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S1. ANALYTICAL ERROR-TRADEOFF RELATION FOR MULTIPLE OBSERVABLES

In this section we derive the tradeoff relation

2
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Recall given the observables {X;|1 < j < n}, we can construct {F; = > f;j(m)V;,|1 < j < n} to approximate
the observables from a set of projective measurement {V;,,} on the extended space with an acilla. The mean squared
error of the approximation is given by

&=Tr[(F-X;2I)(pxo)], (52)

where o = [£9)(&o] is a state of the ancilla. We then let
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here E; = F; — X; ® I, |u) is any vector, Qy, Ry, S, are n X n matrices with the entries given by (note E; and X;
are all Hermitian operators)

(Qu)jx = (uVp ® cEjEx/p @ olu),
(Ru)jk = (ulv/p @ E;( Xy @ I)y/p @ olu), (S4)
(Su)jr = (ulVp®@o(X; @ I)( Xy @ I)Vp @ olu).

We can write these matrices in terms of the real and imaginary parts as Q, = Qu Re + {Qu,im, Bu = RuRe + 1Ry m,
Sy = Su,Re + ©5y,1m, where

(Qurolss = 3 (VFET{E;, B} /7T o),
(Rueik = 5ulVFE{E;, X ® WpEolu), (55)

1

(Sure)sp = 5{ulVp @ 0{X; ® I, Xp @ I}Wp ® olu),

and
R N N AN
(Rum)it = 5 (VP BB, Xi @ [V B alu), (56)
(Swtm)si = 5 ulVFE X, @ 1, X © 117 B lu).

For any set of {|ug)} with 37 |ug)(ug| = I, we can obtain a corresponding set of {A,,}. We then let A= PO /iuq
with each fluq equals to either A, or qu. Since A,, > 0, and qu > 0, we have

A:ZA%=<J% g)zo, (S7)
q

where Q = Zq Quq, R = Zq Ruq, S = Zq Suq with each (Quq, Ruq,guq) equals to either (Qu,,Ruy,,Su,) or
(Quq,Ruq,Suq), here M = Mpge — iMi,. We assume S is nonsingular, which means {X,} are linearly independent.
Since A > 0, with the Schur complement, we have
Q- RS'RT > 0. (S8)
This can be rewritten as Q — (iR)S~(¢R) > 0, which is the Schur complement of
. Q iR
B = x ~ |- S9
((z’R)T S (59)
Since Q — (iR)S~'(iR)! > 0 and S > 0, we then have B > 0. This implies Bro = %(B + BT) > 0, which can be
written as
2 QRC _le
Bre = 2 s > 0. S10
a <_R1Tm SRe N ( )
With the Schur complement of Bg. we have
Qre — RSy R, > 0. (S11)

This implies

P>, (S12)
thus
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where || -|| ¢ is the Frobenius norm. Here the right side of the inequality depends on Riy,, which depends on the choice
of the measurement. To get rid of Ry, we use the fact that [F}, Fj;] = 0 since they are constructed from the same
projective measurement. [F;, Fj] = 0 can be rewritten as [E; + X; ® I, B, + Xj ® I] = 0, which can be expanded as

[Ej, Epl + [E;, Xpe I+ [X; @ I,Ey] + [ X; ® I, Xi, @ I = 0. (S14)

From which we have Quq,lm + Ry im — Rz Im T Sugm = 0. Since (Quq,Ruq,guq) equal to either (Qu,, Ru,,Su,) or

(QuqaRuquuq) (Quq Im; Ruq,lmy Suq Irn) then equal to elther (Quq Im; Ruq,lma Suq,Im) or ( Quq,lmv - uq,Ima _Suq,lm)
In either case Qumlm + Ruq,lm —RT + Su 1m = 0 holds, thus Z (Quq,lm + Ruq,lm — RT + Su 1m) = 0. This
can be written as

Uqg,Im Ug,Im

Quu + Rim — RE, + St = 0. (S15)

By multiplying SR from both left and right, we have le + Ry — RITm + St = 0, which can be equivalently written
as

glm - le - RIm + RIm7 (816)

-

where [J = Sk %Ijg o - Applying the triangle inequality we get
1Stmllr < 1 QuallF + | Rillr + | B | - (517)
Note that Eq.(S13) can be rewritten as ||RE |2 = || Rim |3 < Tr(Qre), and from Q > 0 we have

Tr(Qre) > [|Qumll1 > [|Qumll 7 (S18)

Combining these inequalities we then have

1StmllF < |Quullr + | Rl + | REl 7

. - (S19)
< Tr(@re) + 24/ Tr(Qre)-

This leads to the bound on Tr(QRe) as

Tr(Qre) > <\/m - 1>2 : (S20)

which can be equivalently written as

2
TH(S5) Qre) > MSRE 51 :F+1—1) | (s21)

We note that this tradeoff relation is invariant under linear transformations of the observables, i.e., if we let
7= Y. bjykXy with bj, as the jk-th entry of a non-singular real matrix B, then Qre(Y) = BT Qre(X)B

S() = B'S(x)B, we then have TrlS(Y)Qre(Y)] = TSz} (X)Qre(X)] and [ (V)Sim (VIS5 (V)r =

[ Sge (X) St (X )SRe (X)||p. The tradeoff relation thus remain as the same under linear transformation and it is
often convenient to choose a linear transformation under which Sge = I.

S2. ERROR-TRADEOFF RELATION WITH SEMIDEFINITE PROGRAMMING

Recall that given a set of observables {X;}"_; in Hilbert space Hs, we can construct {F; = > f;(m)Vin}7_; to
approximate the observables from a set of projective measurement {V;,,} on the extended space Hg ® H . We denote
the weighted mean squared error of the approximations as

n n

=3 wief =Y wTl(p@o)(Fy - X; @ 1), (822)



where p € Hg is the state of the system and o = |§)(€o| € Ha is the state of the ancilla. To formularize the
minimization of £ over all choices of {F;}"_;, we first define an n x n Hermitian matrix @, whose jk-th element is
given by

J=0

Qj =Tr[(p @ 0)(Fj = X; @ I)(Fy, = Xy, © I)]

=Tr{(p@o)FjFe) —Tr{(p@o)Fj(Xp 1) —Tr[(p@ o) (X; @ ) Fi) + Tr[(p® 0)(X; @ I)( Xy ® I)] (23)

=Tr pig My fo(m) | = Tr (pR; Xp) — Tr (pX; Ri) + Tr (pX; Xi) ,

where R; = (I® (&) Fj(I®|&0)) = Y, fi(m)My, for 1 < j < n are Hermitian matrices in Hg, {M,, = (I®(&])Vin(I®
o))} forms a POVM. We denote Sjr, = >, fj(m)My, fu(m), R= (R Ry --- Rn)T and X = (X1 Xz - Xn)T,
the Hermitian matrix @ can then be written as Q = Trg [(I, ® p)(S — RXT — XRT + XXT)], and

E=Tr(WQ) =Tr [(W @ p)(S — RXT — XRT + XXT)], (S24)

where S is an n x n block matrix with the jk-th block as S;i, which is itself a Hermitian operator, W > 0 is a weight
matrix, which is typically taken as W = diag{ws,--- ,w,} , but it can also be taken as a general positive semidefinite
matrix.

We now show that for the defined S and R, we have S > RRY. Since S and RR' are nd, x nds matrices, where dg
is the dimension of Hg, S > RR' is equivalent to bf(S — RR")b > 0 for any ndg x 1 vector b.

For any ndg x 1 vector, b, we can write b' as b' = ((b1] (ba| --- (bnl) with {(b;|}7_, being ds-dimensional row
vectors. We then have

b'Sb — bTRRTb = > " (b;[(S;k — R; Ri,)[br)

gk

:Z<bj| [ij( mfk (ij Mm < fk(l)Ml>] |bk>
j.k m

—Z (me )Mm<§fk<m>|bk [ ( (bl f5(m >) ] [;Ml<zk:fk(l)|bk>>] (825)

X me Z(Z@IL() z m[ka )Ib) ;Ml@fk(”bwﬂ

l j k k

=> V,Lvam >0,

where Vi = 50, fi(m)[bi) = X2 My (S fe(D o)) = 55, f5(m)lbs) — 2 My (55, £51)lbs) ). We thus have S > RRY.

