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Supplementary note 1: General framework

1.1 Proof of Lemma 4
Proof. Let Uy be given as in Def. 1. Then

i —i0, v\ cos(j arccos A,) —sin(jarccos Ay)
Ua= @ (e ) = @ {sin(j arccos Ay)  cos(jarccos \y)
Since cos(j arccosz) = T;(x), where 7; is the j-th Chebyshev polynomial of the first kind, it follows that

(0, ®1:) U3 (10), ® 1) = D T ) M) |, = Ti(A).

v

1.2 Hadamard test for block encodings

Here we prove Lemmas 5 and 6. Moreover, in Lemma 1 below we show how to extend the construction to Chebyshev
polynomials of the second kind. Throughout this section, we use the notation cU to refer to a gate U controlled by
the state |1) of the ancilla 1 (the top register in both circuits of Fig. 1, i.e., the Hadamard qubit ancilla). We use cU

for when the action of the unitary U is controlled by the ancilla 1 being in state |0).

Proof of Lemma 5. Here we prove it for the case B = 1, since the other follows in an analogous way. We have that,

E[Had (U2, [0) ,[1))] = Tr{X1 G(+)+], © 2a.)G'},
with G = eUy cU% cUy and 04 ¢ = |0)0], ® [0)X0],. Computing the expression inside the trace we get
Xy G4NH, 005)GT = 5 10X0], (V3T 00,sU0) + 5 1K1y Waa, ULUL) + 5 1001, (Upea,sU))
+ 51001, (U300, USU5).
Therefore,

E[Had (U}, |6}, [9))] = Re{Tra,o[U4 [0X0], [9)6],]} = Re{Tr,[T;(A) [u}o],]} = Re{ (6|5 (4)])}

Proof of Lemma 6. We have that
E{Had(Uﬁl, U, 0)] = Te{OX; M (|4+)}+], ® 0a,s)M'},

where M = cUY cU”, and g, = |0)(0], ® os. Note that

3)

1 ; 1 1 : 1 ! 1 B .
XM 00 M= 10401, (U0 U4 + S 10001, (Uh00 ) + 2 101, (U002 + 2 10011, (WA

2

(7)



which implies

, 1 , 1 .
E[Had (U, U}, 0)] = 1 Tr0 0Wh0n U] + § Teua0When U]

2 2
= L T O(T; (A)o, T} ()] + 5 THIO(T; (A)o.T{ (4))
= Tr;[O(T;(A)es Ti(A))], (8)
since A and O are Hermitian. O

Supplementary Lemma 1. If we modify the Hadamard test in Fig. 1.a) by applying a eNOT . after any other
gate, the random variable Hady (U, |¢) . |¢)) satisfies for B =1

E| Hadun (U4, 16) 1)) | = Re{ (911 = A2U;1 (A)]0)} ©)
and

E| Hadun (U4, 16),14))| = Im{ (611 = 42U 1 (A)]0)} (10)
for B = St.

Proof. Again, here we only show the case B = 1 since the other case is analogous. From the description of the circuit
in Fig. 1.a) and the added modification we have that

E[Hadalt(Uga |¢> ) |’¢}>)i| =Tr |:X1Galt(|+><+|1 Qa,s)GLt] (11)
with Gy = cNOTy , Uy cUi1 cUy and 94,5 = [0X0], ® [0X0[,. We have that

ot - X0l [IXH, [¢Xel,  |0XOI, UA(0X1], [9)el,) . [ L)L, (1LXOL, lo) ] UL

X1Gat(|[+)X+1 0a,s)G oy = 9 2 2 i (12)
1 i it
LAY 13)
from which we obtain A
Te[ X1 Gare([4)(Hy 0.6)Ghir] = Re{ (6] (11101} (14)
From Eq. (1) and the trigonometric definition of the Chebyshev polynomial U;_;(x) we have that
(1], @ 1L,) U4 ([0), ® L) = VI — A2U;_y ( (15)
proving the statement. O
1.3 Proof of Theorem 1
Proof. We provide different proofs for each P. For P = 1, note that
) k
(GIF(AI) =D a; (GIT(A), (16)
§=0
and from Lemma 5 for B = 1,
) k k
Re{ (17(A))} = 3o, E[Had (U 10) [0)] =3 3= 0, p(ols) lal, sanay) b (17)
j=0 j=00be{-1,1}

The last line implies that, for a < SO, ﬁ Yoo llally sgn(aja)bt(xl) with j, sampled from the distribution p; and
b&” sampled from the conditional distribution p(b|j) by running the Hadamard test in Figure la) is an unbiased
estimator of Re{ (¢|f(A)[¢)}. The case for B = ST is essentially the same, implying that for S* > o < 25M — 1,
7 2o llall; sgn(ay,) b\ is an unbiased estimator of Tm{ (#|f(A)|¥)}.

