) takes the value

Lρ|σ(xi?) =

i?∑
i=1

w(ρ)i, (21)

and is achieved at xi? :=
∑i?
i=1 w(σ)i. The location of

this maximum varies with Rσ, but its value is indepen-
dent of σ,

L? := Lρ|σ(xi?) =
∑

z:Wρ(z)≥0

Wρ(z)

= 1 + sn(ρ). (22)

Since mana is a monotonic function of sum-negativity,
M(ρ) = log(2sn(ρ)+1), we see that mana determines the
peak of the Lorenz curve Lρ|σ(x). However, mana is one

of d2n constraints, so majorization is strictly a stronger
constraint in any Rσ.

We now prove a simple majorization constraint, arising
by considering only the part of the Lorenz curves between
the origin (0, 0) and the first elbow.

Proposition 12 (First elbow constraint). Consider a
magic state process ρ −→ ρ′ with input and output Lorenz
curves Lρ|σ(x), Lρ′|σ′(x) and denote the coordinates of
the first elbow of Lρ|σ(x) by (X0, L0) and the coordinates
of the first elbow of Lρ′|σ′(x) by (X ′0, L

′
0).

Then, given any coordinates (x, L) and (x′, L′) on the
input and output Lorenz curves respectively, where 0 <
x ≤ X0 and 0 < x′ ≤ X ′0, the process is possible only if

L

x
≥ L′

x′
. (23)

Proof. If the transformation is possible, then Lρ|σ(x) ≥
Lρ′|σ′(x) for all x in [0, 1]. Restricting to the initial
linear segment of Lρ|σ(x) joining (0, 0) to (X0, L0), we
then require that it be above the initial linear segment of
Lρ′|σ′(x) joining (0, 0) to (X ′0, L

′
0). Since both these lin-

ear segments start at the origin, this condition is equiva-
lent to the slope of the initial segment of the input Lorenz
curve being greater than or equal to the slope of the ini-
tial segment of the output Lorenz curve. This slope con-
straint is then equivalent to Eq. (23).

The following result reduces the Lorenz curve condi-
tion on the interval [0, 1] to a finite set of independent
inequalities and can therefore simplify the computation
of relative majorization constraints in practical scenarios.

Proposition 13. Let ρ, ρ′ be any two quantum states
with Lorenz curves Lρ|σ(x), Lρ′|σ′(x), where σ, σ′ are

states with positive Wigner distributions. Assume that
Lρ′|σ′(x) has t elbows at locations x1, . . . , xt. Then,
Lρ|σ(x) ≥ Lρ′|σ′(x) for all x ∈ [0, 1] iff Lρ|σ(xi) ≥
Lρ′|σ′(xi) for all i = 1, . . . , t.

Proof. If Lρ|σ(x) ≥ Lρ′|σ′(x) for all x ∈ [0, 1], then the
condition on the elbows follows trivially.

Conversely, assume Lρ|σ(xi) ≥ Lρ′|σ′(xi) for all i =
1, . . . t. Suppose on the contrary that Lρ|σ(x) dips below
Lρ′|σ′(x) at some point x = y where xi < y < xi+1 for
some i. Then this implies

Lρ|σ(xi) ≥ Lρ′|σ′(xi)
Lρ|σ(y) < Lρ′|σ′(y)

Lρ|σ(xi+1) ≥ Lρ′|σ′(xi+1).

However, since Lρ′|σ′(x) is linear between xi and xi+1,
the above conditions imply that Lρ|σ(x) is not concave,
which contradicts Proposition 7. Therefore, Lρ|σ(x) ≥
Lρ′|σ′(x) for all x in [0, 1].

SUPPLEMENTARY NOTE 3: GENERAL
ASPECTS OF LORENZ CURVES FOR NOISY

STRANGE STATES

Here we provide background detail as to how the
Lorenz curve behaves for a noisy Strange state in the
large n limit.

Binomial distributions and error bounds

Consider an experiment consisting of n trials of throw-
ing a coin with probability p of landing on heads and 1−p
of landing on tails. We denote the sums over an even
number m of successful trials by Φ+(m;n, p) and an odd
number m of successful trials by Φ−(m;n, p), and they
are given by

Φ+(m;n, p) :=

m/2∑
`=0

(
n

2`

)
p2`(1− p)n−2`,

for even integers m ∈ [0, n], (24)

Φ−(m;n, p) :=

(m−1)/2∑
`=1

(
n

2`+ 1

)
p2`+1(1− p)n−(2`+1),

for odd integers m ∈ [0, n]. (25)

In the next section we will use Φ+ and Φ− to express the
elbow coordinates of Lorenz curves for unital protocols.

We have the Shannon entropy of a p–coin and the
Shannon relative entropy for a p–coin and a q–coin given
by the expressions

S(p) := −p log p− (1− p) log (1− p), (26)

S (p||q) := p log
p

q
+ (1− p) log

1− p
1− q

. (27)
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They are symmetric about p = 1/2 and q = 1/2, namely
S(p) = S(1− p) and S (p||q) = S (1− p||1− q). We also
have the entropic bounds

Proposition 14. For all ` ∈ [1, n− 1],[
8`

(
1− `

n

)]− 1
2

2nS( `n ) ≤
(
n

`

)
≤ (28)[

2π`

(
1− `

n

)]− 1
2

2nS( `n ). (29)

The proof provided in [13] proceeds with direct calcu-
lation for the edge cases ` = 1, 2, n − 1, n − 2 and use
of Stirling’s approximation for the remaining cases. The
bounds in Proposition 14 can be directly inserted into
the expressions of functions Φ+ and Φ− to derive strict
upper and lower bounds.

It is also possible to derive more manageable bounds
on Φ+,Φ−. To this end, we rewrite the functions as

Φ±(m;n, a) =
1

2
(Φ(m;n, a)±(1+a)−nS(m;n, a)), (30)

where a = p/(1 − p), and Φ is the standard cumulative
function for the binomial distribution

Φ(m;n, a) = (1 + a)−n
m∑
k=0

(
n

k

)
ak, (31)

and we define the remainder term

S(m;n, a) :=

m∑
k=0

(
n

k

)
(−a)k. (32)

The cumulative function Φ obeys the following bounds,
which are proven in [13].

Proposition 15. Given fixed n > 0 and p, Φ satisfies
the following bounds:

1. Φ(m;n, p) ≥
[
8m
(

1− m

n

)]− 1
2

2−nS(mn ||p),

m ∈ [1, n− 1]

2. Φ(m;n, p) ≥ 1− 2−nS(m+1
n ||p), m ∈ [np+ 1, n− 2]

3. Φ(m;n, p) ≤ 1−
[
8(m+ 1)

(
1− m+ 1

n

)]− 1
2

×

2−nS(m+1
n ||p), m ∈ [0, n− 2]

4. Φ(m;n, p) ≤ 2−nS(mn ||p), m ∈ [0, np]

We can now put estimates on S(m;n, a), and hence
the functions Φ±, for different parameter regimes. We
can consider the function f(x) = (1 + x)n and note that
S(m;n, a) is the m’th partial sum of this expansion at
the point x = −a. The truncated Maclaurin series is
given by

f(x) = f(0) + xf ′(0) + . . .
xm

m!
f (m)(0) +Rm(x) (33)

with a remainder term

Rm(x) =

∫ x

0

dtf (m+1)(t)
(x− t)m

m!
(34)

=
xm+1

(m+ 1)!
f (m+1)(x∗), (35)

where in the second expression, x∗ is a point that lies
between 0 and x that comes from the Mean Value The-
orem.