Denote {R;}7_; and S* as the optimal operators that gives the minimal error, £*, we then have

E>E =T [(W®p)(S* — R*X" — XR*T + XXT)]
> min {Tr [(W @ p)(S — R*XT = XR*T 4 XX1)] |S;5. = ST, = 15,8 > R*R*T}

(S26)
> min {n (W ® p)(S — RXT — XRT 4+ XX1)] S = S!, = S1;,S > RRI, R; = R}} .
And the minimization can be formulated as a semidefinite programming as
& = {ml? Tr [(W ® p)(S — RXT — XRT + XXT)]
SAR; j=1
subject to  Sjp = Sp; = S;k, Vi, k
T (S27)
R;=R;, Vj

I Rf



S3. COMPARISON OF THE SDP AND ANALYTICAL BOUND

In this section we show that the bound & is tighter than the analytical bounds with any choice of {|ug)}.
Recall that for any vector |u) in Hg ® H4, we have

(WVp®a(F - X 01)\ [(uypeoF - X o)\’

A | wlypEaE, - XD | | ulyp@aF, - Xa o 1)

(ul/pR (X, ® 1) (ulyp®o(Xy®1) (S28)

(Ul (X I) (VP E (X, @ 1)
-(B ) =0

where Q,,, D, J, are n X n matrices with the jk-th elements given by

(Qu)jk = (uVp@o(F; — X; @ I)(Fl, — Xk  I)V/p ® o|u),
(Du)jr = (ulvp®@o(F; — X; @ (X @ I)V/p @ olu), (S29)
(Ju)jk = (ulVp @ a(X; @ I)(Xy @ I)Vp @ olu).

Note that [Fj, Fi,] = 0, which gives
(Qu+ Du+ Dl + Ju)ji = (Qu + Du + DY + Ju )i, (S30)

i.e., the matrix Q, + D, + D}, + J,, is real symmetric. For any set of vectors {|u,)} that satistifies Doq lug)(ugl = 1,
we have @ = Zq Qu,- Together with Eq.(528) and Eq.(S30), we can write the bound as a minimization,

E, = 1{111%? Tr[WQ] = 2 Tr[WQu,]

s Q q D q
subject to (qu J:q > 0,Vq

Qu, + Dy, + DLQ + Jy, real symmetric, Vq.

(S31)

&, is tighter than any analytical bounds based on it, unless any other potential constraints could be introduced. In
particular it is tighter than the analytical bound obtained in Appendix S1. We will then show & is tighter than &,
for any {|ug)}.

We first formulate &, as a semidefinite programming for a fixed {|u,)}, then show that & > &, for any {|uy)}.
First note that since o = [£3)(&y|, we have

VP @ alug)(ug|Vp®@o

= (VP ®[£0))(I @ (&o|)|ug) (uqgl(I @ |€0)) (VP ® (£ol)

= (P ®|£))p(vp @ (&l) (532)
= VPo/P ® [§0) (&0l

= Pug ® o,

here p = (I ® (§ol)|ug)(uqg|(I @ |€0)) and pu, = \/ppy/p . We note that > p,, = p, and each p,, is unnormalized

with rank equal to 1. With S;, =" f;(m)M,, fr(m), R = (R1 Ry --- Rn)T and X = (X1 Xy --- Xn)T, we have
Qu, = Trs [(In @ pu,)(S — RXT — XRT + XX1)], Dy, = Trs [(In ® pu,)(RXT — XX1)] and J,, = Trs [(In @ pu, )XXT].



ug Du . . . .
With Schur complement, (gT“ J; ‘*) > 0 is equivalent to Q, > D, Ju‘q 1DLq, which further gives
Uq
Quy + (Duy + Juy) + (Duy + Ju)" = Juy = (Duy + Juy) i) (Duy + Ju,)'
& Trs [(In @ pu,)S] > Trs [(In @ pu,)RXT] Trg [(In @ pu, )XXT] ™" Tr [(1, ® pu, )RXT]'
< Trg [(In X puq)s} Trg [(In & puq)RxT]> > (833)
Trs [(In ® pu,)RXT]T Trg [(In @ pu,)XXT]) =

S Rxt
Aad TI'S |:(12 & In X puq) (XRT xxf):| > 0.

Also note that the constraint of Quq + Dy, + DLQ + Ju, being real symmetric is equivalent to Trg [(In ® puq)S] being
real symmetric. &, can then be formulated as a semidefinite programming for a fixed {|uy)} as

&= _min Tr[(W ® p)(S—RX" = XRT + XXT)]

S{R;}7_,

. S RXf
subject to Trg |:(IQ ® Iy ® pu,) (XRT XX*)} >0,Vq (S34)
Trs [(I, ® pu,)S| real symmetric, Vg
R; = Rl

Next we show that & is tighter than &, f {lug)}. Since (RRT RXTY _ (R RY'S 0. combining with th
ext we snow a o 18 lg er all C, I0r any Uq . mece XRT XX.‘_ = X X = ,Com lnlng W1 e

S

. > -i- . .
constraint S > RR' in &y, we can obtain (XRT xt
the constraint S;, = Si; = Sj—k, Vj, k in &, we can also obtain that Trg [(In ® puq)S] is real symmetric Vq. The

semidefinite programming & thus has the same objective function but stronger constraints than those in &,, which
indicates that & > &,,.

> > 0, which is stronger than the first constraint in &,. From

S4. TIGHT ERROR-TRADEOFF RELATION AND OPTIMAL MEASUREMENT FOR PURE STATES

In this section, we show that when p is a pure state, £ > & is tight. Additionally we provide an explicit construction
of the optimal measurement that saturates the bound.
Given any pure state p = |¢){(¢|, we have

Tr [(W ® p)(S — RXT — XRT + XXT)] = Tr [W (S — R'X - XTR+ X'X)], (S35)
where S is an n X n matrix with its jkth element given as Sj; = (¥[S;x[¢), R = (|r1) |r2) --+ |rn)) and X =
(|z1) |z2) -+ |@n)) are dg X n matrices with |r;) = R;|v), |z;) = X;|) for 1 < j < n. Sjj, = Sy = S;r.k indicates

that S is real symmetric. From S > RR, we have S > R'R = (R'R)g. + i(RTR)1,. By taking transpose on both
sides, we also have ST = S > (RTR)ge — (R R)1m, thus W2 (S — (RTR)ge)W?2 > +iW 2 (RIR)1W 2 and we get

Te(WS) > Tr(W(R R)ge) + Tr ]W%(RTR)ImW% : (S36)

where the inequality can be saturated if S = (RTR)ge + W2 |W2 (R'R),,W 2| W—2. Thus we can further simplify

&y for pure states as

E = %u]? {Tr [W (S —R'X-X'R+ XTX)] |S real symmetric, S > RTR} s

= min {Tr W ((R'R)ge — R'X — X1R+ XTX)] + Tv W2 (R'R) 1 W

}

The computation of & can be largely simplified by the following lemma.



Lemma 1. & = &, where

&)= min {Tr [W (R"R)re — R'X — X'R+ X'X)] |(R'R)1mn = 0} . (S38)
Proof. Denote X as the linear span of {|¢),|21),..., |z,)} and X~ as its orthogonal complement. Each |r;) can
then be decomposed as |r;) = |a;) + |b;) with |a;) € X and |b;) € X+, Define A = (la1) |az) -+ |an)) and

B = (|b1) |b2) -+ |bn)), we then have R = A+ B and R'TR = ATA + BTB. Next we consider the minimization in
&y over B with any fixed A. The Lagrangian of the minimization can be written as

L(B,A)=Tr [W ((R"R)re — R'X — X'R+ X"X)] + Tr [(R'R)1mA]
=Tr [W (AT A)ge + (B B)re — ATX — XTA+ XTX)] + Tr (AT A)1mA] + Tr [(B' B)rA] -
Here since (R'R)1y, is antisymmetric, we have Tr [(RTR)pnA] = Tr [(RTR)T, AT] = —Tr [(RTR)1,AT], which further

Im
gives Tr [(RTR)imA] = Tr [(RTR)1m(A — AT)/2], where (A — AT)/2 is the antisymmetric part of A. Thus without
loss of generality we assume A is antisymmetric.

The matrix derivative of £(B) with respect to B can be calculated as
OpL(B,A) = lim L(B+e¢e-dB,A)— L(B,A\)
e—0 £
=Tr [W(BYB + 6B B)re + (B'6B + 6 BT B)rm A (S40)
=Tr [W(B'6B + 6B'B)ge — (iB'6B + i6 B! B)geA]
= 2ReTr [6BTB(W —iA)].
Then we let 9gL(B,A) = 0 for arbitrary 6 B and get B(W — ¢A) = 0, which further gives
W2B'BW? = iW3>BI BWsW 2 AW 3. (S41)

(S39)

By taking the real part and imaginary part on both sides, we have

W2 (B'B)peW? = —W2(B'B)m W2 W2 AW 2,

S42
W2(BIB)uW? = W2 (B B)peWEW AW 2. 1

Note that W3 (BTB)REW% is real symmetric, from the first equation we can get W%(BTB)ImW%,W_%AW_% =0.

