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Supplemental Material

A. PRELIMINARIES ON PAULI STRINGS AND su(2")

Length-n Pauli strings, when multiplied with the imaginary unit ¢, form a natural basis for the Lie algebra u(2") of
skew-Hermitian matrices. Because of this and their other remarkable properties, Pauli strings have been excessively
used in this and many other works. In this section, we review the notation and basic properties of Pauli strings,
the Lie algebra su(2"), and its subalgebras so(2") and sp(2"~!). We also discuss involutions of Lie algebras, and
particularly of su(2").

I. Pauli strings

Throughout the paper, we work with the Pauli matrices

10 01 0 —i 10
“°I<01>’ "1X(10>’ 02Y<i oz>’ U3Z<o1>’

including the identity matrix I, which form a basis for the real vector space of 2 x 2 Hermitian matrices. We will
denote by AT the transpose of a matrix, and by A" its Hermitian conjugate (which is obtained from AT by taking
complex conjugates of all entries). Thus, AT = A for all A € Py := {I,X,Y, Z}. On the other hand, we have

yT =V

: AT = A for A=1X,2Z.
Fix a positive number n. Length-n Pauli strings are tensor products of n Pauli matrices of the form
a=A'A%’x®---Q A", Al epy (A1)

(where the superscripts are indices not powers). We denote the set of all such Pauli strings by P, := {I, X, Y, Z}®".
Every a € P, is a linear operator on the Hilbert space (C?)®™ of n qubits, so a can be represented as a matrix of size
2" x 2" (by the Kronecker product). In particular, I®" is the 2" x 2" identity matrix. The Hermitian conjugate and
transpose of a Pauli string are done componentwise:

ol = (AT e (4 @ e A" =a,
al = (AN @ (AT @ @ (AMT = (~1)#HA=V1,
All Pauli strings are Hermitian, and P,, is a basis (over R) of the vector space of 2" x 2" Hermitian matrices.
To shorten the notation, we will often omit the tensor product signs in Pauli strings, so (A1) will be written as
a=A'A?... A", For example, we will write
XX=X®X, XY =X®Y, Z---Z=27%" etc
For A € P; and 1 < j < n, we will denote by
Aj:=180"1 g Ag 29 (A2)
the linear operator A acting on the j-th qubit. For example, for n = 3,
X1 =XIT=X®I®I, Zy=1ZI=1®7Z®1, X125Ys=XZY =X®ZQ®Y, etc
With this notation, we distinguish
AjAy-- A, =AA - A=ARAR---@ A= A®"

from (A1), where in the latter the tensor factors Al,..., A™ are allowed to be different.
When there is a danger to confuse the tensor product and the matrix product, we will use - for the product of
matrices. We have:

X-Y=iZ=-Y-X, Y -Z=iX=-2-Y, Z-X=i¥=-X 2,
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and each Pauli matrix squares to the identity:
X X=Y.Y=7Z-Z=1.
The matrix product of Pauli strings is done componentwise:
A'®---®A") - (B'®---@B")=(A"-BY®---® (A™ - B").
From here, it is easy to deduce the following important properties of Pauli strings.

Lemma A.1. For any a,b € P, we have a-a = I®" and a-b = xb-a. Hence, any two Pauli strings either commute
or anticommute.

Notice that the product of two Pauli strings is again a Pauli string, up to a multiple of +1,44. Thus, the set
{+£a,+ia|a € P,} is a group under the matrix product, called the Pauli group. The following corollary of Lemma
A.1 will be useful in the future.

Corollary A.1. For any a,b € P,, if [a,b] :=a-b—b-a # 0, then [a,[a,b]] = 4b.
Proof. When [a, b] # 0, we have [a,b] = 2a - b and [a, [a,b]] = 4a-a-b=4b. O
Another important consequence of Lemma A.1 is Euler’s formula

e = (cos 0)I®™ + i(sin 0)a, ac€P, 6k (A3)

A useful special case is § = 7/2; then
ez = ja, a € Pp. (A4)

Note that any a € P, is Hermitian (i.e., a' = a), ia is skew-Hermitian (i.e., (ia)’ = —ia), and U = € is unitary
(i.e., UUT = I®"). In the following, we will use the following corollary of Euler’s formulas (A3), (A4).

Corollary A.2. For any anticommuting a,b € P, and a real number 6, we have
e . h=p.e 10, (A5)
In particular,

e'T9he 1 = jg - b, (A6)

II. The Lie algebras su(N), so(N), and sp(NV)

The purpose of this subsection is to review some standard terminology concerning Lie algebras, especially su(N),
50(N), and sp(N). We fix a positive integer N; later we will have N = 2" where n is the number of qubits.

The set CV*N of N x N matrices with complex entries is a vector space over C, as matrices can be added or
multiplied by complex scalars. Then CY*¥ is an associative algebra under the matrix product ab, i.e., ab is bilinear
(depends linearly on both a or b) and associative: a(bc) = (ab)e. Under the commutator bracket [a,b] = ab — ba, we
get a complex Lie algebra denoted as gl(N, C).

In general, a Lie algebra is defined as a vector space g (over a field such as C or R), equipped with a bilinear
operation [a,b] € g for a,b € g, which satisfies the following skew-symmetry and Jacobi identity:

[av b] = _[bv a]a [CL, [b7 CH = [[a’ b}v C] + [b7 [av CH

It is convenient to use the notation ad,(b) := [a, b] for a,b € g. Then ad, is a linear operator on g for every a € g. A
trivial example of a Lie algebra is any vector space g with the zero bracket [a,b] = 0 for all a,b € g; such Lie algebras
are called Abelian.

A subalgebra s of a Lie algebra g is a subspace (i.e., closed under vector addition and scalar multiplication), which
is also closed under the bracket: a,b € s = [a,b] € s. For example, the set s[(N,C) of all N x N complex matrices
with trace 0 is a subalgebra of gl(NN, C); hence, it is itself a Lie algebra. Recall that an ideal in a Lie algebra g is a
subspace s such that a € g, b € § = [a,b] € 5. For example, both sl(N,C) and CIy (where Iy is the N x N identity
matrix) are ideals of gl(N,C), and

gl(N,C) =sl(N,C) ® CIn
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is a direct sum of not just subspaces but of commuting subalgebras and ideals. When we write a direct sum of Lie
algebras, we will always mean that the summands are subalgebras that commute with each other. The space Cly is
the center Z(g) of g = gl(N,C), i.e., the set of all ¢ € g such that [¢,a] =0 for all a € g.

The Lie algebra sl(N, C) is simple, which means that it is not Abelian and has no ideals other than the trivial {0}
and the whole algebra. Other examples of simple Lie algebras over C are provided by the orthogonal Lie algebras
50(N,C) and the symplectic Lie algebras sp(2N,C). Let us recall that so(N,C) is defined as the set of all complex
skew-symmetric matrices (i.e., such that a’ = —a), and it is a subalgebra of s[(N, C). Consider the 2N x 2N matrix

0 I
Jan = <_IN (J)V)

Then sp(2N, C) is defined as the set of all a € gl(2N, C) such that a’ Jony = —Jana; this is a subalgebra of s[(2N, C).

In this paper, we will work with Lie algebras over R. The set of all skew-Hermitian matrices (i.e., satisfying a” = —a)
is a real vector space, and is closed under the commutator; hence, it is a real Lie algebra, denoted u(N). Imposing
that the trace of the matrix is 0, we get the Lie algebra su(N). If a matrix has real entries, then it is skew-Hermitian
if and only if it is skew-symmetric. Thus, we have the subalgebra

50(N) :=s0(N,R) = {a € su(N) |a” = —a} C su(N). (A7)

On the other hand, the Lie algebra of real symplectic matrices sp(2N,R) is not a subalgebra of su(2N). Instead of
it, the relevant subalgebra is

sp(N) := sp(2N,C) Nsu(2N) = {a € su(2N) |a” Jox = —Jona} C su(2N). (A8)

The Lie algebras su(N), so(N), sp(N) are simple and compact (they are Lie algebras of compact Lie groups). Their
dimensions over R are given by:

dimsu(N) = N> —1,  dimso(N) = %N(N ~1),  dimsp(N) = N(2N +1). (A9)

It is known (see e.g. [1, 2]) that any subalgebra of u(N) is either Abelian or a direct sum of a center (which could be
{0}) and Lie algebras isomorphic to one of su, so, sp or to one of five exceptional compact simple Lie algebras (cf.
Proposition I.1). For completeness, we provide the proof of this important fact here.

Proposition A.1. Any subalgebra of u(N) is either Abelian or a direct sum of compact simple Lie algebras and a
center.

Proof. First, recall that the trace form (a,b) = Tr[ab] is negative definite on u(N). Indeed, one can see that
N
Tr[H?] =) A3 >0
j=1

for any nonzero Hermitian matrix H € iu(N) with eigenvalues A1, ..., An, because all \; are real. Second, the trace
form (-,-) is bilinear, symmetric and invariant; the latter meaning that

([a,b],¢) = —(b, [a,c]), a,b,c € u(N).

All of these follow easily from the properties of the trace.
Now let g be a subalgebra of u(/N). Then the same proof as in [3], Corollary 4.25, shows that g is reductive, i.e., it
is a direct sum of simple or Abelian ideals. Indeed, for any ideal s of g, we have an orthogonal direct sum

g=s5®sT,

due to the definiteness of the trace form. Furthermore, the invariance of the trace form implies that s is itself an
ideal of g. As both s and st are ideals, they must commute: [5,57] C s N st = {0}. Thus, g is a direct sum of
commuting ideals. Suppose that dims > 1 and s is not simple as a Lie algebra. Then s has a nonzero proper ideal {.
From [t,s] C t and [t,51] = {0}, we get that [t,g] C t, so t is an ideal of g. Hence, we can proceed by induction on
dim g and break g into a direct sum of commuting ideals, each of which is either simple or 1-dimensional (Abelian).
Finally, we note that any simple subalgebra g of u(N) is compact, i.e., the Lie group e? is compact as a closed
subgroup of the compact Lie group U(N) (see e.g. [3], Proposition 4.27, whose proof still applies). The classification
of all compact simple Lie algebras is due to Cartan, and can be found in standard textbooks; for example in [3],
Chapter VI. O
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Let now N = 2™ where n is the number of qubits. Then a basis for u(2") is given by iP, (see Sect. AI). To
get a basis for su(2"), we just have to remove iI®", since I®" = Iy is the identity matrix. A basis for so(2")
consists of all 4a where a € P, is a Pauli string containing an odd number of Y’s. Finally, to describe the subalgebra
sp(2n~1) C su(2"), we observe that

0 In
_ ®(n—-1) _ _ ) —
Yi=Y®I = Z(IN 0) iJN.

2

Therefore,
sp(2" 1) ={aesu2")|a” Y1 =-Y) a}. (A10)
The following definition plays a crucial role throughout the paper.

Definition A.1. For a Lie algebra g and a subset A C g, we define (A)rie to be the minimal (under inclusion)
subalgebra of g that contains A. We say that (A)Lie is the subalgebra generated by A, and that A is a set of
generators of (A)rie. In the case where A C Py, is a set of Pauli strings, we will slightly abuse the notation and write
(A)rie for the subalgebra of su(2™) generated by the subset iA C su(2™).

More explicitly, it follows from the Jacobi identity that (A)i;. is the set of all linear combinations of all nested
commutators of the form

ady,adg, - -adg, (ar11) = [a1, [ag, [ - [ar, ary1] - -+ ]]], a; € A, >0, (A11)
where r = 0 corresponds to an empty commutator = a;. The following simple observation will be useful.

Lemma A.2. For any subset A C Py, the Lie algebra (A)vic € su(2") generated by iA has a basis consisting of Pauli
strings times i. In other words,

<A>Lie = spang (an N <-A> Lie) .

Proof. By definition, (A)re is linearly spanned over R by all elements of the form (All) with a; € iA C iP,. All
such elements are scalar multiples of Pauli strings, i.e., lie in {RP,,. From any spanning set, one can choose a subset
that forms a basis. O

III. Involutions of su(2")

In this subsection, we explain how we can describe subalgebras of su(2") as fixed points of involutions. We start
more generally by recalling that an isomorphism from a Lie algebra g to another Lie algebra g; is an invertible linear
transformation : g — g; that is compatible with the bracket, i.e., ¢([a,b]) = [¢(a), ()] for all a,b € g. We write
g = g1 to indicate that g is isomorphic to g1. An automorphism of g is an isomorphism ¢: g — g. The set of fixed
points of ¢ is defined as:

g ={acgyg ‘ o(a) = a}. (A12)

Tt is easy to check that g¥ is a subalgebra of g, called the fized-point subalgebra. An involution on g is an automorphism
6: g — g with the property that (f(a)) = a for all a € g, i.e., 071 = 6.

Later, we will need to understand how, for an involution 6, the fixed-point subalgebra g’ transforms under another
automorphism ¢ of g. The answer is given in the following lemma.

-1

Lemma A.3. Let ¢ be an automorphism of a Lie algebra g, and 6 be an involution of g. Then o™ is an involution

1

of g, and we have @(99) — ggoego* )

Proof. Note that pfp~! is an automorphism of g, since the composition of isomorphisms is again an isomorphism. It
is an involution of g, because (php=1)~! = ph~Lp~! = php~t. To check the claim about the fixed points, suppose
that a € g%, i.e., (a) = a. Then

(o8 )ola) = pl0(a) = pla) = p(a) € g?% .

Conversely, if b € gwes"A, then the above calculation shows that a = ¢ ~1(b) € g°. O
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Now we will discuss how to construct automorphisms and involutions of su(N).
Lemma A.4. Suppose that U and Q are unitary N x N matrices, and QT = £Q. Then the formulas
o(a) = UaUT, (a) = —QaTQf, a € su(N),
define an automorphism ¢ and an involution 6 of su(N). Moreover, we have
(e~ ) (a) = =(UQUT)a" (UQUT)T,  a € su(N).
Proof. First, note that ¢ is invertible with ¢ ~1(a) = UfaU. It is clear that ¢([a,b]) = [p(a), p(b)], because
pla)p(b) = UaUTUBUT = UabUT = p(ab)

for any two matrices a,b. (This means that ¢ is an automorphism of the associative algebra CN*V.)
To check that # is an involution, we calculate

0(0(a)) = 0(-Qa’ Q") = Q@) (") Q" Q" = Q(XQNa(xQ)Q" = a,
where we used that (QT)T = (QT)!. Next, we have
0(ab) = —Q(ab)" Q" = —Qba" Q" = —QVTQTQAT QT = —6(b)6(a).

This implies that 0([a, b]) = [#(a),0(b)] and proves that 6 is an involution of su(N).
Finally, we find

(p0p~")(a) = p(0(UTal)))
= —p(QUTa"(UHTQY)
=-—vQutJl(UHTQUt
= —(UQUM"(UQUT)T,
as claimed. O

Example A.1. The subalgebra so(N) C su(N) is the fixed-point subalgebra of the involution a — —a” (see (AT7)).
Similarly, we see from (A8) that sp(N) = su(2N)?, where 0(a) = —Qa” Q' as in Lemma A .4, with Q = —iJay.

It is well known, in general, that for an involution 8(a) = —Qa” Q' as in Lemma A.4, the fixed-point subalgebra
su(N)? = s0(N) when QT = @, and su(N)? = sp(N/2) when Q7 = —Q (in which case N must be even). For
completeness, we will present the proof of these facts in the special case of interest to us: when N = 2" and Q € P,
is a length-n Pauli string. Note that all Pauli strings Q satisfy @ = Qf = Q! and QT = +Q.

Lemma A.5. For any Pauli string Q € P, there exists a unitary 2" x 2" matriz U such that
[®n ; T _
UQUT _ ’ Zf QT Q7
i, if Q0 =-Q.
Proof. In the case QT = Q, we let U = €'i9. Then
UQUT =UQU =U?Q =¢'29Q =iQ - Q = iI®",

where we used Euler’s formula (A4). The superfluous phase ¢ can be eliminated by applying the unitary transformation
V = e~ i%1°" which satisfies VT =V and V2 = —i[®".
Suppose now that Q7 = —@), which means that ) contains an odd number of Y’s. If @ has a ¥ in j-th position,
let P=Y;-Q and U = 1%, Note that
P=Y;-Q=Q Y, = P-Q=Q-P=Y,

and

PT=Q" Y] =(-Q)- (-¥) =Q ¥; = P
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Hence, as above, we find:
UQUT =UQU = U?Q =¢'2PQ =iP-Q =iY;.

If j = 1, we are done (after eliminating the phase 7). If j # 1, we apply the unitary transformation e *%¥1Yi and
obtain:

e Y (i) ()T = BRI (iY)) = —inY; - (i) = Y,
completing the proof. O

Corollary A.3. Any Pauli string Q € P,, defines an involution 6 of su(2") given by 0(a) = —Qa’ Q. The fized-point
subalgebra of this involution is:

wo o f50@), i QT =0,
5“2)‘{w@"U,UQT——Q

B. STATEMENT OF RESULTS

In this section, we present detailed information about all subalgebras of su(4) generated by Pauli strings, including
a complete list of such subalgebras with their bases, generators, and equivalence under symmetry. We match this list
with examples of known spin systems. Next, we discuss how subalgebras of s1(4) are extended to subalgebras of su(2")
(ct. Growing the dynamical Lie algebras in the Results section of the main text). We present the list of all subalgebras
of su(8) obtained in this way, and the list of subalgebras of su(2™) in the case of open boundary conditions.