Applying this to the function f(x) = (1 + x)n gives

(1 + x)n =

m∑
k=0

(
n

k

)
xk +Rm. (36)

Therefore, if we evaluate at x = −a we obtain

S(m;n, a) = (1− a)n −Rm(−a), (37)

where the remainder term is given by

Rm(−a) =

∫ −a
0

dtf (m+1)(t)
(−a− t)m

m!
(38)

=
(−a)m+1

(m+ 1)!
f (m+1)(x∗). (39)

We can compute the derivative f (m+1)(x) explicitly,

f (m+1)(x) = (m+ 1)!

(
n

m+ 1

)
(1 + x)n−m−1. (40)

Therefore, we have that

Rm(−a) = (−1)m+1(m+ 1)

(
n

m+ 1

)
×∫ 0

−a
dt(1 + t)n−m−1(a+ t)m (41)

=

(
n

m+ 1

)
(−a)m+1(1 + x∗)

n−m−1, (42)

where in the latter expression x∗ ∈ [−a, 0]. The first inte-
gral expression can be estimated via the Cauchy-Schwarz
or the Hölder inequality. Therefore, one has an explicit
form with an unknown (but bounded) parameter x∗, or
the integral form.

A very simple estimate, based on x∗ lying in the inter-
val [−a, 0] gives

(1− a)n−m−1 ≤ Rm(−a)(
n

m+1

)
(−a)m+1

≤ 1, (43)

which in turn leads to the following bounds on
Φ+(m;n, a):

2Φ+(m;n, a) ≤ Φ(m;n, a) + (1− a)n − (−a)m+1

m!
×(

n

m+ 1

)
(1− a)n−m−1 and (44)

2Φ+(m;n, a) ≥ Φ(m;n, a) + (1− a)n − (−a)m+1

m!
×(

n

m+ 1

)
. (45)
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Better bounds can be obtained with a finer analysis, and
it would be of interest to obtain tighter asymptotic be-
haviour on Φ± that could in turn be used to improve
magic distillation bounds.

Lorenz curve coordinates for unital protocols

The Wigner distribution of the n–copy qutrit max-
imally mixed state (1/3)

⊗n
is the uniform probability

distribution over the phase space, consisting of 9n com-
ponents equal to 9−n. The Wigner distribution of the
1-copy ε–noisy Strange state ρS(ε) for unital protocols
consists of some permutation of a single negative compo-
nent

− v(ε) := −
(

1

3
− 4

9
ε

)
, (46)

and 8 positive components each with value

u(ε) :=
1

6
− 1

18
ε. (47)

For unital protocols we need the condition 0 ≤ ε < 3/4,
so that the state contains some Wigner negativity (−v <
0). It is also clear that v ≥ u in the interval 0 ≤ ε ≤ 3/7,
while u > v in the interval 3/7 < ε < 3/4.

The Wigner distribution of the n–copy ε–noisy Strange
state ρS(ε)⊗n is given by WρS(ε)⊗n = W⊗nρS(ε) and, using

Proposition 11 for unital protocols, we can associate it
with a set {(wi,mi)}i=0,...,n of component-multiplicity
pairs, the elements of which are presented in Supplemen-
tary Table I for all different combinations of physical pa-
rameters n, ε. We split the values of index i into two
intervals, defined precisely as

LHS: 0 ≤ i ≤
⌊n

2

⌋
and (48)

RHS:
⌊n

2

⌋
+ 1 ≤ i ≤ n. (49)

The labels LHS,RHS denote that the components con-
tribute to the left hand side or the right hand side of the
Lorenz curve maximum. The maximum is included in
the LHS interval.

For unital protocols, the rescaled distribution is simply
proportional to the Strange state distribution,

WρS(ε)⊗n|(1/3)⊗n = 9nWρS(ε)⊗n , (50)

therefore expressions for the Lorenz curve coordinates
follow from summing up the Wigner components in de-
creasing order. As a result, every Strange state Lorenz
curve for a unital protocol contains n elbows. In the
case of accidental degeneracies among Wigner compo-
nents, some of these elbows may be straightened out.
Including the boundary points (x−1, L−1) := (0, 0) and
(xn, Ln) := (1, 1), we label these elbows as

{(xi, Li)}i=−1,0,...,n,

Case mi wi

0
≤
ε
<

3 7

n
ev

en LHS 82i
(
n
2i

)
u2ivn−2i

RHS 8n−2i
(
n
2i

)
−un−2iv2i

n
o
d
d LHS 82i+1

(
n

2i+1

)
u2i+1vn−2i−1

RHS 8n−2i−1
(
n

2i+1

)
−un−2i−1v2i+1

3 7
≤
ε
<

3 4

n
ev

en LHS 8n−2i
(
n
2i

)
un−2iv2i

RHS 82i
(
n
2i

)
−u2ivn−2i

n
o
d
d LHS 8n−2i

(
n
2i

)
un−2iv2i

RHS 82i
(
n
2i

)
−u2ivn−2i

Supplementary Table I. Wigner components wi(n, ε) of
ρS(ε)⊗n along with their multiplicities mi(n, ε), with 0 ≤ i ≤
n. The expressions change depending on the error ε, the par-
ity of the number of copies n and whether the index i is lower
or higher than the index of the Lorenz curve maximum (LHS
or RHS). The term 2i is considered mod(n + 1), so that 2i
mod(n+ 1) = 2i− n− 1 if i > bn/2c.

where the coordinates are given by

(xi, Li) =

(
1

9n

i∑
`=0

m`,

i∑
`=0

m`w`

)
. (51)

The Lorenz curve maximum is the bn/2c-th elbow and its
coordinates are calculated by collecting all the positive
Wigner components,

xbn/2c =
1

2

(
1 +

(
7

9

)n)
, (52)

Lbn/2c =
1

2

(
1 +

(
15− 8ε

9

)n)
. (53)

In Supplementary Table II, we present the elbow coor-
dinates of the n-copy, ε–noisy Strange state Lorenz curve
for a unital protocol for any combination of physical pa-
rameters n, ε.

We can get explicit expressions for all 9n points of the
Lorenz curve LρS(ε)⊗n|(1/3)⊗n , in terms of the elbow co-
ordinates:

xij =

(
1− j

mi

)
xi−1 +

j

mi
xi, (54)

Lij =

(
1− j

mi

)
Li−1 +

j

mi
Li (55)

for j = 1, . . . ,mi and i = 0, . . . , n, where multiplicities
mi are given in Table I.

