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Supplementary Note 1

The single qubit Pauli matrices are as follows:

01 0 — 1 0
Sl R B e Y R
Parenthesized subscripts are used to indicate qubits on which an operator acts For example, X(1) =
X @ I®(=1 jmplies that Pauli X matrix acts on the first qubit and the remaining qubits are
unchanged.

The n-qubit Pauli operators are : P, ={Q1 @ Q2® ... Q, : Q; € {I,X,Y,Z}}.
The single-qubit Clifford group C; is generated by the Hadamard and phase gates : C; = (H, S)

where
1 {1 1 10
I I P

When n > 1 the n-qubit Clifford group C,, is generated by these two gates (acting on any of the
n qubits) along with the two-qubit CNOT = |0) (0| ® I + |1) (1| ® X gate (acting on any pair of
qubits).

The Clifford group is special because of its relationship to the set of n-qubit Pauli operators.
Cliffords map Paulis to Paulis, up to a possible phase of —1, i.e. for any P € P,, and any C € C,
we have CPCt = (—1)°P’ for some b € {0,1} and P’ € P,,. In fact, given two Paulis (neither equal
to the identity), it is always possible to efficiently find a Clifford which maps one to the other.

Fact 1 ([I]). For any P, P’ € P, \ {I} there exists a Clifford C' € C, such that CPCT = P'. A
circuit for C' over the gate set {H, S, CNOT} can be computed efficiently (as a function of n).
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Fact 2. Let Q =) pep, 4P be the expansion of a matrix @ in the Pauli basis. Then
gp=Tr(QP)/N [N =2"].

Z lqp|* =1

PPy

Further, if @ is a unitary then

Proof. If Q = > pep, PP, then taking trace on both sides and dividing by N we get the first
equation.
If @ is unitary then we get the following.

QQ"T=T= (ZQPP> (quP> => lgpl’T+ Y qpgp PP
B P P P£P!

Now taking trace on both sides and dividing by N, we get the second equation. O

The group J, is generated by the n-qubit Clifford group along with the T gate, where

1 0
T ] 1)
Thus for a single qubit J; = (H, T) and for n > 1 qubits
In = (Hpy, Ty, CNOT(; 5y : 4,5 € [n]).

It can be easily verified that 7, is a group, since the H and CNOT gates are their own inverses
and T~! = T7. Here we note S = T?.
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Supplementary Figure 1 : Quantum Fourier Transform circuit given in [5].

Supplementary Note 2

In this section we want to prove the following claim.

Claim 1.
Solellep] = 3 lepllep <22 — et (P14 PP P £
P P

For each P, there exists one P that satisfies a certain condition.



Proof. Let us denote |ep| by x;, where i € 1,..., N2 — 1. If P’ is the Pauli that satisfies the given

condition with P, then we denote the corresponding variable by z;;. We must remember that this
convention of indices is adapted to identify the variables that satisfy a condition. Each of the
variables z; > 0. From Equation 11 in Theorem 3.1, we know that ), xf <26 — €t

Z lepllep | = inxi/ < Z xix; [oxg >0
P i i,J71
So we upper bound the following optimization problem.
HIZ%X Z XTilj
i,ji
such that fo =22 — ¢ (2)
i#0
We can use Karush-Kuhn-Tucker (KKT) conditions [2], 3] 4] to solve the above optimization problem
with inequality constraint. For simplicity and without loss of much generality we have used equality

in the constraint and follow the Lagrangian method of optimization. Let A is a Lagrange multiplier.
The Lagrange formulations is:

L = inxj+>\ Zx?—(262—e4)

1,70 1#0
To find the optimal points we have the following for each i.
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Since this is true for each x;, we can infer that z; = x;, where ¢ # j and hence

$2_262—€4 I 2€2 — ¢t
©T N2-1 TV N1
and > wm; < (N7 - 1)L_€Z1 =2¢% — 4. (4)
i,j#i b NE =1
The claim follows.
O
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