Similarly, for P = 2 note that

Of(A)eft(4)] = S a4y THOT (AT (). (18)

7,1=0



which by Lemma 6 implies that
) k
Tr[Of( Yoff(A ] Z a; alE[Had(UA,UA, )} = Z ZZpJ 1 p(b,wlj, 1) HaH?sgn(ajal)bw, (19)
3,1=0 =0 b w

where b € {—1,1} and w in the spectrum of O. The last line implies that =z >, ||a||§ sgn(a;, ) sgn(ala)b(az)wa with
Jasla both sampled from the distribution p; and bg),wa sampled from the conditional distribution p(b,w|j,1) by
running the Hadamard test in Figure 1b) is an unbiased estimator of TI'[Of(A)QfT (A)} O

1.4 Proof of Theorem 2

Now we prove Theorem 2.

Proof. Let f be a v-approximation to the function f. Then, for any two states 1), |¢) we have that

| Glrle) = @lF))] < [ £4) - Fa)

<. (20)

op

Here, [|-[|,,, is the operator norm, which for Hermitian operators coincides with the spectral norm ||-||. From Theorem
1 we have E[ W] = (¢ f(A)|tp) and thus

‘Zu) _ ;1)‘ < ‘Zu) _E[,;,(l)]) n ‘E[g(l)] _ z“)‘
(21)

—v4 ‘2“) —E[z0] ‘
7(1) will be an e-precise estimator of z(!) if and only if

‘2“) —E[zV] ‘ <e— W), (22)

where v(1) = 1. Notice from the definition of the estimator 2(!) that the range of its real and imaginary parts each
is {—|lall,,|lall,}. Therefore, Hoeffding’s inequality implies that the number of samples S™") necessary to attain an

e-precise estimate with 1 — § confidence is
4||a||2 4
1 — el =
S (e V(l))Z log 5 ) (23)

where the real and imaginary parts are sampled independently. By setting the approximation error () to €/2 we
arrive at the claimed result.
In the case of problem 2, we have to bound ‘2(2) — 2(2)|. First, notice that

Te[0 f(4) 0 f1(4)] = Te[0 f(4) 0 F1()]| < | Tr[O(7(4) = Fa)) 0 f1(4)]|
+ | [0 (4) = Fa) e (£1(4) - 1)) |
+ |10 £(A) o (1(4) - Fiea)] | (24)

where we used the triangle inequality after adding and subtracting the terms Tr{O f(A4) gf(A)}, Tr[O f(A) o f(A)]
and Tr [0 f(A)o f(A)]

By means of the Holder tracial matrix inequality

| Te[ABT]| < |Tx[A]| | B], (25)
we can now show that
[T [05(A)0r"(A)] - Te[0F(A)0f'(4)]| < 01| £4) ~ Fa|[IlF ) + 0N 74) - Fea|
100 £(4) = Fa|Iral, (26)



where we used that |Tr[g]| = 1. Therefore,
2@ = @] <0 = vjo) @lIF(A)] +v). (27)
Similarly to the first case, 22 will be an e-precise estimate of 2(?) if and only if
’2@) - E[z(ﬂ ( <e— @, (28)

Since the range of possible values of () lie in {—||O|| ||a||?, Itedi ||al||?}7 Hoeffding’s inequality implies that the number
of samples necessary to attain an e-precise estimate with 1 — § confidence is

21017 ally | (2
The claim then follows by setting the approximation error v(?) = e /2. O

Supplementary note 2: Error robustness analysis

In this appendix, we prove Theorem 3. Before the proof, two auxiliary lemmas are presented. In Lemma 2 we
show that the action of a depolarizing channel can be commuted with the action of a generic unitary channel. In
particular, we consider the error model where the unitary is called many times, and each time it acts it is followed
by a depolarizing channel. We show that this is equivalent to acting with all the depolarizing channels first and then
all the unitaries. Lemma 3 shows how the presence of a depolarizing noise in the block-encoding oracle affects the
result of the Hadamard test in Fig. la with a fixed j. With these two lemmas, the proof of Theorem 3 is obtained
straightforwardly. At the end of the section, we also analyze the influence on the estimate of Algo. 1 of coherent noise
in the block-encoding of A.

Supplementary Lemma 2. Let U be any unitary operator over Hi @ H, @ Hs. Then, if A is the global depolarization
channel with strength p, we have that, for any o € H1 @ Hy ® Hs

(AoU)lo] = (UeA)la], (30)

and, in particular, ) ) )
(AoU)[o] =U’ o No], (31)

where Ulo]| is the action of U as a unitary channel over o.