One can consider the state

ρS(ε′)⊗n
′
⊗
(

1

3
1

)⊗(n−n′)

,

where tensoring with the maximally mixed state keeps
the Lorenz curve unchanged, but increases the resolution
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0
≤
ε
<

3 7

n
ev

en LHS Φ+

(
2i;n, 8

9

) (
5
3
− 8

9
ε
)n

Φ+

(
2i;n, 12−4ε

15−8ε

)
RHS Φ−

(
2i;n, 1

9

)
−
(
5
3
− 8

9
ε
)n

Φ−
(

2i;n, 3−4ε
15−8ε

)
n

o
d
d LHS Φ−

(
2i;n, 8

9

) (
5
3
− 8

9
ε
)n

Φ−
(

2i;n, 12−4ε
15−8ε

)
RHS Φ−

(
2i;n, 1

9

)
−
(
5
3
− 8

9
ε
)n

Φ−
(

2i;n, 3−4ε
15−8ε

)
3 7
≤
ε
<

3 4

n
ev

en LHS Φ+

(
2i;n, 1

9

) (
5
3
− 8

9
ε
)n

Φ+

(
2i;n, 3−4ε

15−8ε

)
RHS Φ−

(
2i;n, 8

9

)
−
(
5
3
− 8

9
ε
)n

Φ−
(

2i;n, 12−4ε
15−8ε

)

n
o
d
d LHS Φ+

(
2i;n, 1

9

) (
5
3
− 8

9
ε
)n

Φ+

(
2i;n, 3−4ε

15−8ε

)
RHS Φ+

(
2i;n, 8

9

)
−
(
5
3
− 8

9
ε
)n

Φ+

(
2i;n, 12−4ε

15−8ε

)
Supplementary Table II. Strange state Lorenz curve elbow
coordinates for a unital protocol, with 0 ≤ i ≤ n. For the LHS
cases, the i in the first column labels the elbow coordinate xi
and the second column gives Li = L(xi). For RHS cases, the
i in the first column labels xi−xbn/2c and the second column
gives Li − Lbn/2c. The coordinate expressions depend on the
error ε, the parity of the number of copies n and the location of
the elbow relative to the maximum (LHS or RHS). The term
2i is considered mod(n+1), so that 2i mod(n+1) = 2i−n−1
if i > bn/2c. The point (x−1, L−1) := (0, 0) is not included in
the table.

of (the uniformly distributed) points. The new point
coordinates are given by:

xijk = (1− pijk)xi−1 + pijkxi (56)

Lijk = (1− pijk)Li−1 + pijkLi, (57)

where pijk =
k + (j − 1)9n−n

′

9n−n′mi

for i = 0, . . . , n′, j = 1, . . . ,mi(n
′, ε′), k = 1, . . . , 9n−n

′
.

We can also combine the indices, by introducing a single
index

I(i, j, k) := k +

[
(j − 1) +

i−1∑
`=0

m`(n
′, ε′)

]
9n−n

′
, (58)

so that I = 1, 2, . . . , 9n. The elbow coordinates corre-
spond to

I(i,mi(n
′, ε′), 9n−n

′
) =

i∑
`=0

m`(n
′, ε′), i = 0, . . . , n′.

(59)
The indexing I is bijective, i.e.

(i, j, k) = (i′, j′, k′) iff I(i, j, k) = I(i′, j′, k′). (60)

SUPPLEMENTARY NOTE 4:
TEMPERATURE-DEPENDENT DISTILLATION
BOUNDS FROM RELATIVE MAJORIZATION

Here we prove our main theorem, which bounds magic
distillation rates in terms of free energies.

Theorem 7. Consider a magic distillation protocol on
qutrits that transforms n copies of an ε–noisy Strange
state into m copies of an ε′–noisy Strange state, with
depolarising errors ε′ ≤ ε ≤ 3/7. We also allow pre/post-
processing by local Clifford unitaries.

Let T = (kβ)−1 be any finite temperature for the
physical system and let H =

∑
k∈Z3

Ek|Ek〉〈Ek| be
the Hamiltonian of each qutrit subsystem in its eigen-
decomposition. Assume that in the thermodynamic limit
(n,m � 1), the protocol applied to the equilibrium state
τ⊗n = (e−βH/Z)⊗n maps τ⊗n −→ τ ′⊗m, where we write

τ ′ = e−βH
′
/Z ′ for some Hermitian H ′.

Then the asymptotic magic distillation rate R = m/n
is bounded as

R ≤
log
(
1− 4

3ε
)

+ β(φ− F )

log
(
1− 4

3ε
′
)

+ β(φ′ − F ′)
, (61)

where F is the free energy of τ , and

φ = −β−1 log ζ (62)

with ζ given by the expressions

ζ =
∑
k∈Z3

αke
−βEk , (63)

αk = 〈Ek|Az? |Ek〉, (64)

and Wτ (z) attaining a minimum at z = z?. The primed
variables are defined similarly for the output system.

Proof. For the sake of clarity, we write ρn := ρS(ε)⊗n,
ρ′m := ρS(ε′)⊗m, τn := τ⊗m and τ ′m := τ ′⊗m. We also
assume, without loss of generality on the asymptotic dis-
tillation rate, that n and m are both even.

To establish the distillation bound we consider the dis-
tillation protocol that gives E(ρn) = ρ′m for the magic
states. We then consider that the protocol transforms
the reference equilibrium state as E(τn) = τ ′m. Since we
have a finite temperature we have that τ and τ ′ are full
rank stabilizer states and have a strictly positive Wigner
distribution. The input and output magic states gener-
ally have quasi-probability Wigner distributions. For any
such protocol we therefore have that

(Wρn(z),Wτn(z)) � (Wρ′m
(z),Wτ ′m

(z)), (65)

or, equivalently, in terms of the relevant Lorenz curves,

Lρn|τn(x) ≥ Lρ′m|τ ′m(x) for all x ∈ [0, 1]. (66)

We now consider the rescaled Wigner distribution
Wρ|τ (z) := Wρ(z)/Wτ (z), which is well-defined since τ
is full-rank. Due to the multiplicative property of the
Wigner distribution, the rescaled distribution is also mul-
tiplicative in the sense that

Wρ⊗ρ′|τ⊗τ ′(z1 ⊕ z2) = Wρ|τ (z1)Wρ′|τ ′(z2), (67)
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for any states ρ, ρ′ and any full-rank stabilizer states τ, τ ′.
Therefore, we have that

Wρn|τn(z) =

n∏
i=1

Wρ|τ (zi) (68)

Wρn(z) =

n∏
i=1

Wρ(zi) (69)

where z = ⊕ni=1zi ∈ Z2n
3 is the phase space point for the

full system in terms of those of the individual subsystems.
The points defining the Lorenz curve Lρn|τn(x) are ob-

tained from sorting the components of Wρn|τn(z) in non-
increasing order and then computing the partial sums of
Wρn|τn(π(z)) where π is the permutation that realizes the
sorting. However, similar to the unital protocol analysis,
we use the slope constraint (Proposition 12) obtained by
considering the line segments connecting the origin to the
first elbow of both Lorenz curves.

