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Supplemental Material1

A. PRELIMINARIES ON PAULI STRINGS AND su(2n)2

Length-n Pauli strings, when multiplied with the imaginary unit i, form a natural basis for the Lie algebra u(2n) of3

skew-Hermitian matrices. Because of this and their other remarkable properties, Pauli strings have been excessively4

used in this and many other works. In this section, we review the notation and basic properties of Pauli strings,5

the Lie algebra su(2n), and its subalgebras so(2n) and sp(2n−1). We also discuss involutions of Lie algebras, and6

particularly of su(2n).7

I. Pauli strings8

Throughout the paper, we work with the Pauli matrices9

σ0 = I =

(
1 0
0 1

)
, σ1 = X =

(
0 1
1 0

)
, σ2 = Y =

(
0 −i
i 0

)
, σ3 = Z =

(
1 0
0 −1

)
,

including the identity matrix I, which form a basis for the real vector space of 2 × 2 Hermitian matrices. We will10

denote by AT the transpose of a matrix, and by A† its Hermitian conjugate (which is obtained from AT by taking11

complex conjugates of all entries). Thus, A† = A for all A ∈ P1 := {I,X, Y, Z}. On the other hand, we have12

Y T = −Y, AT = A for A = I,X,Z.

Fix a positive number n. Length-n Pauli strings are tensor products of n Pauli matrices of the form13

a = A1 ⊗A2 ⊗ · · · ⊗An, Aj ∈ P1 (A1)

(where the superscripts are indices not powers). We denote the set of all such Pauli strings by Pn := {I,X, Y, Z}⊗n.14

Every a ∈ Pn is a linear operator on the Hilbert space (C2)⊗n of n qubits, so a can be represented as a matrix of size15

2n × 2n (by the Kronecker product). In particular, I⊗n is the 2n × 2n identity matrix. The Hermitian conjugate and16

transpose of a Pauli string are done componentwise:17

a† = (A1)† ⊗ (A2)† ⊗ · · · ⊗ (An)† = a,

aT = (A1)T ⊗ (A2)T ⊗ · · · ⊗ (An)T = (−1)#{Aj=Y }a.

All Pauli strings are Hermitian, and Pn is a basis (over R) of the vector space of 2n × 2n Hermitian matrices.18

To shorten the notation, we will often omit the tensor product signs in Pauli strings, so (A1) will be written as19

a = A1A2 · · ·An. For example, we will write20

XX = X ⊗X, XY = X ⊗ Y, Z · · ·Z = Z⊗n, etc.

For A ∈ P1 and 1 ≤ j ≤ n, we will denote by21

Aj := I⊗(j−1) ⊗A⊗ I⊗(n−j) (A2)

the linear operator A acting on the j-th qubit. For example, for n = 3,22

X1 = XII = X ⊗ I ⊗ I, Z2 = IZI = I ⊗ Z ⊗ I, X1Z2Y3 = XZY = X ⊗ Z ⊗ Y, etc.

With this notation, we distinguish23

A1A2 · · ·An = AA · · ·A = A⊗A⊗ · · · ⊗A = A⊗n

from (A1), where in the latter the tensor factors A1, . . . , An are allowed to be different.24

When there is a danger to confuse the tensor product and the matrix product, we will use · for the product of25

matrices. We have:26

X · Y = iZ = −Y ·X, Y · Z = iX = −Z · Y, Z ·X = iY = −X · Z,
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and each Pauli matrix squares to the identity:27

X ·X = Y · Y = Z · Z = I.

The matrix product of Pauli strings is done componentwise:28

(A1 ⊗ · · · ⊗An) · (B1 ⊗ · · · ⊗Bn) = (A1 ·B1)⊗ · · · ⊗ (An ·Bn).

From here, it is easy to deduce the following important properties of Pauli strings.29

Lemma A.1. For any a, b ∈ Pn, we have a · a = I⊗n and a · b = ±b · a. Hence, any two Pauli strings either commute30

or anticommute.31

Notice that the product of two Pauli strings is again a Pauli string, up to a multiple of ±1,±i. Thus, the set32

{±a,±ia | a ∈ Pn} is a group under the matrix product, called the Pauli group. The following corollary of Lemma33

A.1 will be useful in the future.34

Corollary A.1. For any a, b ∈ Pn, if [a, b] := a · b− b · a ̸= 0, then [a, [a, b]] = 4b.35

Proof. When [a, b] ̸= 0, we have [a, b] = 2a · b and [a, [a, b]] = 4a · a · b = 4b.36

Another important consequence of Lemma A.1 is Euler’s formula37

eiθa = (cos θ)I⊗n + i(sin θ)a, a ∈ Pn, θ ∈ R. (A3)

A useful special case is θ = π/2; then38

ei
π
2 a = ia, a ∈ Pn. (A4)

Note that any a ∈ Pn is Hermitian (i.e., a† = a), ia is skew-Hermitian (i.e., (ia)† = −ia), and U = eiθa is unitary39

(i.e., UU† = I⊗n). In the following, we will use the following corollary of Euler’s formulas (A3), (A4).40

Corollary A.2. For any anticommuting a, b ∈ Pn and a real number θ, we have41

eiθa · b = b · e−iθa. (A5)

In particular,42

ei
π
4 a b e−iπ

4 a = ia · b. (A6)

II. The Lie algebras su(N), so(N), and sp(N)43

The purpose of this subsection is to review some standard terminology concerning Lie algebras, especially su(N),44

so(N), and sp(N). We fix a positive integer N ; later we will have N = 2n where n is the number of qubits.45

The set CN×N of N × N matrices with complex entries is a vector space over C, as matrices can be added or46

multiplied by complex scalars. Then CN×N is an associative algebra under the matrix product ab, i.e., ab is bilinear47

(depends linearly on both a or b) and associative: a(bc) = (ab)c. Under the commutator bracket [a, b] = ab − ba, we48

get a complex Lie algebra denoted as gl(N,C).49

In general, a Lie algebra is defined as a vector space g (over a field such as C or R), equipped with a bilinear50

operation [a, b] ∈ g for a, b ∈ g, which satisfies the following skew-symmetry and Jacobi identity:51

[a, b] = −[b, a], [a, [b, c]] = [[a, b], c] + [b, [a, c]].

It is convenient to use the notation ada(b) := [a, b] for a, b ∈ g. Then ada is a linear operator on g for every a ∈ g. A52

trivial example of a Lie algebra is any vector space g with the zero bracket [a, b] = 0 for all a, b ∈ g; such Lie algebras53

are called Abelian.54

A subalgebra s of a Lie algebra g is a subspace (i.e., closed under vector addition and scalar multiplication), which55

is also closed under the bracket: a, b ∈ s ⇒ [a, b] ∈ s. For example, the set sl(N,C) of all N × N complex matrices56

with trace 0 is a subalgebra of gl(N,C); hence, it is itself a Lie algebra. Recall that an ideal in a Lie algebra g is a57

subspace s such that a ∈ g, b ∈ s ⇒ [a, b] ∈ s. For example, both sl(N,C) and CIN (where IN is the N ×N identity58

matrix) are ideals of gl(N,C), and59

gl(N,C) = sl(N,C)⊕ CIN
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is a direct sum of not just subspaces but of commuting subalgebras and ideals. When we write a direct sum of Lie60

algebras, we will always mean that the summands are subalgebras that commute with each other. The space CIN is61

the center Z(g) of g = gl(N,C), i.e., the set of all c ∈ g such that [c, a] = 0 for all a ∈ g.62

The Lie algebra sl(N,C) is simple, which means that it is not Abelian and has no ideals other than the trivial {0}63

and the whole algebra. Other examples of simple Lie algebras over C are provided by the orthogonal Lie algebras64

so(N,C) and the symplectic Lie algebras sp(2N,C). Let us recall that so(N,C) is defined as the set of all complex65

skew-symmetric matrices (i.e., such that aT = −a), and it is a subalgebra of sl(N,C). Consider the 2N × 2N matrix66

J2N :=

(
0 IN

−IN 0

)
.

Then sp(2N,C) is defined as the set of all a ∈ gl(2N,C) such that aTJ2N = −J2Na; this is a subalgebra of sl(2N,C).67

In this paper, we will work with Lie algebras over R. The set of all skew-Hermitian matrices (i.e., satisfying a† = −a)68

is a real vector space, and is closed under the commutator; hence, it is a real Lie algebra, denoted u(N). Imposing69

that the trace of the matrix is 0, we get the Lie algebra su(N). If a matrix has real entries, then it is skew-Hermitian70

if and only if it is skew-symmetric. Thus, we have the subalgebra71

so(N) := so(N,R) =
{
a ∈ su(N)

∣∣ aT = −a
}
⊂ su(N). (A7)

On the other hand, the Lie algebra of real symplectic matrices sp(2N,R) is not a subalgebra of su(2N). Instead of72

it, the relevant subalgebra is73

sp(N) := sp(2N,C) ∩ su(2N) =
{
a ∈ su(2N)

∣∣ aTJ2N = −J2Na
}
⊂ su(2N). (A8)

The Lie algebras su(N), so(N), sp(N) are simple and compact (they are Lie algebras of compact Lie groups). Their74

dimensions over R are given by:75

dim su(N) = N2 − 1, dim so(N) =
1

2
N(N − 1), dim sp(N) = N(2N + 1). (A9)

It is known (see e.g. [1, 2]) that any subalgebra of u(N) is either Abelian or a direct sum of a center (which could be76

{0}) and Lie algebras isomorphic to one of su, so, sp or to one of five exceptional compact simple Lie algebras (cf.77

Proposition I.1). For completeness, we provide the proof of this important fact here.78

Proposition A.1. Any subalgebra of u(N) is either Abelian or a direct sum of compact simple Lie algebras and a79

center.80

Proof. First, recall that the trace form (a, b) = Tr[ab] is negative definite on u(N). Indeed, one can see that81

Tr[H2] =

N∑
j=1

λ2j > 0

for any nonzero Hermitian matrix H ∈ iu(N) with eigenvalues λ1, . . . , λN , because all λj are real. Second, the trace82

form (·, ·) is bilinear, symmetric and invariant; the latter meaning that83

([a, b], c) = −(b, [a, c]), a, b, c ∈ u(N).

All of these follow easily from the properties of the trace.84

Now let g be a subalgebra of u(N). Then the same proof as in [3], Corollary 4.25, shows that g is reductive, i.e., it85

is a direct sum of simple or Abelian ideals. Indeed, for any ideal s of g, we have an orthogonal direct sum86

g = s⊕ s⊥,

due to the definiteness of the trace form. Furthermore, the invariance of the trace form implies that s⊥ is itself an87

ideal of g. As both s and s⊥ are ideals, they must commute: [s, s⊥] ⊆ s ∩ s⊥ = {0}. Thus, g is a direct sum of88

commuting ideals. Suppose that dim s > 1 and s is not simple as a Lie algebra. Then s has a nonzero proper ideal t.89

From [t, s] ⊆ t and [t, s⊥] = {0}, we get that [t, g] ⊆ t, so t is an ideal of g. Hence, we can proceed by induction on90

dim g and break g into a direct sum of commuting ideals, each of which is either simple or 1-dimensional (Abelian).91

Finally, we note that any simple subalgebra g of u(N) is compact, i.e., the Lie group eg is compact as a closed92

subgroup of the compact Lie group U(N) (see e.g. [3], Proposition 4.27, whose proof still applies). The classification93

of all compact simple Lie algebras is due to Cartan, and can be found in standard textbooks; for example in [3],94

Chapter VI.95
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Let now N = 2n where n is the number of qubits. Then a basis for u(2n) is given by iPn (see Sect. A I). To96

get a basis for su(2n), we just have to remove iI⊗n, since I⊗n = IN is the identity matrix. A basis for so(2n)97

consists of all ia where a ∈ Pn is a Pauli string containing an odd number of Y ’s. Finally, to describe the subalgebra98

sp(2n−1) ⊂ su(2n), we observe that99

Y1 = Y ⊗ I⊗(n−1) = −i
(

0 IN
2

−IN
2

0

)
= −iJN .

Therefore,100

sp(2n−1) =
{
a ∈ su(2n)

∣∣ aT · Y1 = −Y1 · a
}
. (A10)

The following definition plays a crucial role throughout the paper.101

Definition A.1. For a Lie algebra g and a subset A ⊂ g, we define ⟨A⟩Lie to be the minimal (under inclusion)102

subalgebra of g that contains A. We say that ⟨A⟩Lie is the subalgebra generated by A, and that A is a set of103

generators of ⟨A⟩Lie. In the case where A ⊂ Pn is a set of Pauli strings, we will slightly abuse the notation and write104

⟨A⟩Lie for the subalgebra of su(2n) generated by the subset iA ⊂ su(2n).105

More explicitly, it follows from the Jacobi identity that ⟨A⟩Lie is the set of all linear combinations of all nested106

commutators of the form107

ada1
ada2

· · · adar
(ar+1) = [a1, [a2, [· · · [ar, ar+1] · · · ]]], aj ∈ A, r ≥ 0, (A11)

where r = 0 corresponds to an empty commutator = a1. The following simple observation will be useful.108

Lemma A.2. For any subset A ⊂ Pn, the Lie algebra ⟨A⟩Lie ⊆ su(2n) generated by iA has a basis consisting of Pauli109

strings times i. In other words,110

⟨A⟩Lie = spanR
(
iPn ∩ ⟨A⟩Lie

)
.

Proof. By definition, ⟨A⟩Lie is linearly spanned over R by all elements of the form (A11) with aj ∈ iA ⊂ iPn. All111

such elements are scalar multiples of Pauli strings, i.e., lie in iRPn. From any spanning set, one can choose a subset112

that forms a basis.113

III. Involutions of su(2n)114

In this subsection, we explain how we can describe subalgebras of su(2n) as fixed points of involutions. We start115

more generally by recalling that an isomorphism from a Lie algebra g to another Lie algebra g1 is an invertible linear116

transformation φ : g → g1 that is compatible with the bracket, i.e., φ([a, b]) = [φ(a), φ(b)] for all a, b ∈ g. We write117

g ∼= g1 to indicate that g is isomorphic to g1. An automorphism of g is an isomorphism φ : g → g. The set of fixed118

points of φ is defined as:119

gφ =
{
a ∈ g

∣∣φ(a) = a
}
. (A12)

It is easy to check that gφ is a subalgebra of g, called the fixed-point subalgebra. An involution on g is an automorphism120

θ : g → g with the property that θ(θ(a)) = a for all a ∈ g, i.e., θ−1 = θ.121

Later, we will need to understand how, for an involution θ, the fixed-point subalgebra gθ transforms under another122

automorphism φ of g. The answer is given in the following lemma.123

Lemma A.3. Let φ be an automorphism of a Lie algebra g, and θ be an involution of g. Then φθφ−1 is an involution124

of g, and we have φ(gθ) = gφθφ−1

.125

Proof. Note that φθφ−1 is an automorphism of g, since the composition of isomorphisms is again an isomorphism. It126

is an involution of g, because (φθφ−1)−1 = φθ−1φ−1 = φθφ−1. To check the claim about the fixed points, suppose127

that a ∈ gθ, i.e., θ(a) = a. Then128

(φθφ−1)φ(a) = φ(θ(a)) = φ(a) ⇒ φ(a) ∈ gφθφ−1

.

Conversely, if b ∈ gφθφ−1

, then the above calculation shows that a = φ−1(b) ∈ gθ.129
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Now we will discuss how to construct automorphisms and involutions of su(N).130

Lemma A.4. Suppose that U and Q are unitary N ×N matrices, and QT = ±Q. Then the formulas131

φ(a) = UaU†, θ(a) = −QaTQ†, a ∈ su(N),

define an automorphism φ and an involution θ of su(N). Moreover, we have132

(φθφ−1)(a) = −(UQUT )aT (UQUT )†, a ∈ su(N).

Proof. First, note that φ is invertible with φ−1(a) = U†aU . It is clear that φ([a, b]) = [φ(a), φ(b)], because133

φ(a)φ(b) = UaU†UbU† = UabU† = φ(ab)

for any two matrices a, b. (This means that φ is an automorphism of the associative algebra CN×N .)134

To check that θ is an involution, we calculate135

θ(θ(a)) = θ(−QaTQ†) = Q(Q†)T (aT )TQTQ† = Q(±Q†)a(±Q)Q† = a,

where we used that (Q†)T = (QT )†. Next, we have136

θ(ab) = −Q(ab)TQ† = −QbTaTQ† = −QbTQ†QaTQ† = −θ(b)θ(a).

This implies that θ([a, b]) = [θ(a), θ(b)] and proves that θ is an involution of su(N).137

Finally, we find138

(φθφ−1)(a) = φ
(
θ(U†aU)

)
= −φ

(
QUTaT (U†)TQ†)

= −UQUTaT (U†)TQ†U†

= −(UQUT )aT (UQUT )†,

as claimed.139

Example A.1. The subalgebra so(N) ⊂ su(N) is the fixed-point subalgebra of the involution a 7→ −aT (see (A7)).140

Similarly, we see from (A8) that sp(N) = su(2N)θ, where θ(a) = −QaTQ† as in Lemma A.4, with Q = −iJ2N .141

It is well known, in general, that for an involution θ(a) = −QaTQ† as in Lemma A.4, the fixed-point subalgebra142

su(N)θ ∼= so(N) when QT = Q, and su(N)θ ∼= sp(N/2) when QT = −Q (in which case N must be even). For143

completeness, we will present the proof of these facts in the special case of interest to us: when N = 2n and Q ∈ Pn144

is a length-n Pauli string. Note that all Pauli strings Q satisfy Q = Q† = Q−1 and QT = ±Q.145

Lemma A.5. For any Pauli string Q ∈ Pn, there exists a unitary 2n × 2n matrix U such that146

UQUT =

{
I⊗n, if QT = Q,

Y1, if QT = −Q.

Proof. In the case QT = Q, we let U = ei
π
4 Q. Then147

UQUT = UQU = U2Q = ei
π
2 QQ = iQ ·Q = iI⊗n,

where we used Euler’s formula (A4). The superfluous phase i can be eliminated by applying the unitary transformation148

V = e−iπ
4 I⊗n

, which satisfies V T = V and V 2 = −iI⊗n.149

Suppose now that QT = −Q, which means that Q contains an odd number of Y ’s. If Q has a Y in j-th position,150

let P = Yj ·Q and U = ei
π
4 P . Note that151

P = Yj ·Q = Q · Yj ⇒ P ·Q = Q · P = Yj

and152

PT = QT · Y T
j = (−Q) · (−Yj) = Q · Yj = P.
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Hence, as above, we find:153

UQUT = UQU = U2Q = ei
π
2 PQ = iP ·Q = iYj .

If j = 1, we are done (after eliminating the phase i). If j ̸= 1, we apply the unitary transformation e−iπ
4 Y1Yj and154

obtain:155

e−iπ
4 Y1Yj (iYj)(e

−iπ
4 Y1Yj )T = e−iπ

2 Y1Yj (iYj) = −iY1Yj · (iYj) = Y1,

completing the proof.156

Corollary A.3. Any Pauli string Q ∈ Pn defines an involution θ of su(2n) given by θ(a) = −QaTQ. The fixed-point157

subalgebra of this involution is:158

su(2n)θ ∼=

{
so(2n), if QT = Q,

sp(2n−1), if QT = −Q.