W2(B'B)reWz, W2 (B'B),yW2z and W2 AW 2 can thus be simultancously diagonalized. Let Wz (B B)g W2 =
UDgUT, W%(BTB)ImW% = UDy, Ut and W—3AW % = UDAUT, where Dre, D1y, and Dy are diagonal matrices
and U is a unitary matrix. From Eq.(S42), we then have Dr, = —DiDa and Dy, = DreDy. Taking the absolute
values on both sides, we further have |Dge| = |Dim||Da| and |Diy| = |Dgre||Dal|. This gives

(IDre| = [Dim|)(I + [Da]) = 0, (543)

which indicates that |Dgre| = |Dim|. Thus we have

Tr [W(B'B)re] = Tr(Dre) = Tr|Dro| = Tt|Dim| = T |W2 (B B) W2 | . (S44)
Since (R'R)im = 0, we also have (BYB)py, = —(ATA)1y, thus Tr [W(BTB)ge] = Tr ‘W%(ATA)ImW% and
€y = min {Tr [W (B'R)re — R'X = X'R + XTX)] |(R" R)1m = 0}
= i Tr [W ((ATA)ge + (BTB)re — ATX — XTA+ XTX)] (AT A) 1 + (BT B)im = 0
gy {Tr [W ((ATA)ge + (B'B)r + XTX)] [(AT A1 + (B'B): } (S45)

= min [T [W (AT A)pe — ATX = XTA+ XTX)] + T |WH (AT A)y, W2

A:laj)ex

}250.

Here the last inequality holds as there exist an additional constraint in £). On the other hand, for &, we have
&y =min {Tr [W (S —R'X - X'R+ XTX)] |S real symmetric, S > RTR}
S,R
= min {Tr [W (SfATXfXTA+XTX)} |S real symmetric, S > ATAJrBTB}
S,A:|aj>EX,B:|bj)€.)€'L
> min {Tr [W (S —ATX —XTA+ XTX)] |S real symmetric, S > ATA}

T S,Atlaj)eX
— min {Tr [W ((ATA)ge — ATX — XTA+ XTX)] + Tr }:55,

A:laj)ex

(S46)

W3 (AT A) 1 W2
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where the inequality holds since S > AYA + BB indicates that S > AtA. Combining with &) > &), we have
&) =&. [ ]

The tightness of & can then be proved by the following lemma.
Lemma 2. & is tight, i.e., if (RTR)im = 0, there always exist a POVM {M,,} and a set of {f;(m)}, such that

> fi(m)My[¥) = |rj) for R= (|r1) |r2) -+ |ry)), and the weighted root-mean-square error
E=Tr[W((R'R)gre — R'X - X'R+ XTX)]. (S47)
Proof. For arbitrary R = (|r1) |r2) -+ |ra)), by doing Schmidt’s orthonormalization on {[¢), |r1), |r2), ..., [ra)}, we
can obtain an orthonormal basis {|ux)};2, with ng = min{n + 1,d}, and
|U1> = |w>7
juz) = N (1) — (Blr1)), S

where A is a normalization factor which is a real number. Since R; is Hermitian, we have (¢|r;) = (Y|R;¢) € R,
and from (RTR)1, = 0, we also have Im(r;|r;) = 0, V4, k. Thus the coefficients in Eq.(S48) are thus all real numbers.
Each |r;) can then be expanded as |r;) = Y 1% Aji|ug)with \j, € R.

We then choose an ng X ng real orthogonal matrix P, with Pj; being its jkth element, to obtain a rotated basis
[uf) = > "pLy Piklur). By choosing a P such that Pj; # 0, we have (i|u}) # 0, Vj. In the new basis, {|u})}, |r;) can
be represented as

ng ng ng ng Uz
i) = Njlur) =Y Nje Y Pielup) = ( )\jk]le> |uz).- (S49)
k=1 =1 1

k=1 =1 \k=

We can now choose a measurement

ng
M, = [ul ) ul,|, for 1 <m <ng, My=1-— Z lul Yl (S50)
m=1
and
ks A Pk
fj(m):W for 1 <m <ng, fj(m)=0form=0, (S51)
U’m
for which we have Y1 fi(m)My|v) = >0 fi(m)(ul,[¥)|ul,) + f;(0)Mo|e) = |r;). The bound given by
£ = min {Tr [W ((R'R)re — R'X — X'R+ X"X)] (R"R)1mm = 0} (S52)
can thus be achieved.
|

A. Tightness for mixed states

In this subsection, we provide an explicit example that for mixed states, £ > & is in general not tight.
Take the state p and observables X7, X5 as

1—=p0 0 0 10 0 0 01 0 0
1 0 1 0 o0 01 0 3 10 1 0
=30 0 o1+po[ T l0o0 20 7|01 0 -2 (553)
0 0 0 O 03 00 00-3 0

Besides the calculation of the SDP &, we do a brute-force search over all the possible measurements for the error
€2 + €2 numerically. Then a gap between the SDP bound and a brute-force search can be illustrated as Fig.S1,
indicating that for mixed states, £ > &g is in general not tight.
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Figure S1. Comparison of the SDP bound and a brute-force search.

S5. ANALYTICAL ERROR-TRADEOFF RELATION AND OPTIMAL MEASUREMENT FOR TWO
OBSERVABLES ON PURE STATES

In this section, we analytically solve the optimization in &, in the case of two observables with W = diag(wq, ws)
and p = |¢) (1| as a pure state, and provide the optimal measurement that saturates the bound.

In the case of two observables, the condition, (RTR)1, = 0, is equivalent to Tr(p [Ry, R2]) = 0 with p = [1)(¢)|. The
minimization in & can thus be equivalently written as

& = min ij p(R;jR; — R;X; — X;R; + X;X;)]|Tr(p [R1, R2]) = 0, Ry, Ry Hermitian p . (Sh4)

Denote R = \/uTlRl + z\/uTgf%g and X = \/11715(1 + i\/w72)~(2, &y can then be written as

€ = min {Tr(pRTR) — %Tr [p(RXT+X'R+R'X + XR' - XX - X'X)] Tx(pR'R) = Tr(pRRT)} . (S55)
The minimization can be solved via the Lagrangian multiplier with

L(R,u) = Tr(pR'R) —%ﬂ [P(RX"+ X'R+ R'X + XR' - XX - X"X)]+p[Tr(pRR') — Tr(pR'R)] . (S56)

The matrix derivative of L(R, u) with respect to R can be calculated as

8R£(R, ,LL) = lim

e—0 e

(S57)
1 1
=Tr {5R [MRT/J + (1 —p)pR" — 3 (XTp—i— ,OXT)} +RT [upR—l— (1—p)Rp— 3 (pX + Xp)] } )
Then we let OgL(R, 1) = 0 for arbitrary § R and obtain
1
ppR+ (1= p)Rp — o (pX + Xp) = 0. (S58)

By taking trace on both sides of the equation, we have (¢|R|) = (| X |¢). By multiplying |¢) from either left or
right side of Eq.(S58), we get

(1= W)RJ) = 51— 20) G X)) + 5 X ),

1 (S59)
pRIg) = 5 (2u = DX ) y) + 5 1xty).
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Using Eq.(S59) and (| RTR|v) = ()| RR[1)), we can then solve u. We first consider the cases where u ¢ {0,1}. In
this case we have

IR RIY) = o (20— 2w @IX ] + 5 wIXT) (50— 20 WIX 1)) + 5 X 1)
(1—p)2 \2 2 B

_ (1 =2p)(3—-2p)

t

(WX [)]* +

1
1y
WIRR) = = (5 - DXL+ 5 <w|X) (500 - DX + 5X710))

_@p-1)@p+1)
442

(Y| RYRJp) — (| RR|1)) = 0 then leads to
1 1 1 1/1 1
o) o i (et ) oo 0

o= SWIXTX 4 XXNP) — [(GIX ) = wn(AX2)? + un(AX,)?

(S60)

- f
(WX )| + 4u2 (V[ X XT|).

where
1 (562)
B =5 WIXTX = XXT)|y) = iv/wrwa(¢|[Xy, Xa]|),

here (AX;)? = (| X7 |1) — (| X;])? denotes the variance of X for j = 1,2. From Eq.(S61) we get two solutions,
—(a—-pB)+ -

pt = % (S63)
With g = p+, and Ry, Ry satisfies Eq.(S59) we have
(ARX ) = ; (;<2u DX + 501X ) XTo) = 2Ll + 5 (WX XTTo)
(S64)
(WIXTRI) = T wIXT (50 - 200X 1)) + 2X|¢>) - 50 _m|<w|xw>|2 + gy WX X,
and
& =(Y|R'R|y) — %(@M(RXT +X'R+R'X + XR' - XX - XTX)|¢)
-(© 431“’_(?;)2 X + gz X X)) + FOKXT + XX
(2= 2 1 t L—2p 2 1 t
(Zo Xt + 5o wix ) - (55 ,M)|<w|xw>| + X X))
(=203 —-2p) 2u—-1 1-2u 2, i i
— (G2 2t ) [IX P+ XX+ XTX0I) (56%)
+ (g ~ 3 ) WIXTX) - 5 WX X )
:< . 2-3p )a 4p? —5,u+2ﬂ
4p(l — p)? 4p(l — p)?
:% (a:F a2—ﬁ2).

