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Supplementary Note 1: Experimental details
1.1 Experimental setup

The experimental setup is shown in Supplementary Figure 1. The laser is generated from
the Ultrafast Optical Clock device (PriTel) with a repetition rate of 500 MHz, a central
wavelength of 1550 nm and a 3dB bandwidth of 1.9 nm. The pulse laser is expanded to a
bandwidth of about 10 nm by an optical compressor. A pair of wavelength-division
multiplexing (WDM) are placed in order to select two wavelengths of 1546.8nm and
1553.2 nm with a 3-dB bandwidth of 0.5 nm. Two polarization controllers (PCs) are
inserted to adjust the polarization of dual-wavelength beam separately which can ensure
the maximum coupling efficiency to the chip. Erbium dope fibre amplifier (EDFA) is
connected to amplify the beam power. However, the EDFA would also increase
background light noise which is eliminated by another pair of WDM. A tunable optical
delay line is inserted in one arm to assure the temple indistinguishability of the dual-
wavelength pump beam. The pump beam is coupled into the photonic chip and generate
the 1550 nm photons by spontaneous four wavelength mixing (SFWM) processing. After
passing through the optical circuit, the parametric photons are filtered by WDMs and
detected by the superconducting nanowire single-photon detector (SNSPD).
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Supplementary Figure 1: Experimental setup. a, The experimental setup for performing
the quantum logic gate. WDM: wavelength-division multiplexer; EDFA: Erbium-doped

fiber amplifier; SNSPD: superconducting nanowire single-photon detector. b, The spectra
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of dual-wavelength pump beam with an attenuated power measured by the spectrometer at

the input point (I) of chip.

1.2 Details of constructing Y]

We take the two-qubit gate as an example to explain how to construct the nonunitary matrix
[Yij]. The two-qubit gate can be described as a 4 x 4 matrix in the computation basis
|00),101),]10),|11), denoted as [ X;;].

X1 X1z Xiz Xia

[[X--]] _|[X2r X2z Xaz Xaa
Y X31 X3z X33 Xi
Xiw Xaz Xaz Xaa

Thus, the input-output relation of the gate for the four basis is given as:

gate

|00)in _’X11|00)0ut + X12|01)0ut + X13|10>0ut + X14|11>0ut
gate

[01)in — X21100)0ye + X22101) 00 + X23110) 0 + X2al11) oyt
gate

[10)in, — X31100) ¢ + X32101) 00 + X33110) 0 + X34111)0ye
gate

|11)in _’X41|00)0ut + X42|01)0ut + X43|10>aut + X44—|11)aut

On the other hand, we consider a 4 x 4 matrix [Yl-]-] acting at the four waveguides denoted
as: ap, a4, byand b; . The evolution for each input mode can be described as:

t t

a‘;"" Yii. Y12 Yz Y af’rout

Aiin [Y_UJ Y21 Vo2 Yoz You| |Gioue
t Y. Y- Y- V.|’ b'l'

bOin 31 32 33 Oout

Y4 1 Y4—2 Y4—3 Y4—4

Then we can also consider the evolutions for four computation bases input for two-qubit

states:
100)in = a3y b, 109)

U
- (Yllagout + YlZanut + Y13bgout + Y14bfout)(y31agout + YSZanut + y33bgout + Y34b;—out)|gﬂ>

Postselection Yn Y13
—— > Pe Y. Y.
31 33

Vi1 Vi
Y31 Yau

y12 y13
y32 Y33

y12 y14-

] [00)4ys + Per Yy Y34] [11)oue

] [01) 4y + Per ] [10)yy: + Per
01)i, = af;, b1, 109)

U
- (Yllagout + YlZanut + Y13bgout + Y14bfout)(y4—1agout + Y42anut + y4-3bgout + Y44b;—out)|gﬂ>
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Postselection Y.
—— > Per 11

Y41

Yl 1 Yl 4
Y4 1 Y44

Yl 2 Y14

Y13 ]
Y43] |OO)out + Per Y42 Y44 |11)out

Y,
] [01) 5y + Per | }2

Yi3
Y,, Y43] [10)yy: + Per

|10)in = aIinbginlﬂg)

0]
- (YZlagout + YZZaIaut + Y23bgout + Y24bfaut)(y31agout + Y32anut + Y33bg0ut + Y34bIout)|gﬂ)

YZ 1
Y31

—— > Per

Postselection [Y21 Y3
Y31 Y33

Y., Y.
[00),,+ + Per Yos [01)pyr + Per | % 23
out Y34 [

Yoo Yau
Ys, Y33] [10) oy + Per[

y32 y34:| |11)out
|11)in = aIianin|g¢>

U
- (YZlagout + YZZanut + Y23bg0ut + Y24bfout)(y41a30ut + Y42anut + Y43bg0ut + Y4-4b1-out)|gﬂ)

Postselection Y21 Ya3 Y21 Y24] [Yzz st] [yzz Y24]
—>Per[y41 Y43]|00)0M+Per[y41 Yas [01)y: + Per Yep Yo [10)yy: + Per Ve Yus [11)gue

Where |@@) is the vaccum state and Per[CCl Z] = ad + bc is the permanent of the
matrix.