B. STATEMENT OF RESULTS159

In this section, we present detailed information about all subalgebras of su(4) generated by Pauli strings, including160

a complete list of such subalgebras with their bases, generators, and equivalence under symmetry. We match this list161

with examples of known spin systems. Next, we discuss how subalgebras of su(4) are extended to subalgebras of su(2n)162

(cf.Growing the dynamical Lie algebras in the Results section of the main text). We present the list of all subalgebras163

of su(8) obtained in this way, and the list of subalgebras of su(2n) in the case of open boundary conditions.164

I. Classification up to symmetry of subalgebras of su(4) generated by Pauli strings165

Recall that su(4) has a basis over R consisting of all possible tensor products iAB, where A,B ∈ {I,X, Y, Z},166

AB ̸= II. There are 215 − 1 = 32767 non-empty subsets A of this basis. For each of them, we run Algorithm 1 in the167

simplified form from Remark II.1 to determine the Lie algebra ⟨A⟩Lie generated by A. We have written code to do168

this, which is publicly available at [4]. As a result, we have found 202 subalgebras of su(4) generated by sets of Pauli169

strings. Their complete list, with a basis for each subalgebra, is presented in the next subsection, Sect. B II.170

As discussed in Symmetries of the power sets in the Methods section of the main text, the symmetry group S3×Z2171

acts on su(4) as follows: the symmetric group S3 permutes simultaneously all {X,Y, Z}, while the non-identity element172

of Z2 acts as the flip AB ⇌ BA. By inspection, we have examined the orbits of the action of S3 × Z2 on the 202173

subalgebras and found that there are 36 orbits, which are listed in Table S.I below. The full list of all 202 subalgebras174

in Sect. B II is grouped into orbits, which can easily be verified by hand.175

The numbers s, p, e, d in Table S.I are equal to the numbers of: single Paulis (such as XI), single Pauli pairs (such176

as XI, IX), double equal Paulis (such as XX), and double different Paulis (such as XY ), respectively, in the basis177

of each subalgebra. These are invariant under the action of the symmetry group; hence, subalgebras of su(4) with178

different invariants are not equivalent to each other. It turns out that the only two non-equivalent subalgebras with179

the same invariants are a2 and a5.180

As in The power sets in the Methods section of the main text, we distinguish between three types of subalgebras of181

su(4). The a-type are those that can be generated by a set of products of two Paulis both different from the identity.182

The b-type are not of a-type and have a generating set of Pauli strings that contain the identity but come in pairs such183

as XI, IX or Y I, IY or ZI, IZ. The remaining c-type subalgebras have generators that contain some Pauli strings of184

the form AI without the corresponding term IA or vice versa (A ∈ {X,Y, Z}).185

When extended to subalgebras of su(2n) on a length-n open spin chain, as in Growing the dynamical Lie algebras186

in the Results section of the main text or in Sect. B IV below, the c-type subalgebras will behave like the b-type187

except for a boundary effect at the first or last site in the chain. As we will insist that every single Pauli generator188

A ∈ {X,Y, Z} operates on all sites of the chain, in the future we will exclude the c-type subalgebras of su(2n).189

However, for completeness, we include them in the list of subalgebras of su(4) below.190
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Label Basis dim Stabilizer Orbit (s, p, e, d)

a0 XX 1 4 3 (0,0,1,0)

a1 XY 1 2 6 (0,0,0,1)

a2 XY, Y X 2 4 3 (0,0,0,2)

a3 XX,Y Z 2 2 6 (0,0,1,1)

a4 XX,Y Y 2 4 3 (0,0,2,0)

a5 XY, Y Z 2 2 6 (0,0,0,2)

a6 XX,Y Z,ZY 3 4 3 (0,0,1,2)

a7 XX,Y Y, ZZ 3 12 1 (0,0,3,0)

a8 XX,XZ, IY 3 1 12 (1,0,1,1)

a9 XY,XZ, IX 3 2 6 (1,0,0,2)

a10 XY, Y Z,ZX 3 6 2 (0,0,0,3)

a11 XY, Y X, Y Z, IY 4 1 12 (1,0,0,3)

a12 XX,XY, Y Z, IZ 4 1 12 (1,0,1,2)

a13 XX,Y Y, Y Z, IX 4 1 12 (1,0,2,1)

a14 XX,Y Y,XY, Y X,ZI, IZ 6 4 3 (2,1,2,2)

a15 XX,XY,XZ, IX, IY, IZ 6 2 6 (3,0,1,2)

a16 XY, Y X, Y Z,ZY, Y I, IY 6 4 3 (2,1,0,4)

a17 XX,XY,ZX,ZY, Y I, IZ 6 2 6 (2,0,1,3)

a18 XX,Y Y,XZ,ZY,XI, IY 6 2 6 (2,0,2,2)

a19 XX,XY,ZX,ZY, Y Z, Y I, IZ 7 2 6 (2,0,1,4)

a20 XX,Y Y, ZZ, Y Z,ZY,XI, IX 7 4 3 (2,1,3,2)

a21 XX,Y Y,XY, Y X,ZX,ZY,XI, Y I, ZI, IZ 10 2 6 (4,1,2,4)

a22 all Paulis except II 15 12 1 (6,3,3,6)

b0 XI, IX 2 4 3 (2,1,0,0)

b1 XX,XI, IX 3 4 3 (2,1,1,0)

b2 XY,XZ,XI, IX 4 2 6 (2,1,0,2)

b3 XI, Y I, ZI, IX, IY, IZ 6 12 1 (6,3,0,0)

b4 XX,XY,XZ,XI, IX, IY, IZ 7 2 6 (4,1,1,2)

c0 XI 1 2 6 (1,0,0,0)

c1 XY,XI 2 1 12 (1,0,0,1)

c2 XX,XI 2 2 6 (1,0,1,0)

c3 XI, IY 2 2 6 (2,0,0,0)

c4 XY,XI, IY 3 2 6 (2,0,0,1)

c5 XI, Y I, ZI 3 6 2 (3,0,0,0)

c6 XX,XY,XI, IZ 4 1 12 (2,0,1,1)

c7 XI, IX, Y I, ZI 4 2 6 (4,1,0,0)

Table S.I. List of all subalgebras of su(4) generated by Pauli strings, up to symmetry S3 × Z2. For each subalgebra, we have
listed: a basis (over R, after multiplication by i), its dimension, the order of the stabilizer, the order of the orbit under the
action of S3 × Z2, and the invariants s, p, e, d. Note that the orders of all orbits add up to 202.
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For each of our subalgebras of su(4), we list below a minimal set of generators and the isomorphism class of the Lie191

algebra. Commuting direct summands are denoted with ⊕. Note also that so(3) ∼= su(2) and so(4) ∼= su(2)⊕ su(2).192

a0 = ⟨XX⟩Lie ∼= u(1),

a1 = ⟨XY ⟩Lie ∼= u(1),

a2 = ⟨XY, Y X⟩Lie ∼= u(1)⊕ u(1),

a3 = ⟨XX,Y Z⟩Lie ∼= u(1)⊕ u(1),

a4 = ⟨XX,Y Y ⟩Lie ∼= u(1)⊕ u(1),

a5 = ⟨XY, Y Z⟩Lie ∼= u(1)⊕ u(1),

a6 = ⟨XX,Y Z,ZY ⟩Lie ∼= u(1)⊕ u(1)⊕ u(1),

a7 = ⟨XX,Y Y,ZZ⟩Lie ∼= u(1)⊕ u(1)⊕ u(1),

a8 = ⟨XX,XZ⟩Lie ∼= su(2),

a9 = ⟨XY,XZ⟩Lie ∼= su(2),

a10 = ⟨XY, Y Z,ZX⟩Lie ∼= u(1)⊕ u(1)⊕ u(1),

a11 = ⟨XY, Y X, Y Z⟩Lie ∼= su(2)⊕ u(1),

a12 = ⟨XX,XY, Y Z⟩Lie ∼= su(2)⊕ u(1),

a13 = ⟨XX,Y Y, Y Z⟩Lie ∼= su(2)⊕ u(1),

a14 = ⟨XX,Y Y,XY ⟩Lie = so(4),

a15 = ⟨XX,XY,XZ⟩Lie ∼= su(2)⊕ su(2),

a16 = ⟨XY, Y X, Y Z,ZY ⟩Lie = so(4),

a17 = ⟨XX,XY,ZX⟩Lie ∼= su(2)⊕ su(2),

a18 = ⟨XX,XZ, Y Y, ZY ⟩Lie ∼= su(2)⊕ su(2),

a19 = ⟨XX,XY,ZX, Y Z⟩Lie ∼= su(2)⊕ su(2)⊕ u(1),

a20 = ⟨XX,Y Y,ZZ,ZY ⟩Lie ∼= su(2)⊕ su(2)⊕ u(1),

a21 = ⟨XX,Y Y,XY,ZX⟩Lie ∼= sp(2),

a22 = ⟨XX,XY,XZ, Y X,ZX⟩Lie = su(4),

b0 = ⟨XI, IX⟩Lie ∼= u(1)⊕ u(1),

b1 = ⟨XX,XI, IX⟩Lie ∼= u(1)⊕ u(1)⊕ u(1),

b2 = ⟨XY,XI, IX⟩Lie ∼= su(2)⊕ u(1),

b3 = ⟨XI, Y I, IX, IY ⟩Lie ∼= su(2)⊕ su(2),

b4 = ⟨XX,XY,XI, IX⟩Lie ∼= su(2)⊕ su(2)⊕ u(1),

c0 = ⟨XI⟩Lie ∼= u(1),

c1 = ⟨XY,XI⟩Lie ∼= u(1)⊕ u(1),

c2 = ⟨XX,XI⟩Lie ∼= u(1)⊕ u(1),

c3 = ⟨XI, IY ⟩Lie ∼= u(1)⊕ u(1),

c4 = ⟨XY,XI, IY ⟩Lie ∼= u(1)⊕ u(1)⊕ u(1),

c5 = ⟨XI, Y I, ZI⟩Lie ∼= su(2),

c6 = ⟨XX,XY,XI⟩Lie ∼= su(2)⊕ u(1),

c7 = ⟨XI, Y I, IX⟩Lie ∼= su(2)⊕ u(1).

Finally, we note that193

b2 = a9 ⊕ span{XI},
b4 = a15 ⊕ span{XI},

are central extensions of a-type subalgebras.194
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II. List of all 202 subalgebras of su(4) generated by Pauli strings195

Here, by inspection, we have grouped the 202 subalgebras of su(4) from the previous subsection into orbits of the196

symmetry group S3 × Z2. For each orbit, we provide its label and its size.197

a0 : 3, {XX}, {Y Y }, {ZZ};
a1 : 6, {XY }, {XZ}, {Y X}, {Y Z}, {ZX}, {ZY };
a2 : 3, {XY, Y X}, {XZ,ZX}, {Y Z,ZY };
a3 : 6, {XX,Y Z}, {XX,ZY }, {Y Y,XZ}, {Y Y,ZX}, {ZZ,XY }, {ZZ, Y X};
a4 : 3, {XX,Y Y }, {XX,ZZ}, {Y Y,ZZ};
a5 : 6, {XY, Y Z}, {XZ,ZY }, {Y X,XZ}, {Y Z,ZX}, {ZX,XY }, {ZY, Y X};
a6 : 3, {XY, Y X,ZZ}, {XZ,ZX, Y Y }, {Y Z,ZY,XX};
a7 : 1, {XX,Y Y,ZZ};
a8 : 12, {XX,XY, IZ}, {XX,XZ, IY }, {XX,Y X,ZI}, {XX,ZX, Y I},

{Y Y, Y X, IZ}, {Y Y, Y Z, IX}, {Y Y,XY,ZI}, {Y Y,ZY,XI},
{ZZ,ZX, IY }, {ZZ,ZY, IX}, {ZZ,XZ, Y I}, {ZZ, Y Z,XI};

a9 : 6, {XY,XZ, IX}, {Y X, Y Z, IY }, {ZX,ZY, IZ},
{Y X,ZX,XI}, {XY,ZY, Y I}, {XZ, Y Z,ZI};

a10 : 2, {XY, Y Z,ZX}, {XZ,ZY, Y X};
a11 : 12, {XY, Y X,XZ, IX}, {XZ,ZX,XY, IX}, {XY, Y X,ZX,XI}, {XZ,ZX, Y X,XI},

{Y X,XY, Y Z, IY }, {Y Z,ZY, Y X, IY }, {Y X,XY,ZY, Y I}, {Y Z,ZY,XY, Y I},
{ZX,XZ,ZY, IZ}, {ZY, Y Z,ZX, IZ}, {ZX,XZ, Y Z,ZI}, {ZY, Y Z,XZ,ZI};

a12 : 12, {XX,XY, Y Z, IZ}, {XX,XZ,ZY, IY }, {XX,Y X,ZY,ZI}, {XX,ZX, Y Z, Y I},
{Y Y, Y X,XZ, IZ}, {Y Y, Y Z,ZX, IX}, {Y Y,XY,ZX,ZI}, {Y Y,ZY,XZ,XI},
{ZZ,ZX,XY, IY }, {ZZ,ZY, Y X, IX}, {ZZ,XZ, Y X, Y I}, {ZZ, Y Z,XY,XI};

a13 : 12, {XX,Y Y, Y Z, IX}, {XX,Y Y,XZ, IY }, {XX,Y Y,ZY,XI}, {XX,Y Y,ZX, Y I},
{XX,ZZ,ZY, IX}, {XX,ZZ,XY, IZ}, {XX,ZZ, Y Z,XI}, {XX,ZZ, Y X,ZI},
{Y Y,ZZ,ZX, IY }, {Y Y,ZZ, Y X, IZ}, {Y Y,ZZ,XZ, Y I}, {Y Y,ZZ,XY,ZI};

a14 : 3, {XX,Y Y,XY, Y X,ZI, IZ}, {XX,ZZ,XZ,ZX, Y I, IY }, {Y Y,ZZ, Y Z,ZY,XI, IX};
a15 : 6, {XX,XY,XZ, IX, IY, IZ}, {Y Y, Y X, Y Z, IX, IY, IZ}, {ZZ,ZX,ZY, IX, IY, IZ},

{XX,Y X,ZX,XI, Y I, ZI}, {Y Y,XY,ZY,XI, Y I, ZI}, {ZZ,XZ, Y Z,XI, Y I, ZI};
a16 : 3, {XY, Y X,XZ,ZX,XI, IX}, {Y X,XY, Y Z,ZY, Y I, IY }, {ZX,XZ,ZY, Y Z,ZI, IZ};
a17 : 6, {XX,XY,ZX,ZY, Y I, IZ}, {Y Y, Y X,ZY, ZX,XI, IZ}, {ZZ,ZX, Y Z, Y X,XI, IY },

{XX,Y X,XZ, Y Z, IY, ZI}, {Y Y,XY, Y Z,XZ, IX,ZI}, {ZZ,XZ,ZY,XY, IX, Y I};
a18 : 6, {XX,Y Y,XZ,ZY,XI, IY }, {XX,ZZ,XY, Y Z,XI, IZ}, {Y Y,ZZ, Y X,XZ, Y I, IZ},

{XX,Y Y,ZX, Y Z, IX, Y I}, {XX,ZZ, Y X,ZY, IX,ZI}, {Y Y,ZZ,XY,ZX, IY, ZI};
a19 : 6, {XX,XY,ZX,ZY, Y Z, Y I, IZ}, {XX,Y X,XZ, Y Z,ZY, IY, ZI},

{Y Y, Y X,ZY, ZX,XZ,XI, IZ}, {Y Y,XY, Y Z,XZ,ZX, IX,ZI},
{ZZ,ZX, Y Z, Y X,XY,XI, IY }, {ZZ,XZ,ZY,XY, Y X, IX, Y I};

a20 : 3, {XX,Y Y,ZZ,XY, Y X,ZI, IZ}, {XX,Y Y,ZZ,XZ,ZX, Y I, IY },
{XX,Y Y,ZZ, Y Z,ZY,XI, IX};

a21 : 6, {XX,Y Y,XY, Y X,ZX,ZY,XI, Y I, ZI, IZ}, {XX,Y Y,XY, Y X,XZ, Y Z, IX, IY, ZI, IZ},
{XX,ZZ,XZ,ZX, Y X, Y Z,XI, ZI, Y I, IY }, {XX,ZZ,XZ,ZX,XY,ZY, IX, IZ, Y I, IY },
{Y Y,ZZ, Y Z,ZY,XY,XZ, Y I, ZI,XI, IX}, {Y Y,ZZ, Y Z,ZY, Y X,ZX, IY, IZ,XI, IX};

a22 : 1, {XX,Y Y,ZZ,XY, Y X,XZ,ZX, Y Z,ZY,XI, IX, Y I, IY, ZI, IZ};
b0 : 3, {XI, IX}, {Y I, IY }, {ZI, IZ};
b1 : 3, {XX,XI, IX}, {Y Y, Y I, IY }, {ZZ,ZI, IZ};
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b2 : 6, {XY,XZ,XI, IX}, {Y X, Y Z, Y I, IY }, {ZX,ZY,ZI, IZ},
{Y X,ZX,XI, IX}, {XY,ZY, Y I, IY }, {XZ, Y Z,ZI, IZ};

b3 : 1, {XI, Y I, ZI, IX, IY, IZ};
b4 : 6, {XX,XY,XZ,XI, IX, IY, IZ}, {XX,Y X,ZX, IX,XI, Y I, ZI},

{Y Y, Y X, Y Z, Y I, IY, IX, IZ}, {Y Y,XY,ZY, IY, Y I,XI, ZI},
{ZZ,ZX,ZY,ZI, IZ, IX, IY }, {ZZ,XZ, Y Z, IZ, ZI,XI, Y I};

c0 : 6, {XI}, {Y I}, {ZI}, {IX}, {IY }, {IZ};
c1 : 12, {XY,XI}, {XZ,XI}, {Y X, Y I}, {Y Z, Y I}, {ZX,ZI}, {ZY,ZI},

{Y X, IX}, {ZX, IX}, {XY, IY }, {ZY, IY }, {XZ, IZ}, {Y Z, IZ};
c2 : 6, {XX,XI}, {XX, IX}, {Y Y, Y I}, {Y Y, IY }, {ZZ,ZI}, {ZZ, IZ};
c3 : 6, {XI, IY }, {XI, IZ}, {Y I, IX}, {Y I, IZ}, {ZI, IX}, {ZI, IY };
c4 : 6, {XY,XI, IY }, {Y Z, Y I, IZ}, {ZX,ZI, IX},

{Y X, Y I, IX}, {ZY,ZI, IY }, {XZ,XI, IZ};
c5 : 2, {XI, Y I, ZI}, {IX, IY, IZ};
c6 : 12, {XX,XY,XI, IZ}, {XX,XZ,XI, IY }, {XX,Y X, IX,ZI}, {XX,ZX, IX, Y I},

{Y Y, Y X, Y I, IZ}, {Y Y, Y Z, Y I, IX}, {Y Y,XY, IY, ZI}, {Y Y,ZY, IY,XI},
{ZZ,ZX,ZI, IY }, {ZZ,ZY, ZI, IX}, {ZZ,XZ, IZ, Y I}, {ZZ, Y Z, IZ,XI};

c7 : 6, {XI, IX, Y I, ZI}, {Y I, IY,XI, ZI}, {ZI, IZ,XI, Y I},
{XI, IX, IY, IZ}, {Y I, IY, IX, IZ}, {ZI, IZ, IX, IY }.

Adding up the orders of the orbits, we obtain a total of 127 Lie algebras of type a, 19 of type b, and 56 of type c.198
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III. Identifying the subalgebras of su(4) with known spin systems199

In Table S.II below, we identify some of our Lie algebras from Sect. B I with the dynamical Lie algebras of known200

spin models. The listed generating sets are from Sect. B I. However, these generating sets are not unique, and they201

can be replaced with alternative generators that represent the Pauli terms of the Hamiltonian as in 2-local spin chains202

in the Results section of the main text; we call those conventional generators.203

Label Generating set Conventional generators Example Model

a0 XX ZZ Ising model [5]

a1 XY XY Kitaev chain

a2 XY, Y X Massless free fermion in a magnetic field

a3 XX,Y Z ZZ,XY Kitaev chain with

nearest neighbor Coulomb interaction

a4 XX,Y Y XY-model [6] / Massless free fermion

a5 XY, Y Z

a6 XX,Y Z,ZY ZZ,XY, Y X Massless free fermion in a magnetic field with

nearest neighbor Coulomb interaction

a7 XX,Y Y, ZZ Heisenberg model / XXZ Chain [6]

a8 XX,XZ ZZ, IX Transverse-field Ising model [6]

a9 XY,XZ XY, IX Kitaev chain in an X field

a10 XY, Y Z,ZX Heisenberg model

a11 XY, Y X, Y Z XX, Y Y, IY XY model in a Y field

a12 XX,XY, Y Z

a13 XX,Y Y, Y Z XX, Y Y, IX XY-model in a longitudinal field [6]

a14 XX,Y Y,XY Transverse-field XY / Ising model [6]

a15 XX,XY,XZ ZZ, IX, IY, (IZ) Ising model in an arbitrary magnetic field

a16 XY, Y X, Y Z,ZY XY, Y X, IY, Y I Kitaev chain in a Y field

a17 XX,XY,ZX ZZ, IX, IY, (IZ) Ising model in an arbitrary magnetic field

a18 XX,XZ, Y Y, ZY XX, Y Y, IY,XI, (ZI) XY model in an arbitrary field

a19 XX,XY,ZX, Y Z

a20 XX,Y Y, ZZ,ZY XX, Y Y, ZZ, IX,XI XXZ chain in an X field [6]

a21 XX,Y Y,XY,ZX XX,Y Y, IZ, Y I, (IX) XY model in an arbitrary field

a22 XX,XY,XZ, Y X ZZ,XI, IY, IZ, Y I Ising model in an arbitrary field

b0 XI, IX ZI, IZ Uncoupled spins

b1 XX,XI, IX ZZ,ZI, IZ Ising model [5]

b2 XY,XI, IX Kitaev chain in an X field

b3 XI, Y I, IX, IY Uncoupled spins

b4 XX,XY,XI, IX ZZ, IX, IY, IZ, ZI Ising model in an arbitrary field

Table S.II. Examples of conventional spin models corresponding to the dynamical Lie algebras discussed in the main text.
Terms in parentheses do not appear explicitly in the set of generators, but are generated from them.