Proof. First, we have that

AoUlo] = A[(UsUY)]

= (1-p) (UaUT) +pD]l

tot

1
=U((1-po+ Ut
(( p)o thot>

=U o Alo],

where Dy is the dimension of H1 ® H, ® Hs. Therefore, since A and U commute as channels, we can pass all U to
the left of the A copies, proving the lemma. O

Supplementary Lemma 3. Let Had(Ui, A, |d), |1)) be the random variable obtained by the Hadamard test described
in Fig. 1a when we use Ao cUy in the place of cUy. Then, for B =1

E[Had(U}, A, 16) ,[1))] = (1 - p)? Re{ (4[T;(4)|)}, (33)

and for B = ST 4
E[Had(U}, A, I6), [0))] = (1 = p)? Tn{ (8|T5 (A)}5)}. (34)



Proof. Note that, by Fig. 1.a)

E|Had(U}, A, |9) | |1/)>)} = Tr[Xy (N[[+)(+1; €a,s])]; (35)

where
N =2cUgo (AoclUa) oclUy o B, (36)

and 04,5 = [0)0], |0)0],. Now, using Lemma 2 we have that

N:éUgbocUIQOAjocUd,OB

, , . (37)
=cUgocU)ocUyoBolAN =Gol,
where G is the unitary channel G[o] = GoG' with G = &Uy cU? cUy, B. Therefore,
) ) 1
N+X+], 0as] = G o M[[4)+]; €0, = (1= p)! G(I+)+]; 00,6)GT + (1 = (1 - P)p— (38)
Now, by the proof of lem.5, and the fact that X; is trace-less, we have that
E[Had(U4, A, 19),[))] = (1 - p)/E[Had (U, |6}, [4)], (39)
which is equivalent to the statement of the lemma given any choice of B O
Now, we are ready for the proof of Theorem 3.
Proof of Theorem 3. By definition, we have that
k
B[] B[O = [ a1 - (1= p)) (GITi (A1), (10)
7=0
By Bernoulli’s inequality 1 — (1 — p)/ < pj for p < 1, implying
B[] - B[] \<pzjaj )] (41)
Now, using the fact that | (¢|7;(A)[)| < 1 for any |¢) ,|¢) and the triangle inequality one gets
k
B[]~ B[O <9 lagl = plall EL. (42)
j=0
O

Supplementary Lemma 4 (Noise robustness of QSVT). Let Uy (A) be the block-encoding of f(A)/|f|| result-
ing from an ideal QSVT circuit, with |f|| = maxze[,171]|f(m)|. Let Z, ) = = ||f|| Had(U F(ay @) 1)) and 2};) =
[fl Had(Uj 4y, A, |) , [1)) be the random variable obtained by a Hadamard test on Ug 4y and its noisy counterpart
with A acting after each oracle query, respectively. Then, E[zfq ] = Re{ (¢|f(A)|Y)} and

-1 1).A 1 -
‘E[Z;q)] _E ( » ‘ <pqu]£q) < pr |l fIl K (43)

with Ef,) = k| Re{ (6|f(A)|)}].

Proof. First notice that the Hadamard test will work as in Lemma 5 with Uj substituted by U Fa)- The rest of the
proof follows analogously to the proof of Lemma 3 by noticing that the circuit always makes k calls to the noisy
oracle. O

So far, we considered only the effect of incoherent error. Now we consider the case where the source of error is a
coherent imperfection in the block-encoding oracle of A, as we define below.



Supplementary Definition 1. Given an Hermitian operator A with ||A|| < 1, an e-approzimate block-encoding of
A is a unitary operator Uy . satisfying

1({0l, ® 15)Ua(|0), ® Ts) — Al <&, (44)
where || ||, is the trace norm.

Under the approximate oracle assumption, the next lemma shows how the error propagates to our Algo. 1 estimate
result.

Supplementary Lemma 5. Let Us . be an e-approximate block-encoding of A, and let Uy be an exzact block encoding
of A. If 71 is as in Eq. (6) and 3102 s the unbiased estimator obtained from the Hadamard test in Fig. 1a when
exchanging cU?) by cU} _, with (ke) <1/2, then

\]E[zw} —E[z0]

< 2¢||all; E[j], (45)
Proof. If Uy . is an e-approximate block-encoding then,

|0l 2 104 L(0), © 1) - Ti4)| < 2je, (46)

tr

which implies that .
(01, (1)U (100, 1)) = (@IT;(A)])] < 25e. (47)

Therefore, denoting by 62() = [E[z()] — E[2(1)¢]| the error in the estimator z(!) from replacing the exact block-
encoding Uy by the faulty Ug .,

k k
5200 = 3 4, (401, (61,) U 10}, 1)) — (@IT; (1)) | < 2|3 | < 2<]lal EL (48)
j=0 =0
O
Supplementary note 3: Function approximation for specific use-cases
Function Domain Truncation order (k) llall; 1]l o
z' (t eN) [—1,1] \/2t log 2 o(1) o(1)
e P22 (B € R) [—1,1] \/2 max{e%B,log (#)} log (%) O(eP/?) O(el/?)
x7! [—1,-1/k]U[1/k, 1] 2K \/1og§ log(¥log%) +1 O (k/log &) O(k)
0(z) -1, -€ U1 O (t10g1) 0 (10g(110g L)) | O(1)