In order to assure that all the evolution coefficients are exactly the same, the following
16 equations should be satisfied simultaneously.

perls ] = Perly = el = vl )=
i ] A B e M R
rerls gl = el il = el ] = perlyl ]
A R ol o e A A R

We then perform the numerical solution to solve [Y;;] for the desired gates, which can also

be applied for solving the three-qubit Fredkin gate and Toffoli gate with 64 equations.

1.3 Construction of the matrices V'Jr and U’

To realize the three-qubit gate, theoretically a 6 x 6 nonunitary matrix [¥;;] should be
constructed. For a three-qubit input state |a;,, by, cin) Which can be expressed as:
|@in, bin, Cin) = (P, @ Py, @ P.)|ay, by, co) after the state preparation, where P, , Py, P,
are 2 X 2 unitary matrices and a, , by, ¢, are the |0) input state. Then the state of output
photons |a,ye, bour, Cour) after passing through the photonic circuit [Yl-j] and the

tomography part is:

|aoutrboutr Cout) =M, DM, D MC)[YLJ] (P, D P, D Pc)lao' b, CO)
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Where M, , M, , M, are 2 X 2 unitary matrices determined by the measurement basis.
Then we define the nonunitary matrix: [Y]=(M, & M, @ M.)|Y;;| (P, ® P, @ P.). As
can be seen that the output state of a three-qubit gate is determined by
the columns 1,3 and 5 of the nonunitary matrix [Y] which is just a 6 x 3 nonunitary

matrix denoted as [V ]gxs.

By performing the SVD decomposition of [V]..; for each input state and

measurement basis, we obtain:

- , o+
[Y]ex3= Usxs ZV 3x3 (1)

which is experimentally constructed on our photonic chip with the corresponding

attenuations.
Experimental Note 2: Two-photon logic gates

Here, some typical two-qubit gates we have experimentally realized including the CNOT

gate et, al. are listed in Supplementary Table 1.

Supplementary Table 1: The matrix forms [x;] and the optimal nonunitary matrices

[v;;] for different two-qubit logic gates.

Logic [x:] Optimal [Y;;] Success
gate probability
1 0 0 0 (1 0 1 -1
[0 10 0” 0 10 0‘
CNOT 00 01 1 00 1 1/9
lo 0 1 0 -1 0 1 0
L 0 0 0 7 [ 1 0 054 -131
01 0 0 0 1 o0 0
CH 0 0 1/V2 1/@] 054 0 0.71 0.71\ 1/9
lo 0 1vZ -1VZ |-131 0 0.71 -0.71
L 0 0 0 130 0 084i 0
0 1/N2 1/N2i o 0 054 0 084
iSWAP 0 1/\/EL' 1/\/2 0 0.84i 0 1.31 0 0.17
o o 0 1 [ 0 084 0 054
1 1 1 1 [ —06 0.6 —0.7 —0.7
I i -1 -i -06 06 -0.7 0.7
QFT 2[|l1 -1 1 1 -0.71 —-0.71 0 0 0.09
1 —i -1 [—-0.71i 0.71i —0.83+0.83i 0
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Supplementary Note 3: n-qubit Toffoli gate

For a n-qubit Toffoli gate, the n*" qubit is flipped only when all the other controlled n —
1 qubits are |[1). In this section, we list the calculated nonunitary matrices [Yij] for 4-7
qubits Toffoli gates which provides the method to realize the large-qubit Toffoli gates with
a larger-scale photonic network. The unknown numbers in the following matrices such as
Ay, By... can be arbitrary values which are determined by optimizing the successful rate of
the gate. It can be extended to obtain n-qubit Toffoli gate’s form instead of calculating the
permanent of a large size matrix due to its very regular form as listed as following for 4-7
qubit Toffoli gate (lots of zero elements and infinite nonzero elements in specific positions

of the matrix).

