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Here, we provide complete proofs for all the claims made in the main text. For the ease of navigation, we
have discussed all the results and their interconnections in Supplementary Figure 1.

1 Supplementary notes

All the logarithms are evaluated to the base 2. Consider a finite dimensional Hilbert space H endowed with
an inner product 〈·, ·〉 (In this paper, we only consider finite dimensional Hilbert-spaces). The `1 norm of an
operator X on H is ‖X‖1 := Tr

√
X†X and `2 norm is ‖X‖2 :=

√
TrXX†. A quantum state (or a density

matrix or a state) is a positive semi-definite matrix on H with trace equal to 1. It is called pure if and only if
its rank is 1. A sub-normalized state is a positive semi-definite matrix onH with trace less than or equal to 1.
Let |ψ〉 be a unit vector onH, that is 〈ψ,ψ〉 = 1. With some abuse of notation, we use ψ to represent the state
and also the density matrix |ψ〉〈ψ|, associated with |ψ〉. Given a quantum state ρ on H, support of ρ, called
supp(ρ) is the subspace ofH spanned by all eigenvectors of ρ with non-zero eigenvalues.

A quantum register A is associated with some Hilbert space HA. Define |A| := dim(HA). Let L(A)
represent the set of all linear operators on HA. For operators O,O′ ∈ L(A), the notation O � O′ represents
the Löwner order, that is, O′ − O is a positive semi-definite matrix. We denote by D(A), the set of quantum
states on the Hilbert space HA. State ρ with subscript A indicates ρA ∈ D(A). If two registers A,B
are associated with the same Hilbert space, we shall represent the relation by A ≡ B. Composition of two
registersA andB, denotedAB, is associated with Hilbert spaceHA⊗HB . For two quantum states ρ ∈ D(A)
and σ ∈ D(B), ρ ⊗ σ ∈ D(AB) represents the tensor product (Kronecker product) of ρ and σ. The identity
operator on HA (and associated register A) is denoted IA. The maximally mixed state IA

|A| on register A is
represented by µA.

Let ρAB ∈ D(AB). We define

ρB := TrAρAB :=
∑
i

(〈i| ⊗ IB)ρAB(|i〉 ⊗ IB),

where {|i〉}i is an orthonormal basis for the Hilbert space HA. The state ρB ∈ D(B) is referred to as the
marginal state of ρAB . Unless otherwise stated, a missing register from subscript in a state will represent
partial trace over that register. Given a ρA ∈ D(A), a purification of ρA is a pure state ρAB ∈ D(AB) such
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Supplementary Figure 1: An outline of our results, which are all derived in the one-shot setting. All the decoupling
statements are stated as convex-split theorems. The results in blue rectangles are main tools that may be of indepen-
dent interest. Method A in the main text corresponds to the top two blue rectangles and Method B in the main text
corresponds to the lower blue rectangle. The results in red rectangles are quantum communication tasks for which we
obtain entanglement cost proportional to the number of qubits of register to be communicated, while maintaining the
best known communication bounds. The result in green rectangle is the near optimal decoupling result and those in
yellow rectangles are the hypothesis testing/position-based decoding analogues of convex-split theorems.

that TrBρAB = ρA. Purification of a quantum state is not unique. Suppose A ≡ B. Given {|i〉A} and
{|i〉B} as orthonormal bases over HA and HB respectively, the canonical purification of a quantum state ρA
is (ρ

1
2
A ⊗ IB) (

∑
i |i〉A|i〉B).

A quantum map E : L(A) → L(B) is a completely positive and trace preserving (CPTP) linear map
(mapping states in D(A) to states in D(B)). A unitary operator UA : HA → HA is such that U †AUA =

UAU
†
A = IA. An isometry VA→B : HA → HB is such that V †V = IA and V V † = IB . The set of all unitary

operations on register A is denoted by U(A). Some standard unitaries are the X,Z,H (Pauli-X, Pauli-Z and
Hadamard, respectively) gates on qubits, the CNOT gate on a pair of qubits and the Toffoli gate on three
qubits [1]. We will drop the register labels on unitaries unless when it is required. We shall consider the
following information theoretic quantities. We consider only normalized states in the definitions below. Let
ε ∈ (0, 1).
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1. Fidelity ([2], see also [3]) For ρA, σA ∈ D(A),

F(ρA, σA)
def
= ‖√ρA

√
σA‖1.

For classical probability distributions P = {pi}, Q = {qi},

F(P,Q)
def
=
∑
i

√
pi · qi.

2. Purified distance ([4]) For ρA, σA ∈ D(A),

P(ρA, σA) =
√

1− F2(ρA, σA).

3. ε-ball For ρA ∈ D(A),

Bε(ρA)
def
= {ρ′A ∈ D(A)| P(ρA, ρ

′
A) ≤ ε}.

4. Smooth max-relative entropy ([5], see also [6]) For ρA, σA ∈ D(A) such that supp(ρA) ⊂ supp(σA),

Dε
max(ρA‖σA)

def
= min

ρ′A∈Bε(ρA)
min{λ ∈ R : 2λσA ≥ ρ′A}.

5. Hypothesis testing relative entropy ([7], see also [8]) For ρA, σA ∈ D(A),

Dε
H (ρA‖σA)

def
= max

0<Π<I,Tr(ΠρA)≥1−ε
log

(
1

Tr(ΠσA)

)
.

6. Max-information ([9]) For ρAB ∈ D(AB),

Imax(A : B)ρ
def
= Dmax(ρAB‖ρA ⊗ ρB) .

7. Smooth max-information ([9]) For ρAB ∈ D(AB),

Iεmax(A : B)ρ
def
= Dmax(ρAB‖ρA ⊗ ρB) ε.

8. Conditional min-entropy ([10]) For ρAB ∈ D(AB),

Hmin(A|B)ρ
def
= − min

σB∈D(B)
Dmax(ρAB‖IA ⊗ σB) .

9. Smooth conditional min-entropy ([10]) For ρAB ∈ D(AB),

Hε
min(A|B)ρ

def
= max

ρ′∈Bε(ρ)
Hmin(A|B)ρ′ .

2 Supplementary discussion

2.1 Convex-split with improved resources: basic constructions

We begin this section by providing a construction of convex-split of a quantum state that uses small amount
of additional randomness.
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2.1.1 Convex-split using a mixture of unitaries from a 1-design

The unitary 1-design is defined as follows.

Definition 1. Fix a register C. A collection of unitaries {Vx : HC → HC}|C|
2

x=1 form a 1-design if

1

|C|2
∑
x

VxMV †x = Tr(M)
IC
|C|

, ∀M ∈ L(C).

These unitaries have an additional property that they are perfect decouplers, that is,

1

|C|2
∑
x

VxρRCV
†
x = ρR ⊗

IC
|C|

, (1)

which is evident from Definition 1. In order to use a small subset of them decoupling, we will require the
notion of pairwise independent functions.

Definition 2. Let {fj : X × X → X}|X |j=1 be a family of pairwise independent functions. That is,

|{(x1, x2) : fj(x1, x2) = x, fk(x1, x2) = x′}| = 1, ∀x, x′, ∀j 6= k.

Introduce registers X1 ≡ X2 such that |X1| = |X2| = |X |. Let V (j) : HCX1X2 → HCX1X2 be defined as
V (j) =

∑
x1,x2

Vfj(x1,x2) ⊗ |x1, x2〉〈x1, x2|X1X2 .

As discussed in [11, Example 6] or [12], there exists an efficient construction of pairwise independent
function family for any X with |X | a prime power. In our setting, |X | = |C|2. Hence, such a construction
exists whenever log |C| is an integer. The following theorem ensures that convex-split can be achieved with
small amount of additional resource. Its proof appears in Section 3.2.

Theorem 1. Suppose log |C| is an integer. Let ΨRC be a quantum state. Define k def
= Dmax(ΨRC‖ΨR ⊗ µC).

For any integer N > 1, define the quantum state

τj
def
= V (j)(ΨRC ⊗ µX1X2)V (j)†, τ

def
=

1

N

N∑
j=1

τj ,

where the unitaries V (j) are given in Definition 2. It holds that

D(τ‖ΨR ⊗ µC ⊗ µX1X2) ≤ log

(
1 +

2k − 1

N

)
. (2)

Now we give a canonical example of a unitary 1-design, which we will use in later sections.

Definition 3. Given a registerC and a basis {|c〉}|C|−1
c=0 . Define the Heisenberg-Weyl (HW) unitaries {Va,b}

|C|−1
a,b=0

with Va,b : HC → HC as Va,b
def
=
∑

c e
2πicb
|C| |c+ a〉C〈c|C .

Following is a well known lemma, which shows that HW unitaries are a 1-design.
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Lemma 1. For all |c〉C , |c′〉C , it holds that

1

|C|2
∑
a,b

Va,b|c〉〈c′|CV †a,b = δc,c′µC .

In particular, this implies that for any state ρRC ,

1

|C|2
∑
a,b

Va,bρRCV
†
a,b = ρR ⊗ µC .

Proof. Consider

1

|C|2
∑
a,b

Va,b|c〉〈c′|CV †a,b =

 1

|C|2
∑
a,b

e
2πi(c−c′)b
|C| |c+ a〉〈c′ + a|C


= δc,c′

(
1

|C|
∑
a

|c+ a〉〈c+ a|C

)
= δc,c′µZ .

In the second equation, we have used Fact 15. Expand ρRC =
∑

c,c′ ρ
c,c′

R ⊗ |c〉〈c′|C . Consider

1

|C|2
∑
a,b

Va,bρRCV
†
a,b =

∑
c,c′

ρc,c
′

R ⊗

 1

|C|2
∑
a,b

Va,b|c〉〈c′|CV †a,b


=

∑
c,c′

δc,c′ρ
c,c
R ⊗ µC = ρR ⊗ µC .

Above, δz,z′ is the delta function. This completes the proof.

Above construction uses HW unitaries which also involve a phase. Hence, these unitaries are not classical.
Below, we provide a construction that is completely classical, that is, it permutes basis vectors to basis vectors.