IV. Extending subalgebras of su(4) to su(2n)204

In this subsection, we elaborate on the constructions of Growing the dynamical Lie algebras in the Results section205

of the main text. First, starting from an arbitrary subalgebra a ⊆ su(4), we define a(n) as the subalgebra of su(2n)206

generated by the set207 ⋃
0≤k≤n−2

I⊗k ⊗ a⊗ I⊗(n−2−k). (B1)

In particular, a(2) = a. The sequence of Lie algebras a(2), a(3), . . . can be determined inductively as follows.208
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Remark B.1. We have two Lie algebra embeddings a(n) → a(n+ 1), given by appending I in the last or first qubit,209

and a(n+ 1) is generated as a Lie algebra by the union of the two images:210

a(n+ 1) = ⟨(a(n)⊗ I) ∪ (I ⊗ a(n))⟩Lie. (B2)

Indeed, if we denote the set (B1) by A(n), we have A(n+ 1) = (A(n)⊗ I) ∪ (I ⊗A(n)).211

As a consequence of the above remark, if a(n) = su(2n) for some n = n0 ≥ 2, then this is true for all n ≥ n0. For212

instance, since213

a18(3) = a19(3) = a21(3) = a22(3) = su(8), a12(4) = a17(4) = su(16), (B3)

we obtain that214

ak(n) = su(2n), k = 12, 17, 18, 19, 21, 22, n ≥ 4. (B4)

Recall that in Sect. B I we considered only subalgebras a ⊆ su(4) generated by a set A of Pauli strings. In this case,215

we have216

a(n) = ⟨{AiBi+1 |AB ∈ A, 1 ≤ i ≤ n− 1}⟩Lie, (B5)

where AB denote 2-site Pauli strings (A,B ∈ {I,X, Y, Z}). Equation (B5) can be used as an equivalent definition of217

a(n) in the case where a is generated by Pauli strings.218

We also consider periodic boundary conditions. For each n ≥ 2, define the subalgebra of su(2n):219

a◦(n) = ⟨{AiBi+1, B1An |AB ∈ A, 1 ≤ i ≤ n− 1}⟩Lie, (B6)

again in the case where a ⊆ su(4) is generated by a set A of Pauli strings. In order to define a◦(n) in the general case,220

we introduce the cyclic shift operator τn : su(2
n) → su(2n), which acts on Pauli strings as221

τn(P
1 ⊗ P 2 ⊗ · · · ⊗ Pn) = P 2 ⊗ · · · ⊗ Pn ⊗ P 1, P j ∈ {I,X, Y, Z} (B7)

(where the superscipts are indices not powers) and is extended by linearity to the whole su(2n). Then τn is a Lie222

algebra automorphism. By definition, a◦(n) is generated as a Lie algebra by the union of a(n) and τna(n):223

a◦(n) = ⟨a(n) ∪ τna(n)⟩Lie. (B8)

Note that, by construction, τna
◦(n) = a◦(n) and τna(n) ⊆ a◦(n).224

We will also consider the fully connected topology corresponding to permutation invariant subalgebras of su(2n),225

i.e., invariant under the action of the symmetric group Sn that permutes the n qubits. Similarly to (B7), every226

permutation σ ∈ Sn defines an automorphism σ : su(2n) → su(2n). Then we define227

aπ(n) =
〈 ⋃
σ∈Sn

σa(n)
〉
Lie
. (B9)

In the case where a ⊆ su(4) is generated by a set A of Pauli strings, we can write more explicitly228

aπ(n) = ⟨{AiBj |AB ∈ A, 1 ≤ i ̸= j ≤ n}⟩Lie. (B10)

Note that, in particular, a◦(n) ⊆ aπ(n). Moreover, without loss of generality, we can assume that the generating229

subalgebra a ⊆ su(4) is itself invariant under S2, i.e., under the flip of the two qubits. In particular, we have:230

aπ1 (n) = aπ2 (n),

aπ3 (n) = aπ6 (n),

aπ5 (n) = aπ11(n) = aπ16(n),

aπ8 (n)
∼= aπ14(n),

aπ9 (n) = bπ2 (n)
∼= aπ16(n),

aπ13(n) = aπ20(n),

aπk (n) = bπ4 (n) = su(2n), k = 10, 12, 15, 17, 18, 19, 21, 22.

Thus, we only need to determine aπk (n) for k = 0, 2, 4, 6, 7, 14, 16, 20 and bπl (n) for l = 0, 1, 3.231
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V. Subalgebras of su(8)232

For completeness and for later use, we list a linear basis (over R, after multiplication by i) for each of the following233

subalgebras of su(8). We have found these subalgebras from (B5), (B6) after running Algorithm 1 in the simplified234

form from Remark II.1, using our code [4].235

Open case:236

a0(3) : {IXX,XXI},
a1(3) : {IXY,XY I,XZY },
a2(3) : {IXY, IY X,XY I,XZY, Y XI, Y ZX},
a3(3) : {IXX, IY Z,XXI,XZZ, Y IY, Y XZ, Y Y X, Y ZI, ZIZ,ZXY },
a4(3) : {IXX, IY Y,XXI,XZY, Y Y I, Y ZX},
a5(3) : {IXY, IY Z,XY I,XZY, Y IX, Y XZ, Y Y Y, Y ZI, ZIY, ZY X},
a6(3) : {IXY, IY X, IZZ,XIX,XXZ,XY I,XZY, Y IY, Y XI, Y Y Z, Y ZX,ZIZ,ZXX,ZY Y,ZZI},
a7(3) : {IXX, IY Y, IZZ,XIX,XXI,XY Z,XZY, Y IY, Y XZ, Y Y I, Y ZX,ZIZ,ZXY,ZY X,ZZI},
a8(3) : {IIY, IXX, IXZ, IY I, IZX, IZZ,XXI,XY X,XY Z,XZI},
a9(3) : {IIX, IXI, IXY, IXZ,XY I,XY Y,XY Z,XZI,XZY,XZZ},
a10(3) : {IXY, IY Z, IZX,XIZ,XXX,XY I,XZY, Y IX, Y XZ, Y Y Y, Y ZI, ZIY, ZXI, ZY X,ZZZ},
a11(3) : {IIX, IXI, IXY, IXZ, IY X, IZX,XIY,XIZ,XXX,XY I,XY Y,XY Z,XZI,XZY,

XZZ, Y XI, Y Y X, Y ZX,ZIX,ZXY,ZXZ},
a12(3) : {IIX, IIY, IIZ, IXX, IXY, IXZ, IY X, IY Y, IY Z, IZI,XII,XXI,XY I,XZX,XZY,

XZZ, Y IX, Y IY, Y IZ, Y XX, Y XY, Y XZ, Y Y X, Y Y Y, Y Y Z, Y ZI, ZIX,ZIY, ZIZ,ZXX,

ZXY,ZXZ,ZY X,ZY Y, ZY Z,ZZI},
a13(3) : {IIX, IXI, IXX, IY Y, IY Z, IZY, IZZ,XII,XIX,XXI,XY Y,XY Z,XZY,XZZ, Y IY,

Y IZ, Y XY, Y XZ, Y Y I, Y Y X, Y ZI, Y ZX,ZIY, ZIZ,ZXY,ZXZ,ZY I, ZY X,ZZI, ZZX},
a14(3) : {IIZ, IXX, IXY, IY X, IY Y, IZI,XXI,XY I,XZX,XZY, Y XI, Y Y I, Y ZX, Y ZY,ZII},
a15(3) : {IIX, IIY, IIZ, IXI, IXX, IXY, IXZ, IY I, IY X, IY Y, IY Z, IZI, IZX, IZY, IZZ,XIX,

XIY,XIZ,XXI,XXX,XXY,XXZ,XY I,XY X,XY Y,XY Z,XZI,XZX,XZY,XZZ},
a16(3) : {IIX, IXI, IXY, IXZ, IY X, IZX,XII,XIY,XIZ,XXX,XY I,XY Y,XY Z,XZI,

XZY,XZZ, Y IX, Y XI, Y XY, Y XZ, Y Y X, Y ZX,ZIX,ZXI, ZXY,ZXZ,ZY X,ZZX},
a17(3) : {IIZ, IXI, IXX, IXY, IY I, IY X, IY Y, IZI, IZX, IZY,XIZ,XXI,XXX,XXY,

XY I,XY X,XY Y,XZI,XZX,XZY, Y II, Y IX, Y IY, Y XZ, Y Y Z, Y ZZ,ZIZ,ZXI,

ZXX,ZXY,ZY I, ZY X,ZY Y, ZZI, ZZX,ZZY },
a20(3) : {IIZ, IXX, IXY, IY X, IY Y, IZI, IZZ,XIX,XIY,XXI,XXZ,XY I,XY Z,XZX,XZY,

Y IX, Y IY, Y XI, Y XZ, Y Y I, Y Y Z, Y ZX, Y ZY,ZII, ZIZ,ZXX,ZXY,ZY X,ZY Y,ZZI}.

Periodic case:237

a◦0(3) : {IXX,XIX,XXI},
a◦1(3) : {IXY,XY I,XZY, Y IX, Y XZ,ZY X},
a◦2(3) : {IXY, IY X,XIY,XY I,XY Z,XZY, Y IX, Y XI, Y XZ, Y ZX,ZXY,ZY X},
a◦3(3) : {IIX, IXI, IXX, IY Y, IY Z, IZY, IZZ,XII,XIX,XXI,XY Y,XY Z,XZY,XZZ, Y IY,

Y IZ, Y XY, Y XZ, Y Y I, Y Y X, Y ZI, Y ZX,ZIY, ZIZ,ZXY,ZXZ,ZY I, ZY X,ZZI, ZZX},
a◦4(3) : {IXX, IY Y, IZZ,XIX,XXI,XY Z,XZY, Y IY, Y XZ, Y Y I, Y ZX,ZIZ,ZXY,ZY X,ZZI},
a◦6(3) : {IIZ, IXX, IXY, IY X, IY Y, IZI, IZZ,XIX,XIY,XXI,XXZ,XY I,XY Z,XZX,XZY,

Y IX, Y IY, Y XI, Y XZ, Y Y I, Y Y Z, Y ZX, Y ZY,ZII, ZIZ,ZXX,ZXY,ZY X,ZY Y,ZZI},
a◦8(3) : {IIY, IXX, IXZ, IY I, IY Y, IZX, IZZ,XIX,XIZ,XXI,XXY,XY X,XY Z,XZI,XZY,

Y II, Y IY, Y XX, Y XZ, Y Y I, Y ZX, Y ZZ,ZIX,ZIZ,ZXI, ZXY,ZY X,ZY Z,ZZI, ZZY },
a◦9(3) : {IIX, IXI, IXY, IXZ,XII,XY I,XY Y,XY Z,XZI,XZY,XZZ, Y IX, Y XY, Y XZ, Y Y X,
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Y ZX,ZIX,ZXY,ZXZ,ZY X,ZZX},
a◦11(3) : {IIX, IXI, IXY, IXZ, IY X, IZX,XII,XIY,XIZ,XXX,XY I,XY Y,XY Z,XZI,XZY,

XZZ, Y IX, Y XI, Y XY, Y XZ, Y Y X, Y ZX,ZIX,ZXI, ZXY,ZXZ,ZY X,ZZX},
a◦14(3) : {IIZ, IXX, IXY, IY X, IY Y, IZI, IZZ,XIX,XIY,XXI,XXZ,XY I,XY Z,XZX,XZY,

Y IX, Y IY, Y XI, Y XZ, Y Y I, Y Y Z, Y ZX, Y ZY,ZII, ZIZ,ZXX,ZXY,ZY X,ZY Y,ZZI}.

Moreover, we have238

a◦k(3) = ak(3), k = 5, 7, 10, 13, 16, 20,

and239

a◦12(3) = a◦15(3) = a◦17(3) = su(8).

VI. Subalgebras of su(2n) corresponding to open spin chains240

For convenience, here we reproduce the list of subalgebras of su(2n) from Theorem IV.1, with the additional241

information of the dimensions of the Lie algebras (cf. (A9)). The proof of the theorem is given in Sect. C below.242

a0(n) = span{XjXj+1}1≤j≤n−1
∼= u(1)⊕(n−1), dim = n− 1,

a1(n) = span{XiZi+1 · · ·Zj−1Yj}1≤i<j≤n
∼= so(n), dim =

n(n− 1)

2
,

a2(n) = span{XiZi+1 · · ·Zj−1Yj}1≤i<j≤n ⊕ span{YiZi+1 · · ·Zj−1Xj}1≤i<j≤n

∼= so(n)⊕ so(n), dim = n(n− 1),

a3(n) ∼=



so(2n−2)⊕4, dim = 2n−1(2n−2 − 1), n ≡ 0 mod 8,

so(2n−1), dim = 2n−2(2n−1 − 1), n ≡ ±1 mod 8,

su(2n−2)⊕2, dim = 22n−3 − 2, n ≡ ±2 mod 8,

sp(2n−2), dim = 2n−2(2n−1 + 1), n ≡ ±3 mod 8,

sp(2n−3)⊕4, dim = 2n−1(2n−2 + 1), n ≡ 4 mod 8,

a4(n) ∼= a2(n),

a5(n) ∼=


so(2n−2)⊕4, dim = 2n−1(2n−2 − 1), n ≡ 0 mod 6,

so(2n−1), dim = 2n−2(2n−1 − 1), n ≡ ±1 mod 6,

su(2n−2)⊕2, dim = 22n−3 − 2, n ≡ ±2 mod 6,

sp(2n−2), dim = 2n−2(2n−1 + 1), n ≡ 3 mod 6,

a6(n) ∼= a7(n) ∼= a10(n) ∼=

{
su(2n−1), dim = 22n−2 − 1, n odd,

su(2n−2)⊕4, dim = 22n−2 − 4, n ≥ 4 even,

a8(n) ∼= so(2n− 1), dim = (n− 1)(2n− 1),

a9(n) ∼= sp(2n−2), dim = 2n−2(2n−1 + 1),

a11(n) = a16(n) = so(2n), dim = 2n−1(2n − 1), n ≥ 4,

ak(n) = su(2n), dim = 22n − 1, k = 12, 17, 18, 19, 21, 22, n ≥ 4,

a13(n) = a20(n) ∼= a15(n) ∼= su(2n−1)⊕ su(2n−1), dim = 22n−1 − 2,

a14(n) ∼= so(2n), dim = n(2n− 1),

b0(n) = span{Xi}1≤i≤n
∼= u(1)⊕n, dim = n,

b1(n) = span{Xi, XjXj+1}1≤i≤n, 1≤j≤n−1
∼= u(1)⊕(2n−1), dim = 2n− 1,

b2(n) = a9(n)⊕ span{X1} ∼= sp(2n−2)⊕ u(1), dim = 2n−2(2n−1 + 1) + 1,

b3(n) = span{Xi, Yi, Zi}1≤i≤n
∼= su(2)⊕n, dim = 3n,

b4(n) = a15(n)⊕ span{X1} ∼= su(2n−1)⊕ su(2n−1)⊕ u(1), dim = 22n−1 − 1.
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C. PROOFS243

This section contains detailed proofs of Theorems IV.1, IV.2, and IV.3. The proof of Theorem IV.1 occupies Sect.244

C II–CVII; its plan is outlined in Sect. C I below. The proofs of Theorems IV.2 and IV.3 utilize the results of Theorem245

IV.1, and are given in Sect. CVIII and C IX, respectively. For an index of each proof for each algebra, see Table S.III.246

Label Generators Scaling Isomorphism Reason

a0 XX O(n) u(1)⊕(n−1) Sect. C I

a1 XY O(n2) so(n) Sect. C III, frustration graph

a2 XY, Y X O(n2) so(n)⊕ so(n) Sect. C III, frustration graph

a3 XX,Y Z O(n) n-dependent Lemmas C.30, C.32

a4 XX,Y Y O(n2) a2 Sect. C II, inclusion

a5 XY, Y Z O(4n) n-dependent Lemmas C.31, C.33

a6 XX,Y Z,ZY O(4n) a7 Sect. C II, inclusion

a7 XX,Y Y, ZZ O(4n) n-dependent Lemma C.29

a8 XX,XZ O(n2) so(2n− 1) Sect. C III, frustration graph

a9 XY,XZ O(4n) sp(2n−2) Lemma C.28, fixed point under involution

a10 XY, Y Z,ZX O(4n) a6 Sect. C II, inclusion

a11 XY, Y X, Y Z O(4n) a16 Sect. C II, inclusion

a12 XX,XY, Y Z O(4n) su(2n) Sect. B IV, explicit for n = 4

a13 XX,Y Y, Y Z O(4n) su(2n−1)⊕ su(2n−1) Lemma C.27, fixed point under involution

a14 XX,Y Y,XY O(n2) so(2n) Sect. C III, frustration graph

a15 XX,XY,XZ O(4n) a13 Lemma C.27, fixed point under involution

a16 XY, Y X, Y Z,ZY O(4n) so(2n) Lemma C.25, fixed point under involution

a17 XX,XY,ZX O(4n) su(2n) Sect. B IV, explicit for n = 4

a18 XX,XZ, Y Y, ZY O(4n) su(2n) Sect. B IV, explicit for n = 3

a19 XX,XY,ZX, Y Z O(4n) su(2n) Sect. B IV, explicit for n = 3

a20 XX,Y Y, ZZ,ZY O(4n) a13 Sect. C II, inclusion

a21 XX,Y Y,XY,ZX O(4n) su(2n) Sect. B IV, explicit for n = 3

a22 XX,XY,XZ, Y X O(4n) su(2n) Sect. B IV, explicit for n = 3

b0 XI, IX O(n) u(1)⊕n Sect. C I

b1 XX,XI, IX O(n) u(1)⊕(2n−1) Sect. C I

b2 XY,XI, IX O(4n) sp(2n−2)⊕ u(1) Sect. C I, central extension

b3 XI, Y I, IX, IY O(n) su(2)⊕n Sect. C I

b4 XX,XY,XZ,XI, IX, IY, IZ O(4n) su(2n−1)⊕ su(2n−1)⊕ u(1) Sect. C I, central extension

Table S.III. Proofs and where to find them.