I. Classification up to symmetry of subalgebras of su(4) generated by Pauli strings

Recall that su(4) has a basis over R consisting of all possible tensor products iAB, where A, B € {I,X,Y,Z},
AB # II. There are 2'5 — 1 = 32767 non-empty subsets A of this basis. For each of them, we run Algorithm 1 in the
simplified form from Remark II.1 to determine the Lie algebra (A)r;. generated by A. We have written code to do
this, which is publicly available at [4]. As a result, we have found 202 subalgebras of su(4) generated by sets of Pauli
strings. Their complete list, with a basis for each subalgebra, is presented in the next subsection, Sect. BIL.

As discussed in Symmetries of the power sets in the Methods section of the main text, the symmetry group Ss x Zs
acts on su(4) as follows: the symmetric group Ss permutes simultaneously all {X,Y, Z}, while the non-identity element
of Zy acts as the flip AB = BA. By inspection, we have examined the orbits of the action of S3 x Zs on the 202
subalgebras and found that there are 36 orbits, which are listed in Table S.I below. The full list of all 202 subalgebras
in Sect. BII is grouped into orbits, which can easily be verified by hand.

The numbers s, p, e,d in Table S.I are equal to the numbers of: single Paulis (such as XT), single Pauli pairs (such
as X1I,IX), double equal Paulis (such as XX), and double different Paulis (such as XY'), respectively, in the basis
of each subalgebra. These are invariant under the action of the symmetry group; hence, subalgebras of su(4) with
different invariants are not equivalent to each other. It turns out that the only two non-equivalent subalgebras with
the same invariants are ay and as.

As in The power sets in the Methods section of the main text, we distinguish between three types of subalgebras of
su(4). The a-type are those that can be generated by a set of products of two Paulis both different from the identity.
The b-type are not of a-type and have a generating set of Pauli strings that contain the identity but come in pairs such
as XI,IX or YI,IY or ZI,1Z. The remaining ¢-type subalgebras have generators that contain some Pauli strings of
the form Al without the corresponding term I'A or vice versa (A € {X,Y, Z}).

When extended to subalgebras of s1(2") on a length-n open spin chain, as in Growing the dynamical Lie algebras
in the Results section of the main text or in Sect. BIV below, the c-type subalgebras will behave like the b-type
except for a boundary effect at the first or last site in the chain. As we will insist that every single Pauli generator
A € {X,Y,Z} operates on all sites of the chain, in the future we will exclude the c-type subalgebras of su(2").
However, for completeness, we include them in the list of subalgebras of su(4) below.



Label|Basis dim |Stabilizer|Orbit| (s, p, e, d)
a0 | XX 1 4 3 (0,0,1,0)
o |XY 1|2 6 (0,0,0,1)
a |XY,YX 2 |4 3 (0,0,0,2)
as |XX,YZ 2 2 6 (0,0,1,1)
a | XX,YY 2 |4 3 (0,0,2,0)
s |XY,YZ 2 |2 6 (0,0,0,2)
a6 |XX,YZ,ZY 3 |4 3 (0,0,1,2)
@ |XX,YY,ZZ 3 |12 1 (0,0,3,0)
as | XX, XZ,IY 3 |1 12 [(1,01,1)
a0 |XY,XZ,IX 3 |2 6 (1,0,0,2)
a0 | XY,YZ ZX 3 6 2 (0,0,0,3)
an | XY, YX,YZ, 1Y 4 |1 12 [(1,0,0,3)
ae | XX,XY,YZ,1Z 4 12 [(1,0,12)
as | XX,YY,YZ,1X 4 1 12 [(1,021)
au | XX,YY,XY,YX,ZI,1Z 6 |4 3 (2,1,2,2)
as | XX, XY, XZ,IX,1Y,1Z 6 |2 6 (3,0,1,2)
a6 |XY,YX,YZ,ZY,YI,IY 6 |4 3 (2,1,0,4)
a7 | XX,XY,ZX,ZY,YI,1Z 6 |2 6 (2,0,1,3)
as | XX,YY,XZ, ZY,XI,1Y 6 |2 6 (2,0,2,2)
ae |XX,XY,ZX,ZY,YZ,YI,1Z 7 |2 6 (2,0,1,4)
a0 |XX,YY,ZZ,YZ,ZY, XI,1X 7 |4 3 (2,1,3,2)
an | XX,YY,XY,YX,ZX,ZY,XI,YI,ZI,1Z|10 |2 6 (4,1,2,4)
ase  |all Paulis except IT 15 |12 1 (6,3,3,6)
bo |XI,1X 2 |4 3 (2,1,0,0)
b | XX, XI,IX 3 |4 3 (2,1,1,0)
b: |XY,XZ XI,IX 4 6 (2,1,0,2)
bs | XLLYI,ZI,IX,IY,IZ 6 12 1 (6,3,0,0)
be |XX,XY,XZ XI,IX,1Y,1Z 7 |2 6 (4,1,1,2)
0 | XTI 1 |2 6 (1,0,0,0)
o | XY, XTI 2 |1 12 [(1,00,1)
¢ | XX, XI 2 |2 6 (1,0,1,0)
¢ | XI,IY 2 |2 6 (2,0,0,0)
¢ |XY,XI,IY 3 |2 (2,0,0,1)
s |XIYI ZI 3 |6 (3,0,0,0)
6 | XX, XY, XI,1Z 4 1 12 (2,0,1,1)
¢ |XI,IX,YI,ZI 4 |2 6 (4,1,0,0)

Table S.I. List of all subalgebras of su(4) generated by Pauli strings, up to symmetry Ss X Z. For each subalgebra, we have
listed: a basis (over R, after multiplication by ), its dimension, the order of the stabilizer, the order of the orbit under the
action of S3 X Za, and the invariants s, p, e, d. Note that the orders of all orbits add up to 202.
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For each of our subalgebras of su(4), we list below a minimal set of generators and the isomorphism class of the Lie
algebra. Commuting direct summands are denoted with @. Note also that s0(3) = su(2) and so0(4) & su(2) @ su(2).

Finally, we note that

ap = (X X)prie =2 u(l),
XY)Lie = u(1),
XY, Y X) e 2 u(l) @ u(l),
XX, YZ)rie 2 u(l) ®u(l),
ay = (XX, YY)Lie 2 u(l) ®u(l),
XY,V Z) 150 =

[
fesd
E

e D
f s
N
—

a6 = (XX, Y Z,ZY )1ie 2 u(l) &
XX, YY,ZZ)1ie 2 u(l) ®u(l) & u(l),
XX, XZ) e & su(2),
XY, X Z)ie =2 s5u(2),
a10 = (XY, YZ, ZX)150 2 u(l) ®u(l) ®u(l),
1

aj; = XY YX YZ)Lie = 5u(2) @u( ),
Ao = XX XY YZ>L1€ = SU(2) @U(l),
a13 = (XX, YY, Y Z) e = s5u(2) & u(l),

(
=
=
=
(
=
(
=
=
=
(
(
(
(
a4 = (XX, YY, XY)15 = s50(4),
a5 = (XX, XY, X Z)pie = 5u(2) & su(2),
a6 = (XY, YX,YZ ZY )i = 50(4),
a7 = (XX, XY, ZX )i = su(2) & su(2),
ts = (XX, XZ,YY, ZY )10 = su(2)
1o = (XX, XY, ZX,Y Z)Lie = 5u(2)
20 = (XX, YY, ZZ, ZY 110 = su(2) ® su(2) @ u(1),
4 = (XX, YY, XY, ZX) i = sp(2),
oo = (XX, XY, XZ,Y X, ZX)11e = su(4),

bo = (XT, TX) 110 = u(1) ® u(1),

b1 = (XX, XI,1X)15 2 u(1) @ u(l) ®u(l),

= (XY, XI,IX )i = su(2) ®u(l),
= (XI,YI,IX,IY e = 5u(2) ® su(2),

b4 = (XX, XY, XT,I1X) 10 2 su(2) ® su(2) & u(1),
¢ = (XI)Lie = u(1),

6 = (XY, XDpie = u(1) @ u(l),

co = (XX, XDrie 2 u(l) ®u(l),

3 = (X1, IY )i 2 u(l) ®u(l),

¢ = (XY, XI, 1Y )pie = u(l) @ u(l) & u(1),

o5 = (XI,YI, ZI)15 = 5u(2),

6 = (XX, XY, XT)1ie = 5u(2) du(l),

¢ = (XLYT IX)1i = su(2) @ u(l).

by = ag ® span{ X1},
by =ai5 P Span{XI},

are central extensions of a-type subalgebras.



105 II. List of all 202 subalgebras of su(4) generated by Pauli strings

19 Here, by inspection, we have grouped the 202 subalgebras of su(4) from the previous subsection into orbits of the
w7 symmetry group Ss X Zgy. For each orbit, we provide its label and its size.

a1 3, {XX}{YY}, {72},
a0 6, (XY} {XZ} {Y XL {Y 2}, {ZX}, {2y}
a0 3, {XY,YX},{XZ 2X},{YZ 2V},
a3 16, (XX, YZV{XX,ZY} {YY,XZ} {YY, ZX} {ZZ, XY },{ZZ, Y X };
a,:3, {XX,YY}{XX,Z2Z},{YY, 22},
as 16, {XY,YZY{XZ, 2V} {YX, X2} {Y Z, ZX},{ZX, XY}, {ZY, Y X };
a: 3, {XY,YX, ZZV {XZ,ZX,YY},{YZ,2Y,XX};
a1, {XX,YY, 22}
as 1 12, {XX, XY, 12}, {XX,XZ, IV} {XX,YX, ZI},{XX, ZX, YT},
(YY,YX,12},{YY,YZ,IX},{YY, XY, ZI},{YY, ZY, X I},
(22, 2X,1V},{22,2Y,IX},{Z2,XZ,YI},{ZZ,Y Z, X I};
ag: 6, {XY,XZ,IX} {YX,YZ IV}, {ZX,2Y,IZ},
(YX,ZX, XI},{XY,ZY, YT} {XZ,YZ, ZI};
a2, {XY,YZ,ZX} {XZ,2Y, Y X};
ay 12, {XY,YX,XZ,IX},{XZ,ZX, XY, IX}, {XY,YX,ZX,XI},{XZ,ZX,YX, XI},
(YX, XY, YZ, IV} {YZ,ZY,YX, IV}, {YX,XY,ZY,YI}{Y Z, ZY,XY,Y I},
(ZX,XZ,2Y,1Z},{2Y,YZ,2X,12},{ZX,X2,Y Z,Z1},{ZY,Y Z,X Z, ZI};
ae 12, {XX, XY, YZ,IZV,{XX,XZ,2Y,IV},{XX,YX,ZY, ZI},{X X, ZX,Y Z,Y I},
(YY,YX,XZ,IZ},AYY,YZ, ZX,IX},{YY,XY,ZX, ZI} {YY,ZY,X Z, X I},
(22,2X,XY,IY},{ZZ,2Y,YX,IX},{ZZ, X Z,YX,YI},{ZZ,Y Z, XY, XI};
a3 12, {XX,YY,YZ,IX} {XX,YY,XZ, IV}, {XX,YY,ZY,XI},{XX,YY, ZX,YI},
(XX,22,2Y,IX},{XX, 22, XY, 12} {XX,ZZ,YZ, XI},{XX,Z2Z,YX, ZI},
(YY, 22, ZX, IYYAYY, ZZ, Y X, 12V, {YY, ZZ, X Z,YI},{YY, 22, XY, ZI};
a3, {XX,YY,XY,YX,ZI,12} {XX, 22, X7, ZX,YI,IYY{YY,Z22,Y Z,ZY,XI,IX };
a5 6, {XX,XY,XZ,IX,IV,1Z}, {YY,YX,YZ,IX,IV,1Z},{ZZ,ZX,ZY,I1X,1Y,IZ},
(XX,YX,ZX,XI,YI,ZI},{YY,XY,ZY,XI,YI,ZI} {22, X 2,Y Z, X1,Y 1, ZI};
a6 3, {XY,YX, XZ ZX,XI,IX},{YX,XY,YZ,ZY,YI,IY} {ZX,XZ,2Y,YZ,Z1,1Z};
a7 6, {XX,XY,ZX,ZY,YI,IZY,{YY,YX,ZY,ZX,XI,1Z},{22,ZX,Y Z,Y X, X1,1IY},
(XX, YX,XZ,YZ,IY,ZI},{YY,XY,YZ,XZ,IX,ZI}{Z2,X 2, ZY, XY, IX,Y I}
wms: 6, {XX,YY,XZ,2Y,XI,IY} {XX,ZZ, XY, YZ,XI,IZ},{YY,ZZ,YX,XZ,YI,1Z},
(XX,YY,ZX,YZ,IX,YI},{XX,ZZ,YX,ZY,IX, ZI},{YY,ZZ XY, ZX,IY, ZI};
a6, {XX,XY,ZX,ZY,YZ,YI,IZY{XX,YX,XZ,YZ ZY,IY,ZI},
(YY,YX,ZY,ZX,XZ, XI,1Z},{YY,XY,YZ,XZ,ZX,IX, ZI},
(22, ZX,YZ,YX,XY,XI,IY},{Z2,XZ,2Y,XY,YX,IX,YI};
axo 3, {XX,YY,ZZ,XY,YX, ZI,1Z} {XX,YY,ZZ,X Z,ZX,YI, IV},
(XX,YY,ZZ,YZ,ZY,XI,IX};
a1 1 6, {XX,YY,XY,YX,ZX,2Y,XI,YI, ZI,IZV,{XX,YY,XY,YX,XZ,YZ,IX,IY, ZI,1Z},
(XX,22,X2,ZX,YX,YZ, XI,ZI,YI,IYY{XX,22,X2,2X,XY,2Y,IX,1Z,YI IV},
(YY,ZZ,YZ,ZY,XY,XZ,YI, ZI, XI,IX},{YY,ZZ,YZ,ZY,YX, ZX,IY,IZ, XI,IX};
a1, {XX,YY, 22, XY, YX,XZ,ZX,YZ,ZY,X1,IX,YI,IY, ZI,1Z}:
bo:3, {XI,IX}{YI IV}, {ZI,1Z};
by:3, {XX,XI,IXV{YY,YI, IV} {ZZ, 21,1Z};



by :

bg:
[14:

Co -

€1

Co !

€3 :
26, {XY,XI,IV},{YZ,YI,IZ} {ZX,ZI,IX},

C4

C5 -
12, {XX, XY, XI,IZ}, {XX,XZ XI,IV}{XX,YX,IX, ZI},{XX, ZX,IX,YI},

C6

c7

6, {XY, XZ, XILIX}{YX, YZYI,IY}{ZX,ZY,Z1,IZ},

{YX, ZX, X1,LIX} {XY,ZY,Y1LIY} {XZ,YZ ZI,1Z};

LA{XLYIL, ZI,IX 1Y, 1Z};

6, {XX, XY, XZXLLIX, IV, IZ} { XX, YX, ZX, IX,XI,YI, ZI},
{YY,)]YX,YZ YI,IY,IX,1Z},{YY,XY,ZY,IY,YI, XI, ZI},
{Z2,ZX,2Y,Z1,1Z,IX,IY},{ZZ,XZ,YZ,1Z, Z1,XI,YI};

6, (X1} {YI}{Z1}, {IX}, {1V} {1Z};

12, (XY, XTIV X Z, XV AY X, YT} {YZ,YI},{ZX, ZI},{ZY, ZI},

(YX,IX}{ZX,IX} XY, IV} {ZY,IY } {X 2,12} {Y Z,12};
6, (XX, XI}{XX,IX} {YY.YI} {YY, IV} {22 21} {22,1Z};
6. {XIIYV}. {XI, 12} {Y1,IX} {Y1 12} {Z1,IX},{Z1,IY};

(YX,YI,IX},{2Y,Z1,IV},{XZ,XI,1Z};
2, {XI,YI,ZI},{IX,IY,1Z};

(YY,YX,YILIZ}{YY,YZ,YI,IX}, {YY,XY,IY, ZI},{YY, ZY, 1Y, X I},
(22,2X,21,1V},{Z2,2Y,Z1,1X},{Z2, X Z,12,YI},{Z2,Y 2,17, X I};

L6, {XI,IX,YI,ZI},{YI,IY,XI,ZI},{ZI,1Z,X1,YI},

(XI,IX,IY,I1Z}{YI,IY,IX 12}, {Z1,1Z,1X,IY}.

10

198 Adding up the orders of the orbits, we obtain a total of 127 Lie algebras of type a, 19 of type b, and 56 of type c.
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III. Identifying the subalgebras of su(4) with known spin systems

In Table S.II below, we identify some of our Lie algebras from Sect. BI with the dynamical Lie algebras of known
spin models. The listed generating sets are from Sect. B 1. However, these generating sets are not unique, and they
can be replaced with alternative generators that represent the Pauli terms of the Hamiltonian as in 2-local spin chains

in the Results section of the main text; we call those conventional generators.