2.1.2 Convex-split with classical unitaries

Fix a register C. Let Q be a register with |Q| = 2. We denote by G a register such that 2|C|2 ≥ |G| ≥ |C|2
is a prime and HG is a subspace of HQ ⊗ HC ⊗ HC . This choice of G can be made due to Bertrand’s
postulate [13], which states that there is a prime number between n and 2n, for any positive integer n. Let
{|c〉}|C|−1

c=0 be an arbitrary choice of basis inHC , a natural example of which is the computational basis. This
ensures that {|q〉|c〉|c′〉} with q ∈ {0, 1} is a basis on HQ ⊗ HC ⊗ HC . We construct a basis {|i〉}|G|−1

i=0

on HG as follows. We relabel the vector |0〉|c, c′〉 as |c|C| + c′〉. This gives |C|2 basis vectors for G. The
remaining |G| − |C|2 basis vectors are constructed by relabeling |1〉|c, c′〉 as ||C|2 + c|C| + c′〉 as long as
|C|2 + c|C|+ c′ ≤ |G| − 1. We note that the constraint |C|2 + c|C|+ c′ ≤ |G| − 1 is automatically satisfied
in our analysis below, as all the additions, subtractions and multiplications appearing below are performed
modulo |G|, unless explicitly stated. Now, introduce registers C0, C1 ≡ C and G1, G2 ≡ G, where G1 is
chosen such thatHG1 ⊂ HQ ⊗HC0 ⊗HC1 .
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Definition 4. For an integer ` ∈ {0, 1, . . . |G| − 1}, define the operation U` : HG1 ⊗HG2 → HG1 ⊗HG2 as
follows:

U`
def
=
∑
i,j

|i+ (j − i)`〉G1 |j + (j − i)`〉G2〈i|G1〈j|G2 .

We choose the convention that the expression in the kets for registers G1, G2 are evaluated modulo |G|.
The following lemma shows that the unitaries in Definition 4 behave in a ‘cyclic’ manner, analogous to the
permutations in the convex-split lemma from [14].

Lemma 2. For every m, ` ∈ {0, 1, . . . |G| − 1}, it holds that U` is a unitary. Furthermore

UmU` = Um+`, U †` = U−`.

Proof. We first show that U` is a unitary. Let i, i′, j, j′ be such that

i+ (j − i)` = i′ + (j′ − i′)`, j + (j − i)` = j′ + (j′ − i′)`.

This can be rearranged to obtain

(j − j′)`+ (i− i′)(1− `) = 0, (j − j′)(1 + `)− (i− i′)` = 0.

Multiplying the first equation by `, the second by (1− `) and adding, we obtain j− j′ = 0. Thus, (i− i′)(1−
`) = 0 and (i− i′)` = 0. Adding, we conclude that i = i′. Hence, U` is a unitary.
Now, consider

UmU`|i〉G1 |j〉G2 = Um|i+ (j − i)`〉G1 |j + (j − i)`〉G2

= |i+ (j − i)`+ (j − i)m〉G1 |j + (j − i)`+ (j − i)m〉G2

= |i+ (j − i)(`+m)〉G1 |j + (j − i)(`+m)〉G2

= Um+`|i〉G1 |j〉G2 .

Thus, UmU` = Um+`. Since U0 = I, we conclude U †` = U−`. This completes the proof.

Following is an important property of our collection of unitaries and is analogous to Lemma 1.

Lemma 3. For any quantum state ΨRC0 and any m ∈ {1, . . . |G| − 1}, it holds that

TrG2

(
Um (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †m

)
= ΨR ⊗ µG1 ,

where we use the fact thatHG1 ⊆ HQ ⊗HC0 ⊗HC1 to change the register label.
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Proof. Define δi,i′
def
= 1 if i = i′ and 0 otherwise. Consider

TrG2

(
Um
(
|i〉〈i′|G1 ⊗ µG2

)
U †m

)
=

1

|G|

|G|−1∑
j=0

TrG2

(
Um
(
|i〉〈i′|G1 ⊗ |j〉〈j|G2

)
U †m

)

=
1

|G|

|G|−1∑
j=0

TrG2

(
|jm+ i(1−m)〉〈jm+ i′(1−m)|G1 ⊗ |j(m+ 1)− im〉〈j(m+ 1)− i′m|G2

)

=
1

|G|

|G|−1∑
j=0

|jm+ i(1−m)〉〈jm+ i′(1−m)|G1 · δi,i′

=
1

|G|

|G|−1∑
j=0

|jm+ i(1−m)〉〈jm+ i(1−m)|G1 · δi,i′

= µG1 · δi,i′ , (3)

where we have used the fact that for 0 < m < |G| and |G| prime, the quantity jm + i(1 − m) takes all
possible values in {0, 1, . . . |G| − 1} as j varies in {0, 1, . . . |G| − 1}. For this, observe that for two j, j′,

jm+ i(1−m) = j′m+ i(1−m) =⇒ (j − j′)m = 0,

which implies j = j′ as m 6= 0. Now, expand ΨRC0 =
∑

c,c′ Ψ
(c,c′)
R ⊗ |c〉〈c′|C0 , where Ψ

(c,c′)
R are some

matrices. Observe that ΨR = TrC0(ΨRC0) =
∑

c Ψ
(c,c)
R . For any m > 0, using Equation 3, we have

TrG2

(
Um (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †m

)
=
∑
c,c′,c1

1

|C|
Ψ

(c,c′)
R ⊗ TrG2

(
Um
(
|c〉〈c′|C0 ⊗ |0〉〈0|Q ⊗ |c1〉〈c1|C1 ⊗ µG2

)
U †m

)
=
∑
c,c′,c1

1

|C|
Ψ

(c,c′)
R ⊗ µG1 · δc,c′

=
∑
c

Ψ
(c,c)
R ⊗ µG1 = ΨR ⊗ µG1 ,

where we have used that fact that c|C|+ c1 = c′|C|+ c1 ⇐⇒ c = c′. This completes the proof.

Now, we are in a position to prove our main result. Its proof appears in Section 3.2.

Theorem 2. Let ΨRC be a quantum state and let k def
= Dmax(ΨRC‖ΨR ⊗ µC). For a subset S ⊆ {0, 1, . . . |G|−

1} of size N def
= |S|, define the quantum state

τRG1G2

def
=

1

N

∑
`∈S

U` (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †` ,
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where the unitaries U` are given in Definition 4. It holds that

D(τRG1G2‖ΨR ⊗ µG1 ⊗ µG2) ≤ log

(
1 +

2k+1 − 1

N

)
. (4)

From Fact 5, we conclude that

F2(τRG1G2 ,ΨR ⊗ µG1 ⊗ µG2) ≥ 1

1 + 2k+1−1
N

.

An immediate corollary is the smooth version of above result.

Corollary 1. Let ε, δ ∈ (0, 1) and ΨRC be a quantum state. Let k def
= log |C| − H

ε
2
min (C|R)Ψ + log 8

ε3
and

N ≥ 2k+1

δ2
. For a set S ⊆ {0, 1, . . . |G| − 1} of size |S| = N , define the quantum state

τRG1G2

def
=

1

N

∑
`∈S

U` (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †` .

It holds that
P(τRG1G2 ,ΨR ⊗ µG1 ⊗ µG2) ≤ 2ε+ δ.

2.1.3 Implementation of the unitaries in Definition 4

The circuit size of the unitaries in Definition 4 can be bounded as follows. The relabeling |c0, c1〉C0C1 →
|c0|C| + c1〉G1 can be performed by the multiplication algorithm of Schönhage and Strassen [15] using a
circuit of sizeO(log |C| log log |C|) and depthO(log log |C|). Thus, we focus on unitary transformation over
the basis {|i〉}|G|i=0 forHG1 . From Definition 4, we have

U` =
∑
i,j,`

|j`+ i(1− `)〉G1 |j(`+ 1)− i`〉G2〈i|G1〈j|G2 .

Using McLaughlin’s algorithm [16] based on the algorithm of Schönhage and Strassen [15] (see [17, Section
2.4.3] for details), and the standard techniques of reversible computing [18, 19], the following transformation
can be achieved with a circuit of size O(log |C| log log |C|) and depth O(log log |C|):

W1,` : |i〉G1 |j〉G2 |0〉G′1 |0〉G′2
→ |i〉G1 |j〉G2 |0 + j`+ i(1− `)〉G′1 |0 + j(`+ 1)− i`〉G′2
= |i〉G1 |j〉G2 |j`+ i(1− `)〉G′1 |j(`+ 1)− i`〉G′2 .

W1,` also uses O(log |C|) ancillary qubits in initial state |0〉, which are returned in the initial state after the
computation. Now, we swap registers G1, G

′
1 and G2, G

′
2:

S : |i〉G1 |j〉G2 |j`+ i(1− `)〉G′1 |j(`+ 1)− i`〉G′2
→ |j`+ i(1− `)〉G1 |j(`+ 1)− i`〉G2 |i〉G′1 |j〉G′2 .

Swapping two qubits requires three CNOT gates. Hence this operation can be done in depth 3. Finally we
observe that

i = (`+ 1) · (j`+ i(1− `))− ` · (j(`+ 1)− i`)
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and
j = ` · (j`+ i(1− `)) + (`− 1) · (j(`+ 1)− i`) .

Thus, using the aforementioned circuit for modular multiplication and addition, we can achieve the transfor-
mation:

W2,` : |j`+ i(1− `)〉G1 |j(`+ 1)− i`〉G2 |i〉G′1 |j〉G′2
→ |j`+ i(1− `)〉G1 |j(`+ 1)− i`〉G2 |i− i〉G′1 |j − j〉G′2
= |j`+ i(1− `)〉G1 |j(`+ 1)− i`〉G2 |0〉G′1 |0〉G′2 .

Thus, U` can be implemented as U` = W2,ellSW1,`. All of these constructions can be implemented using the
Toffoli gate [18]. Hence, the overall size of the circuit is O(log |C| log log |C|), depth is O(log log |C|) and
additional ancillary O(log |C|) qubits initialized in |0〉, that are reset to |0〉, are used.

2.2 Decoupling up to the max-mutual information using a flattening procedure

We introduce a close variant of the embezzling state [20]. Below, the registers D,E will serve to hold the
embezzling state.