The Wigner distribution of a single noisy Strange state
consists of 1 negative component Wρ(0) = −v(ε) and 8
positive components Wρ(z) = u(ε) for z 6=. The Wigner
distribution of the full-rank, stabilizer equilibrium state
τ is Wτ (z) > 0 for all z ∈ Z2

3.
Assume that the smallest component of the distribu-

tion Wτ (z) is at z = z?. Since the magic content of the
state is unchanged under a Clifford unitary C, we can
instead consider the state

ρS(ε)→ CρS(ε)C† = Dz?ρS(ε)D†z? , (70)

which has its single negative Wigner component −v(ε) at
the point z?.

The components of the rescaled distribution Wρn|τn for
this transformed state are given by(

−v
Wτ (z?)

)iz? ∏
z 6=z?

(
u

Wτ (z)

)iz
, (71)

where the integer indices obey the following conditions:

0 ≤ iz ≤ n for all z ∈ Z2
3,∑

z∈Z2
3

iz = n. (72)

We now compute the largest rescaled component. Firstly,
note that n is even, so we require that iz? ∈ {0, 2, . . . , n}
for the component to be positive. Then, we have that
v ≥ u because ε ≤ 3/7, and we have already ensured that
Wτ (z?) ≤ Wτ (z) for all z ∈ Z2

3. Therefore, the largest
rescaled component occurs when iz? = n and iz = 0 for
z 6= z? and is equal to (v/Wτ (z?))

n. The coordinates of
the first Lorenz curve point after the origin are given by

(x0, L0) = ((Wτ (z?))
n, vn) (73)

Given a Hamiltonian decomposition,

H =
∑
k∈Z3

Ek|Ek〉〈Ek|, (74)

we now express the coordinates of the first point in terms
of free energy quantities. We expand as follows

Wτ (z?) =
1

3Z
tr
[
Az?e

−βH]
=
eβF

3
tr

[
Az?

∑
k∈Z3

e−βEk |Ek〉〈Ek|

]

=
eβF

3

∑
r∈Z3

αke
−βEk =

eβF

3
ζ

=
eβ(F−φ)

3
, (75)

where we define

αk := 〈Ek|Az? |Ek〉 (76)

ζ :=
∑
k∈Z3

αke
−βEk , (77)

and a ‘magic free energy’ term φ := −β−1 log ζ. There-
fore, the coordinates can be expressed as

(x0, L0) =

(
enβ(F−φ)

3n
, v(ε)n

)
. (78)

The output states obey the same conditions, so we also
have the first point coordinates of the output Lorenz
curve given by

(x′0, L
′
0) =

(
emβ(F ′−φ′)

3m
, v(ε′)m

)
. (79)

If the largest rescaled component of a state is distinct
with no multiplicities, then these coordinates correspond
to the first elbow of the corresponding Lorenz curve,
whereas if it appears multiple times, then the coordi-
nates derived correspond to a point on the interior of
the line segment connecting the origin to the first elbow.
In both cases, the distillation bound remains the same,
as is clear by its derivation in Proposition 12, given by
L0/x0 ≥ L′0/x′0, leading to(

3v(ε)e−β(F−φ)
)n

=
L0

x0
≥ L′0
x′0

=
(

3v(ε′)e−β(F ′−φ′)
)m

.

(80)

We note that 3v(ε′)e−β(F ′−φ′) > 1 always, as ρS(ε′) is
not a free state, so the initial slope of its Lorenz curve
exceeds 1. Taking the natural logarithm on both sides
and rearranging gives the bound

m

n
≤

log
(
1− 4

3ε
)

+ β(φ− F )

log
(
1− 4

3ε
′
)

+ β(φ′ − F ′)
, (81)

which completes the proof.

The following result shows that if the energy eigenba-
sis is a stabilizer basis then the above bounds simplify
further.
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Proposition 16. Let H be a Hamiltonian H with spec-
trum {Ek}k∈Zd . If H has a stabilizer eigenbasis, then
φ = Ek? for some k? ∈ Zd.

Proof. We first write αk as

αk = 〈Ek|Az? |Ek〉 = dW|Ek〉〈Ek|(z?) (82)

Since each |Ek〉〈Ek| is a stabilizer state, their Wigner dis-
tributions have orthogonal supports in the phase space,
so only one of them, say k = k? contains point z? in its
support. Additionally, its distribution is uniform on its
support, so W|Ek? 〉〈Ek? |(z?) = 1/d.

Therefore, only the coefficient αk? is non-zero and

φ = −β−1 log

(∑
k

αke
−βEk

)
= Ek?− kT log

(
dW|Ek? 〉〈Ek? |(z?)

)
= Ek? . (83)

Dropping pre/post-processing of the magic states

If we drop the freedom to pre/post-process the magic
states via Clifford unitaries, then the final expression for
the bounds change and become a little more complex,
since the largest component in the rescaled distribution
depends on a number of factors. We illustrate this by the
following result.

Proposition 17. Consider a magic distillation protocol
on qutrits that transforms

ρS(ε)⊗n −→ E(ρS(ε)⊗n) = ρS(ε′)⊗m

with n,m� 1.

Let each qutrit have a Hamiltonian H with energies
E0, E1, E2 and stabilizer eigenstates, and define Emax =
max{E0, E1, E2} and Es as the eigenvalue of the Hamil-
tonian eigenstate whose Wigner distribution overlaps the
negative component of ρS(ε) in the phase space. Let T =
(kβ)−1 be any finite temperature and assume that in the
thermodynamic limit (n,m � 1), the protocol applied to
the equilibrium state τ⊗n = (e−βH/Z)⊗n maps τ⊗n −→
τ ′⊗m, where we express state τ ′ as τ ′ = e−βH

′
/Z ′ for

some Hermitian H ′.

Define β? = (kT?)
−1 through the relation

Emax − Es =: kT? ln 2, (84)

and define a threshold error,

ε?(β) :=

3− 9

4− 2β/β?−1
, for β ≤ β?

0, for β > β?.
(85)

Then, the distillation rate R = m/n of the magic protocol
is bounded as:

R ≤



ln
(
1− 4

3ε
)

+ β(Es − F )

ln
(
1− 4

3ε
′
)

+ β(E′s − F ′)
, ε ≤ ε?, ε′ ≤ ε′?,

ln
(
1− 4

3ε
)

+ β(Es − F )

ln
(

1
2 −

1
6ε
′
)

+ β(E′max − F ′)
, ε ≤ ε?, ε′ > ε′?,

ln
(

1
2 −

1
6ε
)

+ β(Emax − F )

ln
(
1− 4

3ε
′
)

+ β(E′s − F ′)
, ε > ε?, ε

′ ≤ ε′?,

ln
(

1
2 −

1
6ε
)

+ β(Emax − F )

ln
(

1
2 −

1
6ε
′
)

+ β(E′max − F ′)
, ε > ε?, ε

′ > ε′?,

(86)
where F is the free energy of state τ and all primed quan-
tities are similarly defined for the ouptut system.