Supplementary Table 1: Chebyshev v-approximation data (approximation interval Z, truncation degree k and coef-
ficient 1-norm ||a||;) for our exemplary functions. When a singular point is present at the origin, the approximation
interval excludes a ball of fixed radius around it. For comparison, we also provide the co-norm || f|| , := max,c; | f(z)],
which in the matrix function setting plays the role of spectral norm || f(A)|| of the matrix f(A). Namely, the differ-
ence between ||la||; and || f]| translates into the difference between sample complexities between our semi-quantum
algorithm and the corresponding fully-quantum one.

The following general lemma allows us to compute the 1-norm ||al|; in certain cases.

Supplementary Lemma 6. Let a = {ao,...,ar} be the vector of Chebyshev coefficients of the polynomial f as in
(28). Then ||all; = |f(1)| if all a;’s have the same sign and ||a||; = |f(—1)| if they alternate signs.

Proof. First notice that if all the coefficients have the same sign (respectively, opposite signs) then either a; = |a,|
or aj = —|a;| for all j (respectively, either a; = (—1)7|a;| or a; = (—1)7T!a;| for all j). The claim then follows
immediately from the fact that 7;(1) = 1 and 7,;(—1) = (—1)? for all j. O



3.1 Monomial function

3.1.1 Polynomial approximation and its parameters

The following lemma gives the Chebyshev approximation to the monomial function that we use to prove the complexity
of our algorithm. The lemma is a version of [4, Lemma 3.3] with explicit coefficients.

Supplementary Lemma 7. Let f : R — R be such that f(x) = z! for somet € N. Then, the function f : [-1,1] = R
giwen by the Chebyshev polynomial

~ l t
x) =2t ( . )T ), 49
f() ]zz:o (tfj)/Q J() ( )

t—7j even
is a v-approzimation of f on [—1,1], if and only if

2
k> /2t log(). (50)

v
Proof. See [5], Theorem 3.2. O

Supplementary Lemma 8. Let a,., be the vector of coefficients of the Chebyshev polynomial fmon. Then the
one-norm 1s
[ @monlly =1 —v. (51)

Proof. Follows as corollary of Lemma 6. O

Supplementary Lemma 9. Let @, be the vector of coefficients of the Chebyshev polynomial fmon. Then, the
average query complexity of estimating 2 s

1 Qt
“1-v\Vwt—1"

(52)

Proof. First notice that

|Z]| ]|— || mOHHZ]'a]' (53)

since k < t by assumption. The summation on the righthand side can be computed exactly, but its precise value
depends on whether ¢ is even or odd. For ¢ even, the only non-vanishing Chebyshev coefficients are the even order
ones, namely asp = 21’t((t_2tg)/2), and

||amon |

t/2

Z”‘”'*ZQQ (o—tnge) =7 () V5 oy

where we have used the inequality ( t;2) < 27;/2 Similarly, for odd ¢ the only non-vanishing coefficients are the odd
s

order ones, with ase_; = 21*t((t_2f+1)/2), and

t (t+1)/2 L . o P ST
;JIajlz ; 2 (28—1)<(t_2£+1)/2>_2 t<(t_1)/2)§ S (55)

Notice that the bound (54) contains the one in (55), and therefore can be taken to hold for all t. The claim then
follows by incorporating ||amon|| from Lemma 9. O

3.1.2 Problem statement and complexities of the solution

We consider a reversible and ergodic Markov chain on N = 2" discrete states with row stochastic transition matrix
P satisfying >, Pjr = 1 whose statlonary state, i.e the eigenstate corresponding to eigenvalue A = 1 has the Gibbs
amplitudes 7 = (e=#F0 /Z4, - ~PEp-1 /74, with {E;}1e(p) the eigenvalues of the Hamiltonian H. The eigenvalues
A of P lie in the interval (—1, 1] with A = 1 non-degenerate. The so-called discriminant matriz A is defined by
Aji, = \/PjiPrj. For the sake of our algorithm, the relevant properties of A are Hermiticity and the fact that A has
the same spectrum of P with /7 the eigenvector corresponding to eigenvalue A = 1. In particular, A? for t = O(A~1)
becomes approximately a projector over the state /7 as we state in the following lemma (here A = mingyy /1 (1 — |A])
is the spectral gap of A).



