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I. DERIVATION OF THE HAMILTONIAN

In this section we derive the Hamiltonian for Wilson
fermions, in particular, we provide the details of the
fermion ordering chosen. Subsequently, we show the Jor-
dan Wigner transformation and the final Hamiltonians in
spin formulation used in the simulations for both Wilson
and staggered fermions.

We turn first to Wilson fermions starting from the free
Dirac Hamiltonian on the lattice which is given by

H = a
∑
n

ψ†
nγ

0
(
−iγ1∂1 +mlat

)
ψn, (1)

with a the lattice spacing, n specifying the lattice site and
mlat the lattice mass. The derivative ∂1ψn appearing in
the above corresponds to the symmetric finite differences
(ψn+1 − ψn−1)/2a. We add the Wilson term [1, 2],

∆HW = −r a
2

2

∑
n

ψn (∂1)
2
ψn

= −r a
2

2

∑
n

ψn

(
ψn+1 + ψn−1 − 2ψn

a2

)
,

(2)

to H, where we have used the spatial discrete sym-
metrized second derivative for (∂1)

2 and the Wilson pa-
rameter r. For the γ matrices we make the choice
γ0 = X, γ1 = iZ, with X,Z, being the standard Pauli
matrices. To ensure invariance under local symmetry
transformations, we have to introduce the link operators
Un, and its canonical conjugate the electric field operator
En = gLn, with g being the coupling between fermions
and bosons. The resulting gauge invariant Hamiltonian
reads

HW =
∑
n

(
− ψn

(
r + iγ1

2

)
Unψn+1

+ ψn

(−r + iγ1

2

)
U†
nψn−1

+ (amlat + r)ψnψn +
a

2

(
En +

gθ

2π

)2)
,

(3)
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where we explicitly consider the background electric field
gθ/2π. The gauge invariant states have to fulfill Gauss’s
law, Ln − Ln−1 = Qn, with the charge operator given
by Qn = aψ†

nψn − 1. For open boundary conditions,
this expression can be solved iteratively, where we find
Ln = ε0 +

∑n
k=0Qk with ε0 the electric field on the left

boundary. Similar to the main text, we consider here
ε0 = 0. Substituting this into the Hamiltonian and ap-
plying the unitary transformation from Ref. [3], we can
fully remove the gauge fields. For numerical calculations,
it is convenient to make the fields ψ dimensionless with
ϕn,α = (−1)n

√
aψn,α, where the index α ∈ {1, 2} spec-

ifies the spinor component. We also make the Hamilto-
nian dimensionless by rescaling it to W̃ = 2H/ag2. Con-
trary to Refs. [1, 2], we additionally apply the transfor-
mation ϕn,α → (−1)n(−i)αϕn,α to the fermionic fields,
which results in a completely real Hamiltonian.

In order translate the fermionic fields to qubits, we
choose to map the spinor ϕn,α linearly using the follow-
ing mapping ϕn,α → χ2n−⌊α

2 ⌋+1. Now we can apply a

Jordan-Wigner transformation [4], χn =
∏

k<n(iZk)σ
−
n .

The charge operator after this transformation becomes
Qn = (Z2n + Z2n+1)/2, with n ∈ {0, N − 1}. To en-
force vanishing total charge, in case it is needed, we use
a penalty term Λ to the Hamiltonian, WW = W̃ + Λ,

where Λ = λ
(∑N−1

n=0 Qn

)2

. Provided λ is chosen large

enough, we can ensure we remain in the sector with van-
ishing total charge. A few algebraic manipulations on
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nested sums then results in the final Hamiltonian

WW = x(r − 1)

N−2∑
n=0

(
σ+
2nZ2n+1Z2n+2σ

−
2n+3 + h.c.

)
+
x(r + 1)

2

N−2∑
n=0

(X2n+1X2n+2 + Y2n+1Y2n+2)

+

(
mlat

g

√
x+ xr

)N−1∑
n=0

(X2nX2n+1 + Y2nY2n+1)

+
1

2

2N−1∑
n=0
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(
N −

⌈
k + 1

2

⌉
+ λ

)
ZnZk (4)

+ l0

2N−3∑
n=0

(
N −

⌈
n+ 1

2

⌉)
Zn

+ l20(N − 1) +
1

4
N(N − 1) +

λN

2
,

where ⌈·⌉ is the ceiling function to the nearest integer
greater than the input.