Definition 5. Let a, n be positive integers such that n ≥ a and let D be a register satisfying |D| ≥ n − a.
Define

ξa:n
D

def
=

1

S(a, n)

n∑
j=a

1

j
|j〉〈j|D,

where S(a, n)
def
=
∑n

j=a
1
j is the normalization factor. Define

|ξa:n〉D′D
def
=

1√
S(a : n)

n∑
j=a

1√
j
|j〉D′ |j〉D

as the canonical purification of ξa:n
D , where D′ ≡ D.

2.2.1 Embezzling uniform states with closeness in max-relative entropy distance

We have the following claim, which is a variant of the property of embezzling states proved in [20] (where
the closeness was established in fidelity for general states).

Claim 1. Let δ ∈ (0, 1
15) and a, b, n be integers such that n ≥ a

1
δ , a ≥ 2 and a ≥ b. Fix registers D,E

satisfying |D| ≥ n and |E| ≥ b. Let Wb be the unitary that acts as

Wb|j〉D|0〉E = |bj/bc〉D|j (mod b)〉E .

It holds that

Wb (ξa:n
D ⊗ |0〉〈0|E)W †b � (1 + 15δ)ξ1:n

D ⊗ 1

b

b−1∑
e=0

|e〉〈e|E .
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Proof. Consider

Wb (ξa:n
D ⊗ |0〉〈0|E)W †b

=
1

S(a, n)

n∑
j=a

1

j
Wb (|j〉〈j|D ⊗ |0〉〈0|E)W †b

=
1

S(a, n)

n∑
j=a

1

j
|bj/bc〉〈bj/bc|D ⊗ |j (mod b)〉〈j (mod b)|E

=
1

S(a, n)

bn
b
c∑

j′=ba
b
c

b−1∑
e=0

1

bj′ + e
|j′〉〈j′|D ⊗ |e〉〈e|E

� 1

S(a, n)

bn
b
c∑

j′=ba
b
c

b−1∑
e=0

1

bj′
|j′〉〈j′|D ⊗ |e〉〈e|E

=
1

S(a, n)

bn
b
c∑

j′=ba
b
c

1

j′
|j′〉〈j′|D ⊗

b−1∑
e=0

1

b
|e〉〈e|E �

S(1, n)

S(a, n)
ξ1:n
D ⊗

b−1∑
e=0

1

b
|e〉〈e|E .

Now, as shown in [21], |S(a, n)− log n
a | ≤ 4. Thus,

S(1, n)

S(a, n)
≤ log n+ 4

log n− log a− 4
≤ 1 + 4δ

1− 5δ
≤ 1 + 15δ.

This completes the proof.

Following claim shows how to ‘unembezzle’ a state.

Claim 2. Fix the integers n, b, a as given in Claim 1. Let the register D satisfy n2 ≥ |D| ≥ (n+ 1)b. Let Wb

be as defined in Claim 1. It holds that

W †b

(
ξ1:n
D ⊗ 1

b

b−1∑
e=0

|e〉〈e|E

)
Wb � 4 · ξ1:|D|

D ⊗ |0〉〈0|E .

Proof. We observe that W †b |j〉D|e〉E = |jb + e〉D|0〉E for all j ≤ n and e < b. We leave the action of W †b

10



unspecified for j ≥ n, e ≥ b. Consider

W †b

(
ξ1:n
D ⊗ 1

b

b−1∑
e=0

|e〉〈e|E

)
Wb =

1

S(1, n)

n∑
j=1

b−1∑
e=0

1

jb
W †b |j〉〈j|D ⊗ |e〉〈e|EWb

=
1

S(1, n)

n∑
j=1

b−1∑
e=0

1

jb
|jb+ e〉〈jb+ e|D ⊗ |0〉〈0|E

� 2

S(1, n)

n∑
j=1

b−1∑
e=0

1

jb+ e
|jb+ e〉〈jb+ e|D ⊗ |0〉〈0|E

� 2

S(1, n)

nb+b∑
j′=1

1

j′
|j′〉〈j′|D ⊗ |0〉〈0|E

� 2

S(1, n)

|D|∑
j′=1

1

j′
|j′〉〈j′|D ⊗ |0〉〈0|E

=
2S(1, |D|)
S(1, n)

ξ
1:|D|
D ⊗ |0〉〈0|E

� 4ξ
1:|D|
D ⊗ |0〉〈0|E ,

where in the last operator inequality, we use the fact that |D| ≤ n2. This completes the proof.

A ‘purified version’ of above claims is the following restatement of the result in [20].

Claim 3. Let δ ∈ (0, 1
25). Let a, b, n be positive integers such that n ≥ a

1
δ , a ≥ b/δ and let D be a register

satisfying |D| ≥ n− a. Let |µ〉E′E
def
= 1√

b

∑b−1
e=0 |e〉E′ |e〉E . It holds that

P
(

(Wb ⊗Wb) (ξa:n
D′D ⊗ |0〉〈0|E′ ⊗ |0〉〈0|E)

(
W †b ⊗W

†
b

)
, ξ1:n
D′D ⊗ µEE′

)
≤ 5
√
δ.

Proof. We have

(Wb ⊗Wb) |ξa:n〉D′D ⊗ |0〉E′ ⊗ |0〉E

=
1√

S(a : n)

n∑
j=a

1√
j
|bj/bc〉D′ |bj/bc〉D|j (mod b)〉E′ |j (mod b)〉E

=
1√

S(a : n)

bn/bc∑
j′=ba/bc

b−1∑
e=0

1√
bj′ + e

|j′, j′〉D′D|e, e〉E′E .

11



Since |ξ1:n〉D′D|µ〉E′E = 1√
S(1:n)

∑n
j′=1

∑b−1
e=0

1√
j′b
|j′, j′〉D′D|e, e〉E′E , we have

F
(

(Wb ⊗Wb) (ξa:n
D′D ⊗ |0〉〈0|E′ ⊗ |0〉〈0|E)

(
W †b ⊗W

†
b

)
, ξ1:n
D′D ⊗ µ

)
=

1√
S(a : n)S(1 : n)

bn/bc∑
j′=ba/bc

b−1∑
e=0

1

j′b
√

1 + e
j′b

≥
√

1− δ√
S(a : n)S(1 : n)

bn/bc∑
j′=ba/bc

b−1∑
e=0

1

j′b

=
√

1− δ · S(ba/bc, bn/bc)√
S(a : n)S(1 : n)

≥
√

1− 25δ,

where we use the fact that |S(a, n)− log n
a | ≤ 4. This completes the proof.

2.2.2 The flattening procedure

We now introduce the following definition, which shows how to extend a suitable quantum state to make it
uniform in a subspace.

Definition 6. Flattening a quantum state: Fix a γ ∈ (0, 1) such that |C|γ is an integer and a quantum state

σC
def
=
∑

c q(c)|c〉〈c|C with eigenvalues q(c) that are integer multiples of γ
|C| . For a register E satisfying

|E| = |C|
γ maxc q(c), define the quantum state σCE as follows:

σCE
def
=
∑
c

q(c)|c〉〈c|C ⊗

 γ

q(c)|C|

q(c)|C|
γ
−1∑

e=0

|e〉〈e|E

 =
γ

|C|
∑
c

q(c)|C|
γ
−1∑

e=0

|c〉〈c|C ⊗ |e〉〈e|E .

Observe that σCE is uniform in its support.

The flattening of σC can be realized in a unitary manner as follows. We define some registers and unitaries
required for this process.

Definition 7. Fix δ ∈ (0, 1
15). Let a def

= |E| = |C|
γ maxc q(c) and n def

= a
1
δ . Introduce a register D satisfying

|D| ≥ n with the quantum state ξa:n
D as given in Definition 5. Define the unitary W : HCED → HCED as

W
def
=
∑
c

|c〉〈c|C ⊗W q(c)|C|
γ

,

where q(c), γ are given in Definition 6 and the unitary W q(c)|C|
γ

is defined in Claim 1.

Flattening is ensured via the following relation, which uses Claim 1.

W (σC ⊗ |0〉〈0|E ⊗ ξa:n
D )W † =

∑
c

q(c)|c〉〈c|C⊗W q(c)|C|
γ

(|0〉〈0|E ⊗ ξa:n
D )W †q(c)|C|

γ

� (1+15δ)σCE⊗ξ1:n
D .

(5)

12



Given the flattening of a quantum state σC , Definition 3 gives us |supp(σCE)|2 unitaries Vx : supp(σCE)→
supp(σCE). If |supp(σCE)|2 =

(
|C|
γ

)2
is a prime power, Definition 2 gives us the collection of unitaries

V (`) : supp(σCE) ⊗HX1X2 → supp(σCE) ⊗HX1X2 , with log |X1| = log |X2| = log
(
|C|
γ

)2
. This allows

us to construct the quantum states

τ`
def
= V (`)

(
W (ΨRC ⊗ |0〉〈0|E ⊗ ξa:n

D )W † ⊗ µX1X2

)
V (`)†. (6)

2.2.3 Revisiting the theorems in subsection 2.1

Now we prove the following theorem, which is the analogue of Theorem 1 for a flattened quantum state. Its
proof appears in subsection 3.3.

Theorem 3. Fix ε ∈ (0, 1), γ ∈ (0, 1
2), δ ∈ (0, 1

15) such that |C|γ is a prime power and quantum states

ΨRC , ωC . Let k def
= Dmax (ΨRC‖ΨR ⊗ ωC) and N > 1 be an integer. Let σC be the quantum state as

constructed in the first part of Fact 6 using ωC . For quantum states τ` as given in Equation 6, define

τ
def
=

1

N

∑
`

τ`.

It holds that

D
(
τ
∥∥ΨR ⊗ σCE ⊗ ξ1:n

D ⊗ µX1X2

)
≤ 15δ + log

(
1 +

2k+2 − 1

N

)
. (7)

Since one can choose log |D| = log n ≤ 1
δ log |C|γ , the number of qubits of additional registers is log |D| +

log |E|+ 2 log |X1| ≤
(
4 + 1

δ

)
log |C|γ .

For later application, we also state a smooth version of Theorem 3, which is similar to Corollary 1.