I. Plan of the proof of Theorem IV.1247

Our starting point is the list of subalgebras of su(4) from Sect. B I:248

ak, bl ⊆ su(4), 0 ≤ k ≤ 22, 0 ≤ l ≤ 4, (C1)

and the goal is to determine (up to isomorphism) their extensions as subalgebras of su(2n):249

ak(n), bl(n) ⊆ su(2n), 3 ≤ n, 0 ≤ k ≤ 22, 0 ≤ l ≤ 4, (C2)

which are defined in Sect. B IV. The answer is presented in Theorem IV.1, and in more detail, in Sect. BVI above.250

Here we outline the proof, which consists of multiple parts. We divide the set of Lie algebras (C2) into three classes:251

linear, quadratic, and exponential, according to the anticipated growth of their dimension.252
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Linear case: a0(n), bl(n) (l = 0, 1, 3). The linear case is obvious. Indeed, the Lie algebras a0(n), b0(n), and b1(n)253

are Abelian (i.e., have identically zero Lie brackets), because all of their generators commute with each other. The254

Lie algebra b3(n) ∼= su(2)⊕n is a direct sum of n commuting copies of su(2), since its generators split into n groups255

acting independently on each qubit and commuting with each other.256

Quadratic case: ak(n) (k = 1, 2, 4, 8, 14). These Lie algebras are determined by using the frustration graphs of257

their generators; see Sect. C III and especially Lemma C.6. Note that a2(n) ∼= a4(n) by Lemma C.3.258

Exponential case: ak(n), bl(n) (k = 3, 5, 6, 7, 9−13, 15−22, l = 2, 4). First, recall that in Sect. B IV, we have259

already found that260

ak(n) = su(2n), k = 12, 17, 18, 19, 21, 22, n ≥ 4. (C3)

Second, we observe that b2(n) = a9(n)⊕ span{X1} and b4(n) = a15(n)⊕ span{X1}, because their generators consist261

of a central element X1 (commuting with all other generators) and the generators of a9(n) or a15(n), respectively.262

Third, in Sect. C II, we find equalities and isomorphisms among some of the Lie algebras ak(n). Namely,263

a6(n) ∼= a7(n) ∼= a10(n), a11(n) = a16(n), a13(n) = a20(n), n ≥ 4. (C4)

Thus, we are left to investigate the Lie algebras ak(n) for k = 3, 5, 7, 9, 13, 15, 16.264

Strategy for ak(n) (k = 3, 5, 7, 9, 13, 15, 16). The strategy in the remaining exponential cases is as follows.265

1. For each of our Lie algebras s = ak(n), we find its stabilizer St(s), which is defined as the set of all Pauli strings266

∈ Pn that commute with every element of s. This can be done explicitly, because the stabilizer is determined267

only from the generators of s; see Proposition C.3 in Sect. C IV.268

2. By definition, s commutes with all elements of its stabilizer St(s); hence, it is contained in the centralizer of269

St(s) in su(2n), which we denote su(2n)St(s). We can reduce the Lie subalgebra su(2n)St(s) further by factoring270

all elements of the center of St(s), which will become central in it, because s has a trivial center by Lemma271

C.12. This results in a Lie algebra denoted gk(n) when s = ak(n); these are listed explicitly in (C25)–(C31).272

3. By the above construction, we have s ⊆ gk(n). However, equality does not hold in all cases. We improve the273

upper bound for s by finding an involution θk of gk(n) such that all elements of s are fixed under θk, i.e.,274

θk(a) = a for all a ∈ s (see Sect. A III for a refresher on involutions). The last condition can be checked only on275

the generators of s, and the details are carried out in Sect. CV (Theorem C.1 and Lemmas C.14, C.15, C.16).276

Thus, we have the upper bound s ⊆ gk(n)
θk , where the superscript θk indicates fixed points under θk.277

4. Then, in Sect. CVI, we establish a lower bound for s, i.e., we prove that the upper bound is exact: ak(n) =278

gk(n)
θk . The main idea is to start with an arbitrary Pauli string ∈ iPn ∩ gk(n)

θk and use suitable commutators279

with elements of ak(n) to produce a Pauli string ∈ iPn ∩ gk(n)
θk with I in one of its positions. Erasing the280

I gives an element of gk(n − 1)θk , which by induction is in ak(n − 1). The specific details are broken into a281

sequence of lemmas. The cases k = 3, 5, 7, k = 9, k = 13, k = 15, and k = 16 are treated in Lemmas C.21,282

C.23, C.24, C.26, and C.25, respectively. As a consequence, since g16(n) = su(2n) by (C30), and θ16(g) = −gT283

by (C36), we obtain that a16(n) = so(2n).284

5. Finally, in Sect. CVII, we identify the Lie algebras gk(n)
θk with those from Theorem IV.1. The idea is to apply a285

suitable unitary transformation that brings the stabilizer St(s) to a more convenient form (such transformations286

and their effect on the fixed points of involutions are reviewed in Sect. A III). For example, St(a13(n)) =287

{I⊗n, X⊗n} and we can bring X⊗n to X1 with a unitary transformation, after which it is easy to determine288

the centralizer su(2n)X1 . This is carried out in Lemmas C.27, C.28, and C.29 for k = 13, 15, k = 9, and k = 7,289

respectively. The more complicated cases k = 3 and k = 5 are further broken down to n odd and n even; see290

Lemmas C.30, C.32, C.31, C.33. Taken all together, this completes the proof of Theorem IV.1.291

II. Inclusions and isomorphisms292

There are several obvious inclusions among the Lie algebras ak (k = 0−11, 13−16, 20), which extend to the corre-293

sponding subalgebras of su(2n) due to the following trivial observation.294

Lemma C.1. Consider two arbitrary subalgebras a ⊆ b ⊆ su(4). Then a(n) ⊆ b(n), a◦(n) ⊆ b◦(n) and aπ(n) ⊆ bπ(n)295

for all n ≥ 2. Furthermore, if a(n0) = b(n0) for some n0, then a(n) = b(n) for all n ≥ n0.296
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Proof. If a ⊆ b, then the generating set (B1) of a(n) is contained in the corresponding generating set of b(n); hence,297

a(n) ⊆ b(n). From here, we also get τna(n) ⊆ τnb(n), which implies a◦(n) ⊆ b◦(n) due to (B8). Similarly, from (B9),298

we derive aπ(n) ⊆ bπ(n). The last claim of the lemma follows from the inductive construction of the Lie algebras299

a(n) given in (B2).300

For the rest of this subsection, we focus on the open case; we will treat the periodic (closed) case and the permutation-301

invariant case later. By comparing the bases of the subalgebras ak ⊂ su(4) listed in Table S.I, we notice the following302

inclusions:303

a0 ⊂ a3 ⊂ a6 ⊂ a20, a1 ⊂ a2 ⊂ a11 ⊂ a16,

a0 ⊂ a4 ⊂ a7, a1 ⊂ a2 ⊂ a14,

a0 ⊂ a4 ⊂ a13 ⊂ a20, a1 ⊂ a5 ⊂ a10, and a1 ⊂ a5 ⊂ a16,

a0 ⊂ a8 ⊂ a15, a1 ⊂ a9 ⊂ a15.

The above chains of inclusions are maximal, i.e., cannot be extended further. By Lemma C.1, for any pair ak ⊂ al,304

we get an inclusion ak(n) ⊆ al(n) for all n ≥ 3. However, observe that even though a5 = a10 ∩ a16, we only305

have a5(n) ⊆ a10(n) ∩ a16(n) and not necessarily an equality. In fact, one checks that IZX ∈ a10(3) ∩ a16(3) but306

IZX /∈ a5(3). In the next lemma, we present two consequences of the above inclusions.307

Lemma C.2. We have:308

a11(n) = a16(n), n ≥ 4, (C5)

a13(n) = a20(n), n ≥ 3. (C6)

Proof. Since a11 ⊂ a16, we have a11(n) ⊆ a16(n) for all n. But because dim a11(4) = dim a16(4) = 120, we obtain309

that a11(4) = a16(4), which implies (C5). Similarly, from a13 ⊂ a20, we get a13(n) ⊆ a20(n) for all n. But because310

dim a13(3) = dim a20(3) = 30, we have a13(3) = a20(3).311

There are other inclusions among the Lie algebras ak after we relabel some of the Paulis. Such relabelings act as312

automorphisms of the Lie algebra su(2n), i.e., they are invertible linear operator that respects the Lie bracket (see313

Sect. A III). We will express them in the form φ(a) = UaU† (a ∈ su(2n)) for some fixed unitary matrix U , as in314

Lemma A.4.315

As a first example, consider the linear operator ψ on C2×2, defined by ψ(A) = V AV † where V = ei
π
4 Z . Using (A6),316

we find:317

ψ(I) = I, ψ(X) = iZ ·X = −Y, ψ(Y ) = iZ · Y = X, ψ(Z) = Z.

We extend it to an automorphism ψn of su(2n) by:318

ψn := ψ0 ⊗ ψ1 ⊗ · · · ⊗ ψn−1,

where ψj denotes the j-th power of ψ. Note that, up to an overall sign, ψn swaps X ⇌ Y on all even qubits. It can319

be represented as a unitary transformation:320

ψn(a) = UaU†, with U = V 0 ⊗ V 1 ⊗ · · · ⊗ V n−1 = exp
(
i
π

4

n∑
j=1

(j − 1)Zj

)
. (C7)

Lemma C.3. The map ψn, defined by (C7), restricts to an isomorphism a2(n) ∼= a4(n).321

Proof. Since ψn is an automorphisms of su(2n), it is in particular injective and respects the Lie bracket. The same is322

true for the restriction of ψn to a2(n). In order to prove that ψn is an isomorphism from a2(n) to a4(n), it remains323

to show that it is surjective, i.e., ψna2(n) = a4(n). Note that ψna2(n) is a subalgebra of a4(n). We will show that324

ψna2(n) contains all generators of a4(n), which would imply that it is equal to it.325

Indeed, ψn acts as follows on the generators of a2(n):326

ψn(XiYi+1) = (ψi−1(X))i(ψ
i(Y ))i+1 = (ψi−1(X))i(ψ

i−1(X))i+1,

ψn(YiXi+1) = (ψi−1(Y ))i(ψ
i(X))i+1 = −(ψi−1(Y ))i(ψ

i−1(Y ))i+1.

Hence, up to a sign, ψn sends the generators of a2(n) to the generators XiXi+1, YiYi+1 of a4(n). Therefore, ψna2(n) =327

a4(n), which completes the proof of the lemma.328
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As another similar example, consider the linear operator φ on C2×2, defined by329

φ(A) := ei
π
4 XAe−iπ

4 X ⇒ φ(I) = I, φ(X) = X, φ(Y ) = −Z, φ(Z) = Y. (C8)

We extend it to an automorphism of su(2n) by330

φn := φ0 ⊗ φ1 ⊗ · · · ⊗ φn−1, (C9)

which, up to a sign, swaps Y ⇌ Z on all even qubits. As in (C7), we have331

φn(a) = UaU†, with U = exp
(
i
π

4

n∑
j=1

(j − 1)Xj

)
. (C10)

Lemma C.4. The map φn, defined by (C8), (C9), restricts to an isomorphism a6(n) ∼= a7(n).332

Proof. As in the proof of Lemma C.3, we find that φn acts on the generators of a6(n) as follows:333

φn(XiXi+1) = XiXi+1,

φn(YiZi+1) = (φi−1(Y ))i(φ
i−1(Y ))i+1,

φn(ZiYi+1) = −(φi−1(Z))i(φ
i−1(Z))i+1.

Up to a sign, the images are exactly the generators XiXi+1, YiYi+1, ZiZi+1 of a7(n). Hence, φna6(n) = a7(n).334

Now consider the composition γ := φψ, which acts as a cyclic rotation X 7→ Z 7→ Y 7→ X:335

γ(I) = I, γ(X) = Z, γ(Y ) = X, γ(Z) = Y. (C11)

We extend it to automorphism of su(2n) as follows:336

γn := γ1 ⊗ γ2 ⊗ γ3 ⊗ · · · ⊗ γn. (C12)

Since S := (X + Y + Z)/
√
3 satisfies S · S = I, we can apply Euler’s formula (A3) to show that337

γ(A) = ei
π
4 Xei

π
4 ZAe−iπ

4 Ze−iπ
4 X = ei

π
3 SAe−iπ

3 S .

Hence, similarly to (C7), (C10), we can express γn as338

γn(a) = UaU†, with U = exp
(
i
π

3
√
3

n∑
j=1

j(Xj + Yj + Zj)
)
. (C13)

Lemma C.5. The map γn, defined by (C11), (C12), restricts to an isomorphism a10(n) ∼= a7(n).339

Proof. We find that γn acts on the generators of a10(n) as follows:340

γn(XiYi+1) = (γi(X))i(γ
i+1(Y ))i+1 = (γi(X))i(γ

i(X))i+1,

γn(YiZi+1) = (γi(Y ))i(γ
i+1(Z))i+1 = (γi(Y ))i(γ

i(Y ))i+1,

γn(ZiXi+1) = (γi(Z))i(γ
i+1(X))i+1 = (γi(Z))i(γ

i(Z))i+1.

The images are exactly the generators XiXi+1, YiYi+1, ZiZi+1 of a7(n); hence, γna10(n) = a7(n).341

III. Frustration graphs342

In this subsection, we review the notion of frustration graph, which is a useful visualization tool; see e.g. [7–9]. We343

determine the dynamical Lie algebra in the cases when the frustration graph is a line or a circle, and apply these344

results to identify several of our Lie algebras, namely, ak(n) and a◦k(n) for k = 1, 2, 4, 8, 14.345

Definition C.1. Given a set of Pauli strings A ⊂ Pn, its frustration graph is the graph with a set of vertices A346

and edges connecting all pairs of vertices a, b ∈ A such that [a, b] ̸= 0. The Lie algebra ⟨A⟩Lie generated by A (cf.347

Definition A.1) will be called the dynamical Lie algebra (DLA) of the corresponding frustration graph.348
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(a) a1(4) (b) a2(4) (c) a◦2(4)
1

Figure S1. Frustration graphs for several examples in our classification for n = 4. (a) A frustration graph given by a
line. (b) A frustration graph consisting of two disjoint lines. (c) A circular frustration graph.

The frustration graph makes it especially easy to determine when two subsets of the generating set A commute with349

each other: it means that they are disconnected from each other in the frustration graph. Suppose that A = A1 ⊔A2350

is a disjoint union of subsets with disconnected frustration graphs. Then the DLA351

⟨A1 ⊔ A2⟩Lie = ⟨A1⟩Lie ⊕ ⟨A2⟩Lie (C14)

is a direct sum of commuting subalgebras. This is illustrated in Figure S1.352

In the next proposition, we determine the DLA of a line frustration graph.353

Proposition C.1. Suppose that the frustration graph of A = {a1, . . . , aN} ⊂ Pn is a line with N vertices, so that354

[aj , ak] ̸= 0 for 1 ≤ j < k ≤ N if and only if k = j + 1. Then355

⟨A⟩Lie ∼= so(N + 1),

and a basis for it is given by {ik−jLj,k}1≤j<k≤N+1, where i is the imaginary unit and356

Lj,k := aj · aj+1 · · · ak−1 (1 ≤ j < k ≤ N + 1) (C15)

are products over line segments.357

Proof. Recall that ⟨A⟩Lie is the subalgebra of su(2n) generated by the subset iA ⊂ su(2n) (see Definition A.1). First,358

let us us prove that all ik−jLj,k are in ⟨A⟩Lie. For k = j + 1, we have iLj,j+1 := iaj ∈ iA ⊆ ⟨A⟩Lie. Suppose, by359

induction on k− j, that ik−jLj,k ∈ ⟨A⟩Lie for some 1 < j < k ≤ N +1; then we will show that ik−j+1Lj−1,k ∈ ⟨A⟩Lie.360

By definition,361

Lj−1,k = aj−1 · aj · aj+1 · · · ak−1 = aj−1 · Lj,k,

and by assumption, aj−1 anticommutes with aj and commutes with aj+1, . . . , ak−1. Hence, aj−1 anticommutes with362

Lj,k, which implies that363

2ik−j+1Lj−1,k = 2ik−j+1aj−1 · Lj,k = ik−j+1[aj−1, Lj,k] = [iaj−1, i
k−jLj,k] ∈ ⟨A⟩Lie.

This proves the claim that ik−jLj,k ∈ ⟨A⟩Lie for all 1 ≤ j < k ≤ N + 1.364

Similarly to above, one can check that (1 ≤ j < k < l ≤ N + 1):365

[ik−jLj,k, i
l−kLk,l] = 2il−jLj,l, [il−kLk,l, i

l−jLj,l] = 2ik−jLj,k, [il−jLj,l, i
k−jLj,k] = 2il−kLk,l, (C16)

and all other commutators (not following from skewsymmetry) are zero. In particular, the real linear span of all366

ik−jLj,k is closed under the bracket, i.e., is a subalgebra of su(2n). Since ⟨A⟩Lie is the minimal (under inclusion)367

subalgebra of su(2n) containing iA, it follows that368

⟨A⟩Lie = span{ik−jLj,k}1≤j<k≤N+1.

Recall that so(N + 1) = so(N + 1,R) is the Lie algebra of all skew-symmetric (N + 1)× (N + 1) real matrices; see369

(A7). Consider the standard basis {Ej,k}1≤j,k≤N+1 of gl(N + 1,R), where Ej,k is the matrix with (j, k)-entry = 1370

and all other entries = 0. Then a basis for so(N + 1) is {Fj,k := Ej,k − Ek,j}1≤j<k≤N+1. Using that371

[Ej,k, El,m] = δk,lEj,m − δj,mEl,k,
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it is easy to see that372

[Fj,k, Fk,l] = Fj,l, [Fk,l, Fj,l] = Fj,k, [Fj,l, Fj,k] = Fk,l, for 1 ≤ j < k < l ≤ N + 1.

Hence, the matrices 2Fj,k satisfy the same commutation relations as ik−jLj,k given in (C16). This means that the map373

so(N + 1) → ⟨A⟩Lie that sends 2Fj,k to ik−jLj,k is a Lie algebra homomorphism. Its kernel is an ideal in so(N + 1),374

but since so(N + 1) is simple, it has no non-zero proper ideals. Therefore, this map is an isomorphism.375

Remark C.1. One can see from the above proposition that, for linear frustration graphs, the dimension of the DLA376

scales quadratically with the number of generators. This was observed for free fermionic models in [10–14], where the377

number of generators is proportional to the system size and the circuit gate complexity is quadratic with respect to the378

system size. These models are fast forwardable along with the other Hamiltonians given in [7–9], and the fundamental379

reason for this is the polynomial scaling of the DLA.380

Remark C.2. After a Jordan–Wigner transformation, it can be shown that the algebra of free fermions on n sites can381

be generated by {Z1, X1X2, Z2, X2X3, Z3, . . . , Xn−1Xn, Zn}, which will be shown to be equivalent to a14(n) in Lemma382

C.6 below. These generators have a linear frustration graph with 2n− 1 vertices; hence, its DLA is so(2n).383

Next, we consider the case where the frustration graph is a circle.384

Proposition C.2. Suppose that the frustration graph of A = {a1, . . . , aN} ⊂ Pn is a circle with N ≥ 3 vertices, so385

that [aj , ak] ̸= 0 for 1 ≤ j < k ≤ N if and only if k = j + 1 or j = 1, k = N . Then386

⟨A⟩Lie ∼= so(N)⊕ so(N),

and it has a basis {ik−jLj,k, i
N+k−jC · Lj,k}1≤j<k≤N , where i is the imaginary unit, Lj,k are defined in (C15), and387

C := a1 · a2 · · · aN−1 · aN . (C17)

Proof. First, notice that [C, aj ] = 0 for all 1 ≤ j ≤ N , because aj does not commute only with its two neighboring388

vertices in the circle frustration graph. Moreover, using that aj ·aj = I⊗n (cf. Lemma A.1), we get C ·C = (−1)NI⊗n.389

From here, we deduce that390

[iNC, ik−jLj,k] = 0, (iNC) · (iNC) = I⊗n. (C18)

If we remove any vertex from the frustration graph of A, we obtain a line frustration graph. By Proposition C.1,391

we know that392

ik−jLj,k ∈ ⟨a1, . . . , aN−1⟩Lie ⊆ ⟨A⟩Lie, 1 ≤ j < k ≤ N,

and these elements form a basis for the subalgebra ⟨a1, . . . , aN−1⟩Lie ∼= so(N). In particular, we have393

{ia1, . . . , iaN−1} ⊂ ⟨a1, . . . , aN−1⟩Lie = spanR{ik−jLj,k}1≤j<k≤N .

Similarly, the set A \ {ak−1} = {ak, ak+1, . . . , aN , a1, . . . , ak−2} has a line frustration graph and its subset394

{ak, ak+1, . . . , aN , a1, . . . , aj−1} is a line segment for 1 ≤ j < k ≤ N . Hence, again by Proposition C.1,395

iN+k−jC · Lj,k = ±iN−k+jak · ak+1 · · · aN · a1 · · · aj−1 ∈ ⟨A \ {ak−1}⟩Lie ⊆ ⟨A⟩Lie, 1 ≤ j < k ≤ N.

In particular, the choice j = 1, k = N gives396

iN+N−1C · L1,N = ±iaN .

The above discussion implies that397

iA ⊂ L := spanR{ik−jLj,k, i
N+k−jC · Lj,k}1≤j<k≤N ⊆ ⟨A⟩Lie.

We claim that the vector space L is closed under the Lie bracket. Indeed, we already know that spanR{ik−jLj,k} is398

closed. For the other brackets, we use that from (C18), we have:399

[ik−jLj,k, i
N+m−lC · Ll,m] = iNC · [ik−jLj,k, i

m−lLl,m],

[iN+k−jC · Lj,k, i
N+m−lC · Ll,m] = [ik−jLj,k, i

m−lLl,m].