For the staggered case, we directly apply the Jordan-
Wigner transformation to Eq. (16) of the main text and
set ϕn =

∏
k<n(iZk)σ

−
n . Similar to the Wilson case,

we add the penalty term to restrict the Hamiltonian
to the subspace of vanishing total charge. After the
Jordan-Wigner transformation, for staggered fermions,
the charge operator becomes Qn = (Zn + (−1)n)/2 and
the final Hamiltonian including the penalty term is given
by

WS =
x

2

N−2∑
n=0

(XnXn+1 + YnYn+1)

+
1

2

N−2∑
n=0

N−1∑
k=n+1

(N − k − 1 + λ)ZnZk

+

N−2∑
n=0

(
N

4
− 1

2

⌈n
2

⌉
+ l0(N − n− 1)

)
Zn

+
mlat

g

√
x

N−1∑
n=0

(−1)nZn

+ l20(N − 1) +
1

2
l0N +

1

8
N2 +

λ

4
N.

(5)

II. ZERO NOISE EXTRAPOLATIONS

Here we discuss the technical details of the ZNE that
we used for our inference runs. In our implementation,
global folding was applied with noise factors 1, 3, and 5,
with 10,000 shots collected from each circuit. The noise
factors are defined as follows: if the circuit is represented
by the unitary U , then at noise factor f , where f is an
odd number, a total of (f − 1)/2 pairs of unitaries U†U
is added to the circuit. For example, noise factor 3, the

circuit would be U(U†U) and at noise factor 5 it would
be U(U†U)(U†U).
To get a final zero-noise extrapolated expectation

value, we first compute preliminary zero-noise extrapo-
lated values using three approaches: a linear fit to noise
factors 1, 3, and 5; a linear fit to noise factors 1 and 3;
and a second-order polynomial fit to noise factors 1, 3,
and 5. We then calculate the final zero-noise extrapo-
lated value as a weighted average of the preliminary val-
ues, weighted according to their variance. Their variance
emanates from the fitting procedure performed on points
which themselves have a variance. Each point within a
fit, i.e. each point at a given noise factor, is the average
of the 10 twirls used from the Pauli twirling error miti-
gation technique described in the main text. Hence, the
corresponding error on each point within a fit comes from
this average. The error of each one of these 10 twirls be-
fore twirl averaging is taken to be the square root of the
ratio of the variance of the measurement divided by the
number of shots.
In Fig. 1 we show specific parameter examples of the

ZNE fits. We present representative cases for both situa-
tions, where the ZNE was able to improve the expectation
value of the observable to be measured and where it was
not.

III. TENSOR NETWORKS

In order to find an MPS approximation for the ground
states of the two Hamiltonians we consider, we use the
two-site variational ground state search algorithm from
the ITensors library [5]. The number of iterations was
fixed to 500 and the tolerance η for the relative change
in energy between two sweeps was set to 10−9, which in
turn gives an approximation for the error on the electric
field density given by the value of the electric field density
multiplied by

√
η [6]. Additionally, we restrict the MPS

to the sector of vanishing total charge by applying the
symmetry directly to the ansatz [7], thus no penalty term
is used in the spin Hamiltonians.
In order to compare between the Wilson and staggered

fermion discretization approaches, we carry out a contin-
uum limit extrapolation. This implies following lines of
constant physics in the physical phase space, which re-
quires the calculation of the mass shift for each N, x, l0.
With our work confined to a fixed volume of N/