Label | Generating set |Conventional generators|Example Model

a [ XX ZZ Ising model [5]

ap | XY XY Kitaev chain

az | XY, YX Massless free fermion in a magnetic field

a3 | XX, YZ 27, XY Kitaev chain with
nearest neighbor Coulomb interaction

ag | XX, YY XY-model [6] / Massless free fermion

as | XY, YZ

as | XX, YZ, ZY 272, XY, YX Massless free fermion in a magnetic field with
nearest neighbor Coulomb interaction

ar | XX, YY, ZZ Heisenberg model / XXZ Chain [6]

as | XX, XZ ZZ,1X Transverse-field Ising model [6]

ag | XY, XZ XY IX Kitaev chain in an X field

a0 | XY, YZ ZX Heisenberg model

an | XY, YX YZ XX, YY, IY XY model in a Y field

a2 | XX, XY, YZ

a3 | XX, YY,YZ XX, YY, IX XY-model in a longitudinal field [6]

as | XX,YY, XY
a5 | XX, XY, XZ ZZ,1X,1Y,(IZ)

ae | XY,YX,YZ ZY |XY,YX,IY,YI

a7 | XX, XY, ZX Z7,IX,1Y,(IZ)

wms | XX, XZ,YY,ZY |XX,YY,IY,XI,(ZI)
ae | XX,XY,ZX,YZ
a0 |XX,YY,ZZ,ZY |XX,YY,ZZ,IX,XI
a1 | XX,YY,XY,ZX |XX,YY,IZ,YI,(IX)
ae | XX,XY,XZ,YX|ZZ,XI,IY,IZ, Y]

bo |XI,IX ZI.1Z

by | XX,XI,IX Z7Z,21,1Z

by |XY,XI,IX

bs |XI,YI,IX,IY
by |XX,XY,XI,IX

Transverse-field XY / Ising model [6]
Ising model in an arbitrary magnetic field
Kitaev chain in a Y field

Ising model in an arbitrary magnetic field
XY model in an arbitrary field

XXZ chain in an X field [6]
XY model in an arbitrary field
Ising model in an arbitrary field

Uncoupled spins

Ising model [5]
Kitaev chain in an X field
Uncoupled spins

ZZIX, 1Y, 172, Z1 Ising model in an arbitrary field

Table S.II. Examples of conventional spin models corresponding to the dynamical Lie algebras discussed in the main text.
Terms in parentheses do not appear explicitly in the set of generators, but are generated from them.

IV. Extending subalgebras of su(4) to su(2")

In this subsection, we elaborate on the constructions of Growing the dynamical Lie algebras in the Results section
of the main text. First, starting from an arbitrary subalgebra a C su(4), we define a(n) as the subalgebra of su(2")
generated by the set

U I®k Ra® I®(nf2fk). (Bl)
0<k<n—2

In particular, a(2) = a. The sequence of Lie algebras a(2),a(3),... can be determined inductively as follows.
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Remark B.1. We have two Lie algebra embeddings a(n) — a(n + 1), given by appending I in the last or first qubit,
and a(n + 1) is generated as a Lie algebra by the union of the two images:

a(n+1) = ((a(n) ®I) U (I & a(n)))vic- (B2)
Indeed, if we denote the set (B1) by A(n), we have A(n+1) = (A(n) @ I) U (I ® A(n)).

As a consequence of the above remark, if a(n) = su(2") for some n = ng > 2, then this is true for all n > ng. For
instance, since

a18(3) = a19(3) = a21(3) = a22(3) = su(8), a12(4) = a17(4) = su(16), (B3)
we obtain that
ap(n) = su(2"),  k=12,17,18,19,21,22, n > 4. (B4)

Recall that in Sect. BT we considered only subalgebras a C su(4) generated by a set A of Pauli strings. In this case,
we have

a(n) = <{AiBi+1 |AB (S .A, 1< <n— 1}>Lie; <B5)

where AB denote 2-site Pauli strings (A, B € {I, X,Y, Z}). Equation (B5) can be used as an equivalent definition of
a(n) in the case where a is generated by Pauli strings.
We also consider periodic boundary conditions. For each n > 2, define the subalgebra of su(2"):

uo(n) = <{AiBi+1,BlAn ‘ AB € ./4, 1<i1<n— 1}>Liea (BG)

again in the case where a C su(4) is generated by a set A of Pauli strings. In order to define a®(n) in the general case,
we introduce the cyclic shift operator 7, : su(2") — su(2"), which acts on Pauli strings as

mPleP’® - P")=P'®---@ P"®P, Plec{lX)Y,Z} (B7)

(where the superscipts are indices not powers) and is extended by linearity to the whole su(2™). Then 7, is a Lie
algebra automorphism. By definition, a®(n) is generated as a Lie algebra by the union of a(n) and 7,a(n):

a®(n) = (a(n) U 7,a(n))vie- (B8)

Note that, by construction, 7,a°(n) = a®(n) and ,a(n) C a®(n).

We will also consider the fully connected topology corresponding to permutation invariant subalgebras of su(2"),
i.e., invariant under the action of the symmetric group S, that permutes the n qubits. Similarly to (B7), every
permutation o € S, defines an automorphism o: su(2") — su(2"). Then we define

a™(n) :< U Ua(n)>Lie. (B9)
oES,
In the case where a C su(4) is generated by a set A of Pauli strings, we can write more explicitly
a"(n) = ({AiB; |AB € A, 1 <i# j <n})Lie- (B10)

Note that, in particular, a®(n) C a™(n). Moreover, without loss of generality, we can assume that the generating
subalgebra a C su(4) is itself invariant under S, i.e., under the flip of the two qubits. In particular, we have:

af (n) = a3 (n),

a3 (n) = ag (n),

a5 (n) = afy(n) = afg(n),

ag (n) = afy(n),

ag(n) = b3(n) = afg(n),

af3(n) = ago(n),

af(n) = bf(n) = su(2"),  k=10,12,15,17,18,19,21,22.

Thus, we only need to determine af (n) for k = 0,2,4,6,7,14,16,20 and b] (n) for [ = 0,1, 3.
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For completeness and for later use, we list a linear basis (over R, after multiplication by %) for each of the following
subalgebras of su(8). We have found these subalgebras from (B5), (B6) after running Algorithm 1 in the simplified
form from Remark II.1, using our code [4].

Open case:

013(3)

a14(3)
015(3)

016(3)

a17(3):

a20(3)

{IXX,XXIY,

{IXY,XYI,XZY},

AIXY,IYX,XYI,XZY,YXI,YZX},

AIXX,IYZ, XXI,XZZ,YIV,YXZ YYX,YZI, ZIZ, ZXYY},
{IXX,IYY,XXI,XZY,YYI,YZX},

{IXY,IYZ,XYI, XZY,YIX,YXZ,YYY,YZI, ZIY,ZY X},
{IXY,IVX,IZZ,XIX,XXZ,XYI,XZY,YIV,YXI,YYZYZX,ZIZ,ZXX,ZYY, ZZI},
AIXX,IYY,IZZ, XIX,XXI,XYZ XZY,YIV,YXZ,YYI,YZX,ZI1Z,ZXY,ZY X, ZZI},
AIIY,IXX,IXZ,IYI,1ZX,1ZZ,XXI,XYX,XY Z, X ZI},

AIIX,IXI,IXY,IXZ XYI,XYY,XYZ,XZI,XZY,XZZ},

AIXY,IYZ, 12X, XI1Z, XXX, XYI,XZY,YIX,YXZYYY,YZI,ZIY,ZXI1,2Y X, 227},
A{IIX, IXI,IXY,IXZ,IYX,1ZX,XIV,XIZ, XXX, XYI,XYY,XYZ XZI,XZY,

XZZ,YXI,YYX,YZX,ZIX,ZXY,ZXZ},

{IIXITY, 112, IXX, IXY,IXZ IYX,IYY,IYZ 1ZI, XII,XXI,XYI,XZX,XZY,

XZZ,YIX,YIV,YIZ,YXX,YXY,YXZ,YYX,YYY,YYZ,YZI,ZIX,ZIY, 717, ZX X,
ZXY,ZXZ,2YX,ZYY,2Y Z,ZZI},

AIIX,IXIIXX,IYY,IYZ12ZY,122,XII,XIX,XXI,XYY,XYZ,XZY,XZZ,YIY,

YIZYXY,YXZ,YYI,YYX,YZI,YZX,ZIY,Z1Z,ZXY,ZXZ,2Y1,2Y X, 221, ZZX},

{IIZIXX, IXY,IYX,IYY,1ZI, XXI,XYI, XZX,XZY,YXI,YYI,YZX,YZY, ZII},
{IIX,ITY, 112, IX1,IXX,IXY,IXZ,IYI,IYX,IYY,IYZ IZI,1ZX,IZY, 122, XIX,

XIY,XIZ,XXI, XXX, XXY,XXZ, XYI,XYX,XYY,XYZ XZI,XZX,XZY,XZZ},

AIIX,IXI,IXY,IXZ IYX,1ZX,XII,XIY,XIZ, XXX, XYI,XYY,XYZ X ZI,

XZY,XZZ,YIX,YXI,YXY,YXZ YYX,YZX,ZIX,ZX1,ZXY,ZX 2, 2Y X, ZZX},
{(IIZ IXI,IXX,IXY,IVYI,IYX,IYY,IZI,1ZX,12Y,XIZ XXI, XXX, XXY,
XYI,XYX, XYY, XZI,XZX,XZY,YILLYIX,YIY,YXZ,YYZ,YZZ,21Z,ZXI,
ZXX,ZXY,ZYI,ZYX,ZYY,ZZ1,ZZX, ZZY},

AIIZ, IXX,IXY,IYX,IYY, 121,122, XIX,XIY,XXI,XXZ,XYI,XYZ,XZX, X ZY,

YIX,YIV,YXI,YXZ YYI,YYZYZX,YZY,ZII,ZIZ,ZX X, ZXY,ZY X, ZYY, ZZI}.

Periodic case:

[e]

0 3

3
3

2 o o

(
(
(
(

—_— O O

o
1
o
2
o
3

=1
w

{IXX,XIX,XXI},

{IXY,XYI,XZY,YIX,YXZ,ZY X},

{IXY,IVX,XIY,XYI,XYZ XZY,YIX,YXI,YXZ,YZX,ZXY,ZY X},

AIIX, IXIIXX,IVY,IYZ,1ZY,122,XII,XIX,XXI,XYY,XYZ,XZY,XZZ,YIY,

YIZYXY,YXZYYLYYX,YZI,YZX,ZIY,Z12,ZXY,ZXZ,2Y1,2Y X, 221, 2ZX},

) {IXX,IYY, 122, XIX,XXI,XYZ,XZY,YIY,YXZ, YYI,YZX,ZIZ,ZXY,ZY X, ZZI},
AIIZIXX,IXY,IYX,IYY,IZ1,1ZZ,XIX,XIY,XXI,XXZ,XYI,XYZ XZX,XZY,

YIX,YIV,YXI,YXZYYI,YYZYZX,YZY,ZII,Z1Z,ZXX,ZXY,2Y X, 2YY, ZZI},

I, IXX,IXZIVI,IYY,I1ZX,1Z2Z, XIX,XIZ XXI,XXY,XYX,XYZ XZI,XZY,

YILYIY,YXX,YXZYYI,YZX,YZZ,2IX, 212, ZX1,ZXY,2Y X, 2Y 2,271, ZZY},

AIIX,IXIIXY,IXZ XII,XYI,XYY,XYZ XZI,XZY,XZZ,YIX,YXY,YXZ YYX,
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YZX,ZIX, ZXY,ZXZ,2Y X, 22X},

aS,(3) : {IIX,IXI,IXY,IXZ,IYX,IZX, XII,XIY,XI1Z, XXX, XYI,XYY,XYZ XZI, XZY,
XZZYIX,YXI,YXY,YXZYYX,YZX,ZIX,ZXI,ZXY,ZXZ,2Y X, ZZX},

aS,(3) : {II1Z, IXX,IXY,IYX,IYY,IZ1,1ZZ, XIX,XIY,XXI,XXZ,XYI,XYZ, XZX,XZY,
YIX,YIV,YXI,YXZYYI,YYZYZX,YZY,ZII,ZIZ,ZX X, ZXY,ZY X, ZYY, ZZI}.

Moreover, we have
ap(3) = ar(3), k=5,7,10,13,16, 20,
and

a75(3) = ai5(3) = a77(3) = su(8).

VI. Subalgebras of su(2") corresponding to open spin chains

For convenience, here we reproduce the list of subalgebras of su(2") from Theorem IV.1, with the additional
information of the dimensions of the Lie algebras (cf. (A9)). The proof of the theorem is given in Sect. C below.

ao(n) = span{X; X; 1 hi<jen_1 2u(1)® D dim =n -1,
n(n —1)
5
az(n) = span{X;Zj 1 - Zj_ 1Y hi<icj<n ©span{Y;Zii1 - Z; 1 X  hi<icj<n
so(n) ®so(n), dim=n(n—1),
50(2""2)% ) dim=2""1(2""2-1), n=0 mod 8,
21,  dim=2""2(2""1-1), n=+1 modS§,
su(2772)%2 dim = 22773 — 2, n=+2 mod 8§,
2"
2")

aq (TL) = span{XiZiH e ijlyvj}lgi<j§n = 50(71), dim =

1%

1%

az(n)

, dim =2"72(2""1 +1), n=43 mod 8,
®4 dim=2""12""%2+1), n=4 mod 8,

4

as(n) = az(n),

( )®4 dim=2""1(2""2-1), n=0 mod 6,

so(2"71), dim =2""2(2""1 - 1), n=41 mod 6,
( )®2, dim = 2273 — 2, n=+2 mod 6,
(2"7%)

, dim =2""2(2""1 +1), n=3 mod 6,

o ay0(n) = {5u(2”1), dim=22""2 —1, n odd,
su(2772)%4 dim =272 — 4, n >4 even,
~g0(2n—1), dim=(n—1)(2n—1),
dim = 2"72(2" "t + 1),
=as(n) =s50(2"), dim=2""12" 1), n>4,
su(2"), dim=22" 1, k=12,17,18,19,21,22, n > 4,
=ag(n) 2 ajz(n) Zsu2" M) @su(2" ), dim=2"""1-2,

(n)
(n)
(n)
(n)
(n)
a14(n) = so0(2n), dim =n(2n —1),
(n)
(n)
(n)
(n)
(n)

p=
©
3
1R
&
=3
—
[N}
S
|
(V)
~—
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243 C. PROOFS

24 This section contains detailed proofs of Theorems IV.1, IV.2, and IV.3. The proof of Theorem IV.1 occupies Sect.
us  CII-C VII; its plan is outlined in Sect. C 1 below. The proofs of Theorems IV.2 and IV.3 utilize the results of Theorem
us  IV.1, and are given in Sect. C VIII and CIX, respectively. For an index of each proof for each algebra, see Table S.III.

Label|Generators Scaling Isomorphism Reason
a | XX O(n) u(1)®m-b Sect. C1
ar | XY O(n?) so(n) Sect. CIII, frustration graph
az | XY, YX O(n?) s0(n) @ so(n) Sect. CIII, frustration graph
a3 | XX, YZ ( n-dependent Lemmas C.30, C.32
a | XX, YY (n*%) ao Sect. C1II, inclusion
as | XY, YZ (4™) n-dependent Lemmas C.31, C.33
as | XX, YZ, ZY (4™) ar Sect. CII, inclusion
ar | XX, YY,ZZ (4™) n-dependent Lemma C.29
as | XX, XZ (n®) s0(2n — 1) Sect. CIII, frustration graph
a | XY, XZ (4™) sp(2772) Lemma C.28, fixed point under involution
ao | XY, YZ,ZX (4™) as Sect. CII, inclusion
ann | XY, YX YZ (4™) ai6 Sect. CII, inclusion
a2 | XX, XY, YZ (4™) su(2™) Sect. BIV, explicit for n = 4
a3 | XX, YY,YZ (4™) su(2" ) @su(2"h) Lemma C.27, fixed point under involution
as | XX, YY, XY O(n?) s50(2n) Sect. CIII, frustration graph
as | XX, XY, XZ 04" ai3 Lemma C.27, fixed point under involution
ame | XY, YX,YZ ZY 04" s50(2™) Lemma C.25, fixed point under involution
a7 | XX, XY, ZX o4m) su(2™) Sect. BIV, explicit for n = 4
ams | XX, XZYY,ZY o4m™) su(2™) Sect. BIV, explicit for n = 3
ao | XX, XY, ZXYZ o4m™) su(2") Sect. BIV, explicit for n = 3
axo | XX, YY, ZZ ZY o4m™) a13 Sect. CII, inclusion
a1 | XX, YY, XY, ZX o4m™) su(2m) Sect. BIV, explicit for n = 3
ae | XX, XY, XZ YX o4m™) su(2m) Sect. BIV, explicit for n = 3
bo |XI,IX O(n) u(1)®" Sect. C1
by | XX, XI,IX O(n u(1)®Gn—1 Sect. C 1T
by | XY, XI IX o4m) sp(2" ) o u(1) Sect. CI, central extension
bs |XI,YI,IX IY O(n su(2)®" Sect. CI
ba |XX,XY,XZ XI,IX,IY,IZ|0(4™) |su(2"™) @ su(2") @ u(1) Sect. C1, central extension

Table S.III. Proofs and where to find them.

Plan of the proof of Theorem IV.1

247 I.

248 Our starting point is the list of subalgebras of su(4) from Sect. BI:
ag, b; C su(4), 0<k<22 0<[<H4, (C1)

29 and the goal is to determine (up to isomorphism) their extensions as subalgebras of su(2"):
ar(n),by(n) Csu(2"), 3<n, 0<k<22, 0<I1<4, (C2)

»0 which are defined in Sect. BIV. The answer is presented in Theorem IV.1, and in more detail, in Sect. B VI above.
21 Here we outline the proof, which consists of multiple parts. We divide the set of Lie algebras (C2) into three classes:
»2  linear, quadratic, and exponential, according to the anticipated growth of their dimension.
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Linear case: ag(n), b;(n) (I =0,1,3). The linear case is obvious. Indeed, the Lie algebras ag(n), bg(n), and by (n)
are Abelian (i.e., have identically zero Lie brackets), because all of their generators commute with each other. The
Lie algebra b3(n) = su(2)®" is a direct sum of n commuting copies of su(2), since its generators split into n groups
acting independently on each qubit and commuting with each other.