Proof. The proof proceeds in the same manner as in
Theorem 7 up to the point where we need to evaluate
Wρn|τn(z) and Wρn(z) explicitly, beyond which we do
not have the freedom of additional Clifford processing.

The equilibrium state at inverse temperature β on a
single qutrit is given by τ = e−βH/Z. Moreover, we
have that τ is a full-rank stabilizer state, where β ≥ 0
and H = E0|ϕ0〉〈ϕ0| + E1|ϕ1〉〈ϕ1| + E2|ϕ2〉〈ϕ2| is an
eigendecomposition of H. The state τ can now be written
as

τ =
e−βE0

Z
|ϕ0〉〈ϕ0|+

e−βE1

Z
|ϕ1〉〈ϕ1|+

e−βE2

Z
|ϕ2〉〈ϕ2|,

(87)
where the eigenstates {|ϕk〉 〈ϕk|} are pure, orthonormal
stabilizer states, which can be represented in terms of
generalized Paulis. We are free to redefine the compu-
tational basis so it coincides with the basis of H. Ab-
stractly, let C be the unitary transforming each |ϕk〉〈ϕk|
to |k〉〈k|. Since the Clifford group is the normalizer of the
Heisenberg-Weyl group, C is a Clifford unitary. There-
fore, C maps τ to another stabilizer state that is diago-
nal in the computational basis, and we can assume with-
out loss of generality that τ is diagonal in {|0〉, |1〉, |2〉}.
This re-definition of the computational basis means that
the coordinates on the discrete phase space are also per-
muted, so the negative Wigner component −v(ε) of the
Strange state is in a new position. We denote by Es
the eigenvalue of H where the associated eigenvector has
Wigner distribution overlapping the negative component
of the state CρS(ε)C† in the original phase space, hence
also of the state Strange state ρS(ε) in the re-defined
phase space. The eigenvalue Es is unique, since the eigen-
states form an orthonormal basis.

The Wigner distribution of state τ is then given by

Wτ (z) =

2∑
k=0

e−βEk

Z
W|k〉〈k|(q, p)

=

2∑
k=0

e−βEk

Z
δq,k =

e−βEq

3Z
, (88)
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where x labels one of the three vertical lines in the phase
space. The rescaled Wigner distributionWρ|τ (z) can now
be computed. It has 9 components, but these come with
multiplicities. In total, there are four distinct values on
the phase space, as illustrated in Supplementary Figure 1.

Supplementary Figure 1. Qutrit phase space regions for
Wρ|τ (z). Here, the negative component of the magic state
overlaps the Wigner distribution of |0〉. The rescaled dis-
tribution attains a single value in each of the four regions,
proportional to the value depicted in the region, see Eq. (92).

We define vectors w(ρ),w(τ),w(ρ|τ) based on the val-
ues occurring in Wρ,Wτ ,Wρ|τ respectively and m as the
vector of associated multiplicities of each value in Wρ(z).
Specifically, the component values and multiplicities of
the relevant distributions in the four distinct regions are
given by

m := (1, 2, 3, 3), (89)

w(ρ) := (−v, u, u, u), (90)

w(τ) :=
1

3Z
(
e−βE0 , e−βE0 , e−βE1 , e−βE2

)
, (91)

w(ρ|τ) := 3Z
(
−veβE0 , ueβE0 , ueβE1 , ueβE2

)
. (92)

Using this notation, the values and multiplicities of the
n–copy distribution w(ρn|τn) are computed in Proposi-
tion 11. The values are given by

[w(ρn|τn)]ijk = (3Z)n(−v)n−αuαeβ(n−α)Eseβ(iE0+jE1+kE2),
(93)

where the indices i, j, k are non-negative integers that
obey the constraint α := i+ j + k ≤ n. The multiplicity
of this above value is mijk with

mijk =
n!

i!j!k!(n− α)!
2i3j3k. (94)

The associated components of w(ρn) are given by

[w(ρn)]ijk = (−v)n−αuα, (95)

[w(τ)]ijk = (3Z)−ne−β(n−α)Ese−β(iE0+jE1+kE2). (96)

In order to construct the n–copy Lorenz curve
Lρn|τn(x) we need to order the components of the dis-
tribution, w(ρ|τ)ijk in decreasing order, and identify the
sequence of indices that give us Wρn(π(z)).

However, in order to obtain a non-trivial bound, it
again suffices to use the constraint from the first elbow
(x0, L0) of Lρn|τn(z). We therefore compute the largest
component

wmax := max
i,j,k

[w(ρn|τn)]ijk, (97)

and determine the indices at which this occurs. Putting
in the values we obtain

(3Z)−nwmax =

max
i,j,k

{
(−v)n−αuαeβ(n−α)Eseβ(iE0+jE1+kE2)

}
, (98)

where 0 ≤ i, j, k ≤ n and α := i + j + k ≤ n. Now for
0 ≤ ε ≤ 3/7, we have v ≥ u. Since we assume that n is
even, we need the sum α = i + j + k to be even too, so
that the expression is positive.

Given an even value for α, the term vn−αuαe−β(n−α)Es

is fixed, so the expression is maximized by setting the
coefficient of the highest energy Emax equal to α. Hence,
we have

wmax =

(3Z)nvnenβEs max
α=0,2,
...,n−2,n

{(u
v
eβ(Emax−Es)

)α }
. (99)

If the expression u(ε)
v(ε) e

β(Emax−Es) is less than 1 then the

maximum occurs at α = 0, otherwise it occurs at α = n.
For a fixed state τ , this transition is determined by the
value of the depolarising error parameter ε of the noisy
magic state. The transition occurs at ε = ε? where

u(ε?)

v(ε?)
eβ(Emax−Es) =

3− ε?
6− 8ε?

eβ(Emax−Es) = 1. (100)

If Emax = Es, namely if the state negativity lies in
the same phase space region as the highest energy, this
threshold is constant in temperature and given by ε? =
3/7. However, the condition that ε? ≥ 0 also implies a
constraint on the effective temperature of the stabilizer
state. Specifically, there is a threshold temperature value
β? given by

β? :=
1

Emax − Es
ln 2, (101)

such that for the regime 0 ≤ β ≤ β? a threshold error
ε? exists, and for β > β? no such transition exists, so
we choose ε? = 0. Therefore, the transition value for the
error is given by

ε?(β) :=

3− 9

4− 2β/β?−1
, for β ≤ β?

0, for β > β?.
(102)

The quantity w(ρS|σ)max is now given by

wmax =

{
(3Z)nvnenβEs , if ε ≤ ε?, (C1)

(3Z)nunenβEmax , if ε > ε?. (C2)
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Case (C1) corresponds to (i, j, k) = (0, 0, 0), so the mul-
tiplicity is m000 = 1, while Case (C2) corresponds to

(i, j, k) =

{
(0, n, 0), if Emax = E1,

(0, 0, n), if Emax = E2,
(103)

so the multiplicity in both cases is 3n.
Using that F = −β−1 logZ, the first elbow coordinates

in the two cases are now given by

(x0, L0) =


(

1
3n e
−nβ(Es−F ), vn

)
, ε ≤ ε?(

e−nβ(Emax−F ), (3u)n
)
. ε > ε?