Supplementary Lemma 10 (Determining the monomial degree). Let v’ > 0, A a Markov-chain discriminant matriz

with spectral gap 0 < A < 1, and |y) a spin configuration with energy E,. For any integer t > %, it holds that

[(ylA'|y) — (Yl |y)| <o/ (56)

Proof. Let A =73" MANAl =1Lz + 37, ; A[AXA| be the spectral decomposition of A, where A denote its eigenvalues,

{|\)} the corresponding eigenstates, and Ilx = |\/m)(y/7| is the projector onto the ”purified” Gibbs state. It follows
that

[(y|A" = TLaly)| < D[y NP < (1= A) (57)
A1
Hence, given some tolerated error v/, one can ensure that |(y|A'ly) — (y|Il|y)| < ¢/ for any
/ /
¢ log1/v > log1/v .
A log(1 — A)

Supplementary Lemma 11. Let 2 be an estimate to (y|Il|y) up to additive error e < (y|l|y) /2. If € <
€r(2 eﬂEng), then Zg = e;%gy is an estimate for the partition function Zg such that

| Zs — Zs| < exZ3. (59)

Proof. The estimate (1) satisfies [2(1) — (y|IL,|y) | < e. It follows straightforwardly that

e PEy < € >_1 e PEy e PEy ( € )_1
1+ < — < 1-— . 60
(y[Tx|y) ([T |y) EA) ([T |y) (y[Tx|y) (60)
Now, using that 1 — 26 < (14 &)t and 1 +2€ > (1 — &)L for 0 < € < 1/2, we can derive the inequality:
e PEy < € ) e PEy e PEy ( € )
€7 (1-2 <& < 1425 ), 61
MLy ') S 0 S iy ' (o1

from which we obtain (59) by using Zg = ﬁ and setting € < €, (2 eBEy Zg). O
. Let 3 be the estimate obtained

log(l/u')
A

Supplementary Lemma 12 (Complexity). Let ¢, > 0 and v/ =v/2 = 126;73%

by Algorithm 1 with inputs |) = |¢) = |y), error and f(A) a v-approzimation to At with t = . Then

€r
) 2ePEyz57
~ —BE

Zg = eg(il)y is an estimate to the partition function Zg up to relative error €,. Moreover, the algorithm has mazimal

query depth k = /% (/BEy + log 12ETZB> and sample complexity SN = 64 ewaZg bgi%.

Py

Proof. The estimate 2(!) has three sources of error relatively to (y|IIx|y). First, according to Lemma 10, the fact that
t is finite causes an error v’. Second, only an approximation of A’ is implemented, causing an error v. Finally, the
finite number of samples incurs a statistical error e,;. Therefore, by triangular inequality, we have [2(V) — (y|TI.|y) | <
(V' + v+ es) == e. According to Lemma 11, Z5 = e;i# is an estimate of Zg with relative error ¢, if the total
error is chosen to be e = ¢,/ (2 eBEy 7 5). Since each source of error is controlled individually, for convenience, we take
vV =v/2= 126;7153'@3 and €5 = 46[327;25. The sample complexity is then given by Eq. (8) with ||a||; = 1 — v and error
€, while the maximal query depth is given by substituting the expression for ¢ in the expression for the truncation

order k = /2t log(2/v). O

3.2 Exponential function

The following Lemma gives the explicit coefficients of the approximation used here and its maximal degree. It is
obtained from Ref. [5, Lemma 4.2].

Supplementary Lemma 13 (Chebyshev approximation). Let f : R — R be such that f(z) = e P*/2. Then, for

v < e52/27 the polynomial femp :[=1,1] = R defined by

k t
PN (8/2) i 1 "
CEEDMIDIES s (4y2) | T (62)
l—j even



is a v-approzimation of f(x) on [-1,1] if t > [max{ﬁe og(%) H, and k > [ 2tlog(4€5/2ﬂ :

Proof. Lemma 3.4 in Ref. [5] builds an approximation for the function e~ with error v

< 1/2 in the interval
[-1,1]. From this construction, it is straightforward to obtain the approximation for f(z) =

/

) = e P*/2 with error
v=eP2y < #. The explicit expression for the coefficients is obtalned from the truncated Taylor series of e=#®
combined with the truncated Chebyshev representation of monomials z!. O

Supplementary Lemma 14 (I1-norm of coefficients). Let a.,, be the vector of coefficients of the Chebyshev polyno-
mial fewp. Then the one-norm satisfies

P2 — v < | @eapll, < €P% 4, (63)

Proof. First, one can see that, by relabeling the summation index, the coefficients of fexp in Eq. (62) can be rewritten
as

aj =2'7% (_> Z Il j/fz (64

This form makes it more clear that the coefficients alternate sign. Hence, Lem.6 implies the inequality because by
definition |fexp(1) — f(1)| = [fexp(1) — e6/2| <. ]

Supplementary Lemma 15 (Average query depth). The average query complexity of estimating 2 with fexp
satisfies 2E[j] < /2.

