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Here, we provide complete proofs for all the claims made in the main text. For the ease of navigation, we
have discussed all the results and their interconnections in Supplementary Figure

1 Supplementary notes

All the logarithms are evaluated to the base 2. Consider a finite dimensional Hilbert space H endowed with
an inner product (-, -) (In this paper, we only consider finite dimensional Hilbert-spaces). The ¢; norm of an
operator X on H is || X |1 := Trv XTX and /5 norm is || X |2 := VTrX XT. A quantum state (or a density
matrix or a state) is a positive semi-definite matrix on H with trace equal to 1. It is called pure if and only if
its rank is 1. A sub-normalized state is a positive semi-definite matrix on H with trace less than or equal to 1.
Let 7)) be a unit vector on H, that is (1, ¢) = 1. With some abuse of notation, we use 1 to represent the state
and also the density matrix |1) (1|, associated with |¢). Given a quantum state p on H, support of p, called
supp(p) is the subspace of H spanned by all eigenvectors of p with non-zero eigenvalues.

A quantum register A is associated with some Hilbert space H 4. Define |A| := dim(#H4). Let £L(A)
represent the set of all linear operators on H 4. For operators O, 0’ € L(A), the notation O < O’ represents
the Lowner order, that is, O’ — O is a positive semi-definite matrix. We denote by D(A), the set of quantum
states on the Hilbert space H 4. State p with subscript A indicates p4 € D(A). If two registers A, B
are associated with the same Hilbert space, we shall represent the relation by A = B. Composition of two
registers A and B, denoted AB, is associated with Hilbert space H 4 ® H . For two quantum states p € D(A)
and 0 € D(B), p® o € D(AB) represents the tensor product (Kronecker product) of p and o. The identity
operator on H 4 (and associated register A) is denoted I 4. The maximally mixed state %‘ on register A is
represented by 1 4.

Let pap € D(AB). We define

pp = Trapap =) ((i| @ Ip)pan(li) © 1p),

()

where {|7)}; is an orthonormal basis for the Hilbert space H 4. The state pp € D(DB) is referred to as the
marginal state of psp. Unless otherwise stated, a missing register from subscript in a state will represent
partial trace over that register. Given a p4 € D(A), a purification of py4 is a pure state pap € D(AB) such
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Supplementary Figure 1: An outline of our results, which are all derived in the one-shot setting. All the decoupling
statements are stated as convex-split theorems. The results in blue rectangles are main tools that may be of indepen-
dent interest. Method A in the main text corresponds to the top two blue rectangles and Method B in the main text
corresponds to the lower blue rectangle. The results in red rectangles are quantum communication tasks for which we
obtain entanglement cost proportional to the number of qubits of register to be communicated, while maintaining the
best known communication bounds. The result in green rectangle is the near optimal decoupling result and those in
yellow rectangles are the hypothesis testing/position-based decoding analogues of convex-split theorems.

that Trgpap = pa. Purification of a quantum state is not unique. Suppose A = B. Given {|i)4} and

{l7) g} as orthonormal bases over H 4 and H g respectively, the canonical purification of a quantum state p 4
1

is (p ®1p) (32 1) ali) ).

A quantum map € : L(A) — L(B) is a completely positive and trace preserving (CPTP) linear map
(mapping states in D(A) to states in D(B)). A unitary operator Uy : Ha4 — Ha is such that ULUA =
UaUY = 14. An isometry Va_,p : Ha — Hp is such that VIV = T4 and VVT = 1. The set of all unitary
operations on register A is denoted by U/(A). Some standard unitaries are the X, Z, H (Pauli-X, Pauli-Z and
Hadamard, respectively) gates on qubits, the CNOT gate on a pair of qubits and the Toffoli gate on three
qubits [1l]. We will drop the register labels on unitaries unless when it is required. We shall consider the

following information theoretic quantities. We consider only normalized states in the definitions below. Let
€ (0,1).



1. Fidelity ([2], see also [3]]) For ps,04 € D(A),

def
F(pa,04) = |Vpavaall.
For classical probability distributions P = {p;}, Q@ = {4},

F(P,Q) ¥ Z VPi - G-

2. Purified distance ([4]]) For p4,04 € D(A),
P(pa,o4) = /1 —=F2(pa,04).

3. e-ball For p4 € D(A),

B (pa) € {ply € D(A)| P(pa, ply) < €.

4. Smooth max-relative entropy ([5]], see also [6]) For p4,04 € D(A) such that supp(p4) C supp(ca),

DE, (palloa) ¥ min min{A e R: 204 > o)}
PAEB(pa)

5. Hypothesis testing relative entropy ([7], see also [8]) For p4,04 € D(A),

def 1
D% = 1 — .
it (palloa) 0<H<I,TT(%§A)21—5 8 (TI‘(HO‘A))
6. Max-information ([9])) For p4p € D(AB),

def
Imax(A : B)p = Dmax(pABHpA ® ,OB) .

7. Smooth max-information ([9]) For p4p € D(AB),

€ def
Imax(A : B)p = Dmax(pABHpA ® pB)€.

8. Conditional min-entropy ([10]) For pap € D(AB),

def .
Hmin (A|B)p = — mér(lB) Dimax (pABHIA ® UB) .

oBE

9. Smooth conditional min-entropy ([10]) For psp € D(AB),
HEin(A[B), € max Hun(A|B)

min /o
o €B(p) P

2 Supplementary discussion

2.1 Convex-split with improved resources: basic constructions

We begin this section by providing a construction of convex-split of a quantum state that uses small amount
of additional randomness.



2.1.1 Convex-split using a mixture of unitaries from a 1-design
The unitary 1-design is defined as follows.
2
Definition 1. Fix a register C. A collection of unitaries {V, : Ho — ’;‘—[C}L(il1 form a 1-design if

1 I
e S V.MV = Tr(M)é, VM € L(C).

These unitaries have an additional property that they are perfect decouplers, that is,
Z VapreVy = pr® - (1)
which is evident from Definition [T} In order to use a small subset of them decoupling, we will require the

notion of pairwise independent functions.

Definition 2. Ler {f; : X x X - X }Li‘l be a family of pairwise independent functions. That is,

{(21,22) : fi(ar,22) = @, fy(z1,22) = 2"} =1, Va2, Vj#k.

Introduce registers X, = Xy such that | X1| = |Xo| = |X|. Let V) : Heox,x, = Hox,x, be defined as
v = le’xQ ij(fﬁl,CEQ) X |I1,CE2><CE1,I2|X1X2.

As discussed in [11, Example 6] or [12], there exists an efficient construction of pairwise independent
function family for any X with |X| a prime power. In our setting, |X| = |C|?. Hence, such a construction
exists whenever log |C| is an integer. The following theorem ensures that convex-split can be achieved with
small amount of additional resource. Its proof appears in Section

Theorem 1. Suppose log |C| is an integer. Let U g be a quantum state. Define k of Dinax(Yre ||V R ® ue).
For any integer N > 1, define the quantum state

df )t . def 1
= VO (T o @ px, x,) V' = ZTJ,

where the unitaries V) are given in Deﬁnition It holds that

2k — 1
D(7||¥r ® pc @ px, x,) < log (1+ N > 2

Now we give a canonical example of a unitary 1-design, which we will use in later sections.

IC]-1

\C’\ 1
} a,b=0

Definition 3. Given a register C and a basis {|c) . Define the Heisenberg-Weyl (HW) unitaries {V, 3}
2mich
with Vo, : Ho — He as Vo def Yo.e e+ a)clcc.

Following is a well known lemma, which shows that HW unitaries are a 1-design.



Lemma 1. For all |c¢)¢, | )¢, it holds that
1
o 2V
a,b

In particular, this implies that for any state prc,

N loVily = demic

1
CP > Va,prC’V,lb = PR ® piC-
a,b

Proof. Consider

1 —i- 1 Qﬂi(C—C,)b
W Z Va,b|C><c’|cVa,b = W Ze T Je + a)(c + alo
a,b ab
1
= 5c,c’ @Z|C+a><c+ayc
a
= 5c,c’,ufZ.