As the Lie algebra L contains iA, it must contain ⟨A⟩Lie. Therefore, L = ⟨A⟩Lie.400

Using (C18) again (or from the above brackets), we see that401

⟨A⟩Lie = spanR{(I⊗n + iNC) · ik−jLj,k}1≤j<k≤N ⊕ spanR{(I⊗n − iNC) · ik−jLj,k}1≤j<k≤N

is isomorphic as a Lie algebra to a direct sum of two copies of spanR{ik−jLj,k}1≤j<k≤N
∼= so(N). Therefore, ⟨A⟩Lie ∼=402

so(N)⊕ so(N).403
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Remark C.3. A circular frustration graph corresponds to free fermionic evolution controlled with one ancilla, where404

the ancilla degree of freedom can be readily found as the operator C defined in (C17). As expected, this is not the only405

example. Some periodic 1-dimensional spin systems such as TFXY, XY and Kitaev models also have DLAs that are406

generated from Pauli strings with a circular frustration graph. For those spin models, C = ZZ · · ·Z.407

Applying the results of Propositions C.1, C.2, in the following lemmas we determine the Lie algebras ak(n) and408

a◦k(n) for k = 1, 2, 4, 8, 14. Examples are presented in Figures S2 and S3.409

(a) a2(n) (b) a4(n)
1

Figure S2. Frustration graphs for a2(n) and a4(n). The red boxes enclose the generators acting on each site (i, i + 1).
Both frustrations graphs are given by two disjoint lines for any n; hence we can conclude that a2(n) ∼= a4(n) (cf. Lemma C.3).

Lemma C.6. We have:410

a1(n) ∼= so(n),

a2(n) ∼= a4(n) ∼= so(n)⊕ so(n),

a8(n) ∼= so(2n− 1),

a14(n) ∼= so(2n).

Proof. The proof is based on the frustration graphs of the generating sets of these Lie algebras (see Sect. B I, B IV).411

Generators of a1(n) are XY on each adjacent pair of qubits:412

X1Y2, X2Y3, X3Y4, . . . , Xn−1Yn.

These form a linear frustration graph with n− 1 vertices, leading to a1(n) ∼= so(n) (see Figure S3(a)).413

The Lie algebra a2(n) is generated by XY and Y X on adjacent pairs of qubits:414

X1Y2, X2Y3, X3Y4, . . . , Xn−1Yn and Y1X2, Y2X3, Y3X4, . . . , Yn−1Xn.

Both of these form linear frustration graphs with n − 1 vertices, and commute with each other (see Figure S2(a)).415

Thus, a2(n) ∼= so(n)⊕ so(n). Note that a4(n) ∼= a2(n) due to Lemma C.3 (see also Figure S2).416

Since a8 = span{XX,XZ, IY } = ⟨XX, IY ⟩Lie, we can generate a8(n) by:417

X1X2, Y2, X2X3, Y3, X3X4, Y4, . . . , Xn−1Xn, Yn. (C19)

These form a linear frustration graph with 2(n− 1) vertices; hence a8(n) ∼= so(2n− 1) (see Figure S3(b)).418

Similarly, note that419

a14 = span{XX,Y Y,XY, Y X,ZI, IZ} = ⟨XX,ZI, IZ⟩Lie,

because [XX,ZI] = −2iY X, [XX, IZ] = −2iXY , and [XY,ZI] = −2iY Y . Thus, a14(n) is generated by:420

Z1, X1X2, Z2, X2X3, Z3, X3X4, Z4, . . . , Xn−1Xn, Zn, (C20)

which gives a linear frustration graph with 2n− 1 vertices. Hence a14(n) ∼= so(2n) (see Figure S3(c)).421

Lemma C.7. We have a◦k(n)
∼= ak(n)

⊕2 for k = 1, 2, 14 and n ≥ 3.422
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(a) a1(n) (b) a8(n) (c) a14(n)
1

Figure S3. Visualization of the frustration graphs of generators of certain Lie algebras. The red boxes enclose the
generators acting on each site (i, i+ 1). For the three cases a1(n), a8(n) and a14(n), we see that the frustration graph is a line
for any n. For (a), the 2-site DLA a1(2) ∼= u(1), but as n grows we find a1(n) ∼= so(n). (b) The frustration graph is a line with
2n− 2 vertices; hence a8(n) ∼= so(2n− 1). (c) The frustration graph is a line with 2n− 1 vertices, giving a14(n) ∼= so(2n).

Proof. The Lie algebra a◦1(n) is generated by XY applied on adjacent qubits, including periodic boundary conditions:423

X1Y2, X2Y3, X3Y4, . . . , Xn−1Yn, XnY1.

The frustration graph is a circle with n vertices. Therefore, a◦1(n) ∼= so(n)⊕2 ∼= a1(n)
⊕2.424

The Lie algebra a◦2(n) is generated by XY and Y X applied on adjacent qubits with periodic boundary conditions:425

X1Y2, X2Y3, X3Y4, . . . , Xn−1Yn, XnY1 and Y1X2, Y2X3, Y3X4, . . . , Yn−1Xn, YnX1.

These form two circular frustration graphs with n vertices that are disconnected from each other. Thus, a◦2(n) ∼=426

so(n)⊕2 ⊕ so(n)⊕2 ∼= a2(n)
⊕2.427

Using the generating set (C20) of a14(n), we see that a◦14(n) can be generated by:428

Z1, X1X2, Z2, X2X3, Z3, X3X4, Z4, . . . , Xn−1Xn, Zn, XnX1.

This leads to a circular frustration graph with 2n vertices, so a◦14(n) ∼= so(2n)⊕2 ∼= a14(n)
⊕2.429

Lemma C.8. We have a◦8(n) ∼= a◦14(n) ∼= so(2n)⊕2 for all n ≥ 3.430

Proof. The generating sets (C19) and (C20) of a8(n) and a14(n) are the same after swapping Y ⇌ Z, except that431

a8(n) does not have Y1. When the periodic boundary condition is applied, this difference disappears and we obtain432

that a◦8(n) ∼= a◦14(n).433

Lemma C.9. We have a◦4(n) ∼=

{
so(2n)⊕2, n odd,

so(n)⊕4, n even.
434

Proof. As a4 = ⟨XX,Y Y ⟩Lie, the generators of a◦4(n) are:435

X1X2, Y1Y2, X2X3, Y2Y3, . . . , Xn−1Xn, Yn−1Yn, XnX1, YnY1.

For odd n, these generators form a circular frustration graph with 2n vertices:436

X1X2, Y2Y3, X3X4, Y4Y5, . . . , Yn−1Yn, XnX1, Y1Y2, X2X3, Y3Y4, X4X5, . . . , Xn−1Xn, YnY1.

Hence, in this case, a◦4(n) ∼= so(2n)⊕2.437

When n is even, the generators form two disjoint circles with n vertices each:438

X1X2, Y2Y3, X3X4, . . . , Xn−1Xn, YnY1 and Y1Y2, X2X3, Y3Y4, . . . , Yn−1Yn, XnX1.

In this case, we get a◦4(n) ∼= so(n)⊕2 ⊕ so(n)⊕2.439

Remark C.4. Notice that, although a2(n) ∼= a4(n) for all n ≥ 3, we have a◦2(n) ̸∼= a◦4(n) for odd n.440
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IV. Stabilizers, commutants, and centralizers441

For any Pauli string A ∈ Pk, we will use the notation PA = AAA · · · ∈ Pn truncated to the n-th qubit. For example,442

PX = XXX · · · , PY Z = Y ZY Z · · · , PZY = ZY ZY · · · ,
PXY Z = XY ZXY Z · · · , PY ZX = Y ZXY ZX · · · , PZXY = ZXY ZXY · · · ,

where these are viewed as elements of Pn. In particular, PI = I · · · I = I⊗n. Recall that ±Pn∪±iPn is a group under443

the matrix product, the Pauli group (see Sect. A I).444

For any set of matrices A ⊆ C2n×2n , we define its stabilizer St(A) ⊆ Pn as the set of all Pauli strings that commute445

with every element of A. It is clear that St(A) is closed under multiplication, so after allowing appropriate powers of446

i it is a group. There are two related notions called the commutant and centralizer. All of these consist of elements447

commuting with the given set A but differ in where such elements are and what structure they form: the stabilizer448

is a subgroup of the Pauli group (up to factors of ±1,±i); the commutant is a subalgebra of the associative algebra449

C2n×2n of all complex matrices; while the centralizer is a subalgebra of the real Lie algebra su(2n).450

Remark C.5. The commutant of a set A ⊆ C2n×2n is defined as the set A′ of all 2n × 2n complex matrices that451

commute with all elements of A. Then A′ is closed under addition, multiplication, and multiplication by any complex452

scalar, i.e., it is an associative algebra over C. Note that A ⊆ A′′ := (A′)′. By (a finite-dimensional version of) von453

Neumann’s Double Commutant Theorem (see e.g. [15], Theorem 6.2.5), A′′ is the associative algebra generated by A.454

In particular, for a complex vector space A, we have A′′ = A+ CI⊗n if and only if A is closed under multiplication.455

Remark C.6. The centralizer of a set A ⊆ su(2n) is the set su(2n)A ⊆ su(2n) of all traceless skew-Hermitian 2n×2n456

matrices that commute with all elements of A. Then su(2n)A is closed under addition, commutator, and multiplication457

by any real scalar, i.e., it is a Lie subalgebra of su(2n).458

In order to explain the precise relation of the stabilizer to the commutant and centralizer, we first formulate a459

lemma, which will also be useful later.460

Lemma C.10. Suppose that [B,C] = 0 for some B ∈ Pn and461

C =
∑

αjCj , αj ∈ R, αj ̸= 0, Cj ∈ Pn,

where the Cj are distinct. Then [B,Cj ] = 0 for all j.462

Proof. Assume, to the contrary, that [B,Cj ] ̸= 0 for some index j. Recall that [B, [B,Cj ]] = 4Cj whenever [B,Cj ] ̸= 0,463

by Corollary A.1. Hence,464

0 = [B, [B,C]] =
∑

αj [B, [B,Cj ]] = 4
∑′

αjCj ,

where
∑′

denotes the sum over all indices j such that [B,Cj ] ̸= 0. This contradicts the fact that all αj ̸= 0, as the465

vectors Cj are linearly independent.466

As a consequence of Lemma C.10, we obtain:467

Corollary C.1. Suppose that A ⊆ Pn is a set of Pauli strings. Then its commutant A′ = spanCSt(A) is the468

complex linear span of the stabilizer St(A), while the centralizer su(2n)A = span(St(A) \ {I⊗n}) is the real span of469

i(St(A) \ {I⊗n}).470

When s ⊆ su(2n) is a Lie subalgebra, a given Pauli string commutes with all elements of s if and only if it commutes471

with all generators of s. In other words, we have472

St(⟨A⟩Lie) = St(A). (C21)

Thus, to determine the stabilizers of our Lie subalgebras of su(2n), it suffices to find the stabilizers of their generating473

sets. In the case n = 2, it is easy to find the answer by inspection, which is given as follows:474

St(a0) = {II, IX,XI,XX, Y Y, Y Z,ZY, ZZ},
St(a1) = {II, IY,XI,XY, Y X, Y Z,ZX,ZZ},
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St(a2) = {II,XY, Y X,ZZ},
St(a3) = St(a6) = {II,XX, Y Z,ZY },
St(a4) = St(a7) = {II,XX, Y Y, ZZ},
St(a5) = St(a10) = {II,XY, Y Z,ZX},
St(a8) = {II,XI, Y Y, ZY },
St(a9) = {II,XI, Y X,ZX},
St(a11) = {II,XY },
St(a12) = St(a17) = St(a19) = {II, Y Z},
St(a13) = St(a20) = {II,XX},
St(a14) = {II, ZZ},
St(a15) = St(b2) = St(b4) = {II,XI},
St(b0) = St(b1) = {II,XX,XI, IX},
St(ak) = St(b3) = {II}, k = 16, 18, 21, 22.

Using that, we can find the stabilizers of the subalgebras of su(2n).475

Proposition C.3. For n ≥ 3, we have the following stabilizers:476

St(a0(n)) = {I,X}⊗n ∪ {Y,Z}⊗n,

St(a2(n)) = {PI , PXY , PY X , PZ},
St(a3(n)) = St(a6(n)) = {PI , PX , PY Z , PZY },
St(a4(n)) = St(a7(n)) = {PI , PX , PY , PZ},
St(a5(n)) = St(a10(n)) = {PI , PXY Z , PY ZX , PZXY },
St(a8(n)) = {PI , PY , X1, ZY · · ·Y },
St(a9(n)) = {PI , X1, Y1X2, Z1X2},
St(a13(n)) = St(a20(n)) = {PI , PX},
St(a14(n)) = {PI , PZ},
St(a15(n)) = St(b2(n)) = St(b4(n)) = {PI , X1},
St(b0(n)) = St(b1(n)) = {I,X}⊗n,

St(ak(n)) = St(b3(n)) = {PI}, k = 11, 12, 16−19, 21, 22.

Proof. Recall that, for any subalgebra a ⊆ su(4) generated by Pauli strings, the subalgebra a(n) ⊆ su(2n) is generated477

by all Pauli strings AiBi+1, where AB ∈ a, 1 ≤ i ≤ n − 1 (see (B5)). Thus, a Pauli string P 1 ⊗ · · · ⊗ Pn ∈ Pn is in478

St(a(n)) if and only if P i ⊗ P i+1 ∈ St(a) for all 1 ≤ i ≤ n− 1. Using this observation and the knowledge of all St(a),479

it is straightforward to determine St(a(n)).480

Let us consider the case of a2 as an illustration. Since St(a2) = {II,XY, Y X,ZZ}, we want to find all Pauli strings,481

such that for any two consecutive qubits, we have either II, XY , Y X, or ZZ. The only possible such strings are482

I · · · I, XYXY · · · , Y XY X · · · , or Z · · ·Z.483

The answer for St(a1(n)) is given without proof in Remark C.7 below, as it is more complicated but not needed for484

the rest of the paper. For future use, we will need the centers of some of the above stabilizers. Let us recall that the485

center Z(G) of a group G consists of all z ∈ G that commute with every g ∈ G. In particular, a group G is Abelian486

if and only if Z(G) = G.487

Lemma C.11. For n ≥ 3, we have the following centers:488

Z
(
St(a2(n))

)
=

{
{PI , PXY , PY X , PZ}, n even,

{PI}, n odd,

Z
(
St(a3(n))

)
= Z

(
St(a6(n))

)
=

{
{PI , PX , PY Z , PZY }, n even,

{PI}, n odd,

Z
(
St(a4(n))

)
= Z

(
St(a7(n))

)
=

{
{PI , PX , PY , PZ}, n even,

{PI}, n odd,
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Z
(
St(a5(n))

)
= Z

(
St(a10(n))

)
=

{
{PI , PXY Z , PY ZX , PZXY }, n even,

{PI}, n odd,

Z
(
St(a13(n))

)
= Z

(
St(a20(n))

)
= {PI , PX},

Z
(
St(a14(n))

)
= {PI , PZ},

Z
(
St(a15(n))

)
= {PI , X1},

Z
(
St(ak(n))

)
= {PI}, k = 0, 8, 9, 11, 12, 16−19, 21, 22.

Next, we determine the stabilizers in the periodic case.489

Proposition C.4. For n ≥ 3, we have the following stabilizers:490

St(a◦0(n)) = {I,X}⊗n ∪ {Y, Z}⊗n,

St(a◦2(n)) =

{
{PI , PXY , PY X , PZ}, n even,

{PI , PZ}, n odd,

St(a◦3(n)) = St(a◦6(n)) =

{
{PI , PX , PY Z , PZY }, n even,

{PI , PX}, n odd,

St(a◦4(n)) = St(a◦7(n)) = {PI , PX , PY , PZ},

St(a◦5(n)) = St(a◦10(n)) =

{
{PI , PXY Z , PY ZX , PZXY }, n ≡ 0 mod 3,

{PI}, n ≡ ±1 mod 3,

St(a◦8(n)) = {PI , PY },
St(a◦13(n)) = St(a◦20(n)) = {PI , PX},
St(a◦14(n)) = {PI , PZ},
St(b◦0(n)) = St(b◦1(n)) = {I,X}⊗n,

St(a◦k(n)) = St(b◦l (n)) = {PI}, k = 9, 11, 12, 15−19, 21, 22, l = 2, 3, 4.

Proof. For any subalgebra a ⊆ su(4) generated by Pauli strings, comparing the definitions of a(n) and a◦(n) (see (B5),491

(B6)), we see that St(a◦(n)) consists of all Pauli strings P 1 ⊗ · · · ⊗ Pn ∈ St(a(n)) such that Pn ⊗ P 1 ∈ St(a). Thus,492

we determine St(a◦(n)) by inspecting all elements of St(a(n)).493

Remark C.7. One can show that St(a1(n)) = St(a◦1(n)), and as a group it is generated by the elements PZ , Y1X2,494

Y2X3, . . . , Yn−1Xn. This means that St(a1(n)) consists of all possible matrix products of these generators. For the495

center, we have Z
(
St(a1(n))

)
= {PI , PZ}.496

We also find the stabilizers in the permutation-invariant case.497

Proposition C.5. For n ≥ 3, we have the following stabilizers:498

St(aπ0 (n)) = {I,X}⊗n ∪ {Y,Z}⊗n,

St(aπ2 (n)) = St(aπ14(n)) = {PI , PZ},
St(aπ4 (n)) = St(aπ7 (n)) = {PI , PX , PY , PZ},
St(aπ6 (n)) = St(aπ20(n)) = {PI , PX},
St(bπ0 (n)) = St(bπ1 (n)) = {I,X}⊗n,

St(aπ16(n)) = St(bπ3 (n)) = {PI}.

Proof. For any subalgebra a ⊆ su(4) generated by Pauli strings, from the definition of aπ(n) (see (B10)), we see that499

St(aπ(n)) consists of all Pauli strings P 1 ⊗ · · · ⊗ Pn ∈ Pn such that P i ⊗ P j ∈ St(a) for all i ̸= j. Moreover, as we500

explained in Sect. B IV, a can be assumed itself invariant under the flip of the two qubits; so we only need to consider501

aπk (n) for k = 0, 2, 4, 6, 7, 14, 16, 20 and bπl (n) for l = 0, 1, 3.502

We finish this subsection with an important lemma.503

Lemma C.12. The Lie algebras ak(n) have trivial centers for 1 ≤ k ≤ 22 and n ≥ 3.504
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Proof. Due to Lemma A.2, ak(n) has a basis B ⊆ iPn ∩ ak(n) consisting of Pauli strings times i. Suppose that ak(n)505

has a central element c ̸= 0, and write c as a linear combination of basis vectors:506

c =
∑

αjcj , αj ∈ R, αj ̸= 0, cj ∈ B.