Proof. Notice that

k 2
. 2 (6/16
2F < 4e P2
bl = ||aexp|\lzj|aﬂ| € ; ( ) = U(j+1)!

k
B 5/16)!
< e 6/2;%( ) ZMH

k
=467y 13/, (65)

where the first inequality comes from applying Lemma 14 with the worst case of v and Eq. (64). The second inequality
is due to the addition of positive terms to the inner sum. In the last equality, we identified the coefficients of the
outer sum with the power series of the modified Bessel functions I;(8/2). This also has the interesting feature of
connecting the Chebyshev series in [5] with the widely known Jacobi-Anger expansion [1]. Now, we can use the
identity j I;(8/2) = (I] 1 — Ij41) to obtain:

2E[j] <2778 (I0(8/2) — Iny1(8/2)] <27 P/2816(8/2) < /2. (66)

O

3.3 Inverse function

The following Lemma gives the explicit coefficients of the approximation used here and its maximal degree. It is
obtained from Ref. [2].

Supplementary Lemma 16. Let f : R — R be such that f(z) = 1/x. Then, the polynomial fin, : [—1,1] — R given
by

k b 2b
Fonal) =43 (~1) [Z‘;(””] Taoj1 (), (67)

7=0
is v-approzimation of 1/x on [—-1,—1/k] U [1/k, 1] for any
4b
k> blog() and b> K> log(ﬁ) . (68)
v v



Supplementary Lemma 17. Let a;,, be the vector of coefficients of the polynomial fim. Then %\/I; — %%“(2;) <
| @inoll; < %\/5 In particular, ||@in||, € © (V).

Proof. First notice that

k b

4 20
ol =Y |5 3 (,2)

=0 i=j+1

:% Z<b+z> Z Z<b+z>

=1 j=0 i=k+2 j=0
b
4 2b 2b
= o Zz - )+i§2(k+1)<b+i)]

2% b_fli 2%
b+1 = b+i+k+1

(69)

One immediately gets the upper bound

il < o35 Z (bH) 22212 <2bb> < %\/l;, (70)

where we have used the inequality (2b) < \2/1% Similarly, for the lower bound we get

ol > o 0 (2 ) (.2
ML= 92b b+i b+i+k+1

k .
b—i+1-/4
1— -t - -
ll b+i+¢

()]

Y
|

Y
‘\.‘3‘»

o
i
M7
L

. o~

N é\ /N

+ R

~.
N———

> f—iﬁ’f@b) (71)

where in the second line we have made repeated use of the identity (m) = ”77”:*1 (mril) and the last inequality follows

from (2b) > 22;1}1 Since (ka) < (QZI’) , it follows that in the asymptotic limit b > k > 1 of interest here the second

term is is exponentially small in b and, therefore, ||ain||; € Q(\/E) Together with the upper bound (70), this implies
HainVHl S @(\/6) ]

Supplementary Lemma 18. Let a;,, be the vector of coefficients of the Chebyshev polynomial fin,. Then, the
average query complexity of estimating 7V satisfies E[j] < b/| @inol|,. In particular, E[j] € (9(\/5)
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Proof. The proof parallels that of Lemma 17. Namely,
k b

ot 2+ (35 3 (7))

Halnvul j=0 i=j+1

k+1 b
4 o[ 20 L 2b
= P, lzz (b+i> + 2kl (bﬂ')

=1 =k+2

b
4 2b
- * )
= 2a, ], Zi:f <b+i)

b

Hamle .

E[j] =

Lemma 17 then implies that E[j] € O(Vb). O

3.4 Heaviside step function

Supplementary Lemma 19. Let f : R — R be such that f(x) = 0(x), where 0(x) is the unit step function. Then,
the function fs:[—1,1] X [-1,1] = R given by the Chebyshev expansion

k
Faly =) = 5+ 3 0y ()Toyn (&) + by (9)V/ 1 — 22Uy (2) (72

j=0
where
20 _ Ii(0) + It (
aj(y) = — ?e 23—-1-]1\/1_ y2Us;(y

20 __;1i(0) + 1j41(0)
m 27 +1

(73)

b, (y) = 7'2j+1(y),

with I, being the modified Bessel function of the first kind and Us; is a Chebyshev polynomial of the second-kind, is a
v-approzimation of f(y — ) on all (x,y) € [-1,1] X [=1,1] such that x € [-1, -+ y]U €+ y, 1] if

k=0 (tlog (), ando =0 (&log(L)). (74)