In the second equation, we have used Fact Expand prc =3, » pﬁéc/ ® |e){'|c. Consider

1 / 1
e Z Va,bﬂRCVib = Z PR ® 11 Z Vasle) <C,|CV0,T,b
a,b c,c! a,b

= Y beopi @ po = pr® pc.

c,c!
Above, d, . is the delta function. This completes the proof. O

Above construction uses HW unitaries which also involve a phase. Hence, these unitaries are not classical.
Below, we provide a construction that is completely classical, that is, it permutes basis vectors to basis vectors.

2.1.2 Convex-split with classical unitaries

Fix a register C. Let @ be a register with |Q| = 2. We denote by G a register such that 2|C|? > |G| > |C|?
is a prime and H¢ is a subspace of Hg ® Hce ® He. This choice of G can be made due to Bertrand’s
postulate [[13]], which states that there is a prime number between n and 2n, for any positive integer n. Let

{|c>}|c(i‘0_ " be an arbitrary choice of basis in H¢, a natural example of which is the computational basis. This
ensures that {|g)|c)|c)} with ¢ € {0,1} is a basis on Hg @ Hc ® He. We construct a basis {\z>}£|0_1
on H as follows. We relabel the vector |0)|c, ¢} as |¢|C| + ¢/). This gives |C|? basis vectors for G. The
remaining |G| — |C|? basis vectors are constructed by relabeling |1)|c, ¢’) as ||C|? 4 ¢|C| + ¢/) as long as
|C|? 4 c|C| + ¢ < |G| — 1. We note that the constraint |C|? + ¢|C| 4+ ¢ < |G| — 1 is automatically satisfied
in our analysis below, as all the additions, subtractions and multiplications appearing below are performed
modulo |G|, unless explicitly stated. Now, introduce registers Cp, C1; = C and G1,Ga = G, where G is

chosen such that Hg, C Hg ® He, @ He, -



Definition 4. For an integer ¢ € {0,1,... |G| — 1}, define the operationU; : Ha, @ Ha, — Hay, @ Ha, as
follows:

def . . . . . . . .
US> it (5= )0 li + (G — )0y (ila, (.
/[:7j
We choose the convention that the expression in the kets for registers G, G are evaluated modulo |G/|.

The following lemma shows that the unitaries in Definition 4| behave in a ‘cyclic’ manner, analogous to the
permutations in the convex-split lemma from [[14]].

Lemma 2. For everym,t € {0,1,...|G| — 1}, it holds that Uy is a unitary. Furthermore
UnUt = Unie, Ul =U_y.
Proof. We first show that Uy is a unitary. Let 7,7, 7, j’ be such that
i+(G—i=7+G -V, j+G-i)=5+ (G -
This can be rearranged to obtain
G=iN+(E—)1-0=0, (G—7)A+)—(i—i)=0.

Multiplying the first equation by ¢, the second by (1 — ) and adding, we obtain j — 5/ = 0. Thus, (i —4')(1 —
¢) = 0and (i —i')¢ = 0. Adding, we conclude that ¢ = 4’. Hence, Uy is a unitary.
Now, consider

UnUdi)ayli)e, = Unli+ (G —1)0)c i+ (G —i)l)c,

i+ (=4 (G —m)g, i+ (G — i)+ (G —i)m)g,
i+ (G =)l +m))g i+ (G — ) +m)e,

= Unwli)cili)cs-

Thus, U, Uy = Uy, 4. Since Uy = 1, we conclude U, g = U_y. This completes the proof. ]
Following is an important property of our collection of unitaries and is analogous to Lemmal[T]
Lemma 3. For any quantum state ¥ pc, and any m € {1,...|G| — 1}, it holds that
TG, (U (¥rc, ©10)(0lg @ ey @ p6,) U ) = ¥ ® g,

where we use the fact that Ha, € Hg @ Ho, ® He, to change the register label.



Proof. Define §; def 1if 7 = ¢’ and 0 otherwise. Consider

T, (Un (1)1 © i6,) U
|G|—1
- > T, (Un (1) (], 1) les) U,)

1 \G|—1
~ 6l % TrG?('jm““ —m){gm + 7' (1= m)lg, ® |j(m + 1) — im) (j(m + 1) —am\(;)

= i 2 lim + il = m)) Gm +7 (1= m)lg, 5

Z lim 4+ i(1 —m))(Gm +i(1 —m)|g, - 6
=0

= pGy - i 3

where we have used the fact that for 0 < m < |G| and |G| prime, the quantity jm + i(1 — m) takes all
possible values in {0, 1,...|G| — 1} as j varies in {0, 1,...|G| — 1}. For this, observe that for two 7, j/,

jm il —m) = jm+i(l—m) = (j—j)m=0,

which implies j = j" as m # 0. Now, expand Vg, = >_. . \Ifg%c’c/) ® |e){c|c,, where \I’%’C/) are some
matrices. Observe that U = Trc, (Yrey) = D ., \IJ%’C). For any m > 0, using Equation we have

Tre, (U (Yre, ®10)(0lq ® pey ® pas,) U;Ez)

= > ¥ 0 T, (Un (19l © 0 0lg © e )eles ) U, )

c,c/,c1 ‘C’
L gledd
B Z @‘I’R ® pa, - Oe,e!
c,c,c1

= Z\P%’C) ® pG, = Ur® HGys

where we have used that fact that ¢|C| + ¢; = ¢/|C| 4+ ¢1 <= ¢ = . This completes the proof. O

Now, we are in a position to prove our main result. Its proof appears in Section [3.2]

Theorem 2. Let U re be a quantum state and let k def Dnax(VYre ||V R ® pue). Forasubset S C {0,1,...|G|—
1} of size N |S |, define the quantum state

def 1
TRG1G: = 55 D Ut (YRrey @ [0)(0lg @ ey ® pigy) Uy,

Les



where the unitaries Uy are given in Definition ) It holds that

2k+1 -1
D(TRGleH‘IJR R pg, ® HGg) < log (1 + N> . 4)

From Fact 3] we conclude that

1
FZ(TRG1G27 \IIR & MGy ® IU’G2) Z ok+1_1 "
14 2=t
N

An immediate corollary is the smooth version of above result.

Corollary 1. Let ¢, € (0,1) and ¥ e be a quantum state. Let k e log |C| —H2. (C|R)y + log E% and
2k+1

N > =~ Foraset S C{0,1,...|G| — 1} of size |S| = N, define the quantum state

def 1
TRG1 Gy = N > U (Pra, @ [0)(0lq ® ey ® pa,) Uy

Les
It holds that
P(TRG1G27 \IlR & ,U/G]_ &® MG2) S 2e + 6

2.1.3 TImplementation of the unitaries in Definition 4]

The circuit size of the unitaries in Definition {4f can be bounded as follows. The relabeling |co, c1)cycy, —
lco|C| 4 ¢1)¢, can be performed by the multiplication algorithm of Schonhage and Strassen [13] using a
circuit of size O(log |C|loglog |C|) and depth O(loglog |C|). Thus, we focus on unitary transformation over

the basis {\2>}£|0 for H, . From Definition 4}, we have
Up=> 1jt+i(1 = 0))e, i+ 1) — il)a, ile, (jlo,-
irjil

Using McLaughlin’s algorithm [16] based on the algorithm of Schénhage and Strassen [15] (see [[17, Section
2.4.3] for details), and the standard techniques of reversible computing [[18, [19]], the following transformation
can be achieved with a circuit of size O(log |C|loglog |C|) and depth O(loglog |C):

Wie + li)ali)e.10)610)q,
= | )60+ 50 +i(1 =€), [0+ (6 +1) —ib)gy
= | lie,lil +i(1 = 0)g|i(t+ 1) —il)gy.

W1 ¢ also uses O(log |C|) ancillary qubits in initial state |0), which are returned in the initial state after the
computation. Now, we swap registers G1, G and G2, GY:

S eliealit +i(1l = £))a i€ +1) —il)gy
= i+ i1 =) [i(C+1) —il)aoli) ey ) ay-

Swapping two qubits requires three CNOT gates. Hence this operation can be done in depth 3. Finally we
observe that

i=+1)(l+i(1—0) =€ ((L+1)—il)



and
jg=L-(jl+i(1-0))+L—-1)-(j(£+1)—1il).