Corollary 2. Fix ε ∈ (0, 1), δ ∈ (0, 1
15), γ ∈ (0, 1) such that |C|γ is an integer and a quantum state ΨRC . Let

k
def
= minΨ′RC∈Bε(ΨRC) Dmax(Ψ

′
RC‖ΨR ⊗ΨC) andN def

= 3·2k+2

δ3
. Let σC be the quantum state as constructed

in the first part of Fact 6 using ΨC . For quantum states τ` as given in Equation 6, define

τ
def
=

1

N

∑
`

τ`.

It holds that
P(τ,ΨR ⊗ σCE ⊗ ξ1:n

D ⊗ µX1X2) ≤ 2ε+ 4
√
δ.

Since one can choose log |D| = log n ≤ 1
δ log |C|γ , the number of qubits of additional registers is log |D| +

2 log |E| ≤
(
4 + 1

δ

)
log |C|γ .

In a similar manner, we obtain an improved version of Theorem 2. We first construct the desired states
to be used in the statement of the Theorem. For the flattening of a quantum state σC as given in Definition
6, let H′CE

def
= supp(σCE) ⊂ HC ⊗ HE denote the support of σCE . Introduce registers C0E0 ≡ CE

and C1E1 ≡ CE. Let Q be a register such that |Q| = 2. Let F be a register such that |F | is a prime,

13



HF ⊆ HQ ⊗ H′CE ⊗ H′CE and supp(|0〉〈0|Q) ⊗ H′CE ⊗ H′CE ⊆ HF . This choice of F is guaranteed by
Bertrand’s postulate [13]. Introduce register F2, F1 ≡ F such that H′C0E0

⊗H′C1E1
⊆ HF1 . We identify the

pair (c, e) with an element in {0, 1, . . . |C|γ − 1} through some one to one mapping and let {U`}
|F |−1
`=0 be the

unitaries constructed in Definition 4, by settingC ← supp(σCE). Observe thatU` : HF1⊗HF2 → HF1⊗HF2

are ‘classical’ as long as choice of the preferred basis on HC is the eigenbasis of σC . Define the quantum
states

τ`
def
= U`

(
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †` , (8)

where W is as given in Definition 7 and |D| ≥ n. We have the following theorem. Its proof appears in
subsection 3.3.

Theorem 4. Fix ε, γ ∈ (0, 1), δ ∈ (0, 1
15) such that |C|γ is an integer and quantum states ΨRC , ωC . Let

k
def
= Dmax (ΨRC‖ΨR ⊗ ωC), S ⊆ {0, 1, . . . |C|

2

γ2
− 1} and N def

= |S|. Let σC be the quantum state as
constructed in the first part of Fact 6 using ωC . For the quantum states τ` as constructed in Equation 8, define

τ
def
=

1

N

∑
`∈S

τ`.

It holds that

D
(
τ
∥∥ΨR ⊗ µF1 ⊗ ξ1:n

D ⊗ µF2

)
≤ 15δ + log

(
1 +

2k+2 − 1

N

)
. (9)

Since one can choose log |D| = log n ≤ 1
δ log |C|γ , the number of qubits of additional registers is log |D| +

2 log |F | ≤
(
4 + 1

δ

)
log |C|γ .

We state a smooth version of Theorem 4 which will be used later.

Corollary 3. Fix ε, γ ∈ (0, 1), δ ∈ (0, 1
15) such that |C|γ is an integer and a quantum state ΨRC . Let

k
def
= minΨ′RC∈Bε(ΨRC) Dmax(Ψ

′
RC‖ΨR ⊗ΨC) andN def

= 3·2k+2

δ3
. Let σC be the quantum state as constructed

in the first part of Fact 6 using ΨC . For the quantum states τ` as constructed in Equation 8, define

τ
def
=

1

N

N∑
`=1

τ`.

It holds that
P(τ,ΨR ⊗ µF1 ⊗ ξ1:n

D ⊗ µF2) ≤ 2ε+ 4
√
δ.

Since one can choose log |D| = log n ≤ 1
δ log |C|γ , the number of qubits of additional registers is log |D| +

2 log |F | ≤
(
4 + 1

δ

)
log |C|γ .

2.3 Analogues of position-based decoding

We now show how to perform hypothesis testing as a dual to Theorem 2, in analogy with position-based
decoding [22]. We note that similar construction can achieve a dual to Theorem 1, but we do not state it
here as it will be constructed in details in Theorem 7. We have the following theorem. Its proof appears in
subsection 3.4.
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Theorem 5. Let ε ∈ (0, 1) and ΨBC be a quantum state. Let S ⊆ {0, 1, . . . |G| − 1} such that

|S| ≤ δ2

4ε
2DεH(ΨBC‖ΨB⊗µC).

For each ` ∈ S, let τ` be the quantum state defined in Theorem 2 with ΨRC ← ΨBC . There exists an POVM
{Λ−1,Λ`}`∈S such that

Tr (Λ`τ`) ≥ 1− ε− 4δ ∀` ∈ S. (10)

Along the lines similar to Theorem 5, we have the following theorem for position-based decoding. We
will directly use the registers and unitaries as introduced in Theorem 4. The proof appears in subsection 3.4.

Theorem 6. Let ε ∈ (0, 1), δ ∈ (0, 1
15) and ΨBC , ωC be quantum states. Let S ⊆ {0, 1, . . . |G| − 1} such

that

|S| ≤ δ2

4ε
2DεH(ΨBC‖ΨB⊗ωC).

Let σC be the quantum state as constructed in the second part of Fact 6 using ωC . Let τ` be the quantum states
as defined in Equation 8, using the quantum states ΨRC ← ΨBC , σCE and by choosing |D| ≤ 2n · |E| ≤
2|E|1+ 1

δ . There exists a collection of POVM {Λ−1,Λ`}`∈S such that

Tr (Λ`τ`) ≥ 1− ε− 64δ ∀` ∈ S. (11)

2.4 Applications

2.4.1 Entanglement-assisted quantum channel coding

We show how exponential improvement in entanglement can be obtained for entanglement-assisted quantum
channel coding, in comparison to the entanglement required in [22]. We begin by defining an entanglement-
assisted code.

Definition 8. Fix an ε ∈ (0, 1) and a positive integer R. Let M ′ be a register of dimension |M | = 2R. A
(R, ε) entanglement-assisted code for a quantum channelNC→B consists of a shared entanglement |Θ〉EAEB
between Alice (EA) and Bob (EB) and

• An encoding operation Em : L(EA)→ L(C) for each m ∈ {1, 2, . . . 2R},

• A decoding operation D : L(BEB) → L(M ′) which leads to a classical distribution on register M ′

such that
Pr
[
M ′ 6= m

]
≤ ε, ∀m ∈ {1, 2, . . . 2R}.

We have the following theorem, near-optimality of which is shown by the converse given in [23]. Its proof
appears in subsection 3.5.

Theorem 7. Let ε, δ′ ∈ (0, 1), δ ∈ (0, 1
25), γ ∈ (0, 1

2). For any pure quantum state |Ψ〉AC and

R ≤ Dε
H (NA→B(ΨAC)‖NA→B(ΨA)⊗ΨC)− 5− log

4(ε+ 4γ1/4)

δ′
, (12)

there exists a (R, ε + 4γ1/4 + δ′ + 20
√
δ) entanglement-assisted code for a quantum channel NA→B . The

protocol uses 1
δ log |A|γ·δ qubits of shared entanglement and 4 log |A| bits of shared randomness. The latter can

be fixed by standard derandomization argument.
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2.4.2 Consequences for quantum state merging and quantum state redistribution

Combining Corollary 3 (which is a smooth version of Theorem 4; alternatively we could use Corollary 2)
and Theorem 6, we exponentially improve upon the entanglement cost of the protocol for quantum state
redistribution given in [24]. Since the proof is similar to that given in [24], we give the statement of the result.

Corollary 4. Fix ε ∈ (0, 1), δ ∈ (0, 1
15) and a pure quantum state |Ψ〉RABC . There exists an entanglement-

assisted one-way protocol in which Alice (AC), Bob (B) and Reference (R) start with the quantum state
|Ψ〉RABC and Alice communicates a message to Bob such that the final state ΦRABC between Alice (A),
Bob (BC) and Reference (R) satisfies ΦRABC ∈ B4ε+65δ (ΨRABC). Reference plays no role in the protocol.
The number of qubits of shared entanglement required is at most

(
4 + 1

δ

)
log |C|δ and the number of qubits

communicated is

min
ωC

1

2

(
Dε

max

(
Ψ′RBC

∥∥Ψ′RB ⊗ ωC
)
−Dε

H (ΨBC‖ΨB ⊗ ωC) + log
32

ε2δ6

)
.

By the argument in [14] that shows how a convex-split for ΨRC can be used to obtain a protocol for the
task of quantum state splitting, we obtain the following corollary using Theorem 4.

Corollary 5. Fix ε, δ ∈ (0, 1
15) and a pure quantum state |Ψ〉RAC . There exists an entanglement-assisted

one-way protocol in which Alice (AC) and Reference (R) start with the quantum state |Ψ〉RAC and Alice
communicates a message to Bob such that the final state ΦRAC between Alice (A), Bob (C) and Reference
(R) satisfies ΦRAC ∈ B2ε+8

√
δ (ΨRABC). Reference plays no role in the protocol. The number of qubits

communicated is
1

2
Iεmax(R : C)Ψ + 2 + 2 log

1

δ
.

The number of qubits of entanglement required is at most
(
4 + 1

δ

)
log |C|δ .

Thus, the result improves upon the number of qubits communicated in [25] by an additive factor of
log log |C| and at the same time achieves the same number of qubits of entanglement required. It achieves the
same communication as given in [14], but exponentially improves upon the number of qubits of entanglement.

3 Supplementary Methods

3.1 Basic facts used in our proofs

We will use the following facts.

Fact 1 (Triangle inequality for purified distance [26]). For states ρA, σA, τA ∈ D(A),

P(ρA, σA) ≤ P(ρA, τA) + P(τA, σA).

Fact 2 (Monotonicity under quantum operations [27, 28]). For quantum states ρ, σ ∈ D(A), and quantum
operation E(·) : L(A)→ L(B), it holds that

‖E(ρ)− E(σ)‖1 ≤ ‖ρ− σ‖1 and F(E(ρ), E(σ)) ≥ F(ρ, σ) and D(ρ‖σ) ≥ D(E(ρ)‖E(σ)) .
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Fact 3 (Uhlmann’s theorem [3]). Let ρA, σA ∈ D(A). Let ρAB ∈ D(AB) be a purification of ρA and
σAC ∈ D(AC) be a purification of σA. There exists an isometry V : C → B such that,

F(|θ〉〈θ|AB, |ρ〉〈ρ|AB) = F(ρA, σA),

where |θ〉AB = (IA ⊗ V )|σ〉AC .