Quadratic case: ax(n) (kK =1,2,4,8,14). These Lie algebras are determined by using the frustration graphs of
their generators; see Sect. CIII and especially Lemma C.6. Note that as(n) = a4(n) by Lemma C.3.

Exponential case: ag(n), b;(n) (k= 3,5,6,7,9—13,15—-22, | = 2,4). First, recall that in Sect. BIV, we have
already found that

a(n) =su(2"),  k=12,17,18,19,21,22, n > 4. (C3)

Second, we observe that by(n) = ag(n) @ span{X;} and by(n) = a15(n) @ span{X; }, because their generators consist
of a central element X; (commuting with all other generators) and the generators of ag(n) or ajs(n), respectively.
Third, in Sect. CII, we find equalities and isomorphisms among some of the Lie algebras ai(n). Namely,

a6(n) = Cl7(’n) = Cl10(n), au(n) = a16(7’L), Cl13(n) = ago(n), n > 4. (C4)

Thus, we are left to investigate the Lie algebras ai(n) for k = 3,5,7,9,13,15, 16.
Strategy for ay(n) (k=3,5,7,9,13,15,16). The strategy in the remaining exponential cases is as follows.

1. For each of our Lie algebras s = ax(n), we find its stabilizer St(s), which is defined as the set of all Pauli strings
€ P,, that commute with every element of s. This can be done explicitly, because the stabilizer is determined
only from the generators of s; see Proposition C.3 in Sect. CIV.

2. By definition, s commutes with all elements of its stabilizer St(s); hence, it is contained in the centralizer of
St(s) in su(2"), which we denote su(27)5¢(*). We can reduce the Lie subalgebra su(2")5*) further by factoring
all elements of the center of St(s), which will become central in it, because s has a trivial center by Lemma
C.12. This results in a Lie algebra denoted gr(n) when s = ai(n); these are listed explicitly in (C25)—(C31).

3. By the above construction, we have s C gi(n). However, equality does not hold in all cases. We improve the
upper bound for s by finding an involution 6y of gr(n) such that all elements of s are fixed under 6y, i.e.,
0rx(a) = a for all a € s (see Sect. AIII for a refresher on involutions). The last condition can be checked only on
the generators of s, and the details are carried out in Sect. CV (Theorem C.1 and Lemmas C.14, C.15, C.16).
Thus, we have the upper bound s C g, (n)%, where the superscript ) indicates fixed points under 6.

4. Then, in Sect. C VI, we establish a lower bound for s, i.e., we prove that the upper bound is exact: ai(n) =
gr(n)%. The main idea is to start with an arbitrary Pauli string € iP, Ng(n)? and use suitable commutators
with elements of ax(n) to produce a Pauli string € iP, N gx(n)% with I in one of its positions. Erasing the
I gives an element of g(n — 1)%, which by induction is in az(n — 1). The specific details are broken into a
sequence of lemmas. The cases k = 3,5,7, k =9, k = 13, £k = 15, and k£ = 16 are treated in Lemmas C.21,
(.23, C.24, C.26, and C.25, respectively. As a consequence, since gi6(n) = su(2") by (C30), and 015(g) = —g*
by (C36), we obtain that a16(n) = s0(2").

5. Finally, in Sect. C VII, we identify the Lie algebras g (n)? with those from Theorem IV.1. The idea is to apply a
suitable unitary transformation that brings the stabilizer St(s) to a more convenient form (such transformations
and their effect on the fixed points of involutions are reviewed in Sect. AIII). For example, St(ai3(n)) =
{I®" X®"} and we can bring X®" to X; with a unitary transformation, after which it is easy to determine
the centralizer su(2")*1. This is carried out in Lemmas C.27, C.28, and C.29 for k = 13,15, k =9, and k = 7,
respectively. The more complicated cases k = 3 and k = 5 are further broken down to n odd and n even; see
Lemmas C.30, C.32, C.31, C.33. Taken all together, this completes the proof of Theorem IV.1.

II. Inclusions and isomorphisms
There are several obvious inclusions among the Lie algebras a; (kK = 0—11,13—16,20), which extend to the corre-
sponding subalgebras of su(2") due to the following trivial observation.

Lemma C.1. Consider two arbitrary subalgebras a C b C su(4). Then a(n) C b(n), a®°(n) C b°(n) and a™(n) C b™(n)
for all n > 2. Furthermore, if a(ng) = b(ng) for some ng, then a(n) = b(n) for all n > ng.



297

298

299

300

301

302

303

304

305

306

307

308

309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

324

325

326

327

328

17

Proof. If a C b, then the generating set (B1) of a(n) is contained in the corresponding generating set of b(n); hence,
a(n) C b(n). From here, we also get 7,a(n) C 7,,b6(n), which implies a®(n) C b°(n) due to (B8). Similarly, from (B9),
we derive a™(n) C b™(n). The last claim of the lemma follows from the inductive construction of the Lie algebras
a(n) given in (B2). O

For the rest of this subsection, we focus on the open case; we will treat the periodic (closed) case and the permutation-
invariant case later. By comparing the bases of the subalgebras a; C su(4) listed in Table S.I, we notice the following
inclusions:

ag C ag C ag C ag, a; Cag Cagp Cagg,

apg C aq C ay, a; Cag C ayg,

ag C ag C ay3 C asg, a; Cas C a9, and a; C as C aqe,
ap C ag C ags, a; C ag C ags.

The above chains of inclusions are maximal, i.e., cannot be extended further. By Lemma C.1, for any pair a; C a,
we get an inclusion agx(n) C a;(n) for all n > 3. However, observe that even though as = ajo N aje, we only
have as(n) C ajp(n) Nae(n) and not necessarily an equality. In fact, one checks that IZX € a109(3) N a16(3) but
IZX ¢ a5(3). In the next lemma, we present two consequences of the above inclusions.

Lemma C.2. We have:

6(n), n >4, (C5)

an(n) = aq
Cl13(n) = ago(n), n > 3. (CG)

Proof. Since aj; C ajg, we have aj1(n) C ajg(n) for all n. But because dimayi(4) = dimajg(4) = 120, we obtain
that a11(4) = a16(4), which implies (C5). Similarly, from a3 C ag9, we get a;3(n) C age(n) for all n. But because
dim Cl13(3) = dim Cl2()(3) = 307 we have Cl13(3) = Cl20(3). O

There are other inclusions among the Lie algebras a; after we relabel some of the Paulis. Such relabelings act as
automorphisms of the Lie algebra su(2"), i.e., they are invertible linear operator that respects the Lie bracket (see
Sect. ATIT). We will express them in the form ¢(a) = UaU' (a € su(2")) for some fixed unitary matrix U, as in
Lemma A 4.

As a first example, consider the linear operator ¢ on C2*2, defined by 1)(A) = VAV where V = ¢'5%. Using (A6),
we find:

W) =1, $(X)=iZ-X=-Y, (Y)=iZ-Y=X, $(Z)=2
We extend it to an automorphism v, of su(2") by:

Yo=Y @@y,
where 17 denotes the j-th power of 1. Note that, up to an overall sign, 1, swaps X = Y on all even qubits. It can
be represented as a unitary transformation:

Yn(a) =UaUt,  with U=V0®V1®~-~®V”—1:exp(z%Z(j—nzj). (C7)

j=1
Lemma C.3. The map ., defined by (C7), restricts to an isomorphism asz(n) = ay(n).

Proof. Since 1, is an automorphisms of su(2"), it is in particular injective and respects the Lie bracket. The same is
true for the restriction of v, to az(n). In order to prove that 1, is an isomorphism from az(n) to as(n), it remains
to show that it is surjective, i.e., ¥na2(n) = as(n). Note that 1,as(n) is a subalgebra of as(n). We will show that
Ynaz(n) contains all generators of a4(n), which would imply that it is equal to it.

Indeed, 1, acts as follows on the generators of az(n):

Yo (XiYig1) = (X))@' (V)i = (@ H(X))a( ™ (X))ig1,
U (YiXig1) = @7 (V)i (X))igr = =@ (V)i 1 (V) i1

Hence, up to a sign, 1, sends the generators of az(n) to the generators X; X, 11, Y;Yiy1 of ag(n). Therefore, ¢,a2(n) =
as(n), which completes the proof of the lemma. O
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As another similar example, consider the linear operator ¢ on C2*2, defined by
p(A) = TX AT = (D) =1, o(X)=X, o(Y)=-Z, ¢(Z)=Y. (C8)
We extend it to an automorphism of su(2") by
1

=" @' @ - @", (C9)

which, up to a sign, swaps Y = Z on all even qubits. As in (C7), we have
on(a) =UaUt,  with U= exp(z% S G- 1)Xj). (C10)
j=1

Lemma C.4. The map @, defined by (C8), (C9), restricts to an isomorphism ag(n) = az(n).
Proof. As in the proof of Lemma C.3, we find that ¢, acts on the generators of ag(n) as follows:
on(XiXiv1) = Xi Xiq1,
en(YiZip1) = (¢"7HY))i(@ 1Y) it
on(ZiYir1) = =(¢""H2)i(@"H(2))ira-

Up to a sign, the images are exactly the generators X; X; 1, Y;Yiy1, Z; Z;+1 of ay(n). Hence, pra(n) = az(n). O
Now consider the composition v := @, which acts as a cyclic rotation X — Z — Y — X:
V) =1, X)=2  (Y)=X, ~(2)=Y (C11)
We extend it to automorphism of su(2") as follows:
T =7 V07 9" (C12)
Since S := (X +Y + Z)/+/3 satisfies S - S = I, we can apply Euler’s formula (A3) to show that
1A) = X2 JoiREIEX (i8S 4gmiES,

Hence, similarly to (C7), (C10), we can express 7, as
_ + . _ . - . ) : )
Yn(a) =UaU", with U exp(z—3\/§ ;](Xj +Y; + ZJ)>. (C13)

Lemma C.5. The map 7y, defined by (C11), (C12), restricts to an isomorphism ajo(n) = az(n).

Proof. We find that ~,, acts on the generators of ajp(n) as follows:

P (XiYig1) = (V' (X)) (VT (V))iwr = (7' (X))i (6" (X))i1,
(

1 (YiZi1) = (F (V)i(YTHZ))ier = (F (V)i(7 (V) i1,
Yo(ZiXir1) = (V(2))i(VTHX)) i = (1(2)i(V(Z))ina
The images are exactly the generators X; X, 1, YiYiy1, Z; Z;+1 of az(n); hence, y,a10(n) = az(n). O
ITI. Frustration graphs
In this subsection, we review the notion of frustration graph, which is a useful visualization tool; see e.g. [7-9]. We

determine the dynamical Lie algebra in the cases when the frustration graph is a line or a mrcle and apply these
results to identify several of our Lie algebras, namely, ax(n) and aj(n) for k = 1,2,4, 8, 14.

Definition C.1. Given a set of Pauli strings A C P, its frustration graph is the graph with a set of vertices A
and edges connecting all pairs of vertices a,b € A such that [a,b] # 0. The Lie algebra (A)ri. generated by A (cf.
Definition A.1) will be called the dynamical Lie algebra (DLA) of the corresponding frustration graph.
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XoY3
Y1X2 Y2X3 }/BXAL
X1Y2 XQYé X3Y4 ® ® ¢ X1Y2 XSYZL
o ® ® X1Ys  XoYs X3Y)
@ @ @
X4Y7
(a) a1(4) (b) ax(4) (c) a3(4)

Figure S1. Frustration graphs for several examples in our classification for n = 4. (a) A frustration graph given by a
line. (b) A frustration graph consisting of two disjoint lines. (c) A circular frustration graph.

The frustration graph makes it especially easy to determine when two subsets of the generating set A commute with
each other: it means that they are disconnected from each other in the frustration graph. Suppose that A = A; U A,
is a disjoint union of subsets with disconnected frustration graphs. Then the DLA

(A1 U A2)Lie = (A1)Lie ® (A2)Lie (C14)

is a direct sum of commuting subalgebras. This is illustrated in Figure S1.
In the next proposition, we determine the DLA of a line frustration graph.

Proposition C.1. Suppose that the frustration graph of A = {a1,...,an} C Py is a line with N vertices, so that
[aj,ar] #0 for 1 <j <k <N if and only if k =j+ 1. Then

(A)pLie = s0(N +1),
and a basis for it is given by {ik_ij,k}1§j<k§N+17 where 1 is the imaginary unit and
Ljp:=aj ajy1---ax_1 (1<j<k<N+1 (C15)
are products over line segments.

Proof. Recall that (A)y;e is the subalgebra of su(2") generated by the subset i A C su(2"™) (see Definition A.1). First,
let us us prove that all i*~7L;; are in (A)ri. For k = j + 1, we have iL; ;11 := ia; € iA C (A)Lie. Suppose, by
induction on k — j, that ik_ij,k € (A)Lie for some 1 < j < k < N+ 1; then we will show that ik_j‘HLj,Lk € (ALie-
By definition,

Ljvk=aj-1-a; aj1---ag—1 =aj—1-Ljy,

and by assumption, a;_; anticommutes with a; and commutes with a;41,...,ar—1. Hence, a;_; anticommutes with
Lj 1, which implies that

Qik_j—HLj,l)k = Qik_j-"_laj,l 'Lj,k = ik_j+1[aj,1,Lj’k] = [iaj,l,ik_ij,k} S <~A>Lie-

This proves the claim that i*=7L; ; € (A)pie forall 1 <j <k < N + 1.
Similarly to above, one can check that (1 <j <k <I<N+1):

[(F L g, i ™ L) = 207905, [ L, i L) = 2%, [7IL, 8L ) = 20 Ly, (C16)

and all other commutators (not following from skewsymmetry) are zero. In particular, the real linear span of all
i*=JL,; 1, is closed under the bracket, i.e., is a subalgebra of su(2"). Since (A)rie is the minimal (under inclusion)
subalgebra of su(2") containing i.4, it follows that

(A)rie = span{i" I Lk }1<jck<n 1.

Recall that so(N + 1) = so(N + 1,R) is the Lie algebra of all skew-symmetric (N + 1) x (N + 1) real matrices; see
(A7). Consider the standard basis {E;  }1<jk<n+1 of gl(N + 1,R), where E; is the matrix with (j, k)-entry = 1
and all other entries = 0. Then a basis for so(N + 1) is {Fjx = E; x — Ex j}1<j<k<n+1. Using that

(Ejk, Eim| = 06,1 Ejm — 05,mEl k.
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it is easy to see that
Eik, Frl = Fiu, [Freg Fjil = Fig,  [Fip Fjpl = Fiy, for 1<j<k<I<N+1L

Hence, the matrices 2F . satisfy the same commutation relations as ik=J Lj 1 given in (C16). This means that the map
50(N + 1) — (A)Lie that sends 2F; ; to i*77L; ;. is a Lie algebra homomorphism. Its kernel is an ideal in so(N + 1),
but since so(N + 1) is simple, it has no non-zero proper ideals. Therefore, this map is an isomorphism. O

Remark C.1. One can see from the above proposition that, for linear frustration graphs, the dimension of the DLA
scales quadratically with the number of generators. This was observed for free fermionic models in [10-14], where the
number of generators is proportional to the system size and the circuit gate complexity is quadratic with respect to the
system size. These models are fast forwardable along with the other Hamiltonians given in [7-9], and the fundamental
reason for this is the polynomial scaling of the DLA.

Remark C.2. After a Jordan—Wigner transformation, it can be shown that the algebra of free fermions on n sites can
be generated by {Z1, X1 X0, Za, XoX3,Z3, ..., Xn_1Xn, Zpn}, which will be shown to be equivalent to a14(n) in Lemma
C.6 below. These generators have a linear frustration graph with 2n — 1 vertices; hence, its DLA is so(2n).

Next, we consider the case where the frustration graph is a circle.

Proposition C.2. Suppose that the frustration graph of A = {a1,...,an} C Py is a circle with N > 3 vertices, so
that [aj,ar] #0 for L <j <k <N ifand onlyif k=j+1o0orj=1,k=N. Then

(A)Lie = 50(N) ® s0(N),
and it has a basis {i* T L; i T*=IC - L;j x}1<j<r<n, where i is the imaginary unit, L; . are defined in (C15), and
C:=ai-ay - an_1-an-. (C17)

Proof. First, notice that [C,a;] = 0 for all 1 < j < N, because a; does not commute only with its two neighboring
vertices in the circle frustration graph. Moreover, using that a;-a; = I®" (cf. Lemma A.1), we get C-C = (—=1)N1®".
From here, we deduce that

[N i* L] =0, GNe)-(Ne) = 18", (C18)

If we remove any vertex from the frustration graph of A, we obtain a line frustration graph. By Proposition C.1,
we know that

* Lk € ar, . an—1)Lie € (A)Lic, 1<j<k<N,
and these elements form a basis for the subalgebra (ai,...,an_1)Lic = s0(NN). In particular, we have
{iay,...,iany—1} C (a1,...,aN—1)Lic = spanR{ik_ij,k}ngkSN.
Similarly, the set A\ {ax—1} = {ar,akt1,...,an,0a1,...,ax—2} has a line frustration graph and its subset
{ak,ak+1,-..,an,G1,...,aj_1} is a line segment for 1 < j < k < N. Hence, again by Proposition C.1,
iNthk=icr. L= +iN " gy ap - -an - ag - aj—1 € (A\ {ar—1})Lic € (A)Lie, 1<j<k<N.