The minimal & = 3 (a —ya? - ,82> is achieved with u = u.
In the cases where p € {0,1}, Eq.(S59) have solutions only if & = . For example, if p = 0, Eq.(S59) becomes

RI) = 3 (X[} 19) + 3 X ),

) ) (S66)
0=— (WX ) lY) + 5 X Tw).
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Multiply (1| X from the left of the second equation, we have ()| X X T|) = |(x)| X |)|?, which gives a = 8. In this
case

(IR RI) = 3 (I P + (61X X)),
(WIRX ) = [(¥1X[y)[*, (S67)
(IR X|g) = L (WIXTXJ) + || X[ ).

Then
& ~(WIR'RIY) — J(0|(RX' + X'R+ RIX + XR' - XX' = X' X0)|0)
1
=1(<¢|XTX|1/)> — |1 X [)]?)
) (S68)
= (XX [0) - (X X))
1

:QO{.
Similarly for g = 1, we also have o = 8 and & = %a. Thus p € {0,1} can only happen when o« = 3, in which case

the minimal & can also be written as & = 1(a — \/a2? — #2). To summarize, we have the tight bound

wiel + waes > % (04 - M> ) (869)
where a = w1 (AX1)? + wa(AX2)?, B = iy/wiwz(Y|[ X1, Xo] ).

We note that since Ozawa’s relation is tight for two observables on pure states, the tight bound can also be
obtained from the Ozawa’s relation, which is presented in the next section. The advantage of the derivation here is it
can directly use Lemma 2 in Appendix S4 to construct the optimal measurement. Without loss of generality, we can
assume (| X1|1) = (1| X2|ep) = 0, which is equivalent to replacing X; = X; — (¢|X;|¢)I for j = 1,2 and does not
affect the root-mean-square error and the optimal measurement. Then with Eq.(S59), we have

(1= w)() +ilra)) = 5(n) + i),

1 (S70)
pllre) = ilre)) = S(lz1) — dlzz)),
which gives |r1), |re) as
1 _ 1 , 1 11— 2
r) = 7 x1) +xe)) + —(|21) —122)) = —F——=|%1) — 1 —F— |T2),
) = gy o) + )+ () =) = prsfon) =i o ) .
r2) = =) +laa)) = () — i) = i) + o)
7 TE I R 7 A V7T S ) L T R
with |z;) = X)), j = 1,2, p = py = % Vor =5 By finding the orthonormal basis |u/,) of the span

{|¥),|r1),|r2)} such that (¢|ul,) # 0, Vm, the optimal measurement {M,,} and optimal {f;(m)} can be obtained as
Eq.(S50) and Eq.(S51).

S6. TIGHTER ANALYTICAL BOUND FOR TWO OBSERVABLES ON MIXED STATES

In this section, we derive a tighter analytical bound for two observables on mixed states than the Ozawa’s bound.

A. Minimal weighted error from Ozawa’s relation

For the comparison, we first identify the minimal weighted error, wye? 4+ wqe3, derived from the Ozawa’s relation,

G (AX2) +(AX)? B +2/(AX1)2 - (AXa)? — chyer -2 > by, (S72)
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where Cip = %H\/E[X17X2]\/ﬁ||1
The minimal weighted error can be obtained via the Lagrange multiplier with

E(Gl, €2, )\) = wlt—f% + ’LUQE% + A (6% . (AX2)2 + (AXl)z . Eg + 2\/(AX1)2 . (AXZ)Z — C%Q(—fl c €2 — 0%2) , (873)

which gives

Oe, L(e1, €2, A) = 2wi€r + A (2e1 (AX,)? + 2\/(AX1)2 (AX5)? — c§2€2> =0,
(S74)

862£(€1,€2, )\) = 2wa9€g + A (262 . (A)(l)2 + 2\/(AX1)2 . (AXQ)Q — C%2€1> =0,

and A(e? - (AX2)? + (AX1)? - 3 + 2/ (AX1)? - (AX3)2 — Cyeq - €3 — c25) = 0. If A\ = 0, we have ¢; = €3 = 0,
which can only satisfy the inequality in Eq.(S72) when cjp = 0. If X\ # 0, we then have €7 - (AX3)? + (AX1)? - €3 +
2¢/(AX1)% - (AX3)2 — clye; - €2 — ¢35 = 0, which, combines with Eq.(S74), gives the optimal ¢; and e as

. N 1

(S75)

65( (UJQ(AXQ)4 + wl(AX1)2 . (AX2)2 — 2’[1)16%2),

1 1
=, /=(AX3)?2 — ———
\/2( 2) Ny
where a = w1 (AX1)? + wy(AX5)?%, B = 2,/wiwzc12. Note that when cjo = 0, € = €5 = 0 are also optimal. Eq.(S75)

thus give the optimal value for all cases. By substituting e} and €% in we? + woe3, we then obtain the bound on the
minimal weighted error from the Ozawa’s relation as

1
Wil + Wl > Eozawa = W€} F W = 5 (a —Va? - 52) , (S76)
where a = w1 (AX1)? +wa(AX5)?2, = Vuwiwz|l/p[X1, X2]y/pll1- Note that €] and €5 saturates the Ozawa’s relation
with €12 (AXo)? + (AX1)? - 52 + 20/ (AX1)2 - (AX2)2 — 356} - €5 = ¢35, the bound in Eq.(S76) is thus as tight as the
Ozawa’s relation. It is saturable for pure state, however, for mixed states, however, the bound is not tight in general
since the Ozawa’s relation is in general not tight for mixed states.

B. Tighter analytical bound for the weighted error

We now derive a tighter analytical bound. Given any mixed state p, the minimal £ is lower bounded by & in
Eq.(527). Given any {[uq)} that satistifies }°_ |ug)(uq| = I, we have p =3 /plug)(uqly/p = 32, Aqldq)(9ql, here

Mo = (uglplug),  160) = % (s77)

Then we have & > > A¢&4,), With

Elgy) = 5, ‘Tr [(W @ [6)(6])(S — RXT — XRT 4 XXT)]

subject to  S;i = Sg; = S;k, Vi, k
R; = R, Vj

I Rt

For two observables this can be analytically solved as in previous section, which gives

Eloy) = % (aq —y/Jad - /33) , (S79)

(S78)
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where ay = w1 (A, ) X1)% + w2(Ajg,) X2)?, By = in/unwz(dg][X1, Xo]|dg)s (DjpX5)? = (0q|XF|0g) — (04]1X;|04)*
Since &y > Zq /\qg‘%), we then get an analytical bound & > &y > £4 with

Ea= NEoy =3 %)\q (a0 —/az-52). (S80)
q q

Any choice of {|ug)} with }° |ug)(ue| = I can be used to obtain an analytical bound. Specifically by choosing |ug)
as the eigenvectors of /p[X1, X»],/p, we can get an analytical bound that is in general tighter than Ozawa’s bound
for mixed states.

For the comparison of £4 with £o.qwa, We first note that

Z/\q|5q| = Z(uq|p|uq> (ugl\/p[ X1, X2]\/plug)

(uqglpluq)

Vwiws = Juwws|v/p[X1, Xo]/pll1 = B, (S81)

Z)‘qo‘q Z W Z ug|plug) Awq )
q

j=1,2

=3 wp Y (uglplug) ( uqlz/ﬁ SVPlg) <¢>q|Xj|¢>q>2> (S82)

j=1.2 P ug|pluq)
<uq|\//3X]2\/ﬁ‘uq> 2 2
< Z Wy Z(uq|p|uq> ( (tq|pltq) - Z ijr(pXj) = Z w;(AX;)7,
Jj=1,2 q Jj=1,2 Jj=1,2

where without loss of generality we assumed that Tr(pX1) = Tr(pX2) = 0. We thus have >  Ajaq < o and
> MalBgl = B. We also have (note a; > [B;])

(o= ot = 52) + (o = a3 = 2) = (o + 02 = Vsl (BT + TP (589

which can be directly verified as

Vor - 82+ /03 - 82 < V(e + ) — (Bl + [Ba])?,

af =B +03— B3+ 2\/ — B3) (a3 — B3) < of — BT + o3 — B3 + 2(anaz — |Bifa]),
( ap — 51)( - 52) (g — ‘5152” )

aifs + Biaz > 2a1a2|51ﬁ2|

(a1|B2| — |B1]e2)? >

(S84)

S R

We thus have

Ea=

[N

5 (o0 = v/ = ) = 5 3 (O = gaa)? = Ol)?)