Fact 4 (Gentle measurement lemma [29, 30]). Let ρ be a quantum state and 0 < A < I be an operator. Then

F(ρ,
AρA

Tr(A2ρ)
) ≥

√
Tr(A2ρ).

Following fact implies the Pinsker’s inequality.

Fact 5 (Lemma 5 [31]). For quantum states ρA, σA ∈ D(A),

F(ρ, σ) ≥ 2−
1
2

D(ρ‖σ).

Fact 6. Fix a γ ∈ (0, 1) and a quantum state ωC . It holds that

• there exists a quantum state σC such that ωC � 1
1−γσC and the eigenvalues of σC are integer multiples

of γ
|C| .

• there exists a quantum state σC such that σC � 1
1−γωC and the eigenvalues of σC are integer multiples

of γ
|C| .

Proof. We prove each item as follows. Let η be chosen below.

• Given the quantum state ωC , we construct an operator O by increasing each eigenvalue of ωC to the
nearest multiple of η

|C| , and define σC
def
= O

Tr(O) . We have

1 = Tr(σC) ≤ Tr(O) ≤ Tr(σC) + |C| η
|C|

= 1 + η.

Define η′ def
= Tr(O) − 1 which implies 0 ≤ η′ ≤ η. The eigenvalues of σC are integer multiples of

η
(1+η′)|C| . We choose η (which determines η′ as well) such that η

1+η′ = γ. This ensures that γ ≤ η ≤
γ

1−γ . Furthermore, eigenvalues of σC are integer multiples of γ
|C| and

ωC � O = (1 + η′)σC � (1 + η)σC �
1

1− γ
σC .

• This follows in a similar manner. We construct an operator O by decreasing each eigenvalue of ωC to
the nearest multiple of η

|C| , and define σC
def
= O

Tr(O) . We have

1 = Tr(ωC) ≥ Tr(O) ≥ Tr(ωC)− |C| η
|C|

= 1− η.

Define η′ def
= 1 − Tr(O), which implies 0 ≤ η′ ≤ η. The eigenvalues of σC are integer multiples of

η
(1−η′)|C| . We choose η (which determines η′ as well) such that η

1−η′ = γ. This ensures that γ
1+γ ≤ η ≤

γ. Furthermore, eigenvalues of σC are integer multiples of γ
|C| and

σC =
1

1− η′
O � 1

1− η′
σC �

1

1− η
σC �

1

1− γ
σC .
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This completes the proof.

Fact 7 ([22]). Let ρA, σA ∈ D(HA) be quantum states. Let Λ ∈ L(HA), 0 � Λ � IA be a positive
semidefinite operator. Then it holds that

|
√

Tr (ΛρA)−
√

Tr (ΛσA)| ≤ P(ρA, σA).

Fact 8 ([32]). Given quantum states ρA, σA ∈ D(HA) and their respective canonical purification |ρ〉AB, |σ〉AB
(for B ≡ A and some fixed basis over the registers),

F(ρAB, σAB) = Tr (
√
ρA
√
σA) ≥ 1−

√
1− F(ρA, σA)2 = 1− P(ρA, σA).

Fact 9. Let ρAB =
∑

i pi|i〉〈i|A ⊗ ρ
(i)
B and σAB =

∑
i pi|i〉〈i|A ⊗ σ

(i)
B be two classical quantum states, with

{pi}i a probability distribution. It holds that

D(ρAB‖σAB) =
∑
i

piD
(
ρ

(i)
B

∥∥∥σ(i)
B

)
.

Fact 10 ([14]). Let ρ1, . . . ρn, θ be quantum states and {pi}i be a probability distribution. Define ρ def
=∑

i piρi. Then it holds that

D

(∑
i

piρi

∥∥∥∥∥θ
)

=
∑
i

pi (D(ρi‖θ)−D(ρi‖ρ)) .

Fact 11 (Hayashi-Nagaoka inequality [8]). Fix a c > 1 and an integer N > 0. Let {Ω0, . . .ΩN−1}i=0 be a
collection of positive semi-definite operators. Define

Λi
def
=

(∑
i′

Ωi′

)− 1
2

Ωi

(∑
i′

Ωi′

)− 1
2

and Λ−1 be the projector orthogonal to the support of
∑

i′ Ωi′ . The operators {Λ−1,Λ0, . . .ΛN−1} form a
POVM. Then

I− Λi � (1 + c)(I− Ωi) + (1 + c+ c−1)

∑
i′ 6=i

Ωi′

 .

Fact 12 (Transpose method). LetC,C ′ be registers such thatC ≡ C ′. Let |Φ〉CC′ be the maximally entangled
state on HC ⊗ HC′ with ΦC = µC and ΦC′ = µC′ . For any unitary U : HC → HC , there exists a unitary
UT : HC′ → HC′ such that

(U ⊗ IC′)|Φ〉CC′ = (IC ⊗ UT )|Φ〉CC′ .

The following fact was stated in [22, Claim 4], with proof adapted from [9].

Fact 13. Let δ ∈ (0, 1). For quantum states σA, σB, ρAB , there exists a quantum state ρ′AB ∈ Bδ (ρAB) such
that

Dmax

(
ρ′AB

∥∥ρ′A ⊗ σB) ≤ Dmax(ρAB‖σA ⊗ σB) + log
3

δ2
.
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Fact 14. Let ε ∈ (0, 1) and ρAB be a quantum state. It holds that

min
ρ′∈B2ε(ρ)

Dmax

(
ρ′AB

∥∥∥∥ρ′A ⊗ IB
|B|

)
≤ log |B| −Hε

min(B|A)ρ + 3 log
2

ε
.

Proof. From [33, Fact 12] (a corollary of an argument in [9]), for every quantum state σA, it holds that

min
ρ′∈B2ε(ρ)

Dmax

(
ρ′AB

∥∥∥∥ρ′A ⊗ IB
|B|

)
≤ Dε

max

(
ρAB

∥∥∥∥σA ⊗ IB
|B|

)
+ 3 log

2

ε
.

Minimizing over all σA, we have

min
ρ′∈B2ε(ρ)

Dmax

(
ρ′AB

∥∥∥∥ρ′A ⊗ IB
|B|

)
≤ log |B|+ min

σA
Dε

max(ρAB‖σA ⊗ IB) + 3 log
2

ε
.

The proof now concludes by the definition of Hε
min(B|A)ρ.

Fact 15. It holds that for 0 < a < C,
C−1∑
b=0

e
2πiab
C = 0.

Proof. Let S def
=
∑C−1

b=0 e
2πiab
C . We have

e
2πia
C S =

C−1∑
b=0

e
2πia(b+1)

C =
C−1∑
b=1

e
2πiab
C + e

2πiaC
C = 1 +

C−1∑
b=1

e
2πiab
C = S.

Thus, (1− e
2πia
C )S = 0. Since e

2πia
C 6= 1 for 0 < a < C, the proof concludes.

3.2 Proofs in subsection 2.1

Proof of Theorem 1. Observe that V (j) acts controlled on registers X1, X2. Thus, Fact 9 ensures that

D(τ‖ΨR ⊗ µC ⊗ µX1X2) =
1

|X |2
∑
x1,x2

D

 1

N

N∑
j=1

Vfj(x1,x2)ΨRCV
†
fj(x1,x2)

∥∥∥∥∥∥ΨR ⊗ µC

 . (13)
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Consider the relative entropy term in the summation on the right hand side:

D

 1

N

N∑
j=1

Vfj(x1,x2)ΨRCV
†
fj(x1,x2)

∥∥∥∥∥∥ΨR ⊗ µC


(a)
=

1

N

N∑
j=1

(
D
(
Vfj(x1,x2)ΨRCV

†
fj(x1,x2)

∥∥∥ΨR ⊗ µC
)

−D

(
Vfj(x1,x2)ΨRCV

†
fj(x1,x2)

∥∥∥∥∥ 1

N

N∑
k=1

Vfk(x1,x2)ΨRCV
†
fk(x1,x2)

))
(b)
=

1

N

N∑
j=1

(
D
(

ΨRC

∥∥∥ΨR ⊗ V †fj(x1,x2)µCVfj(x1,x2)

)

−D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

∑
k 6=j

1

N
V †fj(x1,x2)Vfk(x1,x2)ΨRCV

†
fk(x1,x2)Vfj(x1,x2)

)

(c)
=

1

N

N∑
j=1

D(ΨRC‖ΨR ⊗ µC)−D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

∑
k 6=j

1

N
V †fj(x1,x2)Vfk(x1,x2)ΨRCV

†
fk(x1,x2)Vfj(x1,x2)


= D(ΨRC‖ΨR ⊗ µC)− 1

N

N∑
j=1

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N

∑
k 6=j

V †fj(x1,x2)Vfk(x1,x2)ΨRCV
†
fk(x1,x2)Vfj(x1,x2)

 ,

where (a) uses Fact 10, (b) uses unitarity to move Vfj(x1,x2) to the second argument of the quantum relative
entropy and (c) uses the fact that µC is uniform. Thus, using it in Equation 13,

D(τ‖ΨR ⊗ µC ⊗ µX1X2) = D(ΨRC‖ΨR ⊗ µC)

− 1

N |X |2
N∑
j=1

∑
x1,x2

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N

∑
k 6=j

V †fj(x1,x2)Vfk(x1,x2)ΨRCV
†
fk(x1,x2)Vfj(x1,x2)


(a)

≤ D(ΨRC‖ΨR ⊗ µC)

− 1

N

N∑
j=1

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N |X |2
∑
k 6=j

∑
x1,x2

V †fj(x1,x2)Vfk(x1,x2)ΨRCV
†
fk(x1,x2)Vfj(x1,x2)

 ,

where (a) uses the convexity of relative entropy. From the pairwise independent property of the family of
functions (Definition 2), this simplifies to

D(τ‖ΨR ⊗ µC ⊗ µX1X2) ≤ D(ΨRC‖ΨR ⊗ µC)

− 1

N

N∑
j=1

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N

∑
k 6=j

∑
x,x′

|{(x1, x2) : fj(x1, x2) = x, fk(x1, x2) = x′}|
|X |2

V †x Vx′ΨRCV
†
x′Vx


= D(ΨRC‖ΨR ⊗ µC)− 1

N

N∑
j=1

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N |X |2
∑
k 6=j

∑
x,x′

V †x Vx′ΨRCV
†
x′Vx

 . (14)
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Equation 1 ensures that

D(τ‖ΨR ⊗ µC ⊗ µX1X2) ≤ D(ΨRC‖ΨR ⊗ µC)

− 1

N

N∑
j=1

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N |X |2
∑
k 6=j

∑
x,x′

V †x Vx′ΨRCV
†
x′Vx


= D(ΨRC‖ΨR ⊗ µC)− 1

N

N∑
j=1

D

ΨRC

∥∥∥∥∥∥ 1

N
ΨRC +

1

N

∑
k 6=j

ΨR ⊗ µC


= D(ΨRC‖ΨR ⊗ µC)−D

(
ΨRC

∥∥∥∥ 1

N
ΨRC +

N − 1

N
ΨR ⊗ µC

)
. (15)

Using the inequality ΨRC � 2kΨR ⊗ µC , we find

1

N
ΨRC +

N − 1

N
ΨR ⊗ µC �

(
1 +

2k − 1

N

)
ΨR ⊗ µC .