Thus, using the aforementioned circuit for modular multiplication and addition, we can achieve the transfor-
mation:

Woe + [0+ i(1—0))c[i(0+1) —ibl)a,|i)ar i) ay
= |+ i(1 =) (0 +1) —il)g,li —i)ali — Jay
= |jl+i(l = 0)c i€+ 1) —il)c,|0)c |0) ¢,

Thus, Uy can be implemented as Uy = W . SW ¢. All of these constructions can be implemented using the
Toffoli gate [18]]. Hence, the overall size of the circuit is O(log |C|loglog |C|), depth is O(log log |C|) and
additional ancillary O(log |C|) qubits initialized in |0), that are reset to |0), are used.

2.2 Decoupling up to the max-mutual information using a flattening procedure

We introduce a close variant of the embezzling state [20]. Below, the registers D, E will serve to hold the
embezzling state.

Definition 5. Let a,n be positive integers such that n > a and let D be a register satisfying |D| > n — a.
Define

n

amdef 1 1o
D — S(a,n)]§]|]><]|D7

[oW
=

where S(a,n) = > ia % is the normalization factor. Define

€)Y p'D o

\/—Z \[|J pli)p

as the canonical purification of £€%", where D' = D.

2.2.1 Embezzling uniform states with closeness in max-relative entropy distance

We have the following claim, which is a variant of the property of embezzling states proved in [20] (where
the closeness was established in fidelity for general states).

Claim 1. Let § € (0, 15) and a,b,n be integers such that n > as ,a > 2and a > b. Fix registers D, E
satisfying |D| > n and |E| > b. Let W, be the unitary that acts as

Woli)pl0) & = |[5/b))plj (mod b)) &
It holds that
Wy (€57 ® |0)(0] ) W) = (1+156)¢5" @



Proof. Consider

Wy (65" © 0)(0] ) Wy

n

1 1
_ - N T
= Sar 203V (9210 © 0101 W]
S L (bl @ L (mod ) (mod )
- S(a,n) j:a J ] .] D ] j E
1 3] -1 1

o ./ ./

j'=1%]e=0
L S e
= S(an) py 1V 1P e

j'=1%]e=0

L% b—1 b—1

_ 1 1 AV 1 S(l?n) Lin 1
- S X PN Y flelels < goneh o S flelele

]/:L%J e=0 e=0

Now, as shown in [211, |S(a,n) — log 2| < 4. Thus,
S(1,n) logn + 4 1446
< < <1+ 150.
S(a,n) ~ logn —loga—4 — 1—-5§ — 150
This completes the proof. 0

Following claim shows how to ‘unembezzle’ a state.

Claim 2. Fix the integers n,b, a as given in Claiml[l] Let the register D satisfy n> > |D| > (n+ 1)b. Let W,
be as defined in Claim([I} It holds that

WJ(B"@

Proof. We observe that WbT|j>D|e>E = |jb+ e)p|0)g forall j < n and e < b. We leave the action of I/VbJr

(SN

b—1
> !e><e\E> Wy < 4- &P @ 10)(0]g.
e=0

10



unspecified for j > n,e > b. Consider

b— n b—1
1 1 1 N
v gZ = S 2 2 WNGIp @ le) el
P =1 =0
1 n b—1 1
= —|gb b
S<Ln);§jbm +€)(jb+elp @ [0)(0]
2 n b—1 1
= —|jb b 0)¢0
]:1 e=0
nb+ 1
= ; )(5'|p ©10)(0| &
2 1 1
= =1’ 0)(0
< S(Ln);jm@ b ©10)(0]
25(1,|DJ) LD
= —F— 0
S 5 @00l
< 465 @ 10)(0]z,
where in the last operator inequality, we use the fact that | D| < n?. This completes the proof. O

A ‘purified version’ of above claims is the following restatement of the result in [20].

Claim 3. Let 0 € (0, 215) Let a, b, n be positive integers such that n > as ,a > b/d and let D be a register
satisfying |D| > n — a. Let |u)pr g def % Zz;é e)gr|e) g. It holds that
P (W5 @ W3) (657 @ 10) (0] @ [0)(01) (Wf @ W) €k @ ) < 5V6.
Proof. We have
(W @ Wb) !5“2">D/D ®[0)p ®[0)p
\/7 Z f\ 13/0])pr| 13 /b)) plj (mod b)) |5 (mod b)) g

1 [n/b] b1

1
\/7 Z Egm‘] ])D’D|€ e)E'/E
J'=la/b] e=

11



Since [€"") prplp) e = m POIND F'j i"Yprple, €) g, we have

F ((Wb ® W) (£57p @ [0){0] @ [0)(0[ ) (WJ ® WJ) E5p ® N)
[n/b] b1

1
_\/S(a:n)S(lzn ,%bJ;]b /1+ £

m [n/b] -1
" /S(a:n)S(1:n) Z Zi

j'=laf) e=0/

= _S(la/b], [n/b)) o<
=Vvi-o \/S(a:n)S(lzn)z 1-250,

where we use the fact that |S(a,n) —log %| < 4. This completes the proof. O

2.2.2 The flattening procedure

We now introduce the following definition, which shows how to extend a suitable quantum state to make it
uniform in a subspace.

Definition 6. Flattening a quantum state: Fix a vy € (0, 1) such that |%| is an integer and a quantum state

def q(c)|c){c|c with eigenvalues q(c) that are integer multiples of L. For a register E satisfying
c IC]

|E| = |%| max. q(c), define the quantum state oc g, as follows:
a)lCl _4 Q(C)lcl _1
vy
def 2l
ee Sl e | g X ks | = 52 Z el ® ) el
c e=0

Observe that oc g is uniform in its support.

The flattening of o ¢ can be realized in a unitary manner as follows. We define some registers and unitaries
required for this process.

Definition 7. Fix§ € (0, i5). Let a i |E| = ,Y | max, q(c) and n ©F 43, Introduce a register D satisfying

|D| > n with the quantum state {5 as given in Deﬁnmonl Deﬁne the unitary W : Hopp — Hogp as

def
W= E le) (cle @ Waeel,
Yy
C

where q(c),~y are given in Deﬁnitionlﬂand the unitary W go)c| is defined in Claim
Y

Flattening is ensured via the following relation, which uses Claim|[I}

W (oc @ [0){(0p ® 5™ WT = Z a(e)|e){cle@W aeicr (10)(0]p @ EEM) W 0 < (1+158)0cr@EE™.
’ )

12



2
|2 = (Q) is a prime power, Definition [2| gives us the collection of unitaries

Given the flattening of a quantum state o, Definition 3| gives us |[supp(ocg)|? unitaries V,, : supp(ocr) —
supp(ocg). If |supp(ocr) 2

VO :supp(oce) ® Hx,x, — supp(oce) ® Hx, x,. with log | X;| = log | X3| = log <|C|> This allows
us to construct the quantum states

Ly (W (Tre ®[0)(0]s ® £5™) W @ Mxlxz) vor, (6)

2.2.3 Revisiting the theorems in subsection 2.1]

Now we prove the following theorem, which is the analogue of Theorem [I] for a flattened quantum state. Its
proof appears in subsection [3.3]

Theorem 3. Fix e € (0,1),y € (0,3), § € (0,x) such that Q is a prime power and quantum states

» 15
Uro,we. Let k def Diax (Yre||[Vr @ we) and N > 1 be an integer. Let oc be the quantum state as

constructed in the first part of Fact[0|using wc. For quantum states Ty as given in Equation[6] define

def 1 Z 0.

It holds that
) 2k+2 -1
D(7||¥r®ocr ®EL™ ® px,x,) < 150 + log <1+N ) (7)

Since one can choose log |D| = logn < %log |%‘, the number of qubits of additional registers is log |D| +

log |E| + 2log|X1| < (4 + )log 1,
For later application, we also state a smooth version of Theorem 3] which is similar to Corollary [1]

Corollary 2. Fixe € (0,1),6 € (0, %), € (0,1) such that Q is an integer and a quantum state ¥ pc. Let

def def k+
k= ming: epe(wpe) Pmax(Vrol|¥r ® Yo) and N = < 3 263 . Let o¢ be the quantum state as constructed

in the first part of Fact|6lusing ¥ . For quantum states 1y as given in Equation[6} define

def 1 Z 1.