( ZA aq) ZA ag)* — (Z AqlBql)? (S85)
> % (a - \/m) = EOzawa,

1V
N —

where the last inequality we used the fact that f(a) = a — /a2 — 52, a € (8, 00), is a monotonically non-increasing
function since f'(a) =1— \/05—762 < 0. The analytical bound, £4 = Zq %)\q (aq — /a2 — 53), is thus always tighter

than the bound obtained from the Ozawa’s relation, £o.qwe = % (a — /a2 — 62) .
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C. Example

Here we provide an example to illustrate the difference among the SDP bound &, (Eq.(527)), the analytical bound
€4, and the bound obtained from the Ozawa’s relation, £o.qwa-
Take p and three observables, X;, Xo, X3 as

P
2

p=10
0 2
00— 0

Xo=11 0 —i|, Xg=
0 i
h ]

[X;, Xi] # 0 for all j

(S86)

Here X7, X5, X35 are the spin-1 operators wit k. In this case we have (AX;)? = (AX,)? =

2~ p, (AX3)? = p, and
iz = 3IVALX1, Xal VAl = p,
ez = 3 IVAXe: Xal vl = Vo1 = p) (587)
car = 3 IVAXa, X113l = VoL = ).

For the simultaneous measurement of (X1, Xs), (X2, X3), (X3, X1), the Ozawa’s relation gives

&+ 2> Eorawa(X1, X2) =2 —p —2y/1—p,
€5 + €3 > Eozawa(X2, X3) = 1= /1= p(1 - p), (S88)
&+l > Eozawa(X3, X1) =1—+/1-p(1—p).
While £4 can be calculated by substituting {|us)} with the eigenvectors of /p[X;, X]\/p. Specifically for (X2, X3),
we have |ug) = (1,v/2,1)7/2, |u1) = (1, —v/2,1)T/2, |ug) = (1,0, —-1)T /+/2, which gives

2

G+ >Ea(Xe, Xs) =Y %Aq (a0 = /a2 - %)

q=0

_2-p(4=3p (4—3p)2_<4 p(l—p)>2 (S89)

4 2—p 2—0p 2—0p

1
= 74— 3p —[4=5p]).
Similarly for (X7, X2) and (X3, X1), we have

€ +e > Ea(X1, X2) = p,
s 9 1 (590)
€5 +€f > Ea(X3, X)) = 1(4 —3p—[4—5pl).

In Fig. S2, we illustrate the comparisons among the three bounds: (i) & that can be computed with SDP; (ii) €4
that can be analytically obtained and (iii) £ozqwa that obtained from the Ozawa’s relation. It can be seen that for
the simultaneous measurement of two observables, we already have & > €4 > £ozawae. While for the simultaneous
measurement of three observables, the SDP bound is tighter than the bound obtained by simply adding the results
for each pairs of the observables.

S7. COMPARISON OF THE ANALYTICAL BOUND FOR MORE THAN TWO OBSERVABLES WITH
THE OZAWA’S BOUND ON PURE STATES

We have shown that in the case of two observables, E4 = £o.qwa for pure states and €4 > Eo.qwa for mixed states.
Thus for mixed states we already get tighter analytical bound than the Ozawa’s bound. In this section we show that
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Figure S2. Lower bounds for the errors of the simultaneous measurement of (a) (X1, X32), (b) (X2,X3s) or (Xs,X1), (c)

(X1, X2, X3). The bounds for (X2, X3) and (X3, X1) are the same, so they are plotted in the same figure (b). The analytical
and Ozawa’s bounds for (X1, X2, X3) are obtained by summing the bounds for all pairs (X;, X), while the SDP bound can
be directly obtained via the SDP for three observables.

for pure states the analytical bound obtained for an arbitrary number of observables,

2
1. 1
Tr(SﬁelQRe) > <\/||SRe2 StmSge |lF +1— 1) , (S91)
is always tighter than the simple summation of the Ozawa’s bound when the number of observables is bigger than 4
(n >5).
Since Tr(Sgc1 QRre) does not change under linear transformations, without loss of generality, we can assume Sge = I,

the bound then becomes
2
Sz (Vismle+1-1) -
J

For pure state p = [¢)(¢|, with arbitrary {|uq)} we have (Su,)jx = (W|X;Xe|0)|(Ylug)?, and (Su,m)jr =
%(1/J|[Xj, Xi)[)[(]ug)|?. The matrices Su,,Im for different ¢ then equal to a common antisymmetric matrix multi-

plied by non-negative numbers |(1|u,)|?. In this case the optimal choice is not to take any transpose. With arbitrary
{lug)} with 3= |ug){uq| = I, we have 3, |(|ug)|? =1, and

(592)

- 1 1
(St = D (Sugim)it = Y 5 (I, Xl blug)? = 2 (11X, Xill) (393)
q q
From the Ozawa’s relation, we show in Appendix S6 B that
1
’U)16 + w2€]g > gOzawa = 5 ( V a? — 52) ) (894)

where a = w1 (AX;)? + wa(AXy)?, B = ywiws||/plX;
for normalized observables with SRe = I we have (AX] )
then given by

Xi]y/pll1- For the comparison we choose w; = wy = 1 and
1, ¥j. For pure state, p = [¢) (|, the Ozawa’s bound is

G+ e 2 Comann(X, ) = 3 (2 A IGIEG XF ) =1 - /1= S0l X, (899
By summing all pairs, we obtain
;e%znl12;(1—Jl—éuwnxﬁxknwn?). (96)
;
Since 1~ 3|(I[X;, Xl < 1, we have /1~ 310X, Xel ) > 1~ 3(611X;, Xil )2 and
> (1 - Bl x| ) < 24 (I, Xl = 1153 (97)
;
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The bound in Eq.(S92) is then tighter than the bound in Eq.(S96) when

2
(Viumlle+1-1) 2 s ﬂmaF_Ejuwﬂ—wu X)), (599
The first inequality is equivalent to

~ 1 ~
A 1SmllFr +1—12> ——||Stm
H I ||F \/m“ I ||F
1 ~ 1 ~
& ———(|Sm||lFr+1) — — — Sm|lF+1+1<0
o= Wil + 1) = s = VISt
= (||§ImHF+1)_\/2(n_l)\/||Slm||F+1+\/2(n_1)_1SO

2
~ -1 —1
& <\/||51m||F+1\/n2 ) 7712 +v2(n-1)-1<0

. ”g“(ﬁ-l)<m<¢”;l+<¢”?*)

& 1< ||Smlr+1< (V20 —1)—1)?
& 0<Smlr <2(n—1)—2y/2(n—1),

(S99)

this always holds when n > 5 since from Sge = I and Sge + iStm > 0 we have ||5’1m||p < |ISrellr = /n, and
vVn <2(n—1)—=24/2(n — 1) when n > 5. Thus for n > 5 observables on pure states, the bound in Eq.(592) is always
tighter than the simple summation of Ozawa’s relation for all pairs of the observables. We note that for pure states,
Ea = E0zawa, the bound in Eq.(592) is thus also tighter than the simple summation of £4 for all pairs.

S8. COMPARISON OF THE SDP BOUND FOR MORE THAN TWO OBSERVABLES WITH THE
OZAWA’S BOUND ON MIXED STATES

For general n observables, {X1, -+, X, }, we can use the results on two observables to show that the SDP bound for
S e€ €2 is always tighter than the bound obtained by simply summing up the Ozawa’ s relation for all e] + ek
First note that for any pair of observables, we have &(X;, Xi) > >0, A€o,y (X, Xi), and 35, Ag€g,) (X, Xi)

is tighter than the bound obtained from the Ozawa S relation Thus the SDP bound for two observables is already
tighter than the bound obtained from the Ozawa’s relation. As Z € = ﬁ Zj;ék. (6? + €2), we can use the bound

=1 "1
on two observables to obtain a bound on Y7 | € as Y1 €2 > Lo > ik €0(Xj, Xi). This is tighter than the bound
by summing up the Ozawa’s relation for all pairs since each &£ (X, X) is tighter. To show the SDP bound for n

observables is tighter than the bound obtained by summing up the Ozawa’s relation, we just need to show

1
So(X1, -, Xp) > H;SO(Xj,Xk). (S100)
J

By taking W = I,, with I,, as n x n Identity matrix, we have

Eo(X1, -, Xn)
= min Tr[(I ® p)(S — RXT — XRT + XXt
o Hin (I @ p)( )
|S > RRT, S = Sy, = S, R; = R} (S101)

:Tr[(I ® p)(S* — R*XT — XR*T 4 XXT)]