Thus, the operator monotonicity of logarithm [34] ensures that

D

(
ΨRC

∥∥∥∥ 1

N
ΨRC +

N − 1

N
ΨR ⊗ µC

)
≥ D(ΨRC‖ΨR ⊗ µC)− log

(
1 +

2k − 1

N

)
.

Using it in Equation 15, we conclude that

D(τ‖ΨR ⊗ µC ⊗ µX1X2)

≤ D(ΨRC‖ΨR ⊗ µC)−D(ΨRC‖ΨR ⊗ µC) + log

(
1 +

2k − 1

N

)
= log

(
1 +

2k − 1

N

)
.

This completes the proof.

Proof of Theorem 2. By definition of k, we have ΨRC0 � 2kΨR ⊗ µC0 . This implies

ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 � 2kΨR ⊗ µC0 ⊗ |0〉〈0|Q ⊗ µC1 �
|G1|
|C0||C1|

2kΨR ⊗ µG1 � 2k+1ΨR ⊗ µG1 . (16)
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We have

D(τRG1G2‖ΨR ⊗ µG1 ⊗ µG2)

(a)
=

1

N

∑
`∈S

(
D
(
U` (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †`

∥∥∥ΨR ⊗ µG1 ⊗ µG2

)
−D

(
U` (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †`

∥∥∥τRG1G2

))
(b)
=

1

N

∑
`∈S

(
D
(

ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2

∥∥∥ΨR ⊗ U †` (µG1 ⊗ µG2)U`

)
−D

(
ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2

∥∥∥U †` τRG1G2U`

))
(c)

≤ 1

N

∑
`∈S

(
D
(

ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2

∥∥∥ΨR ⊗ U †` (µG1 ⊗ µG2)U`

)
−D

(
ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1

∥∥∥TrG2

(
U †` τRG1G2U`

)))
,

(17)

where (a) uses Fact 10, (b) uses the unitarity to U` to the second argument of the quantum relative entropy
and (c) uses the monotonicity of quantum relative entropy (Fact 2) upon tracing out the register G2. Since
µG1 ⊗ µG2 is maximally mixed in the support of U`,

U †` (µG1 ⊗ µG2)U` = µG1 ⊗ µG2 . (18)

Moreover, we have

TrG2

(
U †` τRG1G2U`

)
(a)
=

1

N

∑
m∈S

TrG2

(
U †`Um (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †mU`

)
(b)
=

1

N
ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 +

1

N

∑
m∈S,m6=`

TrG2

(
Um−` (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †m−`

)
(c)

� 2k+1

N
ΨR ⊗ µG1 +

1

N

∑
m∈S,m6=`

TrG2

(
Um−` (ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)U †m−`

)
,

where (a) uses the definition of τRG1G2 as given in the Theorem statement, (b) uses Lemma 2 and (c) uses
Equation 16. Using Lemma 3, we conclude that

TrG2

(
U †` τRG1G2U`

)
� 2k+1

N
ΨR ⊗ µG1 +

N − 1

N
ΨR ⊗ µG1 =

(
1 +

2k+1 − 1

N

)
ΨR ⊗ µG1 .

Since logarithm is operator monotone [34],

D
(

ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1

∥∥∥TrG2

(
U †` τRG1G2U`

))
≥ log

(
1 +

2k − 1

N

)
+ D(ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1‖ΨR ⊗ µG1) .
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From Equations 17 and 18,

D(τRG1G2‖ΨR ⊗ µG1 ⊗ µG2)

≤ 1

N

∑
`∈S

(
D(ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2‖ΨR ⊗ µG1 ⊗ µG2)−D(ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1‖ΨR ⊗ µG1)

)

+ log

(
1 +

2k+1 − 1

N

)
=

1

N

∑
`∈S

(
D(ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1‖ΨR ⊗ µG1)−D(ΨRC0 ⊗ |0〉〈0|Q ⊗ µC1‖ΨR ⊗ µG1)

)

+ log

(
1 +

2k+1 − 1

N

)
= log

(
1 +

2k+1 − 1

N

)
.

This completes the proof.

Proof of Corollary 1. From Fact 14, we conclude that

min
Ψ′RC∈Bε(ΨRC)

Dmax

(
Ψ′RC

∥∥Ψ′R ⊗ µC
)
≤ log |C| −H

ε
2
min(C|R)Ψ + log

8

ε3
= k′.

Let Ψ′RC be the quantum state achieving the infimum above. Define

τ ′RG1G2

def
=

1

N

∑
`∈S

U`
(
Ψ′RC0

⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2

)
U †` .

We use Theorem 2 to conclude that

P(τ ′RG1G2
,Ψ′R ⊗ µG1 ⊗ µG2) ≤ δ.

By triangle inequality for purified distance, this implies that

P(τRG1G2 ,ΨR ⊗ µG1 ⊗ µG2) ≤ 2ε+ δ.

This concludes the proof.

3.3 Proofs in subsection 2.2

Proof of Theorem 3. From Fact 6, we have that the eigenvalues of σC are integer multiples of γ
|C| and

ωC �
1

1− γ
σC =⇒ ΨRC �

1

1− γ
2kΨR ⊗ σC � 2k+1ΨR ⊗ σC . (19)

Consider,

W (ΨRC ⊗ |0〉〈0|E ⊗ ξa:n
D )W †

(a)

� 2k+1ΨR ⊗W (σC ⊗ |0〉〈0|E ⊗ ξa:n
D )W †

(b)

� 2k+1(1 + 15δ)ΨR ⊗ σCE ⊗ ξ1:n
D

� 2k+2ΨR ⊗ σCE ⊗ ξ1:n
D ,
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where (a) uses Equation 19 and (b) uses Equation 5. Expand ΨRC =
∑

c,c′ Ψ
(c,c′)
R ⊗|c〉〈c′|C . For convenience,

set b(c) def
= q(c)|C|/γ. Consider

1

|X|
∑
x

VxW (ΨRC ⊗ |0〉〈0|E ⊗ ξa:n
D )W †V †x

(a)
=

1

S(a, n)

n∑
j=a

1

j

∑
c,c′

Ψ
(c,c′)
R ⊗ 1

|X|
∑
x

Vx

(
|c〉〈c′|C ⊗ |j (mod b(c))〉〈j (mod b(c′))|D

⊗|bj/b(c)c〉〈bj/b(c′)c|E
)
V †x

(b)
=
∑
c,c′

Ψ
(c,c)
R ⊗ δc,c′σCE ⊗

1

S(a, n)

n∑
j=a

1

j
|bj/b(c)c〉〈bj/b(c)c|D

=
∑
c

Ψ
(c,c)
R ⊗ σCE ⊗

1

S(a, n)

n∑
j=a

1

j
|bj/b(c)c〉〈bj/b(c)c|D

(c)

� (1 + 15δ)
∑
c

Ψ
(c,c)
R ⊗ σCE ⊗ ξ1:n

D

= (1 + 15δ)ΨR ⊗ σCE ⊗ ξ1:n
D . (20)

Above, (a) uses the definition of the state ξa:n
D in Definition 5 and that of W in Definition 7. The equality

(b) uses Lemma 1. The operator inequality (c) uses the fact that S(1,n)
S(a,n) ≤ (1 + 15δ), as given in Claim 1.

The rest of the argument is identical to Theorem 1, up to the factor of (1 + 15δ) induced by above operator
inequality. This completes the proof.