In particular, the choice j =1, k = N gives
iNTNTLC L Ly v = tian.
The above discussion implies that
1A C L= spanR{ik_ij,k,iN+k_jC “Likti<j<k<n € (A)Lie-

We claim that the vector space £ is closed under the Lie bracket. Indeed, we already know that spang{i*=7L;} is
closed. For the other brackets, we use that from (C18), we have:

[T L g, N C - L) = N O [V Ly, i L),
(N3O L g N L] = [ Ly, ™ L)

As the Lie algebra £ contains 4.4, it must contain (A)y;.. Therefore, £ = (A);e.
Using (C18) again (or from the above brackets), we see that

(A)Lic = spang {(I®" +i"C) - i* T Ly }1<jcnan @ spang{(I®" — i C) - i* I L phi<jcnan

is isomorphic as a Lie algebra to a direct sum of two copies of spang {i* /L, 1 }1<j<r<n = s0(N). Therefore, (A)pie
s50(N) @ so(N).

[



404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

21

Remark C.3. A circular frustration graph corresponds to free fermionic evolution controlled with one ancilla, where
the ancilla degree of freedom can be readily found as the operator C defined in (C17). As expected, this is not the only
example. Some periodic 1-dimensional spin systems such as TFXY, XY and Kitaev models also have DLAs that are
generated from Pauli strings with a circular frustration graph. For those spin models, C = ZZ --- Z.

Applying the results of Propositions C.1, C.2; in the following lemmas we determine the Lie algebras ax(n) and
aj(n) for k =1,2,4,8,14. Examples are presented in Figures S2 and S3.

X1Y2 XQ_}/g X3Y4 X1X2 X2X3 X3X4
@ @ @

® o ®
ViXe YoX3 Y3Xy YiYo YaYs Y3V,

(a) az(n) (b) as(n)

Figure S2. Frustration graphs for az(n) and as(n). The red boxes enclose the generators acting on each site (¢, ¢ + 1).
Both frustrations graphs are given by two disjoint lines for any n; hence we can conclude that az(n) 2 as(n) (cf. Lemma C.3).

Lemma C.6. We have:

ai(n) = so(n),

az(n) = ay(n) = so(n) @ so(n),
ag(n) = so(2n — 1),

ara(n) = so(2n)

Proof. The proof is based on the frustration graphs of the generating sets of these Lie algebras (see Sect. BI, BIV).
Generators of a;(n) are XY on each adjacent pair of qubits:

X1Ys, XoY3, XYy, ..., X 1Y,

These form a linear frustration graph with n — 1 vertices, leading to a;(n) = so(n) (see Figure S3(a)).
The Lie algebra as(n) is generated by XY and Y X on adjacent pairs of qubits:

X1Yo, XoV3, X3Yy, ..., Xy 1Y, and Y1 X0, Yo X3, V3Xy,..., Y, 1 X,
Both of these form linear frustration graphs with n — 1 vertices, and commute with each other (see Figure S2(a)).
Thus, az(n) = so(n) ® so(n). Note that as(n) = az(n) due to Lemma C.3 (see also Figure S2).
Since ag = span{X X, XZ IV} = (XX, IY )1ie, we can generate ag(n) by:
X1X9,Y2, Xo X35, V3, X3.X4, Yy, ..., Xy 1 X, Vi (C19)

These form a linear frustration graph with 2(n — 1) vertices; hence ag(n) = so(2n — 1) (see Figure S3(b)).
Similarly, note that

a1a =span{ X XYY, XY YX Z1,1Z} = (XX, ZI,1Z) e,
because [X X, ZI] = —2iY X, [XX,IZ] = —2iXY, and [XY, ZI]| = —2iYY. Thus, aj4(n) is generated by:
Zl7X1X23 ZQ,X2X33 Z37X3X47 Z47 e 3X7L—1Xna Zn, (CQO)

which gives a linear frustration graph with 2n — 1 vertices. Hence aj4(n) = so(2n) (see Figure S3(c)). O

Lemma C.7. We have aj(n) = a;(n)®? for k =1,2,14 and n > 3.
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X1Xo XoX3 X3X4 X1Xo  XoX3 X3Xy

}/2 Y3 Y4 Z1 Zo Z3
(a) a1(n) (b) as(n) () a1a(n)

Figure S3. Visualization of the frustration graphs of generators of certain Lie algebras. The red boxes enclose the
generators acting on each site (¢, ¢ + 1). For the three cases a1(n), ag(n) and a14(n), we see that the frustration graph is a line
for any n. For (a), the 2-site DLA a;(2) 2 u(1), but as n grows we find a;(n) = so(n). (b) The frustration graph is a line with
2n — 2 vertices; hence ag(n) = s0(2n — 1). (¢) The frustration graph is a line with 2n — 1 vertices, giving ai4(n) = so(2n).

Proof. The Lie algebra a$(n) is generated by XY applied on adjacent qubits, including periodic boundary conditions:

X1Y2, XoY3, X3Yy, ..., X 1Y, X, 1.

The frustration graph is a circle with n vertices. Therefore, a$(n) = so(n)%? = a; (n)®2.

The Lie algebra a3(n) is generated by XY and Y X applied on adjacent qubits with periodic boundary conditions:

X1Ys, XoY3, XYy, ..., X 1Y, X 11 and Y1 X2, Yo X3, V3Xy,..., Y, 1 Xy, Y0 X1,

IR

These form two circular frustration graphs with n vertices that are disconnected from each other. Thus, a$(n)
50(n)®2 @ s0(n)®2 =2 ay(n)®2.
Using the generating set (C20) of aj4(n), we see that a,(n) can be generated by:

71, X1X9, 7, X0 X3, Z3,X3X4,Z4,..., Xn-1Xn, Zn, XnX1.
This leads to a circular frustration graph with 2n vertices, so a5,(n) = s50(2n)®2 = a;4(n)®2. O
Lemma C.8. We have a3(n) = aj,(n) = s0(2n)%? for alln > 3.
Proof. The generating sets (C19) and (C20) of ag(n) and aj4(n) are the same after swapping Y = Z, except that
ag(n) does not have Y;. When the periodic boundary condition is applied, this difference disappears and we obtain

that ag(n) = aj,(n). O

50(2n)%%, nodd,

Lemma C.9. We have ag(n) = {50(n)®4, B
Proof. As ag = (XX,YY )L, the generators of aj(n) are:

X1 X0, 1Yo, Xo X3, YoYs3, ..., X, 1X,,Y, 1Y, X;, X1,Y, V1.
For odd n, these generators form a circular frustration graph with 2n vertices:

X1X2a Y2Y37X3X47Y4}/5; ce Yn—lyannle HY27X2X37 }/3}/4aX4X57 e 7XTL—1X7L; YnY1

Hence, in this case, a3(n) = so(2n)%2.
When n is even, the generators form two disjoint circles with n vertices each:

X1X2,YoY3, X3 Xy, ..., Xy 1 Xy, Vi V1 and V1Yo, XoX3,Y3Yy, ..., Y 1Yy, X Xy,
In this case, we get aj(n) = so(n)®? @ so(n)®2. O

Remark C.4. Notice that, although az(n) = as(n) for all n > 3, we have a3(n) % aj(n) for odd n.
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IV. Stabilizers, commutants, and centralizers

For any Pauli string A € Py, we will use the notation P4 = AAA--- € P, truncated to the n-th qubit. For example,

Px=XXX-, Pyz=YZYZ---, Pyy =ZYZY -+,
Pxyz=XYZXYZ---, Pyyx =YZXYZX -, Prxy = ZXYZXY -+ |

where these are viewed as elements of P,,. In particular, Pr = I ---I = I®™. Recall that +P,, U+iP,, is a group under
the matrix product, the Pauli group (see Sect. AT).

For any set of matrices A C C2"*2", we define its stabilizer St(A) C P,, as the set of all Pauli strings that commute
with every element of A. It is clear that St(A) is closed under multiplication, so after allowing appropriate powers of
1 it is a group. There are two related notions called the commutant and centralizer. All of these consist of elements
commuting with the given set A but differ in where such elements are and what structure they form: the stabilizer
is a subgroup of the Pauli group (up to factors of 1, +7); the commutant is a subalgebra of the associative algebra
C2"*2" of all complex matrices; while the centralizer is a subalgebra of the real Lie algebra su(2m).

Remark C.5. The commutant of a set A C C2"*2" is defined as the set A’ of all 2" x 2" complex matrices that
commute with all elements of A. Then A’ is closed under addition, multiplication, and multiplication by any complex
scalar, i.e., it is an associative algebra over C. Note that A C A" := (A'). By (a finite-dimensional version of ) von
Neumann’s Double Commutant Theorem (see e.g. [15], Theorem 6.2.5), A" is the associative algebra generated by A.
In particular, for a complex vector space A, we have A" = A+ CI®" if and only if A is closed under multiplication.

Remark C.6. The centralizer of a set A C su(2") is the set su(2")* C su(2") of all traceless skew-Hermitian 2™ x 2"
matrices that commute with all elements of A. Then su(2")* is closed under addition, commutator, and multiplication
by any real scalar, i.e., it is a Lie subalgebra of su(2™).

In order to explain the precise relation of the stabilizer to the commutant and centralizer, we first formulate a
lemma, which will also be useful later.

Lemma C.10. Suppose that [B,C] =0 for some B € P, and
C=> 0;C;, o;€R, a;#0, Cj€ Py,

where the C; are distinct. Then [B,C;] =0 for all j.
Proof. Assume, to the contrary, that [B, C;] # 0 for some index j. Recall that [B, [B, C;]] = 4C; whenever [B, C;] # 0,
by Corollary A.1. Hence,

/!
0=[B,[B,Cll =) a;[B,[B,Cj]] =4  a;C},
where 3~ denotes the sum over all indices j such that [B,C;] # 0. This contradicts the fact that all a; # 0, as the
vectors C; are linearly independent. O
As a consequence of Lemma C.10, we obtain:

Corollary C.1. Suppose that A C P, is a set of Pauli strings. Then its commutant A" = spancSt(A) is the
complex linear span of the stabilizer St(A), while the centralizer su(2")* = span(St(A) \ {I®"}) is the real span of

i(SHA) AT,

When s C su(2") is a Lie subalgebra, a given Pauli string commutes with all elements of s if and only if it commutes
with all generators of s. In other words, we have

St((A)Lic) = St(A). (C21)

Thus, to determine the stabilizers of our Lie subalgebras of su(2"), it suffices to find the stabilizers of their generating
sets. In the case n = 2, it is easy to find the answer by inspection, which is given as follows:

St(ag) = {II,IX,XI,XX,YY,Y Z,2Y, 27},
St(ay) = {II,1V,XI,XY,YX,YZ,2X, 22},
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St(az) = {II,XY,Y X, ZZ},

St(as) = St(ag) = {II, XX,Y Z, ZY},
St(as) = St(ar) = {II,XX,YY,ZZ},
St(as) = St(ay0) = {II1,XY,YZ,ZX},
St(ag) = {II,XI,YY,ZY},

St(ag) = {II,XI,YX,ZX},

St(a11) = {II, XY},

St(ai2) = St(ay7) = St(arg) = {[I,Y Z},
St(ai3) = St(ag) = {11, X X},
St(as) = {I1,22},

St(ay5) = St(bg) = St(by) = {11, X I},
St(bo) = St(by) = {II, XX, XI,IX},
St(ay) = St(bs) = {II},  k=16,18,21,22.

Using that, we can find the stabilizers of the subalgebras of su(2™").

Proposition C.3. For n > 3, we have the following stabilizers:

St(ao(n)) = {1, X}*" U{Y, Z}*",

St(az(n)) = {Pr, Pxy, Pvx, Pz},

St(ag(n)) = St(ag(n)) = {Pr, Px, Py z, Pzv },
St(as(n)) = St(ay(n)) = {Pr, Px, Py, Pz},
St(as(n)) = St(a10(n)) = {Pr, Pxyz, Pvzx, Pzxv},
St(ag(n)) {PI,Py,Xl,ZY Y}

St(ag(n)) = {Pr, X1,Y1 X2, Z1 X},

St(a13(n)) = St(azo(n)) = {Pr, Px},

St(a14(n)) = {Pr, Pz},

St(a15(n)) = St(b2(n)) = St(bs(n)) = {Pr, X1}
St(bo(n)) = St(bi(n)) = {I, X}*",

St(ag(n)) = St(bs(n)) = {P},  k=11,12,16-19,21,22.

Proof. Recall that, for any subalgebra a C su(4) generated by Pauli strings, the subalgebra a(n) C su(2") is generated
by all Pauli strings A;B; 1, where AB € a, 1 <i <n —1 (see (B5)). Thus, a Pauli string P! @ --- ® P" € P, is in
St(a(n)) if and only if P* @ P! € St(a) for all 1 <4 < n — 1. Using this observation and the knowledge of all St(a),
it is straightforward to determine St(a(n)).

Let us consider the case of az as an illustration. Since St(ag) = {I1, XY, Y X, ZZ}, we want to find all Pauli strings,
such that for any two consecutive qubits, we have either II, XY, Y X, or ZZ. The only possible such strings are
I---1, XYXY- -, YXYX---,or Z---Z. O

The answer for St(a;(n)) is given without proof in Remark C.7 below, as it is more complicated but not needed for
the rest of the paper. For future use, we will need the centers of some of the above stabilizers. Let us recall that the
center Z(QG) of a group G consists of all z € G that commute with every g € G. In particular, a group G is Abelian
if and only if Z(G) = G.

Lemma C.11. Forn > 3, we have the following centers:

Z(St(az(n))) {{PI’PXY’PY)QPZL n even,

{Pf}v n Odd7

Z(St(az(n))) = Z(St(as(n))) {{PI7PX7PYZ7pzy}, n even,

{PI}7 n Odda

{Pr,Px,Py,Pz}, n even,
{Pr}, n odd,

Z(St(as(n)) = Z(St(ar(n)))
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{Pr,Pxvyz,Pvzx,Pzxy}, n even,

Z(St(a5(n))) = Z(St(am(n))) {{PI}, n odd,
Z(St(a13(n))) = Z(St(azo(n))) = {Pr, Px}
Z(St(a14(n))) ={Pr, Pz},
Z(St(a15(n))) = {Pr, X1},
Z(St(ak(n))) = {Pr}, k=0,8,9,11,12,16—19,21, 22.
489 Next, we determine the stabilizers in the periodic case.

w Proposition C.4. Forn > 3, we have the following stabilizers:

St(ag(n)) = {1, X}*" U{Y, Z}*",

St(az(n)) = {

{Pr,Pxy,Pyx,Pz}, n even,
{PI7PZ}7 n Odd7

o o Pr,Px,Pyz,Pzy}, n even,
St<a3<n>>=8t<a6<n>>={ipj bk

St(az(n)) = St(az(n)) = {Pr, Px, Py, Pz},

St(a2(n)) = St(a%y(n)) = {{PbPXY27PYZX7PZXY}7 n=0 mod 3,

{Pr}, n =41 mod 3,
St(ag(n)) = {Pr, Py},
St(ais(n)) = St(agy(n)) = {Pr, Px},
St(ais(n)) = {Pr, Pz},
St(b5(n)) = St(bi(n)) = {1, X}*",
St(a2(n)) = St(65(n)) = {Pr},  k=09,11,12,15-19,21,22, [=2,3,4.

w1 Proof. For any subalgebra a C su(4) generated by Pauli strings, comparing the definitions of a(n) and a°(n) (see (B5),
w2 (B6)), we see that St(a°(n)) consists of all Pauli strings P! ® --- ® P™ € St(a(n)) such that P* @ P! € St(a). Thus,
w3 we determine St(a®(n)) by inspecting all elements of St(a(n)). O

0 Remark C.7. One can show that St(a;(n)) = St(af(n)), and as a group it is generated by the elements Py, Y1 X,
ws YoXs, ..., Yo_1X,. This means that St(ai(n)) consists of all possible matriz products of these generators. For the
ws  center, we have Z(St(ay(n))) = {Pr, Pz}

407 We also find the stabilizers in the permutation-invariant case.

ws  Proposition C.5. Forn > 3, we have the following stabilizers:

St(ag(n)) = {1, X}*" U{Y, Z}®",
St(a3(n)) = St(ajy(n)) = {Pr, Pz},
St(af(n)) = St(a7(n)) = {Pr, Px, Py, Pz},
St(ag (n)) = St(azy(n)) = {Pr, Px},

St(bF (n)) = St(bT (n)) = {I, X}*",
St(afg(n)) = St(b3(n)) = {Pr}.

w0 Proof. For any subalgebra a C su(4) generated by Pauli strings, from the definition of a™(n) (see (B10)), we see that
s St(a™(n)) consists of all Pauli strings P! @ --- @ P" € P, such that P* ® P/ € St(a) for all i # j. Moreover, as we
so  explained in Sect. BIV, a can be assumed itself invariant under the flip of the two qubits; so we only need to consider
s aj(n) for k=0,2,4,6,7,14, 16,20 and b (n) for I = 0,1, 3. O

503 We finish this subsection with an important lemma.

se Lemma C.12. The Lie algebras ax(n) have trivial centers for 1 <k <22 and n > 3.
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Proof. Due to Lemma A.2, ai(n) has a basis B C iP,, N ag(n) consisting of Pauli strings times i. Suppose that a(n)
has a central element ¢ # 0, and write ¢ as a linear combination of basis vectors:

c:Zajcj, aj €R, a; #0, ¢; €B.