4-qubit Toffoli gate

Ao 0 0 0 0 0 0 0
0 4o 0 0 0 D O 0
0 0 B, 0 0 0 0 0
0 0 0 By 0 0 —E, Eo
0 0 0 0 C 0 0 0
0 0 0 Fpb 0 C 0 0
0 ! 0 0 0 0 ! 0
DOEOFO AOBOCO
0 ! 0 0 0 0 0 !
! DyEyFy AgByCy
5-qubit Toffoli gate
Ao 0 0 0 0 0 0 © 0 0
0 4o 0 0 0 0 0 K 0 0
0 0 B, 0 0 0 0 0 0 0
0 0 0 Bb 0 0 0 O —F, Fy
0 0 0 0 C 0 0 © 0 0
0 0 0 Go 0 C, 0 © 0 0
0 0 0 0 0 0 Dy O 0 0
0 0 0 0 0 Hy O D, 0 0
0 ! 0 0 0 0 0 O ! 0
EqgFoGoHy AgBoCoDyg
1 1
0 ————— 0 0 0 0 0 0 0 —_—
| EoFoGoH, AgByCoDy]

6-qubit Toffoli gate
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4o 0 0 0 0 0 0 0 0 0 0 0

0 A, O 0 0 0 0 0 0 F 0 0

0 0 By, 0 0 0 0 0 0 0 0 0

0 0 0O B, 0 0 0 0 0 0 —G, Go

0 0 0 0 C O 0 0 0 0 0 0

0 0 0O Hp 0 C, 0 0 0 0 0 0

0 0 0 0 0 0 Dy O 0 0 0 0

0 0 0 0 0 I, 0 Dy 0 0 0 0

0 0 0 0 0 0 0 0 E, O 0 0

0 0 0 0 0 0 0 J, 0 E 0 0

1 1
0 FoGoHoloJo 0 0 000000 A¢BoCoDoE, 0
1 1
L 0 FoGoHylyJ, 0 0 0 0 0 0 0 0 0 AgByCoDyEy
7-qubit Toffoli gate
4o 0 0 0 0 0 0 0 0 0 0 0 0 0
0 Ag 0 0 0 0 0 0 0 0 0 Gg 0 0
0 0 By, O 0 0 0 0 0 0 0 0 0 0
0 0 O B, 0 0 0 0 0 0 0 0 _H, H,
0 0 0 0 C O 0 0 0 0 0 0 0 0
0 0 0 I 0 C, O 0 0 0 0 0 0 0
0 0 0 0 0 0 Dy O 0 0 0 0 0 0
0 0 0 0 0 Jo 0 Dy O 0 0 0 0 0
0 0 0 0 0 0 0 0 E, O 0 0 0 0
0 0 0 0 0 0 0 K, 0 Eg 0 0 0 0
0 0 0 0 0 0 0 0 0 0 F O 0 0
0 0 0 0 0 0 0 0 0 Ly 0 F, 0 0
1 1
O GHljokel, ° 0 0 0 0 0 0 00O e DoEoF 0
1 1
| 0 GoHyloJoKoLg 0 0 0 0 0 0 0 0 0 0 0 AgByCoyDyEyFy]

Supplementary Note 4: Scheme of constructing heralded Toffoli gate

Our scheme can also be used to construct a heralded three-qubit Toffoli gate with three
ancillary independent photons as shown in Supplementary Figure 2. Here, we construct a
9 X 9 nonunitary matrix Y,_r,sro; With six photons injected into this optical circuit to

implement a heralded three-qubit Toffoli gate, which is expressed as:

r 0.82 0 0 0 0 0 —0.86 0 0.81 7
0 1.6 0 0 0 0 0 0 0
0 0 084 O 0 0 0 —-0.35 0.54
0 0 0 1.7 0 0 0 0 0
Yn_roffori =| O 0 0 0 1.3 -043 -05 -0.6 0
0 0 0 0 -043 1.3 -05 —0.6 0
0 0 —-11 O 0 0 0 0.47 0.73
0 0 0 0 0.58 0.58 —-0.66 0.8 0
—-0.69 O 0 0 0 0 —0.72 0 —0.68-
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The control qubits C;, C, and target qubit T are encoded in the first six modes (a,, a,),
(bgy, b1) and (cy, c;), and the bottom three modes are for the ancillary inputs. At the output
of the circuit, three photon number resolving (PNR) detectors are placed at last three modes
d,e and f to assure a deterministic three-photon coincidence (one and only one photon
arrive at d, e and f respectively) at the last three modes. It is guaranteed that there is one
and only one photon in every two modes of the upper six modes (aq, a,),
(by, b1) and (cy, c1) at the output, thus realizing the desired heralded three-qubit Toffoli
gate. The success probability of this heralded Toffoli gate is 9.4x 10~*. Combined with
the KLM scheme?, it is possible to boost the success probability of the heralded Toffoli
gate to near-deterministic level. Such heralded three-qubit gates can be potentially applied

to future linear optical quantum circuits.

Yn_roffoli =

Supplementary Figure 2: Scheme for generating heralded Toffoli gate. The scheme for
realizing a heralded Toffoli gate with three independent photons acting as the gate qubits
and three ancillary qubits injected in the an1 ,an2 and an3 mode of the 9 X 9 nonunitary

circuits Y, _rorrou- A detection of a three-photon coincidence at modes d, e and f heralds

a success generation of the Toffoli gate for photons a, b and c.
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