Proof of Theorem 4. Fact 6 ensures that

ωC �
1

1− γ
σC =⇒ ΨRC �

1

1− γ
2kΨR ⊗ σC � 2k+1ΨR ⊗ σC . (21)

Now, we proceed similar to Theorem 2:

D
(
τ
∥∥ΨR ⊗ µF1 ⊗ ξ1:n

D ⊗ µF2

)
(a)
=

1

N

∑
`∈S

(
D
(
τ`
∥∥ΨR ⊗ µF1 ⊗ ξ1:n

D ⊗ µF2

)
−D(τ`‖τ)

)
(b)
=

1

N

∑
`∈S

(
D
(
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

∥∥∥ΨR ⊗ µF1 ⊗ ξ1:n
D ⊗ µF2

)
−D

(
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

∥∥∥U †` τU`))
(c)

≤ 1

N

∑
`∈S

(
D
(
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1

∥∥∥ΨR ⊗ µF1 ⊗ ξ1:n
D

)
−D

(
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1

∥∥∥TrF2

(
U †` τU`

)))
, (22)
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where (a) uses Fact 10, (b) uses the definition of τ` in Equation 8 and (c) uses the monotonicity of quantum
relative entropy (Fact 2) under tracing out the register F2. Now, we have

TrF2

(
U †` τU`

)
(a)
=

1

N
TrF2

(
U †` τ`U`

)
+

1

N

∑
m∈S,m6=`

TrF2

(
U †` τmU`

)
(b)
=

1

N
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1

+
1

N

∑
m∈S,m6=`

TrF2

(
Um−`

(
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m−`

)
(c)
=

1

N
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 +
1

N

∑
m∈S,m6=`

TrF2 (τm−`)

(d)

� 1

N
W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 +
(1 + 15δ)(N − 1)

N
ΨR ⊗ µF1 ⊗ ξ1:n

D ,

(23)

where (a) uses the definition of τ in the statement of the theorem, (b) uses the definition of τ` in Equation 8
along with the cyclic property of the unitary U` in Lemma 2, (c) uses the definition of τm−` from Equation 8
and (d) uses Claim 4. Next, we evaluate

W (ΨRC0 ⊗ |0〉〈0|E0 ⊗ ξa:n
D )W † ⊗ |0〉〈0|Q ⊗ σC1E1

(a)

� 2k+1ΨR ⊗W (σC0 ⊗ |0〉〈0|E0 ⊗ ξa:n
D )W † ⊗ |0〉〈0|Q ⊗ σC1E1

(b)

� 2k+1(1 + 15δ)ΨR ⊗ σC0E0 ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ ξ1:n
D

(c)

� 2k+2(1 + 15δ) · |F |
|supp(σCE)|2

ΨR ⊗ µF1 ⊗ ξ1:n
D

� 2k+2(1 + 15δ)ΨR ⊗ µF1 ⊗ ξ1:n
D ,

where (a) uses Equation 21, (b) uses Equation 5 and (c) uses Claim 1. Using this in Equation 23, we conclude
that

TrF2

(
U †` τU`

)
� (1 + 15δ) ·

(
1 +

2k+2 − 1

N

)
ΨR ⊗ µF1 ⊗ ξ1:n

D .

Along with Equation 22, this leads to

D
(
τ
∥∥ΨR ⊗ µF1 ⊗ ξ1:n

D ⊗ µF2

)
≤ 15δ + log

(
1 +

2k+2 − 1

N

)
.

This completes the proof.

3.4 Proofs in subsection 2.3

Proof of Theorem 5. Let ΩBC be the operator such that

Tr (ΩBCΨBC) ≥ 1− ε, Tr (ΩBCΨB ⊗ µC) = 2−DεH(ΨBC‖ΨB⊗µC).
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We have

Tr(ΩBC0ΨB ⊗ µG1) ≤ |Q||C|2

|G|
Tr(ΩBC0ΨB ⊗ µC0 ⊗ µQ ⊗ µC1)

≤ 2 · 2−DεH(ΨBC‖ΨB⊗µC) = 21−DεH(ΨBC‖ΨB⊗µC). (24)

Let {Λ−1,Λ`}`∈S be the POVM as constructed in Fact 11 using the operators U`ΩBC0U
†
` . We have

Tr ((I− Λ`)τ`) = Tr
(

(I− Λ`)U`ΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2U
†
`

)
(a)

≤ (1 + c)Tr
(

(I− U`ΩBC0U
†
` )U`ΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2U

†
`

)
+(2 + c+ c−1)

∑
m∈S,m 6=`

Tr
(

(UmΩBC0U
†
m)U`ΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2U

†
`

)
= (1 + c)Tr ((I− ΩBC0)ΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2)

+(2 + c+ c−1)
∑

m∈S,m 6=`
Tr
(

ΩBC0U`−mΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2U
†
`−m

)
≤ (1 + c)ε+ (2 + c+ c−1)

∑
m∈S,m 6=`

Tr
(

ΩBC0U`−mΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2U
†
`−m

)
.

Above, (a) uses Fact 11. From Lemma 3,

TrG2

(
U`−mΨBC0 ⊗ |0〉〈0|Q ⊗ µC1 ⊗ µG2U

†
`−m

)
= ΨB ⊗ µG1 .

Thus choosing c = δ
ε and using Equation 24,

Tr ((I− Λ`)τ`) ≤ ε+ δ +
4ε

δ
|S|Tr (ΩBC0ΨB ⊗ µG1) ≤ ε+ δ +

4ε

δ
|S|21−DεH(ΨBC‖ΨB⊗µC) ≤ ε+ 4δ,

from the choice of |S|. This completes the proof.

Proof of Theorem 6. We will outline the main steps of the proof, which closely follow those of Theorem 5.
Let ΩBC be the operator that satisfies

Tr (ΩBCΨBC) ≥ 1− ε, Tr (ΩBCΨB ⊗ ωC) = 2−DεH(ΨBC‖ΨB⊗ωC).

From Fact 6, we have

σC �
1

1− γ
ωC =⇒ Tr(ΩBCΨB ⊗ σC) ≤ 2 · Tr(ΩBCΨB ⊗ ωC) = 21−DεH(ΨBC‖ΨB⊗ωC).

Let {Λ−1,Λ`}`∈S be the POVM constructed in Fact 11 using the operators {U`WΩBC0W
†U †` }`∈S . Rest of

the calculation follows using Fact 11. The following claim is similar to Lemma 3.

Claim 4. For any m ∈ {0, 1, . . . |F | − 1}, it holds that TrF2(τm) � (1 + 15δ)ΨR ⊗ µF1 ⊗ ξ1:n
D .
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Proof. We expand ΨRC0 =
∑

c,c′ Ψ
(c,c′)
R ⊗ |c〉〈c′|C0 . For convenience, set b(c) = q(c)|C|/γ. Recall that

W |c〉C0 |0〉E0 |k〉D = |c〉C0 |k (mod b(c))〉E0 |bk/b(c)c〉D.

Thus,

TrF2

(
Um

(
W
(
|c〉〈c′|C0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D

)
W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m

)
=

n∑
k=a

1

k
TrF2

(
Um

(
W
(
|c〉〈c′|C0 ⊗ |0〉〈0|E0 ⊗ |k〉〈k|D

)
W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m

)
=

n∑
k=a

1

k
TrF2

(
Um
(
|c〉〈c′|C0 ⊗ |k (mod b(c))〉〈k (mod b(c′))|E0 ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m

⊗|bk/b(c)c〉〈bk/b(c′)c|D
)

As shown in Lemma 3,

TrF2

(
Um
(
|c〉〈c′|C0 ⊗ |k (mod b(c))〉〈k (mod b(c′))|E0 ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m

)
= µF1 · δc,c′ .

Hence, we conclude that

TrF2

(
Um

(
W
(
|c〉〈c′|C0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D

)
W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m

)
= µF1 ⊗

n∑
k=a

1

k
|bk/b(c)c〉〈bk/b(c)c|D · δc,c′

� (1 + 15δ)µF1 ⊗ ξ1:n
D · δc,c′ ,

where in the last operator inequality, we have used an argument similar to that used in Claim 1. Thus,

TrF2τm =
∑
c,c′

Ψ
(c,c′)
R ⊗ TrF2

(
Um

(
W
(
|c〉〈c′|C0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D

)
W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †m

)
� (1 + 15δ)

∑
c

Ψ
(c,c)
R ⊗ µF1 ⊗ ξ1:n

D .

This completes the proof.

We require the following inequality for m, ` ∈ S with m 6= `.

Tr
(
UmWΩBC0W

†U †mτ`

)
= Tr

(
UmWΩBC0W

†U †mU`

(
W (ΨBC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †`

)
= Tr

(
WΩBC0W

†U`−m

(
W (ΨBC0 ⊗ |0〉〈0|E0 ⊗ ξa:n

D )W † ⊗ |0〉〈0|Q ⊗ σC1E1 ⊗ µF2

)
U †`−m

)
(a)

≤ (1 + 15δ)Tr
(

ΩBC0W
† (ΨR ⊗ µF1 ⊗ ξ1:n

D

)
W
)

≤ 2 · Tr
(

ΩBC0W
† (ΨR ⊗ µF1 ⊗ ξ1:n

D

)
W
)
. (25)
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Above, (a) follows from Claim 4. Now, it holds that

µF1 �
|Q||supp(σCE)|2

|F |
µQ ⊗ σC0E0 ⊗ σC1E1 � 2 · µQ ⊗ σC0E0 ⊗ σC1E1 . (26)

Thus,

Tr
(
UmWΩBC0W

†U †mτ`

)
(a)

≤ 2 · Tr
(

ΩBC0W
† (ΨR ⊗ µF1 ⊗ ξ1:n

D

)
W
)

(b)

≤ 4 · Tr
(

ΩBC0W
† (ΨR ⊗ µQ ⊗ µC0E0 ⊗ µC1E1 ⊗ ξ1:n

D

)
W
)

= 4 · Tr
(

ΩBC0W
† (ΨR ⊗ µC0E0 ⊗ ξ1:n

D

)
W
)
,

where (a) uses Equation 25 and (b) uses Equation 26. Finally, we use Claim 2 to conclude that

Tr
(
UmWΩBC0W

†U †mτ`

)
≤ 4 · Tr

(
ΩBC0W

† (ΨR ⊗ µC0E0 ⊗ ξ1:n
D

)
W
)

≤ 16 · Tr
(

ΩBC0ΨR ⊗ σC0 ⊗ |0〉〈0|E0 ⊗ ξ
1:|D|
D

)
= 16 · Tr (ΩBC0ΨR ⊗ σC0) ≤ 25−DεH(ΨBC‖ΨB⊗ωC),

where we use the fact that ΩBC only acts in the support of ΨR ⊗ σC0 . This completes the proof.

3.5 Proofs in subsection 2.4

For the ease of presentation in this section, we will represent the relation P(|ψ〉〈ψ|, |φ〉) ≤ ε between two
pure states |ψ〉, |φ〉 as |ψ〉

ε
≈ |φ〉.

Proof of Theorem 7. Without loss of generality, we can assume that |Ψ〉AC is the canonical purification of
ΨA, by applying a local unitary on register C which does not change the hypothesis testing relative entropy.
Let ΨBC

def
= NA→B(ΨAC).

Useful quantum states and unitaries: We begin by introducing some new quantum states and unitaries used
in the proof. We also discuss their properties.