: Zﬁ [(TUR) @ p)(S* — R*XT — XR*T 4 XXT)],
—
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here S* and R* denote the optimal operators that achieve the minimum for n observables, I\ ’k? denote the diagonal
matrix with its jth and kth diagonal element equal to 1 while others equal to 0. When W = I0-¥) only 2 x 2 blocks
with indexes (j, k) contribute and we have

Tr[(IU% @ p)(S* — R*XT — XR*T 4 XxT)]

= Tr[(I ® p)(S*UH) — R XTE:R) (S102)
— XURRFGHRIT X (@R xHG:R)Y]

. S*. g% . .
here I is 2 x 2 Identity matrix, S*U:F) = (Sij Si’“), R*U:k) = (R; R,’Z)T, X@:k) = (Xj Xk)T. Note that S}, =
ki “kk
SHIES S]*,Tc for each (5, k), R} = R;T for each j, and from S* > R*R*', we have
St g R*R* R*R*
JIgk ) > (i Ik ) for each (4, k). S103
( kj Skk) - (RkRj RkRk> U:k) (3103)

Thus Tr[(I, ® p)(S*UF) —R*GRXTGR) — XURIR=GRIT L XURXTGR))] > £0(X;, Xy) since E(X;, Xi) = ming g Tr[(I®

p)(S—RXT—XRT+XXT), where X = (X; Xk)T and the minimum is taken over all S = (g;ﬂ gii) and R = (R; Rk)T
j

with S > RRT, S, = Sy; = ST, R; = RI. Thus
é‘:0()(17"' aXn)

1
n—1

1
n—1

> T[TV @ p)(S* — R*XT — XR*T 4 XXT)]
i#k (S104)

> Eo( X5, Xp).

ik

Since & (X, X) is tighter than the Ozawa’s relation, the SDP bound is thus always tighter than the bound obtained
from the simple summation of the Ozawa’s relation for all pairs.

>

S9. EXAMPLES

In this section, we demonstrate the applications of (i) the bounds of Tr(Sg!Qre); (ii) £a that can be analytically
obtained and (iii) & that can be computed with SDP in specific examples.

A. Example: Error tradeoff relation for three observables on a qubit

Bounds obtained from Tr(SplQre):
1

Consider the approximate measurement of the three Pauli operators %aw, 50y, %02 for a general spin-1/2 state
p=3(I+ry0,+1y0y+1r.0.), where |ry|? + |ry[? + |r.|> < 1. In this case X1 = 10, Xo = 0y, X5 = 30, we have
(SRe)jk = %Tr(p{Xj,Xk}) = %Tr(p %(L»;J) = iéjk for 1 < j,k < 3. Thus Sge = i[, the error tradeoff relation is

then given by

3

2
> = 1Qn) 2 § (VilSilr +1-1) (5105)

=1

here Si, is the imaginary part of S = Zq S'uq with each S'uq equals to either Sy, or 5%7 where (Su, )k = (ug|(y/p®
Vo) (X Xk @ I)(\/p ® o)|ug) with o = [£)(&o|- The tightest bound is obtained by maximizing ||Sim||F over all
choices of {|ug)} such that 3°_[ug)(uq| = I. Here instead of maximizing over all {|ug)}, we consider the maximization
over {|u1) ® &), |u2) @ |E)|l = 0,1,-+- ,da — 1}, with {Juq), |uz)} and {|&)|l = 0,1, ,da — 1} being orthonormal
basis of the system and ancilla, respectively. With such choices we have

(Sug )ik = (€il{uql(vp @ Vo) (X; Xk ® I)(\/p ® Vo) |ug)|&1)

= (ugly/PX; Xi/Pltg) o (S106)
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The optimization is now over {|u1),|us)} such that |ui)(ui| + |ug)(uz| = Is with Ig as the Identity on the system,
together with the choices of taking the transpose on (Su,)jx = (uql/pX; Xk\/Pltq), ¢ = 1,2. The optimization leads
to a lower bound on the minimal error of approximating {X,;} with any measurement on p. The bound could be
further tightened by optimizing over all choices of {|u,)} in the space of system and ancilla.

Before making the optimization, we emphasize that any choice leads to a valid bound. A simple choice is just to
choose {|u1), |u2)} as {|0),|1)}, and we are free to make the choices of taking the transpose on {S,,, Sy, }. A direct
calculation on {S,,, Sy, } gives

~ 1 1
0 S = 005 S + Sl IS + ST, g} = max {502 473 4 2,50 =2 =)} (5107

which leads to a tradeoff relation

2
1 ~ S| 1
25 - _ —— i 2 2 2 2 2} _ .
§ 6]_4<\/4H13X||SIHI|F+1 1) 4<\/4x2ﬂmax{\/rz+ry+rz,\/1 r2 =12t 41 1> (S108)

j=1

We now consider the maximization of ||Si || over the choices of {|u1), |uz)}. In this case we have

max 1Sl = max Zw max (S™%) 3, (S109)

where wj, = Tr(Xj;) with Xj, = %\/E[XJ,X;C]\//?, and S = ij mjkijk with x5 as a 3-dimensional vector with
its rth entry given by xﬂ) = Tr(Xjro,), 1 <7 < 3, Anax(S*”) denotes the largest eigenvalue of S**. We will show

that for any p = +(I + ryo, + ryo, + r.0.), we have Dk lwjr? = § (r2 +r2 +r2) < § and Apax(S™) = §. This
then leads to a bound as

2 2 2
~ 1 1 1
L Sl +1—1] == Jdx —+1-1 :< \/§+1—1>, S110
;% W s | S ) 4<,/ 5 (v ($110)

which is generally tighter than Eq.(S108).
We now sketch the procedure of the optimization to get the above bound. First note that the entries of Sy, are
given by

2

SIm Z uq,Im Z Uq|f[ Xk]\/ﬁ|uq>’ (Slll)

q=1 q=1

where s, = 0 if Suq = Su,, 8q = 1if Suq = Sy, The Frobenius norm of Stm can then be written as

IStalld =D 1(Stm)inl? =

Jk ik

2

S (1) (ALK, XAl

q

2
1
Tr ((Z )qu> 2\/5[Xj7Xk]\/ﬁ> (5112)
q
2
Tr ((Z(—l)SQMq> Xjk) ;
q
here My = |uq)(uq| and X;, = 5-1/p[X;, Xi],/p. The optimization can thus be reformulated as
9 2
max Tr (Xjk Z(—l)quq>
Mk a=1 (S113)

subject to ZM‘J =1, M, >0, M(? = M,,
q



19

where s, € {0,1},Vq € {1,2}. For the qubit system, we introduce the Hermitian basis {\,}3_, = {%I, %01, %02, %03}
such that Tr(\.As) = d,5 for 0 < r, s < 3. The Hermitian operators X and M, can then be vectorized as

3 3
1
Tr(XJk)I+ E Tr(XijT)UT] = 5 (ZUjkI+ E I§2)0T> s (8114)
r=1

r=1

3

1

Xjp, = ZOTr(Xjk)\T))\T =3
r=

3 3
Tr(M)I + Tr(Mqar)aT] = % <wq1 +y xgpgr) : (S115)

r=0 r=1 r=1
where we have defined wj;, = Tr(X;%), 2 = Tr(Xjror), wg = Tr(M,) =1, ") = (M, Let m (2) )
ik ik jkOr); Wq r(My) =1, z4 r(Mgor). Let zg = (zq ', 24 2q )
as a three-dimensional vectors, from M, > 0, we can obtain > °_, ( (T)) <1, ie., |lzgll <1, and from M7 = M,,
we have ||z,4]| = 1. The optimization can thus be reformulated as
) 2
s 53 o | S| a2 [ Sy
AT 4 4 (S116)

subject to Zﬂcq =0, [lzq| =1,
q

where s, € {0,1},Vq € {1, 2}.
When s1 = s =0o0r s1 =89 =1,

2wjp, + Z T (r) (xgr) + xér)>

1
max | St [|% = max = Z

2
{lug {2} o

When s1 =0, s =10r s; =1, s =0,

3 2

S50 (5 af)

r=1

o3t

1
max ml||F = max —
ma [Si} {M]Zk

2

e 35 a0
jk rs

(S118)

= max E xl E Ijkl‘jk

{z1} rs
= max z7 S
{z1}
= )\maX(Sxx)~
where we have defined a 3 x 3 symmetric matrix S® with its rs-th entry as (5%%),s = >, @ gk) gk), ie, ™ =
ij xjkx?k. Amax(S**) then denotes the largest eigenvalue of the matrix S**. The optimal x; is given by the
eigenvector of S which corresponds to the maximal eigenvalue, which further gives the optimal choice of {|ug)}.