It holds that
P(r, Vg ® ocp @ 5" ® jix, x,) < 2¢ + 4V/0.

Since one can choose log |D| = logn < %log |%‘, the number of qubits of additional registers is log |D| +

2log |[E| < (4+ 3 )log e
In a similar manner, we obtain an improved version of Theorem [2] We first construct the desired states

to be used in the statement of the Theorem. For the flattening of a quantum state o¢ as given in Definition

let Hiyp def supp(occgr) C He ® Hp denote the support of ocpg. Introduce registers CoEy = CE
and C1E; = CE. Let ) be a register such that |()] = 2. Let F' be a register such that |F'| is a prime,
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Hr C Hg @ Hipp ® M and supp([0)(0]g) ® Hep @ Hep © Hp. This choice of F is guaranteed by
Bertrand’s postulate [13]. Introduce register Fy, Fi = F' such that Hy, p ®@ Hp, p © Hry. We identify the

pair (¢, e) with an element in {0, 1, ... i} — 1} through some one to one mapping and let {Ug}‘ ! be the

unitaries constructed in DeﬁnitionE], by setting C' < supp(ocg). Observe that Uy : Hp, @ Hp, — H nOHFE,
are ‘classical’ as long as choice of the preferred basis on H¢ is the eigenbasis of o¢. Define the quantum
states

70 U (W (e, © (0)(0], @ €57 W @ 0)(0lo © 00,5, ® i, ) Uf, ®)
where W is as given in Definition [7|and |D| > n. We have the following theorem. Its proof appears in
subsection[3.3]

Theorem 4. Fix ¢,y € (0,1), 6 € (0, ) such that @ is an integer and quantum states Vrc,wc . Let

' 15
kY Do (Yrel|Yr®we), S C {0,1,...‘0—| — 1} and N % |S|. Let oc be the quantum state as

constructed in the first part of Fact[6|using wc. For the quantum states Ty as constructed in Equation|8} define

r def i .
tes
It holds that
In 2k+2 -1
D(r||¥r @ pr, @ E5" @ iy ) < 156 +log {14+ ——=— | . )

Since one can choose log |D| = logn < * 5 log |C‘ , the number of qubits of additional registers is log |D| +
2log |F| < (4+ 3 )log ey

We state a smooth version of Theorem [4] which will be used later.

Corollary 3. Fix ¢,v € (0,1), § € (0, 115) such that Q is an integer and a quantum state Vo . Let

def def k+2
k= Ming’, eBe(Wpe) Dinax(Wpo||[ ¥R ® ¥e) and N = 3 2 . Let o¢ be the quantum state as constructed

in the first part of Fact[B|lusing V. For the quantum states Tg as constructed in Equation (8| define

- def 1 .
= % 2
N
/=1

It holds that
P(1,Vr® pup @ EE™ ® pp,) < 26 +4V0.

Since one can choose log |D| = logn < %log |%‘, the number of qubits of additional registers is log |D| +

2log |F| < (4+ 3 )log ey

2.3 Analogues of position-based decoding

We now show how to perform hypothesis testing as a dual to Theorem |2} in analogy with position-based
decoding [22]. We note that similar construction can achieve a dual to Theorem [I} but we do not state it
here as it will be constructed in details in Theorem [/| We have the following theorem. Its proof appears in
subsection [3.4]

14



Theorem 5. Let € € (0, 1) and Ve be a quantum state. Let S C {0,1,...|G| — 1} such that
52
S| < 9 9Di(¥sell¥B®uc)
~ 4e

For each l € S, let ¢y be the quantum state defined in Theorem 2|with U e < W pc. There exists an POVM
{A_1, Av}ies such that
Tr(Am)Zl—szlé vl eS. (10)

Along the lines similar to Theorem [5} we have the following theorem for position-based decoding. We
will directly use the registers and unitaries as introduced in Theorem[d The proof appears in subsection 3.4

Theorem 6. Let = € (0,1),d € (0, 1—15) and VU po, we be quantum states. Let S C {0,1,...|G| — 1} such
that

2
S| < %QD%(\I’BC“‘I’B@)WC)'
9

Let o¢ be the quantum state as constructed in the second part of Fact[6lusing wc. Let 1y be the quantum states

as defined in Equation |8} using the quantum states ¥ rc < ¥ pc, ocg and by choosing |D| < 2n - |E| <
1

2|E|1T5. There exists a collection of POVM {A_1, Ay} es such that

Tl"(Ang)Zl—E—645 VleS. (11D

2.4 Applications
2.4.1 Entanglement-assisted quantum channel coding

We show how exponential improvement in entanglement can be obtained for entanglement-assisted quantum
channel coding, in comparison to the entanglement required in [22]]. We begin by defining an entanglement-
assisted code.

Definition 8. Fix an e € (0,1) and a positive integer R. Let M' be a register of dimension |[M| = 2%. A
(R, €) entanglement-assisted code for a quantum channel N¢_, g consists of a shared entanglement |©) g, g,
between Alice (E 5) and Bob (Eg) and

* An encoding operation &, : L(E4) — L(C) for eachm € {1,2,...2%},

* A decoding operation D : L(BEg) — L(M') which leads to a classical distribution on register M’
such that
Pr[M' #m] <e, Vme{1,2,...2%}

We have the following theorem, near-optimality of which is shown by the converse given in [23]]. Its proof
appears in subsection

Theorem 7. Let e, 8’ € (0,1),6 € (0, ),7 € (0, ). For any pure quantum state | V) ¢ and

’ 25
4(e + 4414
R < Dy (Wi (Wac) N4 5(04) ) — 5 —log =), (12)
there exists a (R, e + 471/ Y8+ 20\/5) entanglement-assisted code for a quantum channel N'y_,g. The

protocol uses % log % qubits of shared entanglement and 4 1og | A| bits of shared randomness. The latter can

be fixed by standard derandomization argument.
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2.4.2 Consequences for quantum state merging and quantum state redistribution

Combining Corollary [3] (which is a smooth version of Theorem [} alternatively we could use Corollary [2)
and Theorem [6] we exponentially improve upon the entanglement cost of the protocol for quantum state
redistribution given in [24]. Since the proof is similar to that given in [24]], we give the statement of the result.

Corollary 4. Fixe € (0,1),6 € (0, i) and a pure quantum state | V) papc. There exists an entanglement-
assisted one-way protocol in which Alice (AC), Bob (B) and Reference (R) start with the quantum state
|¥)rapce and Alice communicates a message to Bob such that the final state ®rapc between Alice (A),
Bob (BC') and Reference (R) satisfies Prapc € BAe+650 (Y rABC). Reference plays no role in the protocol.
The number of qubits of shared entanglement required is at most (4 + %) log % and the number of qubits
communicated is

we

.1 32
min o (Dilax (Vrpe||Vrp ® we) — Dt (Yae ||V B ® we) + log 5256> -

By the argument in [14] that shows how a convex-split for W r- can be used to obtain a protocol for the
task of quantum state splitting, we obtain the following corollary using Theorem [4]

Corollary 5. Fix e,0 € (0, 1—15) and a pure quantum state |V)gpac. There exists an entanglement-assisted
one-way protocol in which Alice (AC) and Reference (R) start with the quantum state |V)rac and Alice
communicates a message to Bob such that the final state ® pac between Alice (A), Bob (C) and Reference

(R) satisfies Prac € B2+8Vs (U raBc). Reference plays no role in the protocol. The number of qubits
communicated is

1 1
=17 (R:C’)\p+2+210gg.

2 max
The number of qubits of entanglement required is at most (4 + %) log ‘%l.

Thus, the result improves upon the number of qubits communicated in [25] by an additive factor of
log log |C| and at the same time achieves the same number of qubits of entanglement required. It achieves the
same communication as given in [[14], but exponentially improves upon the number of qubits of entanglement.

3 Supplementary Methods

3.1 Basic facts used in our proofs

We will use the following facts.

Fact 1 (Triangle inequality for purified distance [26]). For states pa, 04,74 € D(A),
P(pa,04) < P(pa,7a) +P(1a,04).