Proof. We take the Chebyshev approximation

described in [6] and extend it to the two-variable case using the identity
f(y — =) = O(sin(arcsiny — arcsinx)), (76)
that follows from fact that sin and arcsin are monotonous functions, and expand
T2;j+1(sin(arcsiny — arcsin x)) (77)

using trigonometric identities and the trigonometric definitions of 73,41 and Usz;. The conditions on £ and o needed
for obtaining the v-approximation end up being the same as those for the single-variable version. O

Supplementary Lemma 20 (/;-norm of coefficients). Let as(y«) and bs(y.) be the vector of coefficients of the
Chebyshev expansion fq(y. — x) for y. = % Then

llas(y)lly = l1bs(y)ll; € ©og(k)). (78)

Proof. Let |las(y«)|l; = |[bs(y«)|l; = N(k,0). To prove the asymptotic growth orders we need to investigate the
behavior of the one-norms when &, v — 0, which is equivalent to k, 0 — oo. Since, by Lemma 19, ¢ grows quadratically
faster then k as £ — 0, we first investigate the behavior of N(k, o) as o grows. Computing the limit

& [ Li(0)+ 141 (0)
N(k) = lim N(k,o)= lim e R R R (79)
«\

o—00 o—00 2] —+ 1



gives us

- 1 1
N(k):?ﬂ;m, (80)
where we have used lim,_, o v/oe 7 [;(c) = \/% Now, note that
Hy, "o Hi1q
1+7<J§2j+1< 5 (81)

where Hj, = %

=1 % is the k-th harmonic number. By the properties of Hy, we have that there exists kg such that
for all k& > ko,

1 - V2
——In(k+1) < N(k) < —In(k+1), 82
3o 1) < N R < Ik 1) (52
which proves our statements. [

Supplementary Lemma 21. Let a,(y,) and by(y,) be the vector of coefficients of the Chebyshev expansion fs(ys —z)
for y, = % Then, the average query complexity of estimating (V) is E[j] e O (%w/log (%)/log (% log (%)))

Proof. By definition of E[j], and using the fact that |a;(y.)| = |bj(y«)| for all j, we have that

g 1 k P o |
E[J] - m JZ:O \/:e (IJ (o) + I]+1(U))
1 o 4o _, o e
fﬂmwm§¢ﬁe@U+mN»
1 4

ﬂm@m¢w’ (83)

where in the last step Z?io (Ij(o) + Ij41(0)) = € follows from the Jacobi-Anger expansion. Since [las(y.)|| =
Q(log(k)) for large k, it follows that

(84)

O

Supplementary Lemma 22. Let a;s(y.) and bs(y.) be the vector of coefficients of the Chebyshev expansion fs (ye—2x)
for y. = % Then, the error damping factor for estimating 3V is © (%wlog (%)/bg (% log (%)))

Proof. Follows immediately from Lemmas 19 and 21. O

Supplementary Definition 2. Given Fg(y) = Tr[g s (y1 — H)} , its T-part is the expression

k
>y () Te{Tayr (H) o], (85)
j=0
while its U-part is the expression
k
b (y) Tr[V/T = H2Us;(H) o] (86)
§=0
Supplementary Lemma 23. Let y, = %, and VT (y) and 2V (y) be the unbiased estimators of the T-part and
the U-part of Fg(y) obtained from algorithm 1, for any point y, respectively. Then, for any point y we have that
- 1
Fyy) = 5 +Eurgy [FD7(4)] +Burgy 207 (0] (87)
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where B,y and E,uv ) are the weighted expected values with weight functions

w'(y, ) = zj((y)),
G \Yx (88)
U N b;(y)

Proof. To show this, just notice that by the definition of E,r(,, and 71T (y,) that Eyr ) [2(1)’T(y*)] is equal to

k k
DD wh (Y, 5)ps(p(0l)llas(y.) | senla;(y))b) = > w (y, Hag(y) (W[ Tojsr (H)[)

j=0 b =0
k
=" a;(y) (W Taj41 (H) )
j=0

—E[z07(y),
while a similar computation also shows that

Euve) 207 (w)] =E[z0V ()], (39)
which proves the lemma. O

Supplementary Corollary 24. To sample ﬁ‘g(y) for O(log(ffl)) values of y it is only necessary to sample Fg(y*)

with 1 — O(6/ log (5’1)) confidence, and for each desired value of y, to multiply each sample by the appropriate weight
factor.

Proof. Follows directly from the previous lemma. O

Supplementary note 4: Extensions

4.1 Extension to QSVT

For simplicity, in the main text, we considered only Hermitian matrices. In that case, there is an operation to
build a qubitized oracle whose powers directly lead to the Chebyshev polynomials of the block-encoded matrix. This
section shows that our algorithm can be applied to randomize the more general quantum singular value transformation
technique.