We claim that all cj in this expression are central too. Indeed, by Lemma C.10, if [b, c] = 0 for a basis vector b ∈ B,507

then [b, cj ] = 0 for all j.508

Therefore, without loss of generality, we can take c ∈ B to be itself one of the basis vectors. One can verify by509

inspection that the generators of ak(n) are not central for 1 ≤ k ≤ 22 and n ≥ 3; for example, by checking that510

Z
(
St(ak(n))

)
does not contain any of the generators of ak(n). Thus, we can write c in the form511

c = α ada1
ada2

· · · adar
(ar+1),

for some r ≥ 1, α ∈ R, α ̸= 0, and generators a1, . . . , ar+1. Since all generators aj ∈ iPn, we have a :=512

ada2
· · · adar

(ar+1) ∈ iRPn. Then c = α[a1, a] ̸= 0, and from Corollary A.1, we get −4a = [a1, [a1, a]] = α−1[a1, c] = 0,513

which implies that c = 0, a contradiction.514

V. Upper bounds for ak(n)515

In this subsection, we establish upper bounds for the Lie algebras ak(n), i.e., we find certain subalgebras gk(n)
θk ⊆516

su(2n) that contain ak(n). Then, in the next subsection CVI, we will prove that these bounds are exact, that is517

ak(n) = gk(n)
θk . While ak(n) is defined in terms of its generators, gk(n)

θk is defined as the set of elements of su(2n)518

that are fixed under certain automorphisms and involutions. This will allow us, in the following subsection CVII, to519

identify the Lie algebras ak(n) as direct sums of su, so, and sp Lie algebras.520

We start by recalling that any Pauli string P ∈ Pn defines an automorphism of su(2n) by conjugation a 7→521

PaP (recall that P = P † = P−1); see Lemma A.4. We will denote by su(2n)P the set of fixed points under this522

automorphism, i.e., the set of all a ∈ su(2n) such that PaP = a. The latter is equivalent to Pa = aP ; hence su(2n)P523

is equal to the centralizer of P , i.e., the set of all a ∈ su(2n) that commute with P (see Remark C.6). More generally,524

for a set Φ of automorphisms of a Lie algebra g, we will denote by gΦ the set of fixed points a ∈ g such that ϕ(a) = a525

for all ϕ ∈ Φ.526

Given a subalgebra s ⊆ su(2n), recall from Sect. C IV that its stabilizer St(s) consists of all Pauli strings P ∈ Pn527

such that [a, P ] = 0 for every a ∈ s. On the other hand, the centralizer su(2n)St(s) of St(s) in su(2n) consists of all528

a ∈ su(2n) such that [a, P ] = 0 for every P ∈ St(s). Hence, by definition,529

s ⊆ su(2n)St(s). (C22)

This simple observation will be the key to finding upper bounds for our subalgebras ak(n), because we have already530

determined their stabilizers in Proposition C.3. Here is another observation, which in some cases will allow us to531

further reduce the upper bound.532

Lemma C.13. For any subalgebra s ⊆ su(2n), we have533

St(s) ∩ su(2n)St(s) = Z
(
St(s)

)
\ {I⊗n} ⊆ Z

(
su(2n)St(s)

)
,

where Z(G) denotes the center of a group or an algebra G.534

Proof. Elements z ∈ St(s) ∩ su(2n)St(s) satisfy [z, a] = 0 for every a ∈ su(2n)St(s) since z ∈ St(s), and [z, P ] = 0535

for every P ∈ St(s) since z ∈ su(2n)St(s). Hence, such z are central in both St(s) and su(2n)St(s). However, I⊗n is536

excluded, because I⊗n ̸∈ su(2n).537

As the Lie algebras s = ak(n) for 1 ≤ k ≤ 22, n ≥ 3 have trivial centers (Lemma C.12), for them we can reduce the538

upper bound su(2n)St(s) if we quotient by the central elements Z
(
St(s)

)
\ {I⊗n}. Thus, we introduce the notation539

gk(n) := su(2n)St(ak(n))
/
span

(
Z
(
St(ak(n))

)
\ {I⊗n}

)
, (C23)

and from the above discussion, we have540

ak(n) ⊆ gk(n), 1 ≤ k ≤ 22, n ≥ 3. (C24)
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Using Proposition C.3 and Lemma C.11, we can write explicitly:541

g3(n) = g6(n) =

{
su(2n){PX ,PY Z ,PZY }/span{PX , PY Z , PZY }, n even,

su(2n){PX ,PY Z ,PZY }, n odd,
(C25)

g5(n) = g10(n) =

{
su(2n){PXY Z ,PY ZX ,PZXY }/span{PXY Z , PY ZX , PZXY }, n even,

su(2n){PXY Z ,PY ZX ,PZXY }, n odd,
(C26)

g7(n) =

{
su(2n){PX ,PY ,PZ}/span{PX , PY , PZ}, n even,

su(2n){PX ,PY ,PZ}, n odd,
(C27)

g9(n) = su(2n){X1,Y1X2,Z1X2}, (C28)

g11(n) = g16(n) = su(2n), (C29)

g13(n) = g20(n) = su(2n)PX/span{PX}, (C30)

g15(n) = su(2n)X1/span{X1}. (C31)

It turns out that in some cases the inclusions (C24) are strict, and we need to reduce the Lie algebras gk(n) further542

to smaller subalgebras. We do that by finding suitable involutions and then taking their fixed points (see Sect. A III).543

Theorem C.1. We have544

ak(n) = gk(n), k = 6, 7, 10, 13, 15, 20, n ≥ 3. (C32)

In the remaining cases, there exists an involution θk of gk(n), such that545

ak(n) = gk(n)
θk , k = 3, 5, 9, 11, 16, n ≥ 3, (C33)

is the set of fixed points under θk.546

In the remainder of this subsection, we will construct the involution θk explicitly, and will check that ak(n) ⊆ gk(n)
θk .547

The opposite inclusion will be proved in the next subsection. Then, in Sect. CVII, we will identify the Lie algebras548

gk(n)
θk with those from Theorem IV.1. For k = 9, 11, 16, the involution θk will have the form (cf. Lemma A.4):549

θ(g) = −QgTQ (C34)

for some given Pauli string Q ∈ Pn.550

Lemma C.14. For any fixed Pauli string Q ∈ Pn, (C34) defines an involution of su(2n), which restricts to an551

involution of gk(n) for all k.552

Proof. We already know from Lemma A.4 that θ is an involution of su(2n), so we only need to check that θ(g) ∈ gk(n)553

for all g ∈ gk(n). As before, write s = ak(n) for short. Consider an element g ∈ su(2n)St(s), which means that554

[g, P ] = 0 for all P ∈ St(s). Then555

θ(P ) = −QPTQ = ±P,

because PT = ±P and PQ = ±QP for any two Pauli strings P,Q ∈ Pn (the signs here are not coordinated). Hence556

[θ(g), P ] = ±[θ(g), θ(P )] = ±θ([g, P ]) = 0,

which implies that θ(g) ∈ su(2n)St(s). Furthermore,557

θ(P ) = ±P ∈ span
(
Z
(
St(s)

)
\ {I⊗n}

)
for all P ∈ Z

(
St(s)

)
\ {I⊗n}.

Therefore, θ(g) ∈ gk(n) for g ∈ gk(n).558

Let us record the following consequence of the proof of Lemma C.14, which will be useful later.559

Corollary C.2. Every element of gk(n)
θk is a linear combination of Pauli strings that are themselves in gk(n)

θk ,560

i.e.,561

gk(n)
θk = spanR

(
iPn ∩ gk(n)

θk
)
.
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Proof. We saw in the proof of Lemma C.14 that θk(P ) = ±P for any Pauli string P ∈ Pn. Similarly, for any given562

S ∈ St(ak(n)), we have SPS = ±P . Elements g of gk(n)
θk are determined by the conditions563

SgS = g = θk(g) for all S ∈ St(ak(n)).

Writing g ∈ su(2n) as i times a real linear combination of Pauli strings, we see that g satisfies these conditions if and564

only if every summand does.565

Now we go back to the construction of the involutions θk.566

Lemma C.15. For k = 9, 11, 16, we define θk(g) = −Qkg
TQk, where the Pauli strings Qk are given as follows:567

Q9 = IY Z · · ·Z, (C35)

Q11 = Q16 = I · · · I ⇒ θ11(g) = θ16(g) = −gT . (C36)

Then ak(n) ⊆ gk(n)
θk .568

Proof. We already know that ak(n) ⊆ gk(n), so we only need to check that θk(g) = g for all g ∈ ak(n). It is enough569

to check this only for the generators g of ak(n), because θk([a, b]) = [θk(a), θk(b)].570

For k = 9, we take g = XiYi+1 or g = XiZi+1. In the first case, gT = −g and gQ9 = Q9g; while in the second case,571

gT = g and gQ9 = −Q9g. Hence, in both cases we have θ9(g) = g.572

For k = 11, the generators are g = XiYi+1, YiXi+1, YiZi+1; while for k = 16, the generators are g =573

XiYi+1, YiXi+1, YiZi+1, ZiYi+1. All of them satisfy gT = −g.574

The remaining cases k = 3 and k = 5 are a little more complicated. The trick is to first embed a3(n) and a5(n)575

as subalgebras of a7(n). Recall from Sect. C II that a3(n) ⊆ a6(n) and a6(n) ∼= a7(n) under the automorphism φn576

of su(2n) that swaps (up to a sign) Y ⇌ Z on all even qubits (see (C8), (C9)). Then ã3(n) := φna3(n) ⊂ a7(n).577

Likewise, we have a5(n) ⊆ a10(n) and a10(n) ∼= a7(n) under the automorphism γn of su(2n) that applies on the j-th578

qubit γj , where γ is the cycle X 7→ Z 7→ Y 7→ X (see (C11), (C12)). Then ã5(n) := γna5(n) ⊂ a7(n).579

We consider the involutions580

θ̃k(g) = −Qkg
TQk, k = 3, 5, (C37)

where581

Q3 = PZIY X = (Z1Y3X4)(Z5Y7X8)(Z9Y11X12) · · · , (C38)

Q5 = PIY Z = (Y2Z3)(Y5Z6)(Y8Z9)(Y11Z12) · · · . (C39)

Then we define582

θ3 := φ−1
n θ̃3φn, θ5 := γ−1

n θ̃5γn. (C40)

Lemma C.16. For k = 3, 5, and θk defined as above, we have ak(n) ⊆ gk(n)
θk .583

Proof. As we already know that ak(n) ⊆ gk(n), we only need to check that θk(g) = g for all generators g of ak(n). By584

conjugation, it is equivalent to check that θ̃k(g) = g for the generators g of ãk(n). Applying φn to the generators of585

a3(n), we find that the generators of ã3(n) are:586

X1X2, X2X3, X3X4, X4X5, X5X6, X6X7, X7X8, . . . ,

Y1Y2, Z2Z3, Y3Y4, Z4Z5, Y5Y6, Z6Z7, Y7Y8, . . . .

Similarly, applying γn to the generators of a5(n), we find the generators of ã5(n):587

Z1Z2, Y2Y3, X3X4, Z4Z5, Y5Y6, X6X7, Z7Z8, Y8Y9, X9X10, . . . ,

X1X2, Z2Z3, Y3Y4, X4X5, Z5Z6, Y6Y7, X7X8, Z8Z9, Y9Y10, . . . .

We observe that all generators g above satisfy gT = g and gQk = −Qkg; hence, θ̃k(g) = g.588
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VI. Lower bounds for ak(n)589

In this subsection, we prove that the upper bounds ak(n) ⊆ gk(n)
θk established in Sect. CV are exact. The proof590

will rely on the next lemma.591

Lemma C.17. Let s be a Lie subalgebra of su(2n). If ada1
· · · adar

(b) ∈ s \ {0} for some Pauli strings a1, . . . , ar ∈592

iPn ∩ s and b ∈ iPn, then b ∈ s.593

Proof. Using induction on r, it is enough to prove the statement for r = 1. In this case, it follows from Corollary A.1:594

[a1, b] ∈ s \ {0} implies that b = −4[a1, [a1, b]] ∈ s.595

In order to prove that ak(n) = gk(n)
θk , we want to show that every element b ∈ gk(n)

θk is in ak(n). Since, by596

Corollary C.2, b is a linear combination of Pauli strings that are themselves in gk(n)
θk , we can assume without loss of597

generality that b ∈ iPn ∩ gk(n)
θk . Then the strategy of the proof is to take suitable commutators of b with elements598

of iPn ∩ ak(n) to produce a Pauli string c ∈ iPn ∩ gk(n)
θk that has I in one of its positions. Erasing the I will give an599

element of gk(n− 1)θk , which by induction will be in ak(n− 1). From here, we will obtain that c ∈ ak(n), and then600

we can conclude that b ∈ ak(n) due to Lemma C.17.601

In order to realize the above strategy, we will have to do a detailed case-by-case analysis. We start with the cases602

k = 3, 5, 7, for which we need the following lemmas.603

Lemma C.18. We have vector space decompositions:604

a3(4) = (I ⊗ a3(3)) + PX · (I ⊗ a3(3)) + PY Z · (I ⊗ a3(3)) + PZY · (I ⊗ a3(3)),

a5(6) = (I ⊗ a5(5)) + PXY Z · (I ⊗ a5(5)) + PY ZX · (I ⊗ a5(5)) + PZXY · (I ⊗ a5(5)),

a7(4) = (I ⊗ a7(3)) + PX · (I ⊗ a7(3)) + PY · (I ⊗ a7(3)) + PZ · (I ⊗ a7(3)),

where · denotes the componentwise matrix product.605

Proof. The proof is done by inspection, making use of our code [4]. Here are all Pauli strings in a3(4) (after multipli-606

cation by i):607

IIXX, IIY Z, IXXI, IXZZ, IY IY, IY XZ, IY Y X, IY ZI, IZIZ, IZXY,

XIIX, XIY Y, XXII, XXZY, XY IZ, XY XY, XZIY, XZXZ, XZY X, XZZI,

Y IY I, Y IZX, Y XIY, Y XXZ, Y XY X, Y XZI, Y Y XI, Y Y ZZ, Y ZII, Y ZZY,

ZIIY, ZIXZ, ZIY X, ZIZI, ZXY I, ZXZX, ZY XX, ZY Y Z, ZZIX, ZZY Y.

The Pauli strings in a7(4) (after multiplication by i) are:608

IIXX, IIY Y, IIZZ, IXIX, IXXI, IXY Z, IXZY, IY IY,

IY XZ, IY Y I, IY ZX, IZIZ, IZXY, IZY X, IZZI,

XIIX, XIXI, XIY Z, XIZY, XXII, XXY Y, XXZZ, XY IZ,

XY XY, XY Y X, XY ZI, XZIY, XZXZ, XZY I, XZZX,

Y IIY, Y IXZ, Y IY I, Y IZX, Y XIZ, Y XXY, Y XY X, Y XZI,

Y Y II, Y Y XX, Y Y ZZ, Y ZIX, Y ZXI, Y ZY Z, Y ZZY,

ZIIZ, ZIXY, ZIY X, ZIZI, ZXIY, ZXXZ, ZXY I, ZXZX,

ZY IX, ZY XI, ZY Y Z, ZY ZY, ZZII, ZZXX, ZZY Y.

We have: |a5(5)| = 120, |a5(6)| = 480, and there are 120 elements in a5(6) starting with each of the letters I,X, Y , or609

Z. The remaining claims were verified using Excel.610

For each pair (k, n) = (3, 4), (5, 6), (7, 4), consider the subalgebra s = ak(n) ⊂ su(2n). Recall from Proposition C.3611

that the stabilizer St(s) is given by:612

St(a3(4)) = {PI , PX , PY Z , PZY },
St(a5(6)) = {PI , PXY Z , PY ZX , PZXY },
St(a7(4)) = {PI , PX , PY , PZ},

and St(s) is an Abelian group under the matrix product ·. We can state Lemma C.18 succinctly as613

ak(n) = St(ak(n)) · (I ⊗ ak(n− 1)), (k, n) = (3, 4), (5, 6), (7, 4). (C41)
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Lemma C.19. Let s = ak(n) for (k, n) = (3, 4), (5, 6), (7, 4). Consider any Pauli string a ∈ iPn ∩ gk(n) not starting614

with I in the first qubit. Then there exists a basis vector b ∈ s such that [a, b] ̸= 0 and [a, b] ∈ I ⊗ su(2n−1).615

Proof. Let us write all Pauli strings up to a suitable multiple of i that makes them skew-Hermitian. Consider the616

case where a = XA starts with X; the cases when it starts with Y or Z are similar. If there is b = XB ∈ s such617

that [A,B] ̸= 0, then [a, b] = I[A,B] ̸= 0 and we are done. By Lemma C.18, any b = XB ∈ s can be written in the618

form b = C · (ID), where D ∈ ak(n − 1) and C ∈ St(s); explicitly, C = PX , PXY Z , PX for s = a3(4), a5(6), a7(4),619

respectively. Similarly, as C · C = PI , we can write a = C · (IE) for some E ∈ Pn−1. Suppose that [a, b] = 0. Then620

[C, a] = [C, b] = 0 imply that [E,D] = 0. Since this is true for all D ∈ ak(n − 1), it follows that E ∈ St(ak(n − 1)),621

from where a = C · (IE) ∈ St(s). This is a contradiction, because such elements are factored out from gk(n); see622

(C23) and Lemma C.13.623

Lemma C.20. Consider (k,m) = (3, 4), (5, 6), (7, 4), and let n ≥ m. Then for any Pauli string a ∈ iPn ∩ gk(n),624

there exist basis vectors b1, . . . , br ∈ ak(n), r ≥ 0, such that adb1 · · · adbr (a) ∈ (I⊗(n−m+1) ⊗ su(2m−1)) \ {0} (with625

r = 0 corresponding to a).626

Proof. The proof is by induction on n, the base n = m being Lemma C.19. For the step of the induction, suppose627

that n > m and the statement holds for gk(n − 1). Again, let us write all Pauli strings up to a suitable multiple of628

i. Take any Pauli string a ∈ gk(n), and write it as a = AD where A is the substring consisting of the first m Paulis.629

Then A ∈ su(2m)St(ak(m)).630

If A ̸∈ St(ak(m)), we can use Lemma C.19 to find B ∈ ak(m) such that [B,A] starts with I. Then [b, a] = IC starts631

with I for b = BI · · · I ∈ ak(n). After that, we can apply the inductive assumption for C ∈ gk(n− 1).632

If A ∈ St(ak(m)), we repeat the same argument for the substring E of a corresponding to positions 2, . . . ,m + 1.633

When E ̸∈ St(ak(m)), we can make it to start with I, which will force the substring A ̸∈ St(ak(m)). If both634

A,E ∈ St(ak(m)), putting them together we get that the first m+ 1 positions of a are in St(ak(m+ 1)). Continuing635

this way will give us a ∈ St(ak(n)), which is a contradiction, because such elements are factored out from gk(n) (cf.636

(C23) and Lemma C.13).637

Recall that, in Sect. C II, we constructed certain automorphisms φn and γn of su(2n) such that the images ã3(n) :=638

φna3(n) and ã5(n) := γna5(n) are subalgebras of a7(n). Note that, after these transformations, their stabilizers639

become equal:640

St(ã3(n)) = St(ã5(n)) = St(a7(n)) = {PI , PX , PY , PZ}. (C42)

Hence, we have (recall (C37)–(C40)):641

ãk(n) ⊆ g7(n)
θ̃k , k = 3, 5. (C43)

Lemma C.21. We have a7(n) = g7(n) and equalities in (C43). Consequently, ak(n) = gk(n)
θk for k = 3, 5.642

Proof. As before, let (k,m) = (3, 4), (5, 6), (7, 4). In order to include the case k = 7 in (C43), we let ã7(n) = a7(n)643

and θ̃7 be the identity. The statement is true for all 2 ≤ n ≤ m by inspection. For n ≥ m, we prove it by induction644

on n. Consider any a ∈ g7(n)
θ̃k . By Lemma C.20, we can find b1, . . . , br ∈ ãk(n) such that adb1 · · · adbr (a) = I · · · ID645

for some D ∈ su(2m−1) \ {0}. Since bi ∈ ãk(n) ⊆ g7(n)
θ̃k , we get that D ∈ g7(m)θ̃k = ãk(m). Therefore, a ∈ ãk(n)646

due to Lemma C.17.647

Remark C.8. It follows from Lemma C.21 that (C41) holds for all (k, n) such that: k = 3, n ≡ 0 mod 4; k = 5,648

n ≡ 0 mod 6; k = 7, n ≡ 0 mod 2. As a consequence, for such (k, n), we have ak(n) ∼= ak(n− 1)⊕4 as a Lie algebra.649

Now that we are done with the cases k = 3, 5, 7, we derive the cases k = 6, 10 from k = 7 and the isomorphisms650

a6(n) ∼= a10(n) ∼= a7(n) obtained in Lemmas C.4 and C.5.651

Lemma C.22. We have ak(n) = gk(n) for k = 6, 10.652

Proof. Recall from Sect. C II that we have an isomorphism φn : a6(n) ∼= a7(n) that up to a sign swaps Y ⇌ Z on653

every even qubit (see (C8), (C9)). Under φn the stabilizers654

St(a6(n)) = {PI , PX , PY Z , PZY },
St(a7(n)) = {PI , PX , PY , PZ}

are sent to each other; hence g6(n) ∼= g7(n). Since a7(n) = g7(n) by Lemma C.21, it follows that a6(n) = g6(n).655
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Similarly, we have an isomorphism γn : a10(n) ∼= a7(n) given by applying on the j-th qubit (j = 1, . . . , n) the656

permutation γj , where γ is the cycle X 7→ Z 7→ Y 7→ X (see (C11), (C12)). Then γn sends657