Fact 2 (Monotonicity under quantum operations [27, 28]]). For quantum states p, o € D(A), and quantum
operation £(+) : L(A) — L(B), it holds that

1E(p) = €)1 <llp—ollr and F(E(p),E(0)) = F(p,0) and D(pllo) = D(E(p)[E(0))-

16



Fact 3 (Uhlmann’s theorem [3l]). Let pa,04 € D(A). Let pap € D(AB) be a purification of ps and
oac € D(AC) be a purification of o 5. There exists an isometry V : C' — B such that,

F(10)(0]aB, |p)(plaB) = F(pa, o),
where |0) ap = (14 @ V)|0) ac-

Fact 4 (Gentle measurement lemma [[29,[30]). Let p be a quantum state and 0 < A < I be an operator. Then

Flo ey = VI,

Following fact implies the Pinsker’s inequality.
Fact 5 (Lemma 5 [31])). For quantum states pa,o4 € D(A),

F(p,0) > 2 20ello)
Fact 6. Fixa~ € (0,1) and a quantum state wc. It holds that

* there exists a quantum state o¢ such that wo < ﬁao and the eigenvalues of o are integer multiples
0
of cr

* there exists a quantum state o¢ such that oo < ﬁwc and the eigenvalues of o are integer multiples
0
of cr

Proof. We prove each item as follows. Let 7 be chosen below.

* Given the quantum state wc, we construct an operator O by increasing each eigenvalue of w¢ to the
. def
nearest multiple of |—g| and define o0 =

%. We have

1 = Tr(o¢) < Tr(0) < Tr(oc) + |0\% =1+

Define 1’ of Tr(O) — 1 which implies 0 < 1’ < 7. The eigenvalues of o¢ are integer multiples of
W. We choose 7 (which determines 7" as well) such that —

Ty = - This ensures that v < 7 <
= l

- Furthermore, eigenvalues of o¢ are integer multiples of il and

we 20 =1+1)oc 2 (1+n)oc =

oC.
Y

* This follows in a similar manner. We construct an operator O by decreasing each eigenvalue of w¢ to
. def
the nearest multiple of %, and define o = =&

0" We have

1 =Tr(we) > Tr(0) > Tr(we) — \C|% =1-n
def

Define ’ = 1 — Tr(O), which implies 0 < 1’ < 7. The eigenvalues of o¢ are integer multiples of
(1+,)|C‘. We choose 77 (which determines 7’ as well) such that

11777/ = 7. This ensures that —177 <n<
~. Furthermore, eigenvalues of o¢ are integer multiples of —‘g| and
= ! 0= L =< L < 1 o
o o o .
C=1 7 = C=7 " C 27 c



This completes the proof. O

Fact 7 ([22]). Let pa,04 € D(Ha) be quantum states. Let A € L(Ha), 0 X A =X 14 be a positive
semidefinite operator. Then it holds that

[VTr (Apa) = VTr (Aga)| < P(pa,oa).

Fact 8 ([32]]). Given quantum states p s, 04 € D(H ) and their respective canonical purification |p) A, |0) AB
(for B = A and some fixed basis over the registers),

F(pap,0aB) = Tr (y/pay/oa) 21 —+/1—=F(pa,04)> =1—P(pa,04).

Fact9. Let pap =), pili)(ila ® pg) and oap = ), pilt)(ila ® O'g) be two classical quantum states, with

{pi}: a probability distribution. It holds that

D(paBlloas) = sz (
Fact 10 ([14]). Let p1,...pn,0 be quantum states and {p;}; be a probability distribution. Define p def
ZZ- pip;. Then it holds that

D <Zpipz ) sz szH (szp)) :

Fact 11 (Hayashi-Nagaoka inequality [8]). Fix a ¢ > 1 and an integer N > 0. Let {Q, ... Qn_1}i—o0 be a
collection of positive semi-definite operators. Define
,[:/

“(3o)

and A_y be the projector orthogonal to the support of Y., Q. The operators {A_1, Ao, ... Any_1} form a
POVM. Then

N
N

I*Aij(1+C)(I*Qi)+(1+c+c_1) ZQZI
i
Fact 12 (Transpose method). Let C, C’ be registers such that C = C'. Let |®)c ¢ be the maximally entangled
state on Ho @ Hor with ®c = uc and o = ucr. For any unitary U : Ho — He, there exists a unitary
UT : Her — Her such that
(U @1e)|®)ccr = (o @ UT)|®)cor.

The following fact was stated in [22, Claim 4], with proof adapted from [9].

Fact 13. Let 0 € (0,1). For quantum states o 5,0, paB, there exists a quantum state p'y € B%(paB) such
that

3
Dmax (ﬂ/ABHP;x b2 UB) < Dmax(pABHUA ® UB) + 1Og ﬁ
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Fact 14. Let ¢ € (0,1) and pap be a quantum state. It holds that

Ip 2
min Dmax<pf43 ) |B\) <log|B| - H,;, (B|A), —|—310gg.

p'EB%(p)

Proof. From [33| Fact 12] (a corollary of an argument in [9]]), for every quantum state o 4, it holds that

Ip
pl B|) Dfnax <pAB

2
min  Dyax (P;lB oA® ]B|> +3logg

p'€B%(p)

Minimizing over all o 4, we have

. Ip 2
min  Dyax (PAB oy ® ]B|> <log|B| + mlanaX(pABHaA ®1p) + 3log -

p'€B*(p)
The proof now concludes by the definition of H ; (B|A) ,. O
Fact 15. It holds that for 0 < a < C,
! 2miab
e ¢ =0
b=0
Proof. Let S o l?:_ol ¢ . We have
2 012 (b+1) 0_12'17 2miaC C_lz'b
e S = e e c +e ¢ =1+ e ¢ =8
b=0 b=1 b=1
Thus, (1 — e )S = 0. Since e # 1 for 0 < a < C, the proof concludes. O

3.2 Proofs in subsection 2.1]

Proof of Theorem [l Observe that V') acts controlled on registers X1, Xo. Thus, Factlgl ensures that

N
1
D(7[¥r @ pe @ pxixz) = \X|2 Z D szfj(xlvx2)q}RCVTj($17$2) Vr@po |- (13)
j=1

T1,2L2
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Consider the relative entropy term in the summation on the right hand side:

N
1
T
N Z ij(xl’m)\PRCVj(Ihm) VR ® pc
Jj=1

N Z < (VfJ (21 xQ)qIRCV Ji(z1,22)

1 N

N kz ka@lvﬂf?)‘PRCka(wl 302)) )
-1

| N
N Z_: < (\IIRCH‘IIR ® VJjj(xlwz)MCij(xl,xz))

Vg ® uc)

T
- <ij(xlvx2)q/RCij(zl,zz)

b

—D | ¥re 7lI/RC + Z N f] 271,932)Vf’v(m’3”2)\IIRCVk(931 272)Vfﬂ(x1’x2) )

N
(c) 1 1 1 T
=N Z D(Yrel[Wr® pc) =D | Yro N‘IJRC + Z Nij(mm)ka(xlm)‘I’RCVk(m 22) VF (@1,02)
Jj=1 k#j
N 1 1
T
D(Vrel|¥r ® uc) Z D | ¥re N\PRC + N Z ij(xhxz)vfk(xl’“)\PRCka(xl m)Vf]-(azl,mg) ’
j=1 Py

where (a) uses Fact. uses unitarity to move Vy ) to the second argument of the quantum relative
entropy and (c) uses the fact that pc is uniform. Thus, using it in Equation .