• Slightly perturbed quantum states: From Fact 6, there exists a quantum state σC such that the eigenval-
ues of σC are integer multiples of γ

|C| and

σC �
1

1− γ
ΨC =⇒ P(ΨC , σC) ≤ √γ. (27)

Let |σ〉AC be the canonical purification of σC and σBC
def
= NA→B(σAC). We obtain

P(σAC ,ΨAC) =
√

1− F2(σAC ,ΨAC)
(a)

≤ 2
√

P(σC ,ΨC)
(b)

≤ 2γ1/4, (28)
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where (a) uses Fact 8 and (b) uses Equation 27. From this, we infer that

σB = NA→B(σA)
(a)

� 1

1− γ
NA→B(ΨA) =

1

1− γ
ΨB, P(σBC ,ΨBC)

(b)

≤ P(σAC ,ΨAC) ≤ 2γ1/4,

(29)
where (a) uses the inequality σA � 1

1−γΨA which follows from Equation 27 and the property of
canonical purifications. The inequality (b) uses monotonicity for the purified distance (Fact 2). Let
ΩBC be the optimum operator in the definition of Dε

H (ΨBC‖ΨB ⊗ΨC). From the property of ΩBC ,
we have

Tr (ΩBCσBC)
(a)

≥ 1−ε−4γ1/4, Tr (ΩBCσB ⊗ σC)
(b)

≤ 1

(1− γ)2
Tr (ΩBCΨB ⊗ΨC) ≤ 22−DεH(ΨBC‖ΨB⊗ΨC),

(30)
where (a) uses Equation 29 along with Fact 7 and (b) uses Equations 27 and 29. We expand |σ〉AC =∑

c

√
q(c)|c〉A|c〉C .

• Flattened quantum states: Let E be the register and σCE be the quantum state as obtained via the
flattening procedure in Definition 6. As stated in Definition 6, we have |E| ≤ |A|

γ . Consider the
following purification of σCE , which is maximally entangled.

|σ′〉ACE′E
def
=

√
γ

|C|
∑

c,e:e≤ γq(c)|C|

|c, e〉AE′ |c, e〉CE .

Let a def
= |C|

γ·δ , n = a
1
δ and register D satisfy |D| = n

(
|C|
γ + 1

)
. This choice is made to ensure that

Claims 1, 2 and 3 apply to register E. From Definition 5, |ξa:n〉D′D is the canonical purification of ξa:n
D

with D′ ≡ D. Given the unitary W def
=
∑

c |c〉〈c| ⊗W q(c)|C|
γ

from Definition 7, let W alice def
= WAE′D′

and W bob def
= WCED.

• Heisenberg-Weyl unitaries: Using Definition 3, we obtain a collection of
(
|C|
γ

)2
= |supp(σCE)|2

unitaries Vx : supp(σCE)→ supp(σCE). From Claim 3, we have(
W alice ⊗W bob

)
|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E

5
√
δ
≈ |σ′〉ACE′E ⊗ |ξ1:n〉D′D. (31)

Since Vx acts in supp(σCE), Fact 12 ensures that there exists a unitary V T
x : supp(σ′AE′)→ supp(σ′AE′)

such that
(V T
x ⊗ I)|σ′〉ACE′E = (I⊗ Vx)|σ′〉ACE′E . (32)

Combining Equations 31 and 32, we conclude(
V T
x W

alice ⊗W bob
)
|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E

5
√
δ
≈ (I⊗ Vx)|σ′〉ACE′E ⊗ |ξ1:n〉D′D. (33)
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Consider (
(W alice)†V T

x W
alice ⊗W bob

)
|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E

5
√
δ
≈
(

(W alice)† ⊗ I
)

(I⊗ Vx)|σ′〉ACE′E ⊗ |ξ1:n〉D′D

= (I⊗ Vx)
(

(W alice)† ⊗ I
)
|σ′〉ACE′E ⊗ |ξ1:n〉D′D

5
√
δ
≈ (I⊗ Vx)(I⊗W bob)|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E

= (I⊗ VxW bob)|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E ,

where the first step uses Equation 33 and the third step uses Equation 31. Using the triangle inequality
for purified distance (Fact 1), we hence find(

(W alice)†V T
x W

alice ⊗W bob
)
|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E

10
√
δ
≈ (I⊗ VxW bob)|σ〉AC ⊗ |ξa:n〉D′D ⊗ |0, 0〉E′E . (34)

• Controlled unitaries using pairwise-independent functions: Introduce registers X1, X2 where |X1| =

|X2| =
(
|C|
γ

)2
. Since

(
|C|
γ

)2
is a prime power, Definition 2 gives a family of functions {fm : X×X →

X} and a collection of unitaries

V (m) =
∑
x1,x2

Vfm(x1,x2) ⊗ |x1, x2〉〈x1, x2|X1X2 . (35)

Let {Λ−1,Λ1, . . .Λ2R} be POVM as defined in Fact 11 using the operators {(V (m)W bob)ΩBC(V (m)W bob)†}2Rm=1.

Shared resources: Alice and Bob share the state |σ〉AC |ξa:n〉D′D|0, 0〉E′E which appear in Equation 34.
They also possess the maximally mixed state µX1X2 in shared registers X1X2. Thus, the number of qubits of
shared entanglement is

log |C|+ log |D| ≤ log n+ 2 log
|C|
γ

=
1

δ
log
|C|
γ · δ

+ 2 log
|C|
γ

=
1

δ
log
|A|
γ · δ

+ 2 log
|A|
γ
.

Encoding: To send the message m ∈ {1, 2, . . . 2R}, Alice applies the unitary∑
x1,x2

(W alice)†V T
fm(x1,x2)W

alice ⊗ |x1, x2〉〈x1, x2|X1X2

on her registers. She then sends the register A through the channel.

Decoding: Bob applies the unitary W bob on his registers. He applies the POVM {Λ−1,Λ1, . . .Λ2R} and
outputs m′ upon obtaining the outcome Λm′ .
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Error analysis: Let θ′m be the quantum state on Bob’s registers just after Alice’s transmission through the
channel. Define the following quantum state:

θm
def
=

1

|X1|2
∑
x1,x2

|x1, x2〉〈x1, x2|X1X2 ⊗ (Vfm(x1,x2)W
bob) (σBC ⊗ ξa:n

D ⊗ |0〉〈0|E) (Vfm(x1,x2)W
bob)†.

(36)

From Equation 34, we have P(θm, θ
′
m) ≤ 10

√
δ. Thus, from Fact 7,

Pr[M ′ 6= m] = Tr
(
(1− Λm)θ′m

)
≤ 2P(θm, θ

′
m) + Tr ((1− Λm)θm) ≤ 20

√
δ + Tr ((1− Λm)θm) . (37)

We thus conclude

Pr[M ′ 6= m]
(a)

≤ 20
√
δ + Tr ((1− Λm)θm)

(b)

≤ 20
√
δ + (1 + c)

(
1− Tr

(
(V (m)W bob)ΩBC(V (m)W bob)†θm

))
+(2 + c+ c−1)

∑
m′ 6=m

Tr
(

(V (m′)W bob)ΩBC(V (m′)W bob)†θm

)
= 20

√
δ + (1 + c)

(
1− Tr

(
ΩBC(V (m)W bob)†θm(V (m)W bob)

))
+(2 + c+ c−1)

∑
m′ 6=m

Tr
(

(V (m′)W bob)ΩBC(V (m′)W bob)†θm

)
, (38)

where (a) uses Equation 37 and (b) uses Fact 11. From Equations 36 and 35, we have

(V (m)W bob)†θm(V (m)W bob)

=
1

|X1|2
∑
x1,x2

|x1, x2〉〈x1, x2|X1X2 ⊗ (σBC ⊗ ξa:n
D ⊗ |0〉〈0|E) .

Thus, Equation 30 implies

Tr
(

ΩBC(V (m)W bob)†θm(V (m)W bob)
)

= Tr(ΩBCσBC) ≥ 1− ε− 4γ1/4. (39)

For m′ 6= m in Equation 38, consider

Tr
(

(V (m′)W bob)ΩBC(V (m′)W bob)†θm

)
(a)
=

1

|X1|2
∑
x1,x2

Tr
(

ΩBC(Vfm′ (x1,x2)W
bob)†(Vfm(x1,x2)W

bob) (σBC ⊗ ξa:n
D ⊗ |0〉〈0|E) (Vfm(x1,x2)W

bob)†(Vfm′ (x1,x2)W
bob)
)

(b)
=

1

|X |
∑
x

Tr

(
ΩBC(VxW

bob)†
(

1

|X |
∑
x′

Vx′W
bob (σBC ⊗ ξa:n

D ⊗ |0〉〈0|E) (Vx′W
bob)†

)
(VxW

bob)

)
,

(40)

where (a) uses Equation 36 and (b) uses Definition 2 to introduce variables x, x′ in a manner similar to
Equation 14. From Equation 20, the term in the inner bracket can be upper bounded as

1

|X |
∑
x′

Vx′W
bob (σBC ⊗ ξa:n

D ⊗ |0〉〈0|E) (Vx′W
bob)† � (1 + 15δ)σB ⊗ σCE ⊗ ξ1:n.
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Thus Equation 40 simplifies to,

Tr
(

(V (m′)W bob)ΩBC(V (m′)W bob)†θm

)
≤ (1 + 15δ)

|X |
∑
x

Tr

(
ΩBC(VxW

bob)†
(
σB ⊗ σCE ⊗ ξ1:n

)
(VxW

bob)

)
(a)
= (1 + 15δ)Tr

(
ΩBC(W bob)†

(
σB ⊗ σCE ⊗ ξ1:n

)
(W bob)

)
(b)

≤ 4(1 + 15δ)Tr

(
ΩBC

(
σB ⊗ σC ⊗ ξ1:|D| ⊗ |0〉〈0|E

))
≤ 8 · Tr

(
ΩBCσB ⊗ σC

)
(c)

≤ 25−DεH(ΨBC‖ΨB⊗ΨC).

where (a) uses the fact that V †x σCEVx = σCE , (b) uses Claim 2 and (c) uses Equation 30. Using it with
Equation 39 and Equation 38, we conclude

Pr[M ′ 6= m] ≤ 20
√
δ + (1 + c)(ε+ 4γ1/4) +

4

c
2R+5−DεH(ΨBC‖ΨB⊗ΨC).

Setting c = δ′

ε+4γ1/4
and from the choice of R, the proof concludes.
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