St(a10(n)) = {PI , PXY Z , PY ZX , PZXY }

to St(a7(n)); hence g10(n) ∼= g7(n) and a10(n) = g10(n).658

Now we consider the subalgebra a9(n). In this case, we have the involution θ9(g) = −Q9g
TQ9, where Q9 is given659

by (C35).660

Lemma C.23. We have a9(n) = g9(n)
θ9 .661

Proof. The claim is true for n = 2 and 3 by comparing the dimensions. Suppose by induction that the statement is662

true for a9(n− 1), and consider a Pauli string a ∈ g9(n)
θ9 for n ≥ 4. Again, we will omit the multiples of i that make663

Pauli strings skew-Hermitian.664

If a ends with I, we can write a = AI for some A ∈ g9(n− 1)θ9 and apply the inductive assumption. Similarly, if665

a = AIB has an I in the j-th position for some j ≥ 3, we can delete it and get an element AB ∈ g9(n− 1)θ9 , which666

by induction is in a9(n − 1). Then a ∈ a9(n), because a9(4) contains IXIY and IXIZ, which generate elements of667

a9(n) with I in the middle.668

Suppose that a has no I in positions 3, . . . , n. If a = AXXB contains XX in positions j, j + 1, then [XjYj+1, a] =669

−2iAIZB ∈ a9(n). Since XjYj+1 ∈ a9(n), by Lemma C.17, we get that a ∈ a9(n). So, if a ̸∈ a9(n) contains an X,670

then on the left of it must have a Y or Z. Then we can use [XZ,XY ] = −2iIX, [XY, Y Y ] = 2iZI, [XY,ZY ] = −2iY I671

when a contains a Y , and [XY,XZ] = 2iIX, [XZ, Y Z] = 2iZI, [XZ,ZZ] = −2iY I when a contains a Z.672

Finally, let us briefly discuss the remaining easier cases, k = 11, 13, 15, 16, 20. Recall from (C5), (C6) that a11(n) =673

a16(n) for n ≥ 4 and a13(n) = a20(n) for n ≥ 3. Moreover, g11(n) = g16(n) and g13(n) = g20(n), because they have674

equal stabilizers by Proposition C.3. Thus, we are left to consider only k = 13, 15, 16.675

Lemma C.24. We have a13(n) = g13(n) = su(2n)PX/span{PX} for n ≥ 3.676

Proof. We know that St(a13(n)) = {PI , PX} and a13(n) ⊆ g13(n). The proof of the opposite inclusion is similar to677

the proof of Lemma C.23. Consider a Pauli string a ∈ g13(n) for n ≥ 4. If a = AIB has an I in the j-th position678

for some 1 ≤ j ≤ n, we can delete it and get an element AB ∈ g13(n− 1), which by induction is in a13(n− 1). Then679

a ∈ a13(n), because a13(3) contains XIX, Y IY, Y IZ, and these generate elements of a13(n) with I in the middle. If a680

has no I’s, we can use commutators with the generators of a13(n) to produce one. Then again we can apply Lemma681

C.17.682

Lemma C.25. We have a16(n) = su(2n)θ16 = so(2n), where θ16(g) = −gT .683

Proof. The same as the proof of Lemma C.24, using that AIB ∈ a16(3) for every generator AB of a16. Indeed, one684

checks that a16 = ⟨XY, Y X, Y Z,ZY ⟩Lie and XIY, Y IX, Y IZ, ZIY ∈ a16(3); see Sect. BV.685

Lemma C.26. We have a15(n) = g15(n) = su(2n)X1/span{X1}.686

Proof. Note that su(2n)X1 is the span of all Pauli strings ̸= I⊗n that start with I or X. As in the proof of Lemma687

C.24, pick any Pauli string a ∈ g15(n) for n ≥ 3. If a = AIB has an I in the j-th position for some 2 ≤ j ≤ n, we can688

delete it and get an element AB ∈ g15(n− 1), which by induction is in a15(n− 1). The rest of the proof is the same,689

using that a15 = ⟨XX,XY,XZ⟩Lie and XIX,XIY,XIZ ∈ a15(3); see Sect. BV.690

Combining the results of Sect. CV and CVI completes the proof of Theorem C.1.691

VII. Identifying the Lie algebras gk(n)
θk692

In this subsection, we finish the proof of Theorem IV.1, by identifying the Lie algebras gk(n)
θk from Theorem693

C.1 with the Lie algebras appearing in the right-hand sides in Theorem IV.1. As in Theorem C.1, we only consider694

the cases k = 3, 5, 6, 7, 9, 10, 11, 13, 15, 16, 20. Moreover, due to the isomorphisms a6(n) ∼= a7(n) ∼= a10(n) and the695

equalities a11(n) = a16(n) and a13(n) = a20(n) (see Lemmas C.2, C.4, C.5), we can omit the cases k = 6, 10, 11, 20.696

The case k = 16 is obvious, because g16(n) = su(2n) and θ16(g) = −gT , leading to a16(n) = so(2n). Two other697

easy cases, k = 15 and k = 13, are treated in the next lemma.698
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Lemma C.27. We have:699

a15(n) = g15(n) = su(2n)X1/span{X1} ∼= su(2n−1)⊕ su(2n−1),

a13(n) = g13(n) = su(2n)PX/span{PX} ∼= su(2n−1)⊕ su(2n−1).

Proof. Note that700

su(2n)X1/span{X1} ∼= spanR{I,X} ⊗ su(2n−1)

has a basis consisting of all Pauli strings ̸= I⊗n, X1 that start with I or X. Consider the projections P± onto the701

eigenspaces of X, given by P± := (I ±X)/2. They satisfy the identities:702

P± · P± = P±, P+ · P− = 0, P+ + P− = I.

Then the map703

(a, b) 7→ P+ ⊗ a+ P− ⊗ b

is a Lie algebra isomorphism from su(2n−1)⊕su(2n−1) to spanR{I,X}⊗su(2n−1). This proves the claim about a15(n).704

For the case a13(n), we can replace X1 with PX because there exists a unitary transformation U such that PX =705

UX1U
†. For example, we can take706

U = e−iπ
4 Y1ei

π
4 Y⊗X⊗(n−1)

;

then using (A6) we check that indeed UX1U
† = X ⊗X⊗(n−1) = PX . The automorphism a 7→ UaU† of su(2n) sends707

su(2n)X1 onto su(2n)PX , and a15(n) onto a13(n). Therefore, a13(n) ∼= a15(n).708

We are left with the cases k = 3, 5, 7, 9, and we consider k = 9 next.709

Lemma C.28. We have a9(n) = g9(n)
θ9 ∼= sp(2n−2).710

Proof. Recall that g9(n) = su(2n){X1,Y1X2,Z1X2}. Since span{X1, Y1X2, Z1X2} ∼= su(2), we can find a unitary trans-711

formation that takes this Lie algebra to span{X1, Y1, Z1}. Explicitly, similarly to the proof of Lemma C.27, let712

U = ei
π
4 X1X2 . Then using (A6), one easily checks that713

UX1U
† = X1, UY1X2U

† = −Z1, UZ1X2U
† = Y1.

Therefore, the map a 7→ UaU† restricts to a Lie algebra isomorphism from g9(n) to714

su(2n){X1,Y1,Z1} = I ⊗ su(2n−1) ∼= su(2n−1).

According to Lemmas A.3 and A.4, under the transformation a 7→ UaU†, the fixed-point subalgebra g9(n)
θ9 is sent715

to the fixed points of the following involution:716

a 7→ −(UQ9U
T )aT (UQ9U

T )†.

Recalling that Q9 = Y2Z3 · · ·Zn (see (C35)), we find from UT = U and ei
π
4 XY ei

π
4 X = Y that717

UQ9U
T = Q9.

Hence, the image of g9(n)
θ9 under a 7→ UaU† consists of all b ∈ I ⊗ su(2n−1) that are fixed by θ9. Writing b = I ⊗ c718

with c ∈ su(2n−1), the condition b = θ9(b) is equivalent to c = −QcTQ, where Q = Y Z · · ·Z ∈ Pn−1. Since Q
T = −Q,719

this determines the Lie algebra sp(2n−2), due to Corollary A.3.720

Next we consider the case k = 7.721

Lemma C.29. We have a7(n) = g7(n) ∼=

{
su(2n−1), n odd,

su(2n−2)⊕4, n ≥ 4 even.
722
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Proof. Recall that St(a7(n)) = {PI , PX , PY , PZ}. Since PX · PY = inPZ , elements that commute with PX and PY723

will commute with PZ as well. Hence, su(2n)St(a7(n)) = su(2n){PX ,PY }. Recall also that [PX , PY ] = 0 if and only if724

n is even; in that case, su(2n){PX ,PY } has a center spanned by PX , PY , PZ and we need to quotient by it to obtain725

g7(n) (cf. (C27)).726

In order to determine the fixed points under PX and PY , we transform them as in the proof of Lemma C.27.727

Consider the unitary operator728

U =

{
ei

π
4 Z⊗Y ⊗(n−1)

ei
π
4 Y⊗X⊗(n−1)

, n odd,

ei
π
4 X2ei

π
4 I⊗X⊗Z⊗(n−2)

ei
π
4 Y⊗X⊗(n−1)

, n even.
(C44)

Using (A6), one checks that729

UPXU
† = Z1, UPY U

† = X1 for n odd, (C45)

UPXU
† = Z1, UPY U

† = (−1)(n+2)/2Z2 for n even. (C46)

Indeed, we have730

ei
π
4 Y⊗X⊗(n−1)

PXe
−iπ

4 Y⊗X⊗(n−1)

= i(Y ⊗X⊗(n−1)) · PX = Z1.

Since the other factors of U commute with Z1, we obtain that UPXU
† = Z1. The calculation of UPY U

† is similar.731

When n is odd, Y ⊗X⊗(n−1) commutes with PY , and we get from (A6):732

UPY U
† = ei

π
4 Z⊗Y ⊗(n−1)

PY e
−iπ

4 Z⊗Y ⊗(n−1)

= i(Z ⊗ Y ⊗(n−1)) · PY = X1.

When n is even, after applying (A6) three times, we obtain:733

UPY U
† = i3X2 · (I ⊗X ⊗ Z⊗(n−2)) · (Y ⊗X⊗(n−1)) · PY

= in+2X2 · (I ⊗X ⊗ Z⊗(n−2)) · (I ⊗ Z⊗(n−1))

= in+1X2 · Y2 = in+2Z2.

This proves (C45) and (C46).734

It follows from (C45) that, for n odd, the map a 7→ UaU† gives a Lie algebra isomorphism735

g7(n) = su(2n){PX ,PY } → su(2n){X1,Z1} = I ⊗ su(2n−1) ∼= su(2n−1).

Now suppose that n is even. Then, by (C46), the map a 7→ UaU† gives an isomorphism736

su(2n){PX ,PY } → su(2n){Z1,Z2} =
(
spanR{I, Z} ⊗ spanR{I, Z} ⊗ su(2n−2)

)
⊕ span{Z1, Z2, Z1Z2}.

After we quotient by the center span{Z1, Z2, Z1Z2}, we obtain737

g7(n) = su(2n){PX ,PY }/span{PX , PY , PZ} ∼= spanR{I, Z} ⊗ spanR{I, Z} ⊗ su(2n−2).

Again as in the proof of Lemma C.27, let P± := (I ± Z)/2, and consider the four projections738

P1 := P+ ⊗ P+, P2 := P+ ⊗ P−, P3 := P− ⊗ P+, P4 := P− ⊗ P−,

which satisfy739

Pi · Pi = Pi, Pi · Pj = 0 (i ̸= j),

4∑
i=1

Pi = I ⊗ I.

Then the linear map740

(a1, a2, a3, a4) 7→
4∑

j=1

Pj ⊗ aj (C47)

is an isomorphism from su(2n−2)⊕4 to spanR{I, Z} ⊗ spanR{I, Z} ⊗ su(2n−2).741
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In the remaining two cases k = 3, 5, as before we embed a3(n) and a5(n) as subalgebras of a7(n). We continue to742

use the notation from Sect. CVI and, as in Lemma C.29, we consider separately the cases when n is odd or even.743

Lemma C.30. We have a3(n) ∼= ã3(n) = g7(n)
θ̃3 ∼=

{
so(2n−1), n ≡ ±1 mod 8,

sp(2n−2), n ≡ ±3 mod 8.
744

Proof. We apply the transformation a 7→ UaU† from the proof of Lemma C.29 that gives a Lie algebra isomorphism745

g7(n) → I ⊗ su(2n−1) ∼= su(2n−1), where U is defined by (C44) for odd n. Then, by Lemmas A.3, A.4, the fixed746

points of θ̃k (see (C37)) are sent to the fixed points of the involution747

g 7→ −(UQkU
T )gT (UQkU

T )†, k = 3, 5. (C48)

Recall that Q3 = PZIY X is given by (C38), and compute748

Q̃3 := UQ3U
T = ei

π
4 Z⊗Y ⊗(n−1)

ei
π
4 Y⊗X⊗(n−1)

PZIY Xe
−iπ

4 Y⊗X⊗(n−1)

ei
π
4 Z⊗Y ⊗(n−1)

.

Note that, when n ≡ 1 mod 4, PZIY X anticommutes with Y ⊗X⊗(n−1). By (A6), we have:749

ei
π
4 Y⊗X⊗(n−1)

PZIY Xe
−iπ

4 Y⊗X⊗(n−1)

= i(Y1X2X3X4 · · ·Xn−1Xn) · (Z1Y3X4Z5Y7X8 · · ·Xn−1Zn)

= −X1(X2Z3Y5)(X6Z7Y9) · · · (Xn−3Zn−2Yn).

As this anticommutes with ei
π
4 Z⊗Y ⊗(n−1)

, we obtain750

Q̃3 = −X1(X2Z3Y5)(X6Z7Y9) · · · (Xn−3Zn−2Yn), n ≡ 1 mod 4.

Hence, restricted to elements g = I ⊗ c with c ∈ su(2n−1), the involution (C48) becomes:751

c 7→ −PXZIY c
TPXZIY , for n ≡ 1 mod 4.

For the fixed-point subalgebra, we obtain from Corollary A.3:752

(PXZIY )
T =

{
PXZIY , n ≡ 1 mod 8,

−PXZIY , n ≡ 5 mod 8
⇒ ã3(n) ∼=

{
so(2n−1), n ≡ 1 mod 8,

sp(2n−2), n ≡ 5 mod 8.

Alternatively, when n ≡ 3 mod 4, PZIY X commutes with both Y ⊗X⊗(n−1) and Z ⊗ Y ⊗(n−1). Hence, in this case,753

Q̃3 = ei
π
4 Z⊗Y ⊗(n−1)

PZIY Xe
iπ
4 Z⊗Y ⊗(n−1)

= i(Z1Y2Y3Y4 · · ·Yn−1Yn) · (Z1Y3X4Z5Y7X8 · · ·Xn−3Zn−2Yn)

= iY2(Z4X5Y6)(Z8X9Y10) · · · (Zn−3Xn−2Yn−1).

Thus, restricted to elements g = I ⊗ c with c ∈ su(2n−1), the involution (C48) simplifies to:754

c 7→ −PY IZXc
TPY IZX , for n ≡ 3 mod 4.

Corollary A.3 gives for the fixed-point subalgebra:755

(PY IZX)T =

{
PY IZX , n ≡ 7 mod 8,

−PY IZX , n ≡ 3 mod 8
⇒ ã3(n) ∼=

{
so(2n−1), n ≡ 7 mod 8,

sp(2n−2), n ≡ 3 mod 8.

This completes the proof of the lemma.756

Lemma C.31. We have a5(n) ∼= ã5(n) = g7(n)
θ̃5 ∼=

{
so(2n−1), n ≡ ±1 mod 6,

sp(2n−2), n ≡ 3 mod 6.
757
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Proof. The proof is analogous to that of Lemma C.30. Recall that U and Q5 = PIY Z are given by (C44), (C39), and758

compute759

Q̃5 := UQ5U
T = ei

π
4 Z⊗Y ⊗(n−1)

ei
π
4 Y⊗X⊗(n−1)

PIY Ze
−iπ

4 Y⊗X⊗(n−1)

ei
π
4 Z⊗Y ⊗(n−1)

.

When n ≡ 3 mod 6, PIY Z = Y2Z3Y5Z6Y8Z9 · · ·Yn−1Zn commutes with Y ⊗ X⊗(n−1) and anticommutes with760

Z ⊗ Y ⊗(n−1). Hence, by (A5), Q̃5 = PIY Z . Restricted to elements g = I ⊗ c with c ∈ su(2n−1), the involution (C48)761

simplifies to:762

c 7→ −PY ZIc
TPY ZI , for n ≡ 3 mod 6.

Since (PY ZI)
T = −PY ZI , the fixed-point subalgebra is isomorphic to sp(2n−2), by Corollary A.3.763

For n ≡ 1 mod 6, PIY Z = Y2Z3Y5Z6 · · ·Yn−2Zn−1 commutes with both Y ⊗X⊗(n−1) and Z ⊗ Y ⊗(n−1). Hence, in764

this case,765

Q̃5 = i(Z1Y2Y3Y4 · · ·Yn−1Yn) · (Y2Z3Y5Z6 · · ·Yn−2Zn−1)

= i(n+2)/3Z1(X3Y4)(X6Y7) · · · (Xn−1Yn).

The involution induced by (C48) on c ∈ su(2n−1) is given by766

c 7→ −PIXY c
TPIXY , for n ≡ 1 mod 6,

and the fixed-point subalgebra is isomorphic to so(2n−1), because (PIXY )
T = PIXY .767

Finally, for n ≡ 5 mod 6, using (A6), we find768

ei
π
4 Y⊗X⊗(n−1)

PIY Ze
−iπ

4 Y⊗X⊗(n−1)

= i(Y1X2X3X4X5 · · ·Xn)(Y2Z3Y5 · · ·Zn−2Yn)

= −Y1Z2Y3X4Z5 · · ·Yn−2Xn−1Zn.

Then applying (A5), we get769

Q̃5 = −i(Z1Y2Y3Y4Y5 · · ·Yn) · (Y1Z2Y3X4Z5 · · ·Yn−2Xn−1Zn)

= −iX1X2(Z4X5) · · · (Zn−1Xn).

This induces the involution on su(2n−1) given by770

c 7→ −PXIZc
TPXIZ , for n ≡ 5 mod 6,

and the fixed-point subalgebra is isomorphic again to so(2n−1).771

Lemma C.32. We have a3(n) ∼= ã3(n) = g7(n)
θ̃3 ∼=


so(2n−2)⊕4, n ≡ 0 mod 8,

su(2n−2)⊕2, n ≡ ±2 mod 8,

sp(2n−3)⊕4, n ≡ 4 mod 8.

772

Proof. As in the proof of Lemma C.30, we need to compute773

Q̃3 := UQ3U
T = ei

π
4 X2ei

π
4 I⊗X⊗Z⊗(n−2)

ei
π
4 Y⊗X⊗(n−1)

PZIY Xe
−iπ

4 Y⊗X⊗(n−1)

ei
π
4 I⊗X⊗Z⊗(n−2)

ei
π
4 X2 .

Using (A5), (A6), we find for n ≡ 0 mod 4:774

Q̃3 = −Z1(X3Y4Z6)(X7Y8Z10) · · ·Xn−1Yn.

Via the isomorphism g7(n) ∼= su(2n−2)⊕4 from the proof of Lemma C.29 (see (C47)), the involution induced from775

(C48) on each copy of su(2n−2) is given by776

aj 7→ −PXY IZa
T
j PXY IZ , for 1 ≤ j ≤ 4, n ≡ 0 mod 4.

For the fixed-point subalgebra, we get from Corollary A.3:777

(PXY IZ)
T =

{
PXY IZ , n ≡ 0 mod 8,

−PXY IZ , n ≡ 4 mod 8
⇒ ã3(n) ∼=

{
so(2n−2)⊕4, n ≡ 0 mod 8,

sp(2n−3)⊕4, n ≡ 4 mod 8.
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Using (A5), (A6), we find for n ≡ 0 mod 4:778

Q̃3 = X1X2(Z4X5Y6)(Z8X9Y10) · · · (Zn−2Xn−1Yn).