We claim that all ¢; in this expression are central too. Indeed, by Lemma C.10, if [b, ¢] = 0 for a basis vector b € B,
then [b, ¢;] = 0 for all j.

Therefore, without loss of generality, we can take ¢ € B to be itself one of the basis vectors. One can verify by
inspection that the generators of ai(n) are not central for 1 < k < 22 and n > 3; for example, by checking that
Z(St(ak(n))) does not contain any of the generators of aj(n). Thus, we can write ¢ in the form

¢ = aadg, ad,, - --adg, (ary1),

for some r > 1, o € R, a # 0, and generators aq,...,a,+1. Since all generators a; € iP,, we have a :=
adg, -+ -adg, (a,41) € iRP,. Then ¢ = alai,a] # 0, and from Corollary A.1, we get —4a = [a1, [a1,a]] = a~ a1, c] =0,
which implies that ¢ = 0, a contradiction. O

V. Upper bounds for ax(n)

In this subsection, we establish upper bounds for the Lie algebras ax(n), i.e., we find certain subalgebras g (n)% C
su(2™) that contain ag(n). Then, in the next subsection C VI, we will prove that these bounds are exact, that is
ax(n) = gr(n)?. While ag(n) is defined in terms of its generators, gx(n)? is defined as the set of elements of su(2")
that are fixed under certain automorphisms and involutions. This will allow us, in the following subsection C VII, to
identify the Lie algebras ax(n) as direct sums of su, so, and sp Lie algebras.

We start by recalling that any Pauli string P € P, defines an automorphism of su(2") by conjugation a +
PaP (recall that P = P' = P71); see Lemma A.4. We will denote by su(2")” the set of fized points under this
automorphism, i.e., the set of all @ € su(2") such that PaP = a. The latter is equivalent to Pa = aP; hence su(2")"
is equal to the centralizer of P, i.e., the set of all a € su(2™) that commute with P (see Remark C.6). More generally,
for a set ® of automorphisms of a Lie algebra g, we will denote by g® the set of fixed points a € g such that ¢(a) = a
for all ¢ € .

Given a subalgebra s C su(2"), recall from Sect. CIV that its stabilizer St(s) consists of all Pauli strings P € P,
such that [a, P] = 0 for every a € 5. On the other hand, the centralizer su(27)54(%) of St(s) in su(2") consists of all
a € su(2") such that [a, P] = 0 for every P € St(s). Hence, by definition,

5 C su(27)540), (C22)

This simple observation will be the key to finding upper bounds for our subalgebras ay(n), because we have already
determined their stabilizers in Proposition C.3. Here is another observation, which in some cases will allow us to
further reduce the upper bound.

Lemma C.13. For any subalgebra s C su(2"), we have
St(s) Nsu(2™)5) = Z(St(s)) \ {I%"} C Z(su(2")5"),
where Z(QG) denotes the center of a group or an algebra G.
Proof. Elements z € St(s) N su(27)S4) satisfy [z,a] = 0 for every a € su(2")5%%) since » € St(s), and [z,P] = 0
for every P € St(s) since z € su(2")%(*). Hence, such z are central in both St(s) and su(2")5%%). However, I®" is

excluded, because 1" & su(2"). O

As the Lie algebras s = ag(n) for 1 < k <22, n > 3 have trivial centers (Lemma C.12), for them we can reduce the
upper bound su(2")5t(*) if we quotient by the central elements Z(St(s)) \ {I®"}. Thus, we introduce the notation

gu(n) = su(2")S0) [span (2 (St(ay (n))) \ {I°"}), (C23)
and from the above discussion, we have

ai(n) C gi(n), 1<k<22, n>3. (C24)
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Using Proposition C.3 and Lemma C.11, we can write explicitly:

B _Jsuem)iPx Prz.Pav} span{Px, Py 7, Py}, n even,
g3(n) = go(n) = {5u(2n){Px,Pyz,PzY}’ n odd, (C25)
. . 511(2”){PXYZ’PYZX’PZXY}/Span{nyz,Pyzx,szy}, n even,
95(77‘) - glo(n) - {Su(2n){PXYZ,PYZX7PZXY}7 n odd, (026)
gr(n) = su(2M)1PxPvo Pz} fspan{ Px, Py, Pz}, n even, (c27)
! su(2m){Px.Pr Pz} n odd,

o) = su(2") (Xe i Xe 21, (c29)
g11(n) = g16(n) = su(2"), (C29)
g13(n) = g20(n) = su(2")™ /span{Px}, (C30)
g15(n) = su(2")** /span{X; }. (C31)

It turns out that in some cases the inclusions (C24) are strict, and we need to reduce the Lie algebras gj(n) further
to smaller subalgebras. We do that by finding suitable involutions and then taking their fixed points (see Sect. A IIT).

Theorem C.1. We have
ag(n) = gr(n), k=6,7,10,13,15,20, n > 3. (C32)
In the remaining cases, there exists an involution 0y of gr(n), such that
ap(n) = gr(n)?, k=3,5911,16, n >3, (C33)
is the set of fixed points under 0y.

In the remainder of this subsection, we will construct the involution ), explicitly, and will check that ax(n) C g (n)%%.
The opposite inclusion will be proved in the next subsection. Then, in Sect. C VII, we will identify the Lie algebras
gr(n)% with those from Theorem IV.1. For k = 9,11, 16, the involution 0 will have the form (cf. Lemma A.4):

0(9) = —Qg"Q (C34)
for some given Pauli string Q € P,,.

Lemma C.14. For any fized Pauli string Q € P,, (C34) defines an involution of su(2"™), which restricts to an
involution of gx(n) for all k.

Proof. We already know from Lemma A.4 that 6 is an involution of su(2™), so we only need to check that 6(g) € gi(n)
for all g € gp(n). As before, write s = ay(n) for short. Consider an element g € su(2")5%(*), which means that
[, P] =0 for all P € St(s). Then

0(P) = —QP"Q = +P,
because PT = +P and PQ = +QP for any two Pauli strings P, Q € P, (the signs here are not coordinated). Hence
0(9), P] = £[0(9). 6(P)] = £6([g, P]) =0,
which implies that 6(g) € su(2")5%%). Furthermore,
9(P) = +P € span(Z(St(s)) \ {I®"}) forall P € Z(St(s))\ {I®"}.
Therefore, 6(g) € gr(n) for g € gr(n). O
Let us record the following consequence of the proof of Lemma C.14, which will be useful later.

Corollary C.2. Every element of gi(n)% is a linear combination of Pauli strings that are themselves in gi(n)%,
i.e.,

gk(n)e’“ = spang (i’Pn N gk(n)e’“).
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Proof. We saw in the proof of Lemma C.14 that 0;(P) = +P for any Pauli string P € P,,. Similarly, for any given
S € St(ax(n)), we have SPS = +P. Elements g of gi(n)? are determined by the conditions

SgS =g =0k(g) for all S € St(ag(n)).

Writing g € su(2™) as 4 times a real linear combination of Pauli strings, we see that g satisfies these conditions if and
only if every summand does. O

Now we go back to the construction of the involutions 6.
Lemma C.15. For k =9,11,16, we define 0;(g) = —Qrg” Qx, where the Pauli strings Qy, are given as follows:

Qo=1YZ---Z, (C35)
Qu=Q=11 = 019 =0bis(g)=—g". (C36)

Then ax(n) C gi(n)%.

Proof. We already know that ai(n) C gi(n), so we only need to check that 0;(g) = ¢ for all g € ax(n). It is enough
to check this only for the generators g of ai(n), because 8x([a,d]) = [0k (a), Ok (D)].

For k =9, we take g = X;Y; 41 or g = X;Z;,1. In the first case, g = —g and gQg¢ = Qqg; while in the second case,
g"' =g and gQy = —Qgg. Hence, in both cases we have fy(g) = g.

For k = 11, the generators are ¢ = X;Y;+1,Y;Xit1,YiZiy1; while for & = 16, the generators are g =
Xi}/i—i-l,}/iXi—&-la }/iZi—i-h ZiY;_;'_l. All of them satisfy gT = —g. [

The remaining cases k = 3 and k = 5 are a little more complicated. The trick is to first embed as(n) and as(n)
as subalgebras of az(n). Recall from Sect. CII that az(n) C ag(n) and ag(n) = az(n) under the automorphism ¢,
of su(2") that swaps (up to a sign) Y = Z on all even qubits (see (C8), (C9)). Then az(n) := ppaz(n) C arz(n).
Likewise, we have as(n) C ajg(n) and ajp(n) = az(n) under the automorphism =, of su(2") that applies on the j-th
qubit 79, where v is the cycle X + Z — Y +— X (see (C11), (C12)). Then as(n) := y,a5(n) C az(n).

We consider the involutions

Ok(9) = —Qrg"Qr, k=35, (C37)
where
Qs = Pzrvx = (Z1Y3X4)(Z5Y7X8)(Z9Y11 X12) -+ -, (C38)
Qs = Pryz = (YaZ3)(YsZ6)(YsZg) (Y11 Z12) - - - . (C39)
Then we define
03 := @, O3¢pn, 05 := 7y, 05 (C40)

Lemma C.16. For k = 3,5, and 0y, defined as above, we have aj(n) C gi(n)%.

Proof. As we already know that ax(n) C gi(n), we only need to check that 8 (g) = g for all generators g of ax(n). By

conjugation, it is equivalent to check that 0 (g) = g for the generators g of ax(n). Applying ¢, to the generators of
az(n), we find that the generators of as(n) are:

X1 X0, X0 X3, X3 Xy, X4 X5, X5 X6, X6 X7, X7 X5, ...,
V1Yo, Z973,Y3Ys, 2425, Y5Ys, Z 27, Y7Y3, . .. .

Similarly, applying 7, to the generators of as(n), we find the generators of as(n):

2125,Y2Y3, X3Xy, Z425,Y5Ys, X6 X7, 2723, YsYy, X9 X10,. ..,
X1 X0, 2273,Y3Yy, Xy X5, Z5Z¢, Y6 Y7, X7 X5, ZgZ9,Y9Y10, ... .

We observe that all generators g above satisfy g7 = g and gQ = —Qxg; hence, 0;(g) = g. O
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VI. Lower bounds for ax(n)

In this subsection, we prove that the upper bounds ax(n) C g(n)% established in Sect. C'V are exact. The proof
will rely on the next lemma.

Lemma C.17. Let s be a Lie subalgebra of su(2™). If ad,, ---adq, (b) € s\ {0} for some Pauli strings ai,...,a, €
iP,Ns and b € iP,, then b € s.
Proof. Using induction on r, it is enough to prove the statement for » = 1. In this case, it follows from Corollary A.1:
[a1,b] € s\ {0} implies that b = —4[ay, [a1,b]] € s. O
In order to prove that ay(n) = gr(n)%, we want to show that every element b € gi(n)% is in ai(n). Since, by
Corollary C.2, b is a linear combination of Pauli strings that are themselves in gj,(n)%, we can assume without loss of
generality that b € iP,, N gr(n)%. Then the strategy of the proof is to take suitable commutators of b with elements
of iP, Nay(n) to produce a Pauli string ¢ € iP,, N gr(n)? that has I in one of its positions. Erasing the I will give an
element of gj(n — 1)%  which by induction will be in ag(n — 1). From here, we will obtain that ¢ € az(n), and then
we can conclude that b € ai(n) due to Lemma C.17.

In order to realize the above strategy, we will have to do a detailed case-by-case analysis. We start with the cases
k = 3,5,7, for which we need the following lemmas.

Lemma C.18. We have vector space decompositions:
Cl3(4) = (I@ a3(3)) + PX . (I® a3(3)) + PYZ . (I@ (13(3)) + sz . (I ® a3(3)),
Cl5(6) = (I® a5(5)) + Pxyyz - (I X a5(5)) + Pyzx - (I@ (15(5)) + Pzxy - (I@ 65(5)),
ar7(4) = (I ®a7(3)) + Px - (I ® az(3)) + Py - (I ® a7(3)) + Pz - (I ® az(3)),

where - denotes the componentwise matriz product.

Proof. The proof is done by inspection, making use of our code [4]. Here are all Pauli strings in a3(4) (after multipli-
cation by 4):
IIXX, IIYZ, IXXI, IXZZ, IYIY, IYXZ, IYY X, IYZI, 1712, 1ZXY,
XIIX, XIYY, XXII, XXZY, XYIZ  XYXY, XZIY, XZXZ XZYX, XZZI,
YIVI, YIZX, YXIY, YXXZ YXYX, YXZI, YYXI, YYZZ YZII, YZZY,
ZIIY, ZIXZ, ZIYX, ZIZI, ZXYI, ZX7zX, ZYXX, ZYYZ  ZZIX, ZZYY.

The Pauli strings in a7(4) (after multiplication by ) are:

IIX X, I1YY, 11727, IXIX, IXXI, IXYZ, IXZY, IY 1Y,
IYXZ, IYYI, IYZX, 1717, 1ZXY, IZY X, 1271,

XIIX, XIXI, XIYZ, X127, XXII, XXYY, XXZZ, XYIZ,
XY XY, XYYX, XY ZI, XZIY, XZXZ, XZYI, XZZX,

YIIY, YIXZ, YIVI, YIZX, YXIZ, YXXY, YXYX, YXZI,
YYII, YYXX, YYZZ, YZIX, YZXI, YZYZ, YZ2Y,

ZIIZ, ZIXY, ZIY X, ZIZI, ZXTY, ZXXZ, ZXYI, ZX7ZX,
ZYIX, ZY X1, 7YYz, 7Y 7Y, ZZI1, ZZXX, ZZYY.

We have: |a5(5)| = 120, |a5(6)| = 480, and there are 120 elements in a5(6) starting with each of the letters I, X, Y, or
Z. The remaining claims were verified using Excel. O

For each pair (k,n) = (3,4),(5,6), (7,4), consider the subalgebra s = a;(n) C su(2"). Recall from Proposition C.3
that the stabilizer St(s) is given by:

St(as(4)) = {Pr, Px, Pyz, Pzy},
St(as(6)) = {Pr, Pxyz, Pvzx,Pzxv},
St(a7(4)) = {va-PXaPYaPZ}v

and St(s) is an Abelian group under the matrix product -. We can state Lemma C.18 succinctly as

ai(n) = St(ag(n)) - (I @ ag(n — 1)), (k,n) = (3,4),(5,6),(7,4). (C41)
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Lemma C.19. Let s = ai(n) for (k,n) = (3,4),(5,6),(7,4). Consider any Pauli string a € iP, Ngr(n) not starting
with I in the first qubit. Then there exists a basis vector b € s such that [a,b] # 0 and [a,b] € I ® su(2"~1).

Proof. Let us write all Pauli strings up to a suitable multiple of i that makes them skew-Hermitian. Consider the
case where a = X A starts with X; the cases when it starts with Y or Z are similar. If there is b = X B € s such
that [A, B] # 0, then [a,b] = I[A, B] # 0 and we are done. By Lemma C.18, any b = X B € s can be written in the
form b = C - (ID), where D € ai(n — 1) and C € St(s); explicitly, C = Px, Pxyz, Px for s = a3(4),a5(6),a7(4),
respectively. Similarly, as C' - C = Py, we can write a = C - (IE) for some F € P,_1. Suppose that [a,b] = 0. Then
[C,a] = [C,b] = 0 imply that [E, D] = 0. Since this is true for all D € ax(n — 1), it follows that F € St(ax(n — 1)),
from where a = C - (IE) € St(s). This is a contradiction, because such elements are factored out from gi(n); see
(C23) and Lemma C.13. O

Lemma C.20. Consider (k,m) = (3,4),(5,6),(7,4), and let n > m. Then for any Pauli string a € iP, N gi(n),
there exist basis vectors by,...,b, € ar(n), r > 0, such that ady, ---ad,,_(a) € (I2M=™+) @ su(2m~ 1))\ {0} (with
r =0 corresponding to a).

Proof. The proof is by induction on n, the base n = m being Lemma C.19. For the step of the induction, suppose
that n > m and the statement holds for gi(n — 1). Again, let us write all Pauli strings up to a suitable multiple of
i. Take any Pauli string a € gr(n), and write it as a = AD where A is the substring consisting of the first m Paulis.
Then A € su(2m)5tex(m),

If A & St(ag(m)), we can use Lemma C.19 to find B € ai(m) such that [B, A] starts with I. Then [b, a] = IC starts
with I for b= BI---1I € ai(n). After that, we can apply the inductive assumption for C' € gx(n — 1).

If A € St(ax(m)), we repeat the same argument for the substring E of a corresponding to positions 2,...,m + 1.
When E ¢ St(ai(m)), we can make it to start with I, which will force the substring A ¢ St(ax(m)). If both
A, E € St(ax(m)), putting them together we get that the first m + 1 positions of a are in St(ax(m + 1)). Continuing
this way will give us a € St(ax(n)), which is a contradiction, because such elements are factored out from gy (n) (cf.
(C23) and Lemma C.13).

Recall that, in Sect. CII, we constructed certain automorphisms ¢,, and v, of su(2") such that the images as(n) :=
pnas(n) and as(n) := y,as(n) are subalgebras of az(n). Note that, after these transformations, their stabilizers
become equal:

St(as(n)) = St(as(n)) = St(ar(n)) = {Pr, Px, Py, Pz}. (C42)
Hence, we have (recall (C37)—(C40)):
ax(n) C gr(n),  k=3,5. (C43)

Lemma C.21. We have az(n) = g7(n) and equalities in (C43). Consequently, ax(n) = gi(n)% for k = 3,5.