(104)

Similarly, considering the output magic state with re-
spect to state σ′, the image of equilibrium state σ under
the magic protocol, we get output Lorenz curve coordi-
nates,

(x′0, L
′
0) =


(

1
3n′
e−nβ(E′s−F

′), v(ε′)n
′
)
, ε′ ≤ ε′?(

e−n
′β(E′max−F

′), (3u(ε′))n
′
)
, ε′ > ε′?

(105)
There are four combinations of coordinates, depending
on the error parameters ε, ε′ for the input and output
states. In each of these combinations, we simply use the
first elbow constraint, as described in Proposition 12, and
manipulate the coordinates as in the proof of Theorem 7,
leading to the bounds in the statement of this theorem.

SUPPLEMENTARY NOTE 5: SINGLE-SHOT
ENTROPIES ON QUASI-DISTRIBUTIONS AND

MAGIC DISTILLATION BOUNDS

In this section, we analyse Rényi entropies on quasi-
distributions and use them to get magic distillation
bounds.

Rényi min-divergence from Lorenz curves

We first demonstrate that the initial slope analysis on
the Wigner quasi-distributions makes use of the min-
relative divergence. We define

D∞(Wρ||Wτ ) := log max
z

Wρ(z)

Wτ (z)
, (106)

which is well-defined since both the nominator and de-
nominator in the above expression are strictly positive
when τ is in the interior of F .

Theorem 8. Let τ be in the interior of F . Then
D∞(Wρ||Wτ ) is well-defined for all ρ, and the following
hold:

1. D∞(Wρ ||Wτ ) ≥ 0 for all quantum states ρ.

2. D∞(Wρ ||Wτ ) = 0 if and only if ρ = τ .

3. D∞(Wρ⊗2n ||Wτ⊗2n) = nD∞(Wρ⊗2 ||Wτ⊗2) for any
n ∈ N.

4. D∞(Wρ ||Wτ ) ≥ D∞(WE(ρ) ||WE(τ)) for any free
operation E such that E(τ) is in the interior of F .

Proof. Since τ is in the interior of F , its Wigner function
obeys Wτ (z) > 0 for all points z in the phase space. In
general, Wρ(z) is a quasi-distribution, but the given form
of α ensures that Wρ(z)α ≥ 0. Therefore D∞(Wρ||Wτ )
is always well-defined.

1. We have that

D∞(Wρ||Wτ ) = log max
z

Wρ(z)

Wτ (z)
, (107)

so 2D∞(Wρ||Wτ ) equals the slope of the Lorenz curve
Lρ|τ (x) at x = 0. Since Lρ|τ (x) is a concave func-
tion passing through (0, 0) and (1, 1) this implies that
Lρ|τ (x) ≥ x for all x ∈ [0, 1], and in particular its slope
at x = 0 is always greater than or equal to 1, which
implies D∞(Wρ||Wτ ) ≥ 0 for all ρ.

2. D∞(Wρ||Wτ ) = 0 implies that maxz
Wρ(z)
Wτ (z) = 1 and

the initial slope of Lρ|τ (x) is 1. From the concavity of
the function and the fact that Lρ|τ (1) = 1, this implies
that the slope of Lρ|τ (x) must equal 1 throughout the
interval [0, 1] and this, together with the definition of the
Lorenz curve, implies that Wρ(z)/Wτ (z) = 1 for all z.
Since the Wigner representation ρ 7→ Wρ(z) is bijective
this implies that ρ = τ only. The converse holds by
inspection.

3. Given a vector w ∈ RN , it is generally the case that
maxk wk 6= maxk |wk|. However, we do have that

max
k1,k2

(wk1wk2) = max
k1,k2

|wk1wk2 |, (108)

and if additionally wk ≥ 0 for all k, then we also have for
2n copies that

max
k1,k2,...,k2n

(wk1wk2 · · ·wk2n) = (max
k
|wk|)2n, (109)

and also,

max
k1,k2,...,k2n

(wk1wk2 · · ·wk2n) =

max
k1,k2,...,k2n

(
|wk1wk2 | · · · |wk2n−1wk2n |

)
=(

max
k1,k2

(wk1wk2)

)n
. (110)

If we now let w = Wρ|τ (z) := Wρ(z)/Wτ (z) we have

max
z1,z2,...,z2n

2n∏
k=1

Wρ|τ (zk) =

(
max
z1,z2

Wρ|τ (z1)Wρ|τ (z2)

)n
(111)

and therefore taking logarithms we have that
D∞(Wρ⊗2n ||Wτ⊗2n) = nD∞(Wρ⊗2 ||Wτ⊗2) as required.
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4. The free operation E in the Wigner representation
corresponds to a stochastic map, which sends Wτ (z) to
WE(τ)(z), which is another strictly positive probability
distribution on the phase space, due to E(τ) being in the
interior of F . Moreover, (Wρ,Wτ ) � (WE(ρ),WE(τ)). As
shown in the main text this condition holds if and only
if Lρ|τ (x) ≥ LE(ρ)|E(τ)(x) for all x. In particular, this
implies the slope at the origin of the input curve is never
less than the slope at the origin of the output curve, and
hence the result follows.

Well-defined Rényi entropies on quasi-distributions

We now make use of known results from majorization
theory to establish the Schur-concavity of the Rényi en-
tropy Hα on Wigner quasi-distributions for a subset of
α values. We consider the set of all quasi-distributions
that is a hyper-plane in RN given by

QN =

{
w ∈ RN :

N∑
i=1

wi = 1

}
. (112)

We define the notion of Schur-convex and Schur-
convave functions on a subset D ⊆ RN .

Definition 18. A continuous, real-valued function f de-
fined on D ⊆ RN is called Schur-convex on the domain
D if p ≺ q on D implies that f(p) ≤ f(q). A continuous
function f : D → R is called Schur-concave if (−f) is
Schur-convex.

For any subset D ⊆ RN we define

D↓ := {w ∈ D : w1 ≥ w2 ≥ · · · ≥ wN}. (113)

We now have the following fundamental result in ma-
jorization theory.

Proposition 19 (Schur-Ostrowski theorem [9, 14, 15]).
Let D ⊆ RN be a convex set with non-empty interior, and
invariant under permutations of vector components. Let
f : D → R be a continuously differentiable function on
the interior of D and continuous on the whole of D. Then
f is Schur-convex on D if and only if f is a symmetric
function on D and

∂1f(w) ≥ ∂2f(w) ≥ · · · ≥ ∂Nf(w), (114)

for all w in the interior of D↓.