Consider the unitary operator779

V =

{
ei

π
4 Z4X5Y6···Zn−2Xn−1Yn , n ≡ 2 mod 8,

ei
π
4 Z2Z4X5Y6···Zn−2Xn−1Yn , n ≡ 6 mod 8,

and perform the transformation a 7→ V aV † on g7(n). Since V commutes with Z1 and Z2, this transformation preserves780

the decomposition g7(n) ∼= su(2n−2)⊕4 given by (C47). For n ≡ 2 mod 8, we have V T = V and V commutes with781

Q̃3. Thus, Q̃3 gets transformed to782

V Q̃3V
T = V 2Q̃3 = i(Z4X5Y6 · · ·Zn−2Xn−1Yn) · Q̃3 = iX1X2.

The involution induced on g7(n) is given by783

a 7→ −X1X2a
TX1X2.

Writing a as in (C47), we note that784

X1X2 · P1 ·X1X2 = P4, X1X2 · P2 ·X1X2 = P3.

Hence, a = (a1, a2, a3, a4) is a fixed point of the above involution if and only if a4 = −aT1 , a3 = −aT2 . Sending such a785

to (a1, a2) gives an isomorphism from the fixed-point subalgebra to su(2n−2)⊕2.786

When n ≡ 6 mod 8, we have V T = V −1 and V anticommutes with Q̃3. Thus, Q̃3 gets transformed to787

V Q̃3V
T = V Q̃3V

−1 = V 2Q̃3 = i(Z2Z4X5Y6 · · ·Zn−2Xn−1Yn) · Q̃3 = −X1Y2.

The rest of the proof is similar to the case n ≡ 2 mod 8 above.788

Lemma C.33. We have a5(n) ∼= ã5(n) = g7(n)
θ̃5 ∼=

{
so(2n−2)⊕4, n ≡ 0 mod 6,

su(2n−2)⊕2, n ≡ ±2 mod 6.
789

Proof. The proof is very similar to Lemma C.32, so we only indicate the differences. We compute790

Q̃5 := UQ5U
T = ei

π
4 X2ei

π
4 I⊗X⊗Z⊗(n−2)

ei
π
4 Y⊗X⊗(n−1)

PIY Ze
−iπ

4 Y⊗X⊗(n−1)

ei
π
4 I⊗X⊗Z⊗(n−2)

ei
π
4 X2 ,

and find that791

Q̃5 =


i−n/3Z2(Z4X5)(Z7X8) · · ·Xn−1, n ≡ 0 mod 6,

−Y1Z2(Y3X4Z5)(Y6X7Z8) · · ·Zn, n ≡ 2 mod 6,

PIY Z = (Y2Z3)(Y5Z6)(Y8Z9) · · ·Zn−1, n ≡ 4 mod 6.

For n ≡ 0 mod 6, the involution induced from (C48) on each copy of su(2n−2) from the decomposition (C47) is given792

by793

aj 7→ −PIZXa
T
j PIZX , for 1 ≤ j ≤ 4, n ≡ 0 mod 6.

For n ≡ ±2 mod 6, we use the transformation a 7→ V aV †, where794

V =

{
ei

π
4 Z2Y3X4Z5Y6X7Z8···Zn , n ≡ 2 mod 6,

ei
π
4 Z3Y5Z6Y8Z9···Zn−1 , n ≡ 4 mod 6,

which allows us to replace Q̃5 with V Q̃5V
T . This gives the involutions a 7→ −Y1aTY1 and a 7→ −Y2aTY2 for n ≡ 2795

and n ≡ 4 mod 6, respectively.796
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VIII. Periodic boundary conditions797

Recall that the subalgebras a◦k(n), b
◦
l (n) ⊆ su(2n) (0 ≤ k ≤ 22, 0 ≤ l ≤ 4) are defined by (B6). In this subsection,798

we prove Theorem IV.2, which we reproduce here for convenience:799

a◦0(n) ∼= u(1)⊕n,

a◦1(n) ∼= so(n)⊕2,

a◦2(n) ∼= so(n)⊕4,

a◦3(n) =


a13(n), n odd,

a3(n), n ≡ 0 mod 4,

a6(n), n ≡ 2 mod 4,

a◦4(n) ∼=

{
so(2n), n odd,

so(n)⊕4, n even,

a◦5(n) =

{
a16(n), n ≡ ±1 mod 3,

a5(n), n ≡ 0 mod 3,

a◦6(n) =

{
a13(n), n odd,

a6(n), n even,

a◦k(n) = ak(n), k = 7, 13, 16, 20,

a◦8(n) ∼= so(2n)⊕2,

a◦9(n) = b◦2(n) ∼= so(2n), n ≥ 4,

a◦10(n) =

{
su(2n), n ≡ ±1 mod 3,

a10(n), n ≡ 0 mod 3,

a◦11(n) = so(2n), n ≥ 4,

a◦k(n) = b◦4(n) = su(2n), k = 12, 15, 17, 18, 19, 21, 22,

a◦14(n) ∼= so(2n)⊕2,

b◦0(n) = b0(n) ∼= u(1)⊕n,

b◦1(n) ∼= u(1)⊕2n,

b◦3(n) = b3(n) ∼= su(2)⊕n.

We start the proof by observing that due to (B3), (B4) and from dim a◦12(3) = dim a◦17(3) = 63, we have:800

a◦k(n) = su(2n), k = 12, 17, 18, 19, 21, 22, n ≥ 3.

Moreover,801

a◦15(n) = su(2n), n ≥ 3,

because a15(n) contains (i times) all Pauli strings that start with X or I, except I⊗n. Then, applying the cyclic shift802

τn defined in (B7), we can generate all Pauli strings ̸= I⊗n.803

We also note that804

a◦k(n) = ak(n), k = 7, 13, 16, 20, n ≥ 3; a◦11(n) = a11(n), n ≥ 4,

due to (C5), (C6) and Lemmas C.21, C.24, C.25, because in this case τnak(n) ⊆ ak(n).805

In Sect. C III, using frustration graphs, we have determined the Lie algebras a◦k(n) for k = 1, 2, 4, 8, 14 (see Lemmas806

C.7, C.8, C.9). It is also obvious that807

b◦0(n) = b0(n), b◦2(n) = a◦9(n),

b◦3(n) = b3(n), b◦4(n) = a◦15(n),

b◦1(n) = span{Xi, X1Xn, XjXj+1}1≤i≤n, 1≤j≤n−1
∼= u(1)⊕2n,

a◦0(n) = span{X1Xn, XjXj+1}1≤j≤n−1
∼= u(1)⊕n.

We discuss the remaining cases a◦k(n) (k = 3, 5, 6, 9, 10) in a sequence of lemmas.808
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Lemma C.34. We have a◦10(n) =

{
su(2n), n ≡ ±1 mod 3,

a10(n), n ≡ 0 mod 3.
809

Proof. Recall from Theorem C.1 that a10(n) = g10(n) where g10(n) is given by (C26). When n ≡ 0 mod 3, we have:810

τnPXY Z = PY ZX , τnPY ZX = PZXY , τnPZXY = PXY Z ,

which imply that τna10(n) ⊆ a10(n), and hence a◦10(n) = a10(n).811

On the other hand, for n ≡ 1 mod 3, we have:812

τ−1
n PXY Z = X ⊗ PXY Z = XXY ZXY Z · · ·XY Z,
τ−1
n PY ZX = Y ⊗ PY ZX = Y Y ZXY ZX · · ·Y ZX,
τ−1
n PZXY = Z ⊗ PZXY = ZZXY ZXY · · ·ZXY.

In particular, their centralizer contains the elements813

X1X2, Y1Y2, Z1Z2 ∈ τ−1
n a10(n) ⊂ a◦10(n).

From these elements and814

X1Y2, Y1Z2, Z1X2 ∈ a10(n) ⊂ a◦10(n),

we can generate all 2-qubit gates: su(4)⊗ I⊗(n−2) ⊂ a◦10(n). Therefore, a
◦
10(n) = su(2n).815

The case n ≡ −1 mod 3 is similar.816

Lemma C.35. We have a◦5(n) =

{
a16(n), n ≡ ±1 mod 3,

a5(n), n ≡ 0 mod 3.
817

Proof. Recall the automorphism γn of su(2n) defined by (C11), (C12). Then, by Lemma C.21, γna5(n) = g7(n)
θ̃5 ,818

where θ̃5 is given by (C37), (C39), and g7(n) is given by (C27). From this, we get819

γnτna5(n) = (γnτnγ
−1
n )γna5(n) = (γnτnγ

−1
n )g7(n)

θ̃5 .

When n ≡ 0 mod 3, we have820

(γnτnγ
−1
n )(PX) = PY , (γnτnγ

−1
n )(PY ) = PZ , (γnτnγ

−1
n )(PZ) = PX ,

which imply that (γnτnγ
−1
n )g7(n) ⊆ g7(n). Next, we compute (cf. (C39)):821

(γnτnγ
−1
n )Q5 = (γnτnγ

−1
n )(PIY Z)

= Z1X2Z4X5 · · ·Zn−2Xn−1

= in/3PZ ·Q5 = i−n/3Q5 · PZ .

From this, we deduce that θ̃5 commutes with γnτnγ
−1
n . Indeed, as it commutes with the trace, we find for g ∈ g7(n):822

(γnτnγ
−1
n )θ̃5(g) = −(γnτnγ

−1
n Q5)h

T (γnτnγ
−1
n Q5) = −Q5 · PZh

TPZ ·Q5 = −QhTQ = θ̃5(h),

where we set h := (γnτnγ
−1
n )g and use that h, hT ∈ g7(n). Therefore, γnτna5(n) ⊆ γna5(n), and hence a◦5(n) = a5(n)823

for n ≡ 0 mod 3.824

Suppose now that n ≡ 1 mod 3. Observe that a◦5(n) ⊆ so(2n) = a16(n) for all n ≥ 2, because all generators of a◦5(n)825

have an odd number of Y ’s. On the other hand, we have826

X2Xn ∈ g7(n)
θ̃5 = γna5(n) ⇒ γ−1

n (X2Xn) = Z2Yn ∈ a5(n) ⇒ τ−1
n (Z2Yn) = Y1Z3 ∈ a◦5(n).

Since Y1X3 ∈ a5(3) (see Sect. BV), we get that Y1X3 ∈ a◦5(n). Hence, [Y1Z3, Y1X3] = 2iY3 ∈ a◦5(n), and cyclic shifts827

give Y1, Y2 ∈ a◦5(n). Together with a5 = ⟨XY, Y Z⟩Lie, the elements Y I, IY can generate a16 = ⟨XY, Y X, Y Z,ZY ⟩Lie.828

Therefore, a◦5(n) ⊇ a16(n), which proves that a◦5(n) = a16(n).829

Similarly, in the case n ≡ −1 mod 3, we have:830

X1Xn ∈ g7(n)
θ̃5 = γna5(n) ⇒ γ−1

n (X1Xn) = Y1Zn ∈ a5(n) ⇒ τ−1
n (Y1Zn) = Z1Y2 ∈ a◦5(n),

Z1Zn ∈ g7(n)
θ̃5 = γna5(n) ⇒ γ−1

n (Z1Zn) = X1Yn ∈ a5(n) ⇒ τ−1
n (X1Yn) = Y1X2 ∈ a◦5(n).

Hence, a◦5(n) contains a16(n), so it must be equal to it.831
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Lemma C.36. We have a◦9(n) ∼= so(2n) for n ≥ 4.832

Proof. First, recall from Lemma C.23 that a9(n) = g9(n)
θ9 , where g9(n) is given by (C28), θ9(g) = −Q9g

TQ9, and833

Q9 = IY Z · · ·Z is given by (C35). For example, g = Y3X4 ∈ a9(n), as g
T = −g and g commutes with X1, Y1X2,834

Z1X2 and Q9 (or one can check directly that IIY X ∈ a9(4)). Similarly, we check that Z3X4 ∈ a9(n).835

Now let us relabel X ⇌ Y , so that a9 = ⟨Y X, Y Z⟩Lie. Then a◦9(n) ⊆ so(2n) = a16(n), because all generators of836

a◦9(n) contain an odd number of Y ’s. From above after relabeling, we have X3Y4, Z3Y4 ∈ a9(n), which after a cyclic837

shift gives X1Y2, Z1Y2 ∈ a◦9(n). Since a16 = ⟨XY, Y X, Y Z,ZY ⟩Lie, we obtain that a◦9(n) ⊇ a16(n).838

Lemma C.37. We have:839

a◦6(n) = a6(n), n even, a◦3(n) = a◦6(n) = a13(n), n odd,

a◦3(n) = a6(n), n ≡ 2 mod 4, a◦3(n) = a3(n), n ≡ 0 mod 4.

Proof. First of all, note that a◦3(n) ⊆ a◦6(n) for all n, because a3 ⊂ a6. By Lemma C.22, we have for even n:840

a6(n) = g6(n) = su(2n){PX ,PY Z ,PZY }/span{PX , PY Z , PZY }.

In this case,841

τn(PX) = PX , τn(PY Z) = PZY , τn(PZY ) = PY Z ,

which implies that τna6(n) ⊆ a6(n), and hence a◦6(n) = a6(n).842

Recall the automorphism φn of su(2n) that up to a sign swaps Y and Z on all even qubits; see (C8), (C9). By843

Lemma C.21, we have φna3(n) = g7(n)
θ̃3 , where θ̃3 is given by (C37), (C38), and g7(n) is given by (C27). Hence,844

φnτna3(n) = (φnτnφ
−1
n )φna3(n) = (φnτnφ

−1
n )g7(n)

θ̃3 .

When n is even, we have:845

(φnτnφ
−1
n )(PX) = PX , (φnτnφ

−1
n )(PY ) = PZ , (φnτnφ

−1
n )(PZ) = PY ,

which implies that (φnτnφ
−1
n )g7(n) ⊆ g7(n). For n ≡ 0 mod 4, we find846

(φnτnφ
−1
n )Q3 = (φnτnφ

−1
n )(PZIY X) = PIZXY = PZ ·Q3 = Q3 · PZ .

Then, as in the proof of Lemma C.35, we conclude that in this case a◦3(n) = a3(n).847

Next, in the case n ≡ 2 mod 4, one checks that848

Y1Yn ∈ g7(n)
θ̃3 = φna3(n) ⇒ φ−1

n (Y1Yn) = Y1Zn ∈ a3(n) ⇒ τ−1
n (Y1Zn) = Z1Y2 ∈ a◦3(n).

Hence, a◦3(n) contains all generators of a6(n), proving that a◦3(n) = a6(n).849

Finally, consider the case where n is odd. Recall that, by Lemma C.24,850

a◦3(n) ⊆ a◦6(n) ⊆ a13(n) = su(2n)PX/span{PX}.

In order to prove that these are equalities, it is enough to show that a◦3(n) contains the generators of a13(n). When851

n ≡ 1 mod 4, we have852

Z1Zn−1 ∈ g7(n)
θ̃3 = φna3(n) ⇒ φ−1

n (Z1Zn−1) = −Z1Yn−1 ∈ a3(n) ⇒ τ−2
n (Z1Yn−1) = Y1Z3 ∈ a◦3(n).

Since ZIZ ∈ a3(3), we get that Z1Z3 ∈ a◦3(n) and hence X1 = − i
2 [Y1Z3, Z1Z3] ∈ a◦3(n). Similarly, when n ≡ 3 mod853

4, we have854

Z1Zn ∈ g7(n)
θ̃3 = φna3(n) ⇒ φ−1

n (Z1Zn) = Z1Zn ∈ a3(n) ⇒ τ−1
n (Z1Zn) = Z1Z2 ∈ a◦3(n).

Then from Y1Z2 ∈ a◦3(n), we get again that X1 ∈ a◦3(n). Therefore, all Xi ∈ a◦3(n), and we can generate a13(n) from855

them and the generators XiXi+1, YiZi+1 of a3(n).856

The above lemmas complete the proof of Theorem IV.2.857
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IX. Permutation-invariant subalgebras858

In this subsection, we classify all permutation-invariant subalgebras of su(2n) that are generated by single Paulis859

and products of two Paulis, thus proving Theorem IV.3. Recall that, starting from a subalgebra a ⊆ su(4) generated860

by Pauli strings, we define the subalgebra aπ(n) ⊆ su(2n) given by (B10). Moreover, in Sect. B IV, we explained861

that a can be assumed itself invariant under the flip of the two qubits; so we only need to consider aπk (n) for862

k = 0, 2, 4, 6, 7, 14, 16, 20 and bπl (n) for l = 0, 1, 3. The complete list of such Lie algebras is presented in Theorem IV.3863

and reproduced here as follows:864

aπk (n) = ak(n), k = 7, 16, 20, 22,

aπ0 (n)
∼= u(1)⊕n(n−1)/2,

aπ2 (n) = so(2n)PZ ∼= so(2n−1)⊕2,

aπ4 (n) = a7(n),

aπ14(n)
∼= aπ6 (n) = a20(n),

bπl (n) = bl(n), l = 0, 3,

bπ1 (n)
∼= u(1)⊕n(n+1)/2.

To start the proof of the theorem, we first observe that the following subalgebras of su(2n) are permutation865

invariant, due to their explicit descriptions (cf. Theorem C.1):866

a7(n) =

{
su(2n){PX ,PY ,PZ}/span{PX , PY , PZ}, n even,

su(2n){PX ,PY ,PZ}, n odd,

a16(n) = so(2n),

a20(n) = su(2n)PX/span{PX},
a22(n) = su(2n),

b0(n) = span{Xi}1≤i≤n,

b3(n) = span{Xi, Yi, Zi}1≤i≤n.

It is also easy to see that867

aπ0 (n) = span{XiXj}1≤i<j≤n,

bπ1 (n) = span{Xk, XiXj}1≤i<j≤n, 1≤k≤n.

Thus, we are left to determine aπk (n) for k = 2, 4, 6, 14. These cases are treated in the next three lemmas.868

Lemma C.38. We have aπ2 (n) = so(2n)PZ for all n ≥ 2.869

Proof. Note that all generators XiYj (i ̸= j) of aπ2 (n) commute with PZ and are skew-symmetric, i.e., satisfy aT = −a.870

Hence, aπ2 (n) ⊆ so(2n)PZ . For the opposite inclusion, we use the same strategy as in the proof of Lemma C.24. Pick871

an arbitrary Pauli string a ∈ so(2n)PZ not containing any I’s; then we want to find a Pauli string b ∈ aπ2 (n) such872

that [a, b] ̸= 0 and [a, b] has an I in some position. Note that a has an odd number of X’s and an odd number of873

Y ’s. In particular, after a permutation, a must start with XY Z, XXY , or XY Y . Then we let b = X1Y3, X1Z2Y3,874

or X1Z2Y3, respectively. Here b ∈ aπ2 (n) because XZY ∈ a2(3); cf. Sect. BV.875

Lemma C.39. We have aπ14(n)
∼= aπ6 (n) = a20(n) for n ≥ 3.876

Proof. Let us relabel X ⇌ Z in a14. Then a14 ⊂ a20, which implies aπ14(n) ⊆ aπ20(n) = a20(n) for all n. Similarly, from877

a6 ⊂ a20, we get aπ6 (n) ⊆ a20(n). To finish the proof of the lemma, it is enough to show that aπ6 (3) = aπ14(3) = a20(3),878

because a20(n) is generated from a20(3) using a process similar to (B1). The claim now follows from a◦k(3) ⊆ aπk (3)879

and880

dim a◦6(3) = dim a◦14(3) = dim a20(3) = 30;

see Sect. BV.881

Lemma C.40. We have aπ4 (n) = a7(n) for n ≥ 3.882
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Proof. Since a4 ⊂ a7, we have a
π
4 (n) ⊆ aπ7 (n) = a7(n) for all n ≥ 3. To prove the opposite inclusion, it is enough to show883

that aπ4 (3) = a7(3), because a7(n) is generated from a7(3) using a process similar to (B1). From IXX, Y ZX ∈ a4(3),884

we get ZY X ∈ aπ4 (3) and [IXX,ZY X] = 2iZZI ∈ aπ4 (3). Then, by permutation invariance, also IZZ ∈ aπ4 (3).885

Hence, aπ4 (3) contains all generators of a7(3), so it must be equal to it.886

The only thing left to finish the proof of Theorem IV.3 is to show that so(2n)PZ ∼= so(2n−1)⊕2. This follows887

from the isomorphism su(2n)PZ/span{PZ} ∼= su(2n−1)⊕2 (see Lemma C.27), which is compatible with taking matrix888

transpose.889
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[12] E. Kökcü, D. Camps, L. Bassman, J. K. Freericks, W. A. de Jong, R. Van Beeumen, and A. F. Kemper, Algebraic907

compression of quantum circuits for hamiltonian evolution, Physical Review A 105, 032420 (2022).908
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