Proof. As before, let (k,m) = (3,4),(5,6),(7,4). In order to include the case k = 7 in (C43), we let az(n) = az(n)
and 07 be the identity. The statement is true for all 2 < n < m by inspection. For n > m, we prove it by induction
on n. Consider any a € g7(n)?. By Lemma C.20, we can find by, ...,b, € ax(n) such that ady, ---ady, (a) = I--- 1D
for some D € su(2™~1) \ {0}. Since b; € ax(n) C g7(n)‘§’f7 we get that D € g7(m)§k = ai(m). Therefore, a € a,(n)
due to Lemma C.17. O

Remark C.8. [t follows from Lemma C.21 that (C41) holds for all (k,n) such that: k =3, n =0 mod 4; k = 5,
n=0 mod 6; k=7, n=0 mod 2. As a consequence, for such (k,n), we have ar(n) = ar(n —1)®* as a Lie algebra.

Now that we are done with the cases k = 3,5,7, we derive the cases k = 6,10 from k = 7 and the isomorphisms
as(n) = aj0(n) = ar(n) obtained in Lemmas C.4 and C.5.

Lemma C.22. We have ai(n) = gr(n) for k = 6,10.

~

Proof. Recall from Sect. CII that we have an isomorphism ¢, : ag(n) = az(n) that up to a sign swaps ¥ = Z on
every even qubit (see (C8), (C9)). Under ¢, the stabilizers

St(ag(n)) = {Pr, Px, Pyz, Pzvy},
St(a7(n)) = {P],Px,Py,Pz}

are sent to each other; hence gg(n) = g7(n). Since az(n) = g7z(n) by Lemma C.21, it follows that ag(n) = gs(n).
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o~

Similarly, we have an isomorphism 7,: aio(n) = az(n) given by applying on the j-th qubit (j = 1,...,n) the
permutation 7, where v is the cycle X — Z +— Y — X (see (C11), (C12)). Then , sends

St(aio(n)) = {Pr, Pxvz, Pyzx,Pzxv}

to St(az(n)); hence gip(n) = g7(n) and ai9(n) = gio(n). O
Now we consider the subalgebra ag(n). In this case, we have the involution y(g) = —Qog” Qg, where Qg is given
by (C35).

Lemma C.23. We have ag(n) = go(n)%.

Proof. The claim is true for n = 2 and 3 by comparing the dimensions. Suppose by induction that the statement is
true for ag(n — 1), and consider a Pauli string a € go(n)? for n > 4. Again, we will omit the multiples of 7 that make
Pauli strings skew-Hermitian.

If a ends with I, we can write a = Al for some A € gg(n — 1)% and apply the inductive assumption. Similarly, if
a = AIB has an [ in the j-th position for some j > 3, we can delete it and get an element AB € gg(n — 1)%, which
by induction is in ag(n — 1). Then a € ag(n), because ag(4) contains IXITY and IX1Z, which generate elements of
ag(n) with I in the middle.

Suppose that a has no I in positions 3,...,n. If a = AXX B contains XX in positions j,j + 1, then [X;Y;1,a] =
—2{AIZB € ag(n). Since X;Y;11 € ag(n), by Lemma C.17, we get that a € ag(n). So, if a & ag(n) contains an X,
then on the left of it must have a Y or Z. Then we can use [XZ, XY | = —2iIX, [XY,YY]| = 2iZI, [XY,ZY] = —-2iY 1
when a contains a Y, and [XY,XZ] = 2ilX, [XZ,YZ| =2iZ1, [XZ,ZZ] = —2iY I when a contains a Z. O

Finally, let us briefly discuss the remaining easier cases, k = 11,13, 15,16, 20. Recall from (C5), (C6) that aj1(n) =
ai¢(n) for n > 4 and a;3(n) = age(n) for n > 3. Moreover, g11(n) = gi16(n) and g13(n) = g20(n), because they have
equal stabilizers by Proposition C.3. Thus, we are left to consider only k = 13,15, 16.

Lemma C.24. We have a13(n) = gi3(n) = su(2")Px /span{Px} for n > 3.

Proof. We know that St(ai3(n)) = {Pr, Px} and ai3(n) C g13(n). The proof of the opposite inclusion is similar to
the proof of Lemma C.23. Consider a Pauli string a € gi3(n) for n > 4. If a = AIB has an I in the j-th position
for some 1 < j < n, we can delete it and get an element AB € gy3(n — 1), which by induction is in a;3(n — 1). Then
a € a13(n), because a13(3) contains XIX,YIY,YIZ, and these generate elements of a;3(n) with I in the middle. If a
has no I’s, we can use commutators with the generators of a;3(n) to produce one. Then again we can apply Lemma
C.17. O

Lemma C.25. We have ajg(n) = su(2")%¢ = s50(2"), where 015(g9) = —g7 .

Proof. The same as the proof of Lemma C.24, using that AIB € a;4(3) for every generator AB of aj6. Indeed, one
checks that a;6 = (XY, YX,YZ, ZY )1 and XIY,YIX  YIZ ZIY € a14(3); see Sect. BV. O

Lemma C.26. We have aj5(n) = gi5(n) = su(2")*1 /span{ X }.

Proof. Note that su(2")** is the span of all Pauli strings # I®" that start with I or X. As in the proof of Lemma
C.24, pick any Pauli string a € g15(n) for n > 3. If @ = AIB has an [ in the j-th position for some 2 < j < n, we can
delete it and get an element AB € gi5(n — 1), which by induction is in a;5(n — 1). The rest of the proof is the same,
using that a15 = (XX, XY, X Z) 5. and XIX, XI1Y, XIZ € a15(3); see Sect. BV. O

Combining the results of Sect. CV and C VI completes the proof of Theorem C.1.

VIIL. Identifying the Lie algebras gi(n)%

In this subsection, we finish the proof of Theorem IV.1, by identifying the Lie algebras gi(n)? from Theorem
C.1 with the Lie algebras appearing in the right-hand sides in Theorem IV.1. As in Theorem C.1, we only consider
the cases k = 3,5,6,7,9,10,11,13,15,16,20. Moreover, due to the isomorphisms ag(n) = az(n) = ajo(n) and the
equalities a11(n) = ai6(n) and a13(n) = aze(n) (see Lemmas C.2, C.4, C.5), we can omit the cases k = 6, 10, 11, 20.

The case k = 16 is obvious, because gi6(n) = su(2") and 015(9) = —g7, leading to a;6(n) = s0(2"). Two other
easy cases, k = 15 and k = 13, are treated in the next lemma.
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Lemma C.27. We have:

u(2™M)™ /span{ X1} = su(2"!) @ su(2" ),
13(n) = u(2")PX /span{Px } = 5u(2"_1) @511(2”—1),

Proof. Note that
su(2")%1 /span{ X, } = spang {I, X} ® su(2" 1)

has a basis consisting of all Pauli strings # I®", X; that start with I or X. Consider the projections P onto the
eigenspaces of X, given by Py := (I £ X)/2. They satisfy the identities:

PL-Py =Py, P, -P_ =0, P .+P_ =1
Then the map
(a,b) = PL®a+P_®b
is a Lie algebra isomorphism from su(2" 1) @su(2" 1) to spang{I, X } ®su(2"~1). This proves the claim about a;5(n).
For the case aj3(n), we can replace X; with Px because there exists a unitary transformation U such that Px =

UX,U'. For example, we can take

;T e n—1
U = e~ i3Y1,i5YOX®0D,

)

then using (A6) we check that indeed UX Ut = X @ X®(~1) = Py. The automorphism a ~ UaUT of su(2") sends
su(2")* onto su(27)Px | and a;5(n) onto a;3(n). Therefore, a;3(n) = ajs5(n). O

We are left with the cases k = 3,5,7,9, and we consider k = 9 next.
Lemma C.28. We have ag(n) = go(n)% = sp(27~2).
Proof. Recall that go(n) = su(2")1X1:Y1X2,21X:2} - Qince span{ X1, Y; Xo, Z1 X} 2 s5u(2), we can find a unitary trans-

formation that takes this Lie algebra to span{Xi,Y7,Z;}. Explicitly, similarly to the proof of Lemma C.27, let

U = e'i%X1X2_ Then using (A6), one easily checks that

UX\U'=X,, UVXoU'=-2, UZXU'=Y.
Therefore, the map a +— UaU" restricts to a Lie algebra isomorphism from gg(n) to
su(2) XYL 2} — [ @ e (2071 22 su (277,

According to Lemmas A.3 and A.4, under the transformation a — UaUT, the fixed-point subalgebra go(n)? is sent
to the fixed points of the following involution:

a— —(UQeUT)a" (UQoU™)T.
Recalling that Qg = Y273 - -+ Z,, (see (C35)), we find from UT = U and €'iXYe!TX =Y that
UQoU™ = Q.
Hence, the image of go(n)? under a — UaUT consists of all b € I ® su(2"~!) that are fixed by . Writing b= 1 ® ¢

with ¢ € su(2"71), the condition b = y(b) is equivalent to ¢ = —Qc’'Q, where Q =Y Z---Z € P,,_;. Since QT = —Q,
this determines the Lie algebra sp(2"~2), due to Corollary A.3. O

Next we consider the case k = 7.

Il

n—1
Lemma C.29. We have az(n) = gr(n) {511(2 )s n odd,

su(2"72)%4 n >4 even.
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Proof. Recall that St(ars(n)) = {Pr, Px, Py, Pz}. Since Px - Py = i" Pz, elements that commute with Px and Py
will commute with Py as well. Hence, su(27)St(e7(0) = gy(27){Px.P¥}  Recall also that [Px, Py] = 0 if and only if
n is even; in that case, 5u(2”){PX7PY} has a center spanned by Px, Py, Pz and we need to quotient by it to obtain
gr(n) (cf. (C27)).

In order to determine the fixed points under Py and Py, we transform them as in the proof of Lemma C.27.
Consider the unitary operator

U= I FZRYECTY gy Rx Ol n odd, C44
T eiFX2eiF 10Xz Y g YOXOUTY Ly oy (C44)
Using (A6), one checks that
UPxU" = 7, UPy U = X, for n odd, (C45)
UPxU' = 7, UPyU' = (—1)(n2/27, for n even. (C46)

Indeed, we have
P ®(n—1) iz ®(n—1) . _
614Y®X P e Z4Y®X _ Z(}f ® )(®(n 1)) . P _ le

Since the other factors of U commute with Z;, we obtain that UPxU' = Z;. The calculation of UPy U is similar.
When 7 is odd, Y @ X®"~1) commutes with Py, and we get from (A6):

UP, Ut = 1 578Y°0 7V py =520V _ j(7 @ y®-D). py = X
When n is even, after applying (AG) three times, we obtain:

UPyU' =X, (I X @ 222y . (Y @ X®=V) . p,
=i"2X, (I® X ®Z2°02) . (I @ z2"~D)

=" X, Yy =i"2 7,

This proves (C45) and (C46).
It follows from (C45) that, for n odd, the map a > UaUT gives a Lie algebra isomorphism

gr(n) = su(2M) 1P PvE gy (2m)Xn2) — T @ su(27 ) 2 su(2nY).
Now suppose that n is even. Then, by (C46), the map a + UaU gives an isomorphism
su(2m) PPl o sy(2m) 14022 = (spang{I, Z} @ spang{l, Z} @ su(2""2)) @ span{Z1, Za, Z1 Zs}.
After we quotient by the center span{Z, Zs, Z1Z>}, we obtain
a7(n) = su(2M) PP} fspan{ Px, Py, Pz} = spang{I, Z} @ spang{I, Z} ® su(2"~2).
Again as in the proof of Lemma C.27, let Py := (I &+ Z)/2, and consider the four projections
P=P,®P, P:=P,®P, P:=P ®P, P :=P ®P.,

which satisfy
4
PiPi=P,  PPi=0 (i#j), Y P=I2l
i=1
Then the linear map

4
(a1, a2, a3,a4) = ZPj ® a; (C47)

Jj=1

is an isomorphism from su(2"~2)%* to spang{I, Z} @ spang{Il, Z} ® su(2"~2). O



742

743

744

745

7

N
>

7

=

7

748

749

750

751

752

753

754

7

o
o

756

757

34

In the remaining two cases k = 3,5, as before we embed az(n) and as(n) as subalgebras of az(n). We continue to
use the notation from Sect. C VI and, as in Lemma C.29, we consider separately the cases when n is odd or even.

Lemma C.30. We have ag(n) = asz(n) =

s0(2"1),
sp(2"72),

n = £1 mod 8,
n = +3 mod 8.

Proof. We apply the transformation a — UaUT from the proof of Lemma C.29 that gives a Lie algebra isomorphism
g7(n) — {®5u(2"_1) =~ su(2"~ 1), where U is defined by (C44) for odd n. Then, by Lemmas A.3, A.4, the fixed
points of 0, (see (C37)) are sent to the fixed points of the involution

g —UQUD)g"(UQUT)T, k=35

Recall that Q3 = Py x is given by (C38), and compute

~ . ®(n—1 - ®(n—1
QS = UQgUT _ ezzZ(X)Y ( )elZY®X ( )

Pzryxe™

i%Y®X®(n71) ei%Z®y®("*1)

Note that, when n = 1 mod 4, Pz;yx anticommutes with Y @ X®(~1)_ By (A6), we have:

pIFYX®C D

Pzryxe

—i%Y®X®("’1)

=i(YV1XoX3 Xy Xn1Xn) - (Z1Y3XuZ5Ye Xg - Xp1Z)
= —X1(X2Z3Y5)(X6Z7Y9) -+ - (Xn—3Zn_2Yn).

. . . o ®(n—1)
As this anticommutes with e?34®Y

Q3 = —X1(X2Z3Y5) (X6 Z7Yo) - (Xn_3Zn_2Yy),

, we obtain

n =1 mod 4.

Hence, restricted to elements g = I ® ¢ with ¢ € su(2"~1), the involution (C48) becomes:

T
c— —Pxzrvce Pxzry,

For the fixed-point subalgebra, we obtain from Corollary A.3:

P
(Pygry)” = 4 Pxz1vs
—Pxzrv,

n =1 mod 8,
n=5mod 8

for n =1mod 4.

. o Jso(2"7h),
i) & {sp(2”2),

n =1 mod 8,
n = 5 mod 8.

(C48)

Alternatively, when n = 3 mod 4, Py x commutes with both Y @ X®™=1 and Z ® Y®("~1_ Hence, in this case,

Qs = pi3ZeYH!

n—1)

Pzrvxe

i%z®y®("*1)

=i(Z1YoY3Yy - Y, 1 Yy)  (21Y3XuZ5Y7 Xg - Xy 32, 2Y)
= 1Yo (24 X5Y5)(Zs XoY10) - - (Zn—3Xn—2Yn_1).

Thus, restricted to elements g = I ® ¢ with ¢ € su(2"~1), the involution (C48) simplifies to:

T
c— —Pyrzxce Pyizx,

Corollary A.3 gives for the fixed-point subalgebra:

P
(PYIZX)T _ YIZX,
—Pyirzx,

This completes the proof of the lemma.

n =7 mod 8§,
n =3 mod 8

Lemma C.31. We have as(n) = as(n) = g7z(n)

I

{so@“),
sp(2"72),

for n =3 mod 4.

n = +1 mod 6,
n = 3 mod 6.

n =7 mod 8§,
n = 3 mod 8.
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Proof. The proof is analogous to that of Lemma C.30. Recall that U and Q5 = Pry z are given by (C44), (C39), and
compute
Qs :=UQsUT = gAY g vexSTl p oY eX ST g Zey ey,
When n = 3 mod 6, Pryy = Y2Z3Y526YsZg---Y,,_ 17, commutes with ¥ ® X®=1) and anticommutes with

Z @ Y®™=1_ Hence, by (A5), Qs = Pryz. Restricted to elements g = I ® ¢ with ¢ € su(2"!), the involution (C48)
simplifies to:

¢+ —Pyzrct Py gy, for n =3 mod®6.

Since (Py z7)T = —Pyz;, the fixed-point subalgebra is isomorphic to sp(2"~2), by Corollary A.3.
For n =1mod 6, Pryy = Y2 Z5Y5Zs -+ Yy_9Zn_1 commutes with both Y ® X®(=1 and Z @ Y®("~1_ Hence, in
this case,

Qs = i(Z1YaY3Yy Yy 1Y) - (YaZsYsZg - Yn—2Zy 1)
=" 7 (X3Y1)(XeY7) -+ (Xn1Yn).
The involution induced by (C48) on ¢ € su(2"~1) is given by
c > —ijyCijxy, for n =1 mod 6,
)T

and the fixed-point subalgebra is isomorphic to s0(2"~ 1), because (Prxy )’ = Prxy.

Finally, for n = 5 mod 6, using (A6), we find
s ®(n—1) _ i ®(n—1)
ela Y®RX PIYZ€ 7YX

= iV Xa X3 Xa X5 - X)) (YaZsYs -+~ Zn—2Yy)
— Y1 ZY3XuZs Y- Xn1Zn.

Then applying (A5), we get
Qs = —i(Z1Y2Y3YyYs -+ V) - (V1 ZoY3 Xy Zs - Yoo X1 Zy)
= —iX1 X0 (Z4X5) + (Zn-1X,).
This induces the involution on su(2"~1) given by
c > —PX]ZcTP)(Iz, for n =5 mod 6,

and the fixed-point subalgebra is isomorphic again to so(2"~1). O]

i 50(2"2)%4 5 =0 mod 8,
Lemma C.32. We have az(n) = az(n) = g7(n)% = { su(2"2)%2, n = +2mod 8,
sp(2n=3)®4 n =4 mod 8.