D(7||[¥r ® pc @ px,x,) = D(Vre||Vr @ pe)

N\X|2ZZ D nc| jwno+ Z Vi torien) Vi (oren) VROV o1,y Vis (o)

j=1x1,22

D(\I’RCH‘I’R ® pc)

N Z D \IIRC N\IIRC + N|X|2 Z Z fj(l‘l,mg)vfk(xl xZ)WRCka(zl mg)vfj(ll,IZ) ’
J 1 k#j 1,22

where (a) uses the convexity of relative entropy. From the pairwise independent property of the family of
functions (Definition [2)), this simplifies to

D(TH\I’R ® pe ® px,x,) < D(Pre||Pr @ pe)

1 _ _
_72 D| Upell=Tpe + — sz{ r1,22) ¢ fi(r1, x2) = @, fr(w1, 22) x}’VJVm/\I/RCV;,Vx

2
N k;ﬁ]:cx |X|
1 & 1
v v Dlw —\I’ VV\IJ VV . 14
D(Vrel|Vr ® po) — ]Z; RC RC+N|X2§Z RC (14)
= j x,x’
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Equation [1|ensures that

D(7]|[¥r ® e @ pix,x,) < D(Vpe||Vr @ pe)

N
1 1 1

—=Y | D[ Yre| -7 == Y Y VIV URaVLY,
Nj:l RC| % RC+N|X|2k¢jxm’ z Ve WYRCV,

1 1

— —

‘ N RC + N E _‘I’R®Mc
7=1 k#j

1 N -1
=D(Vpe|¥Yr® pc) —D (‘I’RC yVre+ 1 VR® Mc) : (15)

N
1
=D(¥rell¥r @ puc) - Nz D ¥re

Using the inequality Vo < 28U p ® pc, we find

1

N-1 2k 1
— —y < (1 )\ .
N RC + N R®Mc_< + N > R® uc

Thus, the operator monotonicity of logarithm [34] ensures that

1 N -1 ok _ 1
—U —VU > DU v —1 1 .
e+ 0 e) = D(WrelWr e pe) g (1+ 5 1)

D (\Ich

Using it in Equation [I5] we conclude that
D(7||¥r ® pc ® pix,x5,)

2k _1
<DWrc||Vr® pc) —D(Vre||VR @ puc) + log <1 + )

=1 1+2k_1
= log ~ )

This completes the proof. O

Proof of Theorem 2l By definition of &, we have U e, < 2%k p ® 1c,- This implies

|G|

|Col|C| 2P @ pg, 2 2" UR @ g, . (16)

Urey, @10)(0lg @ poy, = 28V @ pc, © 0)(0lg @ pe, =<
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‘We have
D(TRG102 VR ® pe, @ pa,)

(a)
S N Z < (Ue Ve, ®(0)(0lq ® puey ® pa,) Uy H\IJR ® pe ®M02)
(s

=D (Us (re, ©10)(0lq @ oy @ i) Uf |micucs ) )

\I’R & Ug (IU’GI ® IU'GQ) UZ)

1
N > <D (‘I’Rco ®10)(0lg ® pey @ pa,
lesS

-D <\I/RCO ® 10)(0]g ® ey ® pas UJTRG1G2U€> )

‘IJR ® U; (HGl ® :uG2) UE)

1
SN > <D (‘I’Rco ®10){(0lg ® pey, @ pic,

-D (\IJRCO ®10)(0lg @ pey || Tra, (UJTRGngUZ>) ),
(7)

where (a) uses Fact (b) uses the unitarity to Uy to the second argument of the quantum relative entropy
and (c) uses the monotonicity of quantum relative entropy (Fact [2)) upon tracing out the register G. Since
1a, @ pg, is maximally mixed in the support of Uy,

U/ (16, ® pey) Us = pic, © pc,- (18)
Moreover, we have

TrG2 (Ulrrrc:Ue)

CL

2 =3 o, (U[Un (¥he, © 000010 ® pey © uc) UUr)

mES
® 1y 0)(0 T v 0)(0 Ul
2 Ve, ©10)0lg ey + 5 D Tr6, (Un-e (Vrey ©10)0lq @ ey © i) Ul
mGSm#K
(c) 2k+1 ;
= v YR ® kG + Z Tra, ( m—t (Pre, ® |0)(0l ® pey ®MGQ)Um_g) :
mESm;éZ

where (a) uses the definition of Trg, ¢, as given in the Theorem statement, (b) uses Lemma [2| and (c¢) uses
Equation[T6] Using Lemma[3] we conclude that

2k+1

+ N -1 2k+1 _
TrG? (Uf TRGleUf) = T\IIR Q pG, + —Ur® una, = (1 +

— | .
N N > R & UG,

Since logarithm is operator monotone [34],

D (‘I’Rco ®10)(0lq ® pe,
k

Trg, <UgTRG102 Ug) )

28 —1
> log <1+ ) +D(Vre, ®@[0)(0lq @ uey [[Vr @ pay) -
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From Equations[17|and
D(TRG1G2 H\IJR O pe ® :U'GQ)

1
< N Z (D(\I/Rco ®10)(0]lg ® pey, ® pas|¥YR ® pay @ pay) — D(Yre, ®10)(0lg ® pey [[¥r @ NGl))

tes
2kl — 1
1 1+ ——
—i—og(+ N )
1

~ 5 5 (D(rey 10010 © i 192 i) ~ D (Wcy ©10)0l0 © iy |92 i) )
les

ok+1 _ 1

1 1+ ——

+ og( + N )

2kl 1
=1 1+ ——-.
()

This completes the proof. O
Proof of Corollary I} From Fact[I4] we conclude that

< 8
min Diax (Ve || ¥ & <log|C|—-H2. (C|R)y +1log— =K.
‘I’%CEBS(\I’RC) a; ( RCH R MC) = g| ‘ mln( ‘ )\IJ gg?’

Let ¥ be the quantum state achieving the infimum above. Define

def 1
TRGIGs = N > U (Vie, ®10)(0lg ® ey @ pc,) U
tes

We use Theorem [2]to conclude that
P(TII%G1G27 \II/R O pa, ® /‘LGQ) <.
By triangle inequality for purified distance, this implies that
P(TRG,Gas VR ® pGy @ pa,) < 26 + 6.

This concludes the proof. 0

3.3 Proofs in subsection

Proof of Theorem[3l From Fact@ we have that the eigenvalues of o are integer multiples of ﬁ and

1
we = oc = VYpge = 1721“1’}3 Qoo =X 2k+1‘l’R R oc. (19)
- -
Consider,
. (a) .
W (¥re @ |0)(0lp @ €5 W < 2R 0 W (00 ®10)(0]s © €5") W
()
< 211 £ 156)Ur @ ocp @ EF"
< 2"p®ocp @ EL,
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where (a) uses Equationand (b) uses Equation Expand Vre =) . ‘lfgg’cl)®\c> (c'|c. For convenience,
set b(c) def q(c)|C|/~. Consider

X Z VoW (Wre ® [0)(0]p @ €5™) WV

) Z S |X,ZV( (lc ® 17 (mod HE) (mod b(c')) |

a CC

@U/b(c)J><U/b(c’>J|E>VJ

OS99 @6, woon @ S(lm 3 ;| /() ) L5/b(0)]
c,c! ? j=a

n

=S¥ wocne g S SILMADLI/HEIp
c ’ j=a

c) )
=< (1 + 1506) Z \I/E,g’c) ® oor ® EF"
= (1+150)Vr ® oop @ E5". (20)

Above, (a) uses the definition of the state £f" in Definition [5| and that of W in Definition []| The equality

(b) uses Lemma The operator inequality (c) uses the fact that El ng < (1 + 156), as given in Claim

The rest of the argument is identical to Theorem I 1} up to the factor of (1 + 159) induced by above operator
inequality. This completes the proof. O

Proof of Theorem[dl Fact[@ ensures that

1 1
wo % ——0c = Ype = 172’“\113 ® oo < 2M R @ 0. (21)
-7 -7
Now, we proceed similar to Theorem [2}

D(r H‘I/R ® pr, ®ER" @ 1)

g NZ TKH\IJR®NF1 ®§BR®MF2) _D(TZHT))
Les

—
=

1 .
N > (D (W (Yroy @ [0)(0]5, ® E5™) W @10)(0lq ® 00,8, © i,
tes

Vp®pup ®EL" ® HF2>

Ulru) )

‘IIR & HEy o2y ngn>

D (W (Wrcy @ [0)(0]m, © €5") W ©10)(0lq ® 00,5, © i

SyX (D(W (e, 0) 01z, © 657 W' o 0) g © 0z

~D (W (Wr, ©10)(0]5, @ 5™ W ©10)(0lq © o0y,

Trp, (Ug TUg)) ) , (22)
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where (a) uses Fact[L0] (b) uses the definition of 7, in Equation [8]and (c) uses the monotonicity of quantum
relative entropy (Fact[2) under tracing out the register F»>. Now, we have