Let us consider a unitary Ua such that ((0|, ® 1,)Ua (|0), ® 1,) = A as in Eq. (20), except that now the
block-encoded matrix A does not need to be Hermitian. In fact, A could even be rectangular. In this case, Ua is a
bock-encoding of a square matrix built from A by filling the remaining entries with zeroes. The input matrix assumes
a singular value decomposition, and we are interested in singular value transformations as in the definition below (Def.
16 in Ref. [3]):

Supplementary Definition 3 (Singular value transformations). Let f : R — C be an even or odd function. Let
Zj:l g |1/~)] X1;| be a singular value decomposition of the dx d matriz A with right eigenvectors {|1;)}, left eigenvectors
{I¥;)} and singular values {o;} (including zero values). The singular value transformation of A by f is defined as
V) (4) { Sia o) [0)esl f even, 00)
Zj:l flog) )il f odd.

It was shown in Ref. [3] that a quantum singular value transformation (QSVT) could be implemented from calls
to Uy and UI‘, and single qubit rotations controlled by [0),. In Theorem 17 and Corollary 18, the authors state that
the singular value transformation by a real polynomial of degree k& with even or odd parity is always achieved by
some sequence of qubit rotations ® = {¢1, -+, ¢} € R and a circuit making k queries to Uy and UI‘, as long as
the polynomial is normalized to 1. In particular, to implement the Chebyshev polynomial T]ESV)(A), the sequence of
angles is simply ¢; = (1 — k)% and ¢; = § for j # 1.

Under singular value transformation, Probs. 1 and 2 can be phrased in the same way, except that now the
Hermitean A is substituted by a general matrix A and the function is meant to be a singular value transformation
according to Def. 3. Moreover, the problems are well-posed only for functions with defined parity. Therefore, among
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the use cases presented in the main text, the ones that are extendable to general matrices are the inverse function and
matrix monomials.

The randomized QSVT solutions to Probs. 1 and 2 follow as before by sampling polynomial degrees according to
their weight in the Chebyshev expansion of the target function. A Hadamard test is then run for each polynomial
degree draw, the Chebyshev polynomials being implemented using the circuit in Fig. 1 in [3] with the angle sequence
described above. The algorithm works for the same reason as for Hermitian matrices: QSVT implements a block-
encoding of the polynomial singular value transformation, while the Hadamard test has the useful feature of always
selecting the correct block of a unitary block-encoding.

4.2 Non-normalized matrices

Suppose that, instead of having a normalized matrix A (i.e., satisfying ||A|| < 1), we have a general Hermitian matrix
A as input. We can define the normalized matrix A’ = 2, with a > || 4| to be block-encoded instead of A. Therefore,
using our framework we can simulate a function f/(A’) defined such that

f(A) = flaA') = f/(A), (91)

where f : D — R and [’ : g C [-1,1] — R have the same image. Therefore, introducing a sub-normalization will
require a Chebyshev expansion for a new function whose domain is also sub-normalized relative to the original. The
contribution of the sub-normalization factor a to the sample and query complexities of the randomized algorithm
needs to be analyzed on a case-by-case basis. In the following, we analyze the maximal query depth and the [;-norm of
the Chebyshev coefficients for each use-case we showed in the main text. From them and Theorem 2, the complexities
of particular instances of Problem 1 or Problem 2 can be obtained.

In the case of monomials, we have that f(z) = «! yields f'(2’) = afz’*. This implies that an v-approximation to
A" is v/a™-approximation to H'™. To attain an error v in approximating f(z), the approximation in Lemma 7 shall
be used with error v/a™ and also the /;-norm of the coefficients will gain a factor ™. Therefore, The maximal query

depth and coefficients are k = /2t log(Q—l‘ft) and ||al|, = o' — v, respectively.

In the case of the exponential function, notice that e #4 = ¢~ (Ba)(A4/2)  Therefore, we just need to re-scale 8 with

a factor a , obtaining k = O <\/aﬂ log<¥)) and |al|, = e®? from Lemmas 13 and 14, respectively.

In the case of the inverse function, f(x) = 2! needs to be approximated in the domain D = [—||A]], —1/||A_1H] U
[1/][A=Y]],[|A[]]. In this case, the randomized algorithm should implement an approximation to f’(A’) = oA in
the domain D/a = [~1,-1/k] U [1/k, 1], with o = || A and x = || A|| |A~|| as usual. It suffices to apply Lemma 16
A=l

v

to obtain a av-approximation to A’ ! with resulting maximal degree k = O (Ii log ) and coeflicients /{-norm

Jall, =0 (HA-lnlog ”“")

Lastly, in the case of the Heaviside step function, we have that f(A) = f'(A’). However, in order to approximate
6(A) in the domain D = (—1,-£] U [£,1), we need to be able to approximate 6(A’) in the larger domain D =

(-=1,-¢/a] U [¢/a, 1). Therefore, Lemmas 19 and 20 give k = O (% log %) and |all; = O (log (% log %))
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