Combining the two cases together, we have

{I|na§< || Stn ||% = max Z [wik]?, Amax (S™) ¢ . (S119)

By substituting p and X; = az, Xo = Uy, X3 = O'Z in the definition of wj, we have

Z ‘w1k|

2

_1 (r2+r2+712). (S120)

(p[X;, Xk]) 3
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To calculate Apax(S™), note that for p = %(I + 1,05 +1y0y +7,0;), Wwe can equivalently write r, = Asinf cosp,
ry = Asin@sing, and r, = Acos@ with |A| < 1. p then has an eigendecomposition as p = 1E2[4p1) (01| + 252 () (10|

with [g) = (e Sfcosz) o) = (6_“”5”29) and (t[t62) = 0. Thus

1’12 COS2

1+ A 1-A 1 (p+qcosh qe ¥ sinf
Vo= SRRl el = 3 (8 ), (s121)

where we have defined p = \/%—l—\/%, q= 1/%— 1/%. Then we have 211 = 92 = 233 = 0, and

1 q* cos psin 20 1 ¢?sin 2¢sin” 0
T2 = —T2 = g ¢*sinpsin20 |, z13=—x3 = ~3 p?—q (cos 6 + cos 2psin® 0)
p? + q? cos 20 q> sin @ sin 26 ($122)
1 [P* — ¢*(cos® 6 — cos 2¢ sin? 9)
T3 = —Tgp =g q?sin 2 sin” 0
q? cos @ sin 20
A few lines of calculation then gives
1 1-— ri —r? ToTy Ty
ST = Z xjkx;‘-rk =3 TuTy 1—72—72 Ty , (S123)
jk=1 TiTa ryre  l—r2—r2
where we have represented A, 0, ¢ with the original notations r, ry, .. The largest eigenvalue of S** is , with

corresponding eigenvectors z; = \/ﬁ(m ry r2)7 for r2 + r; + 72 % 0. In this case the optimal choice of luz) is
T 7',y Tz

the pure state with x; as its bloch vector, and the optimal |us) is the orthogonal complement of |u).
Thus for any p = %(I + ry0. + 7ﬂyo—y + Tzaz); we have ij ‘wjk‘z - % (7"2 +T§ +7’§) S % and )\max(S”) = %,
Eq.(S105) and Eq.(S109) then lead to

2 2 2
2632i<\/4{r|na§(}||5'1m|p+11> —i<1/4x2\1ﬁ+11> —i(\/\/i+11> . (S124)
i=1 e

This bounds the minimal error of approximately implementing {%O’I, %Jy, %oz} with a single measurement on p.
Bounds obtained from E4 and the SDP &y:

Next we calculate the analytical bound £4 for each pairs of the observables. For the ease of comparison, here we
choose specific values of § = 5, ¢ = 0, such that p = %(I + Ao,). For the simultaneous measurement of (X7, Xs), it
is straightforward to obtain that

JAIX1, Xl /P = m (1 0 ) (S125)

By choosing {|ug)} as the eigenvectors of |/p[X1, Xo]\/p, ie., {|ug)} = {[0),|1)}, the bound €4 can be directly
calculated as

1(1 —\?). (S126)

€ +e3>Ea(X1, X)) = 1

Similarly for the simultaneous measurement of (X2, X3) and (X3, X;), the bound €4 can be calculated as
1

€5+ €5 > Ea(Xa, X3) = s
S127

— |

2+l >Ea(X3,X1) = Z(l — %),

For the simultaneous measurement of (X7, X, X3), a direct summation of the bounds for each pairs of the observables
gives

—_

1
4 e2te (EA(X1, Xo) + Ea(Xg, X3) + Ea(X3, X)) = 3+ —(1=)2). (S128)

N)M—l
B
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Figure S3. Lower bounds for the errors of the simultaneous measurement of (X1, X2, X3) given by (i) bound that obtained
from Tr(Sg!Qre); (ii) the simple summation of the analytical bound £ for all pairs and (iii) & that can be computed with
SDP.

The SDP & also gives a bound for (X7, X3, X3) directly, which can be computed efficiently. In Fig. S3, we make
comparisons among the three bounds, (i) bound that obtained from Tr(Sg!Qre); (ii) the simple summation of the
analytical bound €4 for all pairs and (iii) & that can be computed with SDP. It can be seen that the SDP bound
is the tightest among the three bounds. We note that although the simple summation of £4 for each pairs of the
observables is tighter than Tr(S;{e1 QRre) in this example, there are cases the bound obtained from Tr(SgelQRe) can be
tighter, as we have shown in the previous section.

B. Example: Tradeoff relation for the estimation of multiple parameters in a qubit

Bounds obtained from Tr(SplQre):

The error-tradeoff relation for multiple observables can be used to obtain tradeoff relation in multiparameter
quantum estimation. Here we consider the simultaneous estimation of the three parameters (X, 0, ¢) in p = %(I +
T$0g + Tyoy + 7,05), where r; = Asinf cos ¢, ry, = Asinfsin g, and r, = Acos@, here |A| < 1.

For any measurement on p, the classical Fisher information matrix, F, is bounded as

1 - — 1 2
Tr[Fy' Fo] <3 - (\/IIF52SImFQ g +1- 1) : (S129)

The SLDs for (A, 0, ¢) are given by

1

Ihv=9—%

(7i-G— ), Lg=\0pit-&), Ly,=A\0,il &), (S130)

here 77 = (sin 6 cos ¢, sin O sin ¢, cos §), & = (0, 0y,0), and the quantum Fisher information matrix is

e 00
Fo=| 0 A\ 0 . (S131)

0 0 Asin?0

We can use Eq.(S109) to maximize Spy, over {|u,)}. Note that under the reparameterization which makes Fg = I,

_1 . _1 ~ ~ _1
we have FQ 2 SImFQ 2 = St. The SLD operators under this reparametrization are given by Ly = Zj(FQ 2)ikLj, ie.,

~ 1

Ly=——
SV e

- ~ 1
7G— M), Ly=0pii-& Ly,=—— (i &) 132
(-0 —A), o = OgTi - G, " |Sin0|(8¢n d) (S132)
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From Eq.(S121) we can obtain \/p = 3 (pI + gii - 0), thus we have

1 1

Xlg = 21 [L)\,Lg]\[— leno(a n- U),
1 | sin 6|
— — n.a S133
Xo3 % olLe, «p]\/ﬁ 9sind (M +17-0), ( )

| sin 0]

L s =z S o
X31 = Z\/E[L‘P7LA]\/E = 2sin 6 (89” : U)’

which gives

1 . |sinf| |sm€|
sin&a"on’ T23 = —X32 = Sind n, xi3=—T31 = —

o (S134)

T12 = —T21 =
sin @

Note that 217 = 292 = 233 = 0, it is then easy to obtain $** = Z? b1 xjkxfk = 2I. In this case {|uq)} can be chosen
arbitrarily and we always have Amax(S®) = 2. It is also straightforward to obtain }_ lwik|? = >k | T X2 =
2X2 < 2, thus

fax IFg 2 SImFQ Hlp =2 (S135)

This leads to a tradeoff relation for the estimation of {\, 6, ¢} as

2 2
Te[F5 ' Fo] <3 - <\/{max G2 SinFo ? | +1 - 1) —3- (\/\/§+ 1— 1) . (S136)

luq)

Bounds obtained from E4 and the SDP &y:
By doing summation over the analytical bound €4 for each pairs of (L, L), we directly have

1

Te[F F ) <m— ——
o Fel<n 50755

IC|1%, (S137)

with the jk-th entry of C given as (C);x = \/Ea(Lj, Lx). Again for the ease of comparison, we choose specific values

of @ = %, ¢ = 0. Substituting Ly, Ly, L,in Ea(L j,Lk), we directly have E4(Ly, Ly) = Ea(Lg, L o) = SA(LW,LA) =1,
and

_ 1 3
TH[Fg" Fol <3 - 1ICII3 = 5. (S138)

By substituting Ly, Ly, f@, the SDP &, also gives a bound directly as Tr[FélFC] <n—E&y =1, which is the tightest
among all bounds and coincides with the Gill-Massar bound for qubit states.

C. Example: Tradeoff relation under collective measurement

While the tradeoff relation is obtained under local measurements, it can also be used to obtain tradeoff relations
for collective measurements on p copies of the states by simply replacing p with p&?.

As an example we consider the simultaneous estimation of the three parameters (X, 6, ) in a state p = %(I +ryo.+
TyOy +7,0;), where rg = Asinf cos g, ry, = Asinfsinp, and r, = Acosf, |A\| < 1. But different from previous section,
here we also allow collective measurement on two-copies of the state, p ® p.

To obtain the tradeoff relation under the collective measurement on 2-copies of the state, we can simply treat p® p
as a larger single state. Its SLDs are given by Ljo = L; ® I + I ® L; with j = A, 8,¢ and the quantum Fisher
information matrix is Fiyo = 2Fg with Fy as the quantum Fisher information matrix of a single p.