Trr, (U} 70;)

b i)k 3 (o)
meS,m#L
() 1

~ "V (Yre, @ |0){0]5, @ €5") W 10){0lo ® ocyk,

1 amn
v > Tem (Unee (W (Wno, ©10)(0]5, © €5") W 10)(0lq © 00ym, @ pir )

Ul
meS,m#AL
o 1 . 1
QW (¥rey ®10) 015, @ €5") W' @ 0)(0lg @00, + 5 D Tom (Tmo)
meS,m#L
@ 1 o 14+156)(N — 1 "
< W (W, @ 10) (05, © €5 W1 ©10)(0lg ® oc,p, + N Dy 6, o e

(23)
where (a) uses the definition of 7 in the statement of the theorem, (b) uses the definition of 7y in Equation

along with the cyclic property of the unitary Uy in Lemma (c) uses the definition of 7,,,_y from Equation
and (d) uses Claim[] Next, we evaluate

W (¥ re, ® [0)(0]g, @ E5™) WT @ (0)(0]g ® 00,y
(a)

< 2R @ W (0¢, @ |0)(0]5, ® £5™) W ©(0)(0lg ® o,k

b
< 2" 4 156) U © ocym, ©10)(0lg © 0¢, 5, ® E5"

(©) |F| :
< 2F2(1 4 150) - VR @ pp, @ E5"
- ( ) |Sllpp(UCE)|2 R Uy gD

< 2M2(1 £ 156) U @ pp, @ ERT,
where (a) uses Equation[21] (b) uses Equation[5]and (c) uses Claim[I} Using this in Equation[23] we conclude
that

i 2k+2 -1 1
Trp, (Ué TUE> < (1 +156) - <1 n N) Up® pp © L
Along with Equation [22] this leads to

in 2k+2 -1
D(7||[Vr @ pr ®EF" @ pm,) < 156 4 log (1 + — )
This completes the proof.

3.4 Proofs in subsection

Proof of Theorem 5l Let 25 be the operator such that

Tr (Qpc¥pc) > 1—¢c, Tr(Qpe¥p @ uc) =2 PalPrelseuc),

25



‘We have

QIICT
|Gl
< 9.9 Di(¥scl¥s®uc) _ 9l-Di(¥Yecll¥s®uc) (24)

Tr(Qpc, Y5 ® pG,) < Tr(Qpc, VB ® pey @ 1 @ pey)

Let {A_1, Ay}ees be the POVM as constructed in Fact using the operators Uy$2pc, U, g . We have

T (- A)m) = Tr (1= AU pa, 10)(0lg ® ey © na,Uf )
(a)
<

(1+ )T (1= Uspc, U U sy © [0)(0lg ® piey © i, Uf )

+24c+e ) > Tr((UmQBCOUMUNBcO®|0><0\Q®uc1®MGQUJ)
meS,m#L

= (1+ C)Tr ((I - QBCO)\IIBCO ® |0><O‘Q ® picy @ piGs)

+(2+c+ c_l) Z Tr (QBCOUé—m‘I’BCo ®10)(0|lg ® pey ® MGng_m)
meS,m#L

< (I+ce+2+c+c™h Z Tr (QBCOUg,m\I/BCO ® [0){(0]g ® pey ® MGzULm> :
meS,m#L

Above, (a) uses Fact[11} From Lemma|3]
Trg, (Ue-m B0y @ [0)(0lq @ ey @ peuU,) = VB @ g,
Thus choosing ¢ = g and using Equation
Te((I—Ap)mg) <e+6+ %ﬂsm (QBc,¥B @ pe,) <e+6+ %|5|21—D%<‘PBOHWB®MC> < e+ 44,

from the choice of |S|. This completes the proof. O

Proof of Theorem[6l We will outline the main steps of the proof, which closely follow those of Theorem [3
Let 2p¢ be the operator that satisfies

Tr (Qpc¥pe) > 1—¢, Tr(Qpe¥p @we) =2 PulVacl¥sewe),

From Fact[6 we have

oc = we = Tr(Qpc¥p®oc) <2 Tr(Qpc¥p @ we) = 2! Pa(VaclVsswe),

Let {A_1, As}secs be the POVM constructed in Fact using the operators {U,WQpc, WU, g tees. Rest of
the calculation follows using Fact[IT} The following claim is similar to Lemma 3]

Claim 4. Foranym € {0,1,...|F| — 1}, it holds that Tr g, (7:) < (1 +156)¥ g ® pup @ EE™
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Proof. We expand Wpo, = >, \Ilgg’d) ® |c)(c|c,- For convenience, set b(c) = ¢(c)|C|/~. Recall that
Wle)col0) 5, [k) D = |e) ook (mod b(c))) ko[ K/b(c)]) D-
Thus,

Ter, (Un (W (10}l @ 10)(015, ® €57) W @ 10)(0lq @ ocy, @ pirs ) U, )

=> %TrFQ (Um (W (Ie){clco @ 10)(0| 5y @ k) (k[p) WT @ [0) {0l @ 00y 5, ® /‘Fz) U’L)
k=a

=3 T (Um (Ie)(¢lc, @ [k (mod b(e))) (k (mod b(<")| 5, © [0){0lq ® oc, 5, @ i) Uy
k=a

1L/ L/l

As shown in Lemma 3}
Ter, (Un (1€)(¢ley © [k (mod b(e)) (k (mod b()) 5, © [0){0l © oy, © pir,) Ul ) = sy G
Hence, we conclude that

Teg, (Un (W (I}l  10) (0], @ €5™) W @10)(0lq @ 00,5, @ o, ) U, )

= 11 ® 3 R/ (kb)) - 6.

k=a

< (1+158)up, ®EL" - deer,

where in the last operator inequality, we have used an argument similar to that used in Claim[I} Thus,

Trntn = Y Ve @ T (Un (W (I @ 10)(0]5, @ €5") W @ [0)(0lg © 00,8, © ) UL,

c,c/

< (1+158) Y U @ up @ €5

This completes the proof. O
We require the following inequality for m, ¢ € S with m # £.
Tr <UmWQ se, W' ann)
- <UmWQBCOWTU;§lUg (W (Wpe, ® [0)(0]5, ® EEM W @ |0)(0]0 ® o, 1, ® uFQ) UJ)

= T (W0, WU (W (W50, @ [0)(0], @ €5") W @ 10)(0lq @ 00,5, @ pr, ) UL, )

—

a

< (14 150)Tr (e, W (Wr @ i, @ €57) W)

~

<2 Tr (2o W' (Wr & pur, @ €5 W) (25)
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Above, (a) follows from Claimd] Now, it holds that

|Qllsupp(ocr)?
|F|

HFy j Q & OCyEy 02 0C1E1 = 2 HQ ® OCyEy 0y OC1E;- (26)

Thus,

Tr (UmWQ s, W' Ugﬂ)

(a) ,
<2.Tr (QBCOWT (VR ® pp, @E5Y) W)

(b) n
<4.-Tr (QBCOVVJr (‘I’R & HQ ® HCyEy b2 HCiLEq ® 5113 ) W)

4Ty (QBCOWT (Vg ® poom ® €L W) ,
where (a) uses Equation[25]and (b) uses Equation[26] Finally, we use Claim [2]to conclude that
Tr (UmWQ B, W Ujm)
< 4T (Qpe, W (W @ ey, @ €57) W)
<16+ T (Qpc, Ur @ 0, @ [0) (0], @ €5)
=16 Tr (Qpc, Vg ® 0¢,) < 20~ Pa(¥scl¥eswe)

where we use the fact that {2p¢ only acts in the support of Vi ® o¢,. This completes the proof. O

3.5 Proofs in subsection 2.4

For the ease of presentation in this section, we will represent the relation P(|¢) (], |¢)) < e between two

pure states [1)), |¢) as |¢)) ~ [¢).

Proof of Theorem[7. Without loss of generality, we can assume that |¥) 4¢ is the canonical purification of
¥ 4, by applying a local unitary on register C' which does not change the hypothesis testing relative entropy.

def
Let Upo = Nasyp(Pac).

Useful quantum states and unitaries: We begin by introducing some new quantum states and unitaries used
in the proof. We also discuss their properties.