√
x = 30,

this necessitates the determination of the mass shift for
individual values of N and l0 only. In this work, we
followed the method based on the electric field density
introduced in Ref. [1]. Table I quantifies the effect of
not accounting for an l0 dependence on the mass shift
with staggered fermions. Finally, Fig. 2 is qualitatively
showing the effect of not accounting for the mass shift
when using Wilson fermions, which was also observed
in [1]. The bond dimension for all MPS data was set
to D = 20, 40, 60, 80 and we then extrapolate the last 3
points to infinite D in the electric field density against
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Supplementary Figure 1. Electric field density ⟨LW,S⟩ and
particle number ⟨PW,S⟩ against noise factor for zero noise ex-
trapolations (ZNE) on the data (black crosses) obtained from
quantum hardware for different parameters specified in the ti-
tles of each subplot with Wilson and staggered fermions. The
red pluses are noiseless values of the observables and the blue
circles are the exact diagonalization results. For the fits we fit
a first-order polynomial to either all points (blue continuous
line) or to points with noise factor 1, 3 (dashed orange line).
We also fit a second order polynomial to all points (green dot-
ted dashed line). The brown triangle is the weighted average
of the extrapolated points of these 3 fits. The plots on the
left (a− d) are showing examples where the ZNE helped take
the expectation values measured closer to the noiseless result,
while on the right (e− h) we show occasions where the ZNE
might not be able to improve the result. However, overall the
results of the main text indicate that ZNE can significantly
improve the results. The calculation of the error bars is de-
scribed within this Appendix and where they are not visible,
they are smaller than the markers and y-scale.

1/D plot as shown in Fig. 3. The central value is taken
to be the average of the extrapolated value of the linear
fit and the electric field density value at the highest D
calculated, while the error is approximated to be half the
difference between these values. The smaller D solutions
were given as initial ansatz to the higher D, while D = 20
was initialized with a random MPS.

After calculating the mass shift, we proceed with the
calculation of the electric field density for a fixed renor-
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Supplementary Figure 2. Electric field density F/g against l0
for Wilson fermions using no mass shift at mr/g = mlat/g =
0.01. The MSE is calculated as in the main text and found
here to be 7.939 · 10−4. The error bars emanate from the
errors in the variational algorithm to compute the relevant
ground states, the extrapolation in bond dimension and in
lattice spacing.
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Supplementary Figure 3. Electric field density ⟨LW ⟩ against
inverse bond dimension 1/D to extrapolate to D → ∞ with
D = 40, 60, 80. This example is for Wilson fermions at
N = 100, l0 = 0.1, mlat/g = −0.08236266. Similar behav-
ior was observed for staggered fermions as well. The error
bars are emanating from the variational algorithm to com-
pute the relevant ground states.

malized mass of mr/g = 0.01 and for different values of
l0. This procedure enables the comparison of our con-
tinuum extrapolation quantities with the theoretical re-
sults from mass perturbation theory [8]. We use N from
70 to 100 in steps of 10, which in turn determines the
ag = 1/

√
x values through the fixed volume. After bond

dimension extrapolations of electric field density, we ex-
trapolate this observable to ag = 0 as shown in Fig. 4.
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Performance analysis of continuum extrapolations with matrix product states
l0 0.1 0.2 0.3 0.4 0.6 0.7

Wilson 4.45001467e-05 1.00338853e-05 5.58001106e-05 3.04735487e-05 3.64867975e-05 2.17138610e-05
Staggered

(MSt, same num. qubits as Wilson)} 0.00012783 0.00016672 0.00022494 0.0003207 0.00045197 0.00046271

Staggered
(MSL, same x as Wilson)

6.97181950e-06 4.86364083e-06 1.14145910e-05 4.21571198e-05 5.52293937e-05 3.33572489e-05

Staggered
(MSt, same x as Wilson)

2.91080596e-04 2.63562909e-04 8.61951831e-05 1.03764598e-04 6.79235186e-04 6.37947680e-04

Staggered
(MSL, same num. qubits as Wilson)

2.05654489e-05 1.75062880e-05 1.54209990e-05 1.40152738e-04 5.40892433e-05 5.13089222e-05

TABLE I. This table corresponds to the absolute error with respect to the results from mass perturbation theory for the data
presented in the main text. For staggered fermions that use the theoretically predicted mass shift, MSt, the error tends to grow
with l0 due to the fact that the MSt does not account for an l0 dependence.

For the Wilson case, we take the extrapolated value of the
linear fit and assign an approximated error to it which
is taken to be the difference between that value and the
extrapolated value of a quadratic fit. For the staggered
case, it was observed that second-order polynomial fits
were more suitable and that they converge faster to the
continuum; therefore we keep the extrapolated value of
the quadratic fit and again approximate the error as in
the Wilson case. To avoid boundary effects, the electric
field density for Wilson fermions is measured using the
middle link, and for staggered fermions, the four middle
links are measured to also reduce the staggering effect.
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Supplementary Figure 4. Electric field density ⟨LW,S