Proof. As in the proof of Lemma C.30, we need to compute

Qs = UQsUT = T X213 10X©@Z%0 Y Ligyex el —iZYRXSD 21eXez® D iTX,

Pzrvxe
Using (A5), (A6), we find for n = 0 mod 4:
Qs = —Z1(X3YaZ6)(X7YsZ10) - - Xn1 Y.

Via the isomorphism gr(n) = su(2"~2)®* from the proof of Lemma C.29 (see (C47)), the involution induced from
(C48) on each copy of su(2"2) is given by

aj; — —PXY[Zajrpxyjz, for 1 <j< 4, n =0mod 4.

For the fixed-point subalgebra, we get from Corollary A.3:

(Pxyiz

)T:{PXYIZ, n =0 mod 8, - i %{50(2”2)@4, n = 0 mod 8,
7PXYIZ7 n =4 mod 8
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Using (A5), (A6), we find for n = 0 mod 4:
Qs = X1 Xo(Z4X5Y5)(Zs XoY10) -+ (Zn—2Xp-1Yn).
Consider the unitary operator

v 67;%Z4—>(5}/6"'Z7L72){n71)/n7 n = 2 mod 87
ei%Z2Z4X5Y6"'Zn—2Xn71Yn’ n = 6 mod 8’

and perform the transformation a ++ VaV T on g7(n). Since V commutes with Z; and Zs, this transformation preserves
the decomposition g7(n) = su(2"~2)%* given by (C47). For n = 2 mod 8, we have VI =V and V commutes with

Q3. Thus, Qs gets transformed to
VQsVT =V2Qs = i(ZuXsYs -+ Zn-2Xn-1Yn) - Qs = iX1Xa.
The involution induced on g7(n) is given by
a— —X1X2a" X1 Xs.
Writing a as in (C47), we note that
X\ Xy P -X1Xo=P,,  X1Xs- Py X1 Xo = Ps.

Hence, a = (a1, az, as,a4) is a fixed point of the above involution if and only if ay = —a?, a3 = —aZ. Sending such a
to (a1, as) gives an isomorphism from the fixed-point subalgebra to su(272)%2,

When n = 6 mod 8, we have VT = V=1 and V anticommutes with Q3. Thus, Q3 gets transformed to
VQsVT =VQaV ™ = V?Qs = i(Z2Z4X5Ys -+ Zn-2Xn1Yn) - Q3 = —X1Ya.

The rest of the proof is similar to the case n = 2 mod 8 above. O

- 2n—2 D4 =
Lemma C.33. We have as(n) = da5(n) = gr(n)% = {50( )*", n=0mod6,

su(2"2)%2 n = £2 mod 6.
Proof. The proof is very similar to Lemma C.32, so we only indicate the differences. We compute

- . - ®(n—2) ;m ®(n—1)
QS = UQsUT _ 614X2€14I®X®Z €l4Y®X PIYZe

. n—1) . m n—2) .m
—-iYexer-b izIeXez®! )esz27
and find that

) im3 7y (Z4X5)(Z7Xg) -+ X1, n = 0 mod 6,
Qs = —Y125(Y3X4Z5)(Y6 X7 28) - Zn, n =2 mod 6,
PIYZ = (YVQZ?,)(YE’,Z@)(Y'SZQ)Zn_l7 77,E4m0d 6

For n = 0 mod 6, the involution induced from (C48) on each copy of su(2"~2) from the decomposition (C47) is given
by

ajH—P]ZXa?P]Z)(, for 1§j§4, n = 0 mod 6.
For n = +2 mod 6, we use the transformation a — VaV T, where

. {eiZZQY3X4Z5Y6X7Zg~~Zn’ n =2 mod 6,

"5 Z38YsZ6Ys 2o Zn—1 n =4 mod 6,

which allows us to replace Q5 with VQ5V7. This gives the involutions a — —Y;a”Y; and a — —Y5a”Ys for n = 2
and n = 4 mod 6, respectively. O
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797 VIII. Periodic boundary conditions

798 Recall that the subalgebras aj(n), by (n) C su(2") (0 < k <22, 0 <1 < 4) are defined by (B6). In this subsection,
79 we prove Theorem IV.2, which we reproduce here for convenience:

ag(n) = u(1)*",

ai6(n), n==41 mod 3,
as(n), n=0 mod 3,

a3 (Tl), n Odda

ag(n), n even,

aS(n) = ap(n), k=71,13,16,20,

ag(n) = b3(n) =s50(2"), n =>4,

° (n) = su(2"), n==+1 mod 3,
ajo(n), n=0 mod 3,

aj;(n) =s0(2"), n >4,

ap(n) = bg(n) =su(2"), k=12,15,17,18,19,21, 22,
ag,(n) = so(2n)*,

b3 (n) = bo(n) = u(1)*",

b (1) = u(1)®*",

b3(n) = bs(n) = su(2)®"

800 We start the proof by observing that due to (B3), (B4) and from dim a,(3) = dim a$,(3) = 63, we have:
a(n) =su(2"),  k=12,17,18,19,21,22, n > 3.
s Moreover,
ajs(n) = su(2"), n >3,

so  because aj5(n) contains (i times) all Pauli strings that start with X or I, except I®™. Then, applying the cyclic shift
s T, defined in (B7), we can generate all Pauli strings # %",
804 We also note that

ap(n) = ag(n), k=7,13,16,20, n > 3; aj;(n) = a1(n), n >4,

ws due to (C5), (C6) and Lemmas C.21, C.24, C.25, because in this case 7,ar(n) C ai(n).
806 In Sect. CIII, using frustration graphs, we have determined the Lie algebras af(n) for k = 1,2, 4, 8,14 (see Lemmas
wr C.7, C.8, C.9). It is also obvious that

bg(n) = bo(n), b3(n) = ag(n),
b3(n) = bs(n), b3 (n) = ai5(n),
bi’(n) = span{Xi,Xan,Xij_H}lSiSn’ 1<j<n—1 o u(l)@?ﬂ,

ag(n) = span{ X1 X,,, X; Xj 11 hi<jcn1 Zu(1)®"

808 We discuss the remaining cases aj(n) (k= 3,5,6,9,10) in a sequence of lemmas.
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su(2™), n=+1 mod 3,

Lemma C.34. We have afy(n) =
ajo(n), n=0 mod 3.

Proof. Recall from Theorem C.1 that a19(n) = g10(n) where gi19(n) is given by (C26). When n = 0 mod 3, we have:
TmPxyz = Pyzx, ™mPyzx = Pzxy, TPzxy = Pxyz,

which imply that 7,a19(n) C ajg(n), and hence agy(n) = a1p(n).
On the other hand, for n = 1 mod 3, we have:

7' Pxyy; =X ®Pxyy = XXYZXYZ---XYZ,
T Pyyx =Y @Pyyx =YYZXYZX---YZX,
7 Pyxy = Z @ Pyxy = ZZXYZXY --- ZXY.
In particular, their centralizer contains the elements
X1X2,Y1Y2, Z1Z5 € 7, taro(n) C a5o(n).
From these elements and
X Y2, Y12, Z1 X5 € a1p(n) C ajy(n),

we can generate all 2-qubit gates: su(4) ® I®("=2) C a$y(n). Therefore, ajy(n) = su(2").
The case n = —1 mod 3 is similar. O

a6(n), m==+1 mod 3,

Lemma C.35. We have ag(n) =
as(n), m=0 mod 3.

Proof. Recall the automorphism 7, of su(2") defined by (C11), (C12). Then, by Lemma C.21, v,a5(n) = g7(n)§5,
where 05 is given by (C37), (C39), and g7(n) is given by (C27). From this, we get

YTn05(1n) = (YaTn ¥ D¥nds(n) = (Yamnvy g7 ().
When n = 0 mod 3, we have
(YnTnm ) (Px) = Py, (YnTn v ) (Py) = Pz, (ynTn ¥ ) (Pz) = Px,

which imply that (v,7.7, })g7(n) C g7(n). Next, we compute (cf. (C39)):

(T ¥n D@5 = (Tarn ) (Pryz)
=71 XoZy X5 Zp_oXpn_1

=i"*Py - Qs =i""?Q5 - Py.
From this, we deduce that 85 commutes with YnTnYn L. Indeed, as it commutes with the trace, we find for g € g7(n):

(’YnTn’YEl)és(g) = _(WnTn’yr:lQS)hT(VnTn’yngS) = _QE) . PZhTPZ . QS = _QhTQ = é5(h)7

where we set h := (7,7,7;,})g and use that h, hT € g7(n). Therefore, 7, 7,a5(n) C v,a5(n), and hence ag(n) = as(n)
for n =0 mod 3.
Suppose now that n = 1 mod 3. Observe that ag(n) C s0(2") = a16(n) for all n > 2, because all generators of ag(n)
have an odd number of Y’s. On the other hand, we have
XoX, € g7(n)% = ypa5(n) = v, (X2X,) = ZoY, € as(n) = 7, (Z2Y,) = Y125 € ag(n).

Since Y1 X3 € a5(3) (see Sect. BV), we get that Y1 X5 € a2(n). Hence, [Y1Z5,Y1 X3] = 2iY3 € ag(n), and cyclic shifts
give Y1,Y5 € ag(n). Together with a5 = (XY, Y Z)1;, the elements YI,TY can generate a16 = (XY, Y X, YZ, ZY ) Lic-
Therefore, ag(n) 2 ajg(n), which proves that ag(n) = ajg(n).

Similarly, in the case n = —1 mod 3, we have:

X1X, € g7(n)55 =as(n) = v, 1 (X1X,) =Y1Z, € as(n) = 7, (Y1Z,) = Z1Ys € a(n),
Z17Z, € g7(n)‘55 =ymas(n) = v, (Z12,) = X1V, € as(n) = 7, 1(X1Y,) = V1 X5 € a2(n).

Hence, ag(n) contains ajg(n), so it must be equal to it. O
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Lemma C.36. We have a§(n) = s0(2") for n > 4.
Proof. First, recall from Lemma C.23 that ag(n) = go(n)%, where gg(n) is given by (C28), 6y(g) = —Qog” Qg, and
Qo = IYZ---Z is given by (C35). For example, g = Y3X, € ag(n), as g/ = —¢g and g commutes with X;, Y; Xo,
Z1 X2 and Qg (or one can check directly that IIY X € ag(4)). Similarly, we check that Z3X, € ag(n).

Now let us relabel X = Y, so that ag = (Y X,YZ)rie. Then a§(n) C s0(2") = aj6(n), because all generators of

ag(n) contain an odd number of Y’s. From above after relabeling, we have X3Yy, Z3Yy € ag(n), which after a cyclic
shift gives X1Ys, Z1Ys € ag(n). Since a1 = (XY, Y X, Y Z, ZY )i, we obtain that ag(n) 2 ag(n). O

Lemma C.37. We have:

ag(n) = ag(n), n even, as(n) = ag(n) = a13(n), n odd,

as(n) =ag(n), n=2 mod 4, as(n) =az(n), n=0 mod 4.
Proof. First of all, note that a3(n) C ag(n) for all n, because az C ag. By Lemma C.22, we have for even n:
ag(n) = ge(n) = su(2M)1FxPrz. P2y} jspan{ Px, Py z, Pyy }.
In this case,
™ (Px) = Px, (Pyz) = Pzy, T(Pzy) = Py z,

which implies that 7,a6(n) C ag(n), and hence ag(n) = ag(n).
Recall the automorphism ¢, of su(2") that up to a sign swaps Y and Z on all even qubits; see (C8), (C9). By
Lemma C.21, we have ¢,a3(n) = g7(n)%, where 63 is given by (C37), (C38), and gr(n) is given by (C27). Hence,

PuTt3(n) = (LnTapy )nts(n) = (LnTupy er(n)™.
When n is even, we have:
(onTnn )(Px) = Px,  (¢uTapn )(Py) =Pz, (paTapy')(Pz) = Py,
which implies that (pnTnp,1)g7(n) C g7(n). For n = 0 mod 4, we find
(enTan Q3 = (PaTny ) (Pzrvx) = Pizxy = Pz - Qs = Q3 - Pz.

Then, as in the proof of Lemma C.35, we conclude that in this case a3(n) = az(n).
Next, in the case n = 2 mod 4, one checks that

V1Y, € g7(n)53 = pnpaz(n) = ¢, (V1Y) =Y1Z, €az(n) = 7, '(V1Z,) = Z1Ys € a3(n).

Hence, a5(n) contains all generators of ag(n), proving that aj(n) = ag(n).
Finally, consider the case where n is odd. Recall that, by Lemma C.24,

ag(n) C ag(n) C ayz(n) = su(2")"x /span{Px }.

In order to prove that these are equalities, it is enough to show that a$(n) contains the generators of ajz(n). When
n =1 mod 4, we have

Z1Zn_1 € g7(n)% = pnasz(n) = 0, (2120 1) = —Z1Yn_1 € a3(n) = 7, 2(Z1Y,_1) = Y125 € a5(n).

Since ZIZ € a3(3), we get that Z1Z3 € a§(n) and hence X1 = —£[V1Z3, Z1Z5] € a3(n). Similarly, when n = 3 mod
4, we have

Z1Zn € g7(n)% = ppas(n) = ¢ Y 212,) = Z1Zy, € a3(n) = 17,121 2y) = 2125 € a3(n).

Then from Y1Z; € a3(n), we get again that Xy € a3(n). Therefore, all X; € aj(n), and we can generate as3(n) from
them and the generators X; X; 1, Y;Z; 11 of az(n). O

The above lemmas complete the proof of Theorem IV.2.
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IX. Permutation-invariant subalgebras

In this subsection, we classify all permutation-invariant subalgebras of su(2") that are generated by single Paulis
and products of two Paulis, thus proving Theorem IV.3. Recall that, starting from a subalgebra a C su(4) generated
by Pauli strings, we define the subalgebra a™(n) C su(2™) given by (B10). Moreover, in Sect. BIV, we explained
that a can be assumed itself invariant under the flip of the two qubits; so we only need to consider af(n) for
k=0,2,4,6,7,14,16,20 and b] (n) for { = 0,1,3. The complete list of such Lie algebras is presented in Theorem IV.3
and reproduced here as follows:

af(n) = ax(n),  k=17,16,20,22,
o (n) 2= u(1)e VP2,

a3 (n) = s0(2")"7 = 50(2"")%2,
aj(n) = az(n),

ajs(n) = ag(n) = azx(n),

b7 (n) = bi(n), 1=0,3,

b7 (n) = u(1)®n(n+1)/2.

To start the proof of the theorem, we first observe that the following subalgebras of su(2"™) are permutation
invariant, due to their explicit descriptions (cf. Theorem C.1):

ar(n {5u(2”){PX’PY’PZ}/Span{PX7Py,PZ}, n even,
7 =

su(2n)iPx Py Pz} n odd,
aigln :50(2n),
a20(Nn) = 5u(2”)PX /span{PX},
5

It is also easy to see that

T

ag(n) = span{ X; X }1<i<j<n,

b7 (n) = span{ Xy, X; X, hi<icj<n, 1<k<n-
Thus, we are left to determine af (n) for k = 2,4, 6, 14. These cases are treated in the next three lemmas.
Lemma C.38. We have aj(n) = s0(2")"% for all n > 2.

Proof. Note that all generators X;Y; (i # j) of a(n) commute with Pz and are skew-symmetric, i.e., satisfy a” = —a.
Hence, a3 (n) C s0(2")"7. For the opposite inclusion, we use the same strategy as in the proof of Lemma C.24. Pick
an arbitrary Pauli string a € s0(2")F7 not containing any I’s; then we want to find a Pauli string b € aZ(n) such
that [a,b] # 0 and [a,b] has an I in some position. Note that a has an odd number of X’s and an odd number of
Y’s. In particular, after a permutation, a must start with XY Z, XXY, or XYY. Then we let b = X Y3, X 125Y3,
or X1Z,Ys, respectively. Here b € af(n) because XZY € ay(3); cf. Sect. BV. O

Lemma C.39. We have af,(n) = af (n) = age(n) for n > 3.
Proof. Let us relabel X = Z in aj4. Then a4 C dgg, which implies a7, (n) C a3,(n) = ago(n) for all n. Similarly, from
ag C aag, we get aZ (n) C azg(n). To finish the proof of the lemma, it is enough to show that af (3) = al,(3) = a20(3),

because agp(n) is generated from as(3) using a process similar to (B1). The claim now follows from ag(3) C af(3)
and

dim ag(3) = dim a7,(3) = dim az,(3) = 30;
see Sect. BV. O

Lemma C.40. We have aj (n) = az(n) for n > 3.
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Proof. Since ay C a7, we have a](n) C aZ(n) = az(n) for alln > 3. To prove the opposite inclusion, it is enough to show
that a7 (3) = a7(3), because ar(n) is generated from a7(3) using a process similar to (B1). From IXX,YZX € a4(3),
we get ZYX € a](3) and [IXX,ZY X] = 2iZZI € aj(3). Then, by permutation invariance, also IZZ € aj(3).
Hence, af (3) contains all generators of az(3), so it must be equal to it. O

The only thing left to finish the proof of Theorem IV.3 is to show that so(2")FZz = s0(27~1)®2. This follows
from the isomorphism su(2")F7 /span{ Pz} = su(2"1)®? (see Lemma C.27), which is compatible with taking matrix
transpose.
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