Since the set QN of quasi-distributions obey the nec-
essary conditions, we get the following result:

Proposition 20. Let f be a real-valued continuous func-
tion defined on QN that is continuously differentiable on
the interior of QN . Then, f is Schur-convex on QN if
and only if it is a symmetric function and

∂1f(w) ≥ ∂2f(w) ≥ · · · ≥ ∂Nf(w), (115)

for all quasi-distributions w in the interior of Q↓N .

The classical α-Rényi entropy on a probability distri-
bution p = (pi) is given by

Hα(p) :=
1

1− α
log
∑
i

pαi , (116)

where α ≥ 0. This means the function is well-defined
on Q+

N , namely the set of quasi-distributions with non-
negative components. We wish to extend the domain to
the whole of QN , but this requires that wαi be a real
number for any wi ∈ R.

The exponent function x 7→ xα is well-defined and real-
valued if α is a rational number of the form α = r/s where
s is an odd integer and r ∈ N. However, we also require
that

∑
i w

α
i > 0 in order for the logarithm to return a

real value. To ensure this, we restrict to α = r/s with
r = 2a being an even integer and s = 2b−1 being an odd
integer, for some integers a, b ∈ N, which implies that the
following are all well-defined, real-valued expressions,

0 ≤ wαi = w
2a

2b−1

i =

(
w

1
2b−1

i

)2a

=
(
w2a
i

) 1
2b−1 = |wi|

2a
2b−1 .

We note that previous work [16] has considered the α = 2
entropy of Wigner distributions, and other work exists
that uses the Wehrl entropy, based on the Hussimi func-
tion of a quantum state [17].

We next show that Hα(w) for α = 2a/(2b − 1) is a
Schur-concave function on QN provided that a ≥ b.

Theorem 9. If α = 2a
2b−1 for positive integers a, b with

a ≥ b, then Hα(w) is well-defined on the set of quasi-
distributions QN , and moreover if w � w′ for two quasi-
distributions w,w′ ∈ QN then Hα(w) ≤ Hα(w′).

Proof. We have α = 2a
2b−1 ≥

2b
2b−1 > 1 and α is a rational

with even numerator and odd denominator, so
∑
i w

α
i >

0 and Hα(w) is well-defined for all quasi-distributions w.
We also have that Hα(w) is well-defined, continuous,

differentiable on the interior of QN and symmetric in the
components of w.

Consider the partial derivatives

∂Hα

∂wi
=

α

(α− 1)
∑
k w

α
k

(
−wα−1

i

)
. (117)

For α = 2a
2b−1 , with a ≥ b, we have that

α

(α− 1)
∑
k w

α
k

> 0. (118)

The first derivative of the function g(w) := −wα−1 is
given by

g′(w) = −(α− 1)wα−2 = −(α− 1)w
2a−4b+2

2b−1 ≤ 0, (119)

because α > 1 and

w
2a−4b+2

2b−1 =
(
w
a−2b+1
2b−1

)2

≥ 0, (120)
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so g(w) is non-increasing in w.
Therefore, whenever wi ≥ wj , we have that

− wα−1
i ≤ −wα−1

j , (121)

which implies that

∂Hα

∂wi
(w) ≤ ∂Hα

∂wj
(w), (122)

for any w in the interior of Q↓N . Therefore, Hα is Schur-
concave on QN and

Hα(w) ≤ Hα(w′), (123)

for any quasi-distributions w,w′ that obey w � w′.

While we have integers a, b such that 0 < α = 2a
2b−1 < 1

and Hα(w) is well-defined, it turns out that monotonic-
ity does not hold if we drop the condition a ≥ b. If

α = 2a/(2b − 1) with α < 1, then g(w) := −wα−1

α−1 is no
longer monotonic for all w ∈ R, and the problem occurs
when comparing wi < 0 and wj > 0. As an example of
this dependence of monotonicity on the domain of the
function, consider the function g(x) = 1

x3 which is mono-
tone decreasing on both x < 0 and x > 0 separately,
however it is not monotone on the full real-line.

We note that if α = r/s with both r and s odd,
then Hα is not well-defined for all quasi-distributions,
although if the actual set of quasi-distributions has a suf-
ficiently bounded levels negativity, then log

∑
zWρ(z)α

can still be obtained for r odd, provided the total sum
is never negative. This occurs for Wigner distributions,
where we have |Wρ(z)| ≤ 1/d for a d–dimensional quan-
tum system.

We also note that the set F := {2a/(2b − 1) : a, b ∈
N and a ≥ b} is dense in the reals R>1, as any rational
c/d with c > d can be approximated by c2n/(d2n−1) ∈ F
for sufficiently large n.

We have that Hα is additive on products of quasi-
distributions, which we state for completeness.

Proposition 21. For any w ∈ QN and w′ ∈ QN ′ , we
have

Hα(w ⊗w′) = Hα(w) +Hα(w′), (124)

where α = 2a/(2b− 1) with positive integers a ≥ b.
Proof.

Hα(w ⊗w′) =
1

1− α
log
∑
i,j

[
wiw

′
j

]α
=

1

1− α
log

∑
i

wα
i

∑
j

w′αj


=

1

1− α
log

[∑
i

wα
i

]
+

1

1− α
log

∑
j

w′αj


= Hα(w) +Hα(w′). (125)

1.10 1.18 1.26 1.34 1.42 1.50
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0.00
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−1.45
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H
α
(W

ρ
S (ε) )

Supplementary Figure 2. Rényi entropy Hα of the ε-noisy
Strange state. Hα is increasing in α and ε. The rightmost
dashed contour line corresponds to Hα(WρS(ε)) = 0. In par-
ticular, Hα(WρS(0)) = 0 occurs at α ≈ 1.31.

Applied to Wigner distributions Wρ(z) for a quantum
state ρ we have

Hα(Wρ) :=
1

1− α
log
∑
z

Wρ(z)α, (126)

where α can take values of the form 2a/(2b − 1), for
non-negative integers a, b. For the noisy Strange state
ρ = ρS(ε), this becomes

Hα

(
WρS(ε)

)
=

1

1− α
log

[
8

(
1

6
− 1

18
ε

)α
+

(
−1

3
+

4

9
ε

)α]
(127)

We now show the following equivalence between Wigner
negativity and negative Rényi entropies.

Theorem 10. A quantum state ρ has Wigner negativity
if and only if Hα(Wρ) < 0 for some α = 2a

2b−1 , with
positive integers a ≥ b.

Proof. If we have Hα(Wρ) < 0 for α > 1, then it follows
that log

∑
zWρ(z)α > 1. However, it is known that Hα

is always non-negative on probability distributions, so
Wρ(z) must be a strict quasi-distribution with negativity.