* Slightly perturbed quantum states: From Fact[0] there exists a quantum state o¢ such that the eigenval-
ues of o¢ are integer multiples of %‘ and

1
oo =X 17\110 — P(\Ifc,ac) < ﬁ (27)
-7

) . . def )
Let |0) 4c be the canonical purification of o and o ¢ = Nasn (o0 ac). We obtain

(a) (b)
P(oac, Y ac) = V1 —F2(0ac, Vac) < 2¢/Ploc, ¥e) < 2914, (28)
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where (a) uses Fact[8]and (b) uses Equation27] From this, we infer that

(@ 1 1 (b)
op =Nasp(oa) = ENAaB(\I/A) 7‘1’3, P(opc, Upe) < Ploac, Uac) < 2914,

1—

(29)
where (a) uses the inequality o4 = l—\II 4 which follows from Equatlon and the property of
canonical purifications. The inequality (b) uses monotonicity for the purified distance (Fact ' Let
Qpc be the optimum operator in the definition of Df; (¥ pc||¥ s ® ¥¢). From the property of Qpc,
we have

(a) (b) 1 c
Tr (Qpcope) > 1—e—4y"4, Tr(Qpcop @ oc) < WTT (Qpc¥p ® We) < 22 Pal¥scl¥sovo)
(30)

where (a) uses Equation 29]along with Fact [7]and (b) uses Equations 27)and 29] We expand |o) ac =

2 Valdle)alee

Flattened quantum states: Let E be the register and oo p be the quantum state as obtained via the
flattening procedure in Deﬁnition@ As stated in Deﬁnition@ we have |E| < uﬂ. Consider the
following purification of o¢ g, which is maximally entangled.

def |
o) acee = |g,‘ Z ’C e)aplc e)cr

cee<7q

def . .
Leta = |05‘,n = a5 and register D satisfy |[D| = n <|C| ) This choice is made to ensure that

Claims |1} 2]and 3| apply to register E. From Definition 3] |€*™) p/p is the canonical purification of £
with D’ = D. Given the unitary W def dole) (el ® Wyeel from Deﬁnition let Watice &y,
Y

def
and W = Wepp.

2
Heisenberg-Weyl unitaries: Using Deﬁnition we obtain a collection of <|%|> = |supp(oce)|?
unitaries V, : supp(ocg) — supp(ccg). From Claim 3] we have

; , 5V8 :
<Walwe ® WbOb) 0)ac @ €™ pip ©10,0) e =~ |0) acee ® |€") piD- (3D
Since V; acts in supp(ocg), Factensures that there exists a unitary V,! : supp(o”y z) — supp(o’y /)

such that
VE@D)|o") acer = 1@ Vi)l acw e (32)

Combining Equations [3T]and [32] we conclude

alice 01 an 5V n
(VmTW lice @ 0 b) |0)ac @ € pip ®@10,0)pre =~ 1@ Vy)|o)acer @€ pp.  (33)
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Consider

((Walice)TVxTWalice ® Wbob) |U>AC ® |£a:n>D/D ® |0’ 0>E/E
5V alice n

~ ((W lieeyt I) (I1& V)oY acee ® 1€ pp
_ (I ® Vz) ((Walice)T ® I) ’UI>ACE’E ® ‘51:H>D’D

5v/6 o an
~ (10 V) A W) o) ac ® [€%™) pip @ 10,0)prE

=(I® wabOb)|O'>AC ® ’fa:n>D/D ® ’07 0)eE,

where the first step uses Equation |33|and the third step uses Equation Using the triangle inequality
for purified distance (Fact [I)), we hence find

((Walice)TVxTWalice ® Wbob) |0'>AC ® |£a:n>D/D ® |0’ 0>E/E

10V/6 o an
~ (1@ VWP o) ac @ [€5™) pip @ 10, 0) g . (34)

* Controlled unitaries using pairwise-independent functions: Introduce registers X1, Xo where | X;| =

2 2
| Xo| = ('%') . Since (Q) is a prime power, Deﬁnitiongives a family of functions { f,, : X x X —

X'} and a collection of unitaries

y(m) — Z Vi) © |21, 22) (21, 32| x, X, - (35)

1,22

Let {A_1,A1,...Ayr} be POVM as defined in Factusing the operators { (V"™ W) Qo (V) WbOb)T}f,f:l.

Shared resources: Alice and Bob share the state |o) 4c|£%™) p/p|0, 0) g/ which appear in Equation
They also possess the maximally mixed state px, x, in shared registers X7 Xo. Thus, the number of qubits of
shared entanglement is

ol _1,_1c]

1
vy 0 "0

+2log— = 4] 4]
g =
¥ )

log — + 2log —.
V-0 g

Encoding: To send the message m € {1, 2, ...2%}, Alice applies the unitary

Z (Walice)va?n(xLx?)Walice ® \3?1, .Z‘2><.%'1, xQ‘X1X2
1,22

on her registers. She then sends the register A through the channel.

Decoding: Bob applies the unitary 7% on his registers. He applies the POVM {A_1,Aq,... Ayr} and
outputs m’ upon obtaining the outcome A,,,.
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Error analysis: Let 0/, be the quantum state on Bob’s registers just after Alice’s transmission through the
channel. Define the following quantum state:

def
0 2 3 a1zl © Vv W) (050 @687 © 0)(018) (V010 W)

1,22

(36)
From Equation [34] we have P(6,,,6’,,) < 10+/8. Thus, from Fact
Pr[M’ #m] = Tr (1 — Aw)8,,) < 2P0, 0h) + T (1 — Ap)0) < 20V8 + Tr (1 — A)0a) . (37)

We thus conclude

—
S
N

Pr[M’ # m] 20V 4+ Tr (1 — Ap)bim

IN

—
NS

20v/5 + (1+c) ( T

)
( Wbob 0 C(V(m)Wbob)Te ))
H2 4ot ) 3 T (VW Qe (v Wi, )
( )
)

m/#m

2073 + (1 + ¢ (1 ~ T (Qpo (VM Wbty (V(m)Wb"b))

+2+ e+ ) 0 T (VW Qe (VITIW) G, ) (38)
m/#m
where (a) uses Equation[37]and (b) uses Fact[11} From Equations[36and[35] we have
(V(m)Wbob)T9 (V(m)WbOb)

|X1|2 D |an, wo) (@, 22X, x, @ (0Bc ® EB™ @(0)(0]) -

1,72

Thus, Equation [30]implies
Tr (QBC(v<m>Wbob)T em(v<m>wb0b)> = Tr(Qpcope) > 1 — e — dyV/4, (39)
For m/ # m in Equation [38] consider

r ((V(m/)WbOb)QBc(V(m/)WbOb)mm) 2 |X 1X,)2 >
1

1,22

Ir (QBC(Vf @12 WV (Vi @1, an W) (00 © 5™ ©10)(0] ) (me«cl,scz)WbOb)T(me/mm)WbOb))

® X|ZTr<QBC(vaob <|X|ZV W (050 © €57 @ [0){0]8) (Ve Wbob))(vwwbob))
(40)

where (a) uses Equation |36 and (b) uses Definition [2] to introduce variables x, 2’ in a manner similar to
Equation[T4] From Equation[20} the term in the inner bracket can be upper bounded as

1
7] 2 Ve W (0 © €5 © 0)011) (Vo) < (14 156)0 @ ocp @ €
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Thus Equation 40| simplifies to,

Tr ((V(m’)Wbob)QBC(V(m’)Wbob)Tgm)

(1+ 156)

S E > Tr <QBo(vab°b>T (aB ®ocE ® 511") (wabob))

@ (14 156)Tr <QBC(W‘wb)T (aB ® ocE ® glm> (Wbob>>

()
< 4(1 + 150)Tr <QBC (aB ®oc® Pl e |0><0E)>

<8.Tr <QBCUB ® UC> © s-Di(¥sclusee)

where (a) uses the fact that VooV, = ocg, (b) uses Claim [2| and (c) uses Equation Using it with
Equation [39]and Equation[38] we conclude

4 -
Pr[M’ # m] < 20V/5 + (1 + ¢)(e + 4y/*) + ~2B+H-DulVacl¥aeve),
C

Setting ¢ = + and from the choice of R, the proof concludes. O

6/
e+4yt/
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