Bounds obtained from Tr(Sp Qre.):
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If we choose {|uq)} as the computational basis with |ug) = |00), |u1) = |01), |uz) = [10), |usz) = |11}, the
corresponding S, 1m2 are given by

0 0 _ A(d+Acos ) sin” 0
2/1-A?
Sug,im2 = 0 0 —2A%sinf(1 4 Acosf)(cosd + A)
.2
%\/%me $A%sinf(1 4+ Acosf)(cosd + \) 0
A® cos fsin” 0
o0 N
Suy m2 = Sy, im2 = 0 0 —1\3sin® @ (S139)
—Acosbsin’0 Ly3gindg 0
A(1—X cos 6) sin” @
0 0 2/1-A?
Sug,im2 = 0 0 IX%sinf(1 — Acosf)(cosd — A)
.2
—%\/i—?;me —3A%sinf(1 — Acosf)(cos 6 — \) 0

1 1
The optimal || F,5* Stm2Fs |7 is thus given by the maximum of the following values,

1 _1
||FQ22 (Su0,1m2 + Sul,ImQ + Sug,ImQ + Sug,ImQ)Fng ||F - \/§|)\|a
Foi(S ST ST Sy tm2)Fong |l = V2| A cosf
|| Q2 ( u0,Im2 + u1,Im2 + ug,Im2 + u3711112) Q2 ||F - | COos |a

—3 T —3 1 2 2 cog2 3 in2 (5140)
[ Figs (Sug,im2 + Suy im2 + Sus,tm2 + Suy mm2) Fgo | F = 5(1 + A2)(1+ A2 cos?6) + A3 cosfsin” 6,
—3 T T T —3 _ L 2 2 cog2 3 in2
||FQ2 (Suo,lmQ + Sul,ImQ + SuQ,ImZ + Su3,Im2)FQ2 ||F - 5(1 +A )(1 + A% cos 9) — A% cosfsin” 6.
By simply replacing Fy and Stm with Fgo and Sime in Eq.(5129), we can get
1 _ 1. _1
ST Foal <3~ (g Sima o I +1- 17
2 (S141)

=3- max{\/i|A|,\/;(1 + A2)(1 4 A2 cos? 0) + | A3 cos 0 sin? 9|} +1-1] ,

here Fo denotes the classical Fisher information matrix under the collective measurement on p ® p, %FCQ can be
regarded as the average Fisher information on each p. This bounds the achievable precision limit under the collective
measurements on 2 copies of the quantum state. Specifically for § = 7, we have

1 1
§’I‘I'[F631FCQ] <3- max{\/ﬁ)d, 2(1+)\2)}+1—1 . (S142)

Bounds obtained from E4 and the SDP &y: L
Under the reparameterization that Fo = 2Fg = I, by replacing (X, Xj) with (L;2, Lx2), the bound £4 gives

& +e=1—(Fca)jj +1— (Fea)er > Ea(Ljz, Lia). (S143)
By doing summations over each pairs of (j, k), we directly have

1

1
T F R < — —
g THlFg Feal <m = 50755

1C2 I, (S144)
with the jk-th entry of Cy given as (Ca)jr = 1/€a (f/jg, i/k;Q). Again for the ease of comparison, we choose specific
values of § = 7, ¢ = 0. Substituting Lo, Lgo, INWJQ in 5A(f/j2, Ekg), we can directly obtain a bound. By substituting

I~/>\2, I~/92, fwg, the SDP & also gives a bound directly as %Tr[FQ_lFCQ] < n—&y. Fig. S4 then illustrate the comparison
among the three bounds with A varies from 0 to 1.
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Figure S4. Upper bounds for %Tr[FélFog] given by (i) bound that obtained from Tr(S;.Qre); (ii) the simple summation of
the analytical bound €4 for all pairs and (iii) & that can be computed with SDP.

D. Example: Tradeoff relation for the estimation of multiple parameters in three qubits

We provide an example with three qubits to show that the analytical bound obtained from Tr(S;{jQRe) can be
tighter than the simple summation over the bounds £4 for each pairs of observables.
We consider a parameterized pure state |¢) = sin fg|th1) + cos Ope’?[1)5), where
|4p1) = sin 6 sin A5]001) + sin 6 cos fxe'1|010) + cos He*2[100),

_ _ (S145)
1)) = sin B3 sin O4|110) + sin O3 cos O4€??[101) + cos fze'?4|011).

We first consider the estimation of {0, 01,02,d1,¢2} in 1) = sinfplih1) + cosOpe'[hs). In this case Fy =
For 0 .
( 0 FQ2> with
Fg, = diag{4, 4sin? ), 4 sin” Oy sin” 0, },
15 <4 sin? 6 sin? 6, cos? 02(1 — sin? 6 sin? 6 cos? 02) — sin® 0 sin® 26, cos? 6 ) (5146)
Q2 — )

— sin? § sin® 264 cos? 6, 4sin?  cos? 0, (1- sin? 6 cos? 01)

"
and Sp, = (SIO . 516111> where

g 9 sin 26, sin® 0 cos? Ay sin? Oy sin 2604 cos? B — sin? O sin? 0, sin 26, ($147)
Iml = sin 260 cos? 6, — sin? 6, sin 26, 0 ’
Thus
-3 " -3 -3¢t p—3
Fy?SimFy® = For 0 ( 0 SIml) Fort 0V 0 ForSmmlor | (5148)
chf Stm1 0 F&f Féf Sl Féli 0
and
1Fg St Fo ? I3 = 21 Fof Stan Fo it |3 = 2T (FégslmlFéfS{ml) — 4. (S149)
We then have
2
1. 1
Tr[F, ' Fol <n— <\/|FQ *SmFy*lr+1— 1> =5—(V3—1)? ~ 4.464. (S150)

Compared with the simple summation of the analytical bound for pairs of the observables, which cannot be tighter
_1 _1
than n — ﬁHFQ *SmFg |7 =5- 1 x4 = 3, the bound obtained from Tr(Sg. Qre) is strictly tighter. The tight
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Figure S5. Upper bounds for Tr[chch] of (a) estimation of n = 5 parameters {0, 01,02, 1, P2}, (b) estimation of n = 10

parameters {6o, 01, 02,03, 04, do, P1, P2, P3, Pa}. Here the bounds are given by (i) bound that obtained from Tr(SgelQRe); (ii)
the simple summation of the analytical bound €4 for all pairs and (iii) & that can be computed with SDP.

bound can be obtained by computing the SDP &,. Specifically, for §; = 7/4,1 < j <4 and ¢, =7/4, 0 < k < 4, we
compare the three bounds with 8y varies from 0 to w/2. As illustrated in Fig. S5(a), the analytical bound obtained
from Tr(SgleRC) is tighter than the simple summation of £4 for all pairs, while the tight bound is given by & that
can be computed with SDP, which is approximately Tr[F, 'Fe) < 3.

For the estimation of the full set, {6y, 01,02, 03,04, do, P1, P2, P3, P4}, we can obtain the bound numerically. Specif-

. . F
ically, for 6; = w/4 and ¢, = 7/4, 0 < j, k < 4, we have FQ:< gl Fos where
1 -1 _1 1 1
U SR S T
. 4 16 8 15 8
Foi = diag{4,2,1,2,1}, Fgo = | -4 —1 & 1 1 (S151)
R S T G
3 6 "8 1§ 8
2 8 4 8 14
— 0 Sirml 3
and S, = (Slml 0 with
-2 0 0 0 O
11 1
2 2z —2 00
Sm=|1 =1 0 0 0 (S152)
1
300 ) -
-1 0 0 -1 0
We then have
-3 32 -3 —3 2 -1 ~lgf
1Fg? StnFy * |3 = 2| Fog Stm1 Fo I3 = 2Tt (FQ2 SlmlFlelml) — 10, (S153)
and
1. 1 2 2
Tr[Féch]Sn<\/||FQ251mFQ2|F+11) 10< \/10+11) ~ 8.918. (S154)

Compared with the simple summation of the analytical bound for pairs of the observables, which cannot be tighter
than n— ﬁ ||F5%SImFQ;% [2 = 10— 1% x 10 = 5 ~ 9.444, the bound obtained from Tr(Sg ! Qre) is strictly tighter.
The tight bound can be obtained by computing the SDP &. For §; =7/4,1 < j <4 and ¢, = 7/4, 0 < k < 4, we
compare the three bounds with 6y varies from 0 to /2. As illustrated in Fig. S5(b), the analytical bound obtained
from Tr(SgleRC) is tighter than the simple summation of £4 for all pairs, while the tight bound is given by & that
can be computed with SDP, which is approximately Tr[F, 'Fo) <5.
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