Conversely, suppose ρ has negativity in its Wigner
representation. This in particular implies that∑
z |Wρ(z)| > 1. We now consider

∑
zWρ(z)

2a
2b−1 for

positive integers a ≥ b. We have that∑
z

Wρ(z)
2a

2b−1 =
∑
z

|Wρ(z)|
2a

2b−1

=
∑
z

|Wρ(z)|1+ε, (128)

where ε = α − 1 = 2a
2b−1 − 1 > 0. By choosing the

positive integers a and b sufficiently large we can make
ε arbitrarily close to 0. This implies that there exists a
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sequence εn = αn − 1 = 2an
2bn−1 − 1 with integer pairs

an, bn such that∑
z

|Wρ(z)|1+εn →
∑
z

|Wρ(z)| > 1, (129)

as n increases. Since 1
1−αn < 0 for any n it follows that

Hαn(Wρ) = 1
1−αn log

∑
zWρ(z)αn < 0 at some point in

the sequence, which completes the proof.

Therefore Wigner negativity coincides with negativity
of a Rényi entropy.

Rényi divergences on quasi-distributions

We now define the α-Rényi divergence for a quasi-
distribution w ∈ QN relative to a full-rank probability
distribution r ∈ Q+

N as

Dα(w||r) :=
1

α− 1
log
∑
i

wαi r
1−α
i , (130)

where α = 2a/(2b − 1) for positive integers a ≥ b. We
now have the following result that relates the Rényi di-
vergence to the Rényi entropy on a dense subset of prob-
ability distributions.

Proposition 22. Let w ∈ QN be a quasi-distribution
and r ∈ Q+

N a probability distribution with positive ra-
tional entries given by ri = ai/K for positive integers ai
and K =

∑N
i=1 ai. Then,

Hα(Γa(w)) = K −Dα(w ||r), (131)

where α = 2a/(2b− 1) for positive integers a ≥ b.

Proof. For the given form of α and positive ri, i =
1, . . . , N , Dα(w||r) is well-defined for all w. From the
definition of Γa we have

Γa(w) =

N⊕
i=1

wi(1/ai, 1/ai, . . . , 1/ai). (132)

This directly leads to

Hα(Γa(w)) =
1

1− α
log

N∑
i=1

ai

(
wi
ai

)α

=
1

1− α
log

N∑
i=1

wαi a
1−α
i

=
1

1− α
logK1−α

N∑
i=1

wαi r
1−α
i

= K +
1

1− α
log

N∑
i=1

wαi r
1−α
i

= K −Dα(w||r). (133)

With this we now establish monotonicity for Rényi rel-
ative divergences.

Proposition 23. Let α = 2a
2b−1 for any positive integers

a, b with a ≥ b. Let w ∈ QN , w′ ∈ QN ′ and r ∈ Q+
N ,

r′ ∈ Q+
N ′ with positive rational components ai/K and

a′i/K respectively. Then Dα(w ||r) ≥ Dα(w′ ||r′), when-
ever (w, r) � (w′, r′).

Proof. The statement (w, r) � (w′, r′) is equivalent to
Γa(w) � Γa′(w

′). Therefore, due to Theorem 9 we have

Hα(Γa(w)) ≤ Hα(Γa′(w
′)) (134)

which, due to Proposition 22, is equivalent to

Dα(w ||r) ≥ Dα(w′ ||r′). (135)

Since the rationals are dense in the real numbers we can
assume any Wigner distribution considered has rational
components without affecting results. We now specialize
to Wigner distributions of quantum states, and quantum
operations that map the set of free states F into itself.

Theorem 11. Let τ be in the interior of F . If α = 2a
2b−1

for positive integers a, b with a ≥ b, then the α-Rényi
divergence Dα(Wρ ||Wτ ) is well-defined for all states ρ,
and the following hold:

1. Dα(Wρ ||Wτ ) ≥ 0 for all quantum states ρ.

2. Dα(Wρ ||Wτ ) = 0 if and only if ρ = τ .

3. Dα(Wρ⊗n ||Wτ⊗n) = nDα(Wρ ||Wτ ) for any n ∈ N.

4. Dα(Wρ ||Wτ ) ≥ Dα(WE(ρ) ||WE(τ)) for any free op-
eration E such that E(τ) is in the interior of F .

Proof. Since τ is in the interior of F , its Wigner function
obeys Wτ (z) > 0 for all points z in the phase space.
In general, Wρ(z) is a quasi-distribution, but for α =
2a/2b − 1 we that Wρ(z)α ≥ 0. Therefore Dα(Wρ||Wτ )
is always well-defined and real-valued.

1. Dα is Schur-convex and every pair (Wρ,Wτ ) ma-
jorizes the pair (W1/d,W1/d), so

Dα(Wρ ||Wτ ) ≥ Dα(W1/d ||W1/d) =

1

α− 1
log
∑
z

W1/d(z) = 0. (136)

2. In the inequality of property 1, equality holds iff
Lρ|τ (x) = L1/d|1/d(x) = Lτ |τ (x) for all x ∈ [0, 1] due to
Proposition 9 which in turn holds iff ρ = τ .
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3. This property follows from the multiplicativity of
the Wigner distribution. In particular,

Dα(Wρ⊗n ||Wτ⊗n) =

1

α− 1
log
∑
z

Wρ⊗n(z)αWτ⊗n(z)1−α =

1

α− 1
log
∑
z

n∏
i=1

Wρ(zi)
αWτ (zi)

1−α =

1

α− 1
log

n∏
i=1

∑
zi

Wρ(zi)
αWτ (zi)

1−α =

n∑
i=1

1

α− 1
log
∑
z′

Wρ(z
′)αWτ (z′)1−α =

= nDα(Wρ ||Wτ ). (137)

4. This follows immediately from the fact that
(Wρ,Wτ ) � (WE(ρ),WE(τ)) for any free quantum chan-
nel E that sends τ into the interior of F , and the Schur-
convexity of Dα.

We are now in a position to derive general magic state
distillation bounds.

Theorem 12. Consider a general magic state distilla-
tion protocol on odd prime dimension qudits, that con-
verts a magic state ρ⊗n −→ E(ρ⊗n) = ρ′⊗m and let τ be
any full-rank stabilizer reference state on a qudit. Then,

the distillation rate R := m/n is upper bounded as

R ≤ Rα :=
Dα(Wρ ||Wτ )

D̃α(ρ′, τ ′)
, (138)

where α = 2a
2b−1 for any positive integers a, b with a ≥ b

and the average divergence per qudit

D̃α(ρ′, τ ′) :=
1

m
Dα(Wρ′⊗m ||Wτ ′m

), (139)

between the output magic state ρ′⊗m and τ ′m = E(τ⊗n).

Proof. The bound is a direct consequence of the proper-
ties of the α–Rényi divergence in Theorem 11.

Due to the action of the magic protocol channel, we
get

Dα(Wρ⊗n ||Wτ⊗n) ≥ Dα(Wρ′⊗m ||Wτ ′m
). (140)

We can use the additivity to rewrite this as

nDα(Wρ ||Wτ ) ≥ m 1

m
Dα(Wρ′⊗m ||Wτ ′m

). (141)

Since ρ′⊗m 6= τ ′m, we have Dα(Wρ′⊗m ||Wτ ′m
) > 0,

which directly leads to the bound

m

n
≤ Dα(Wρ ||Wτ )

D̃α(ρ′, τ ′)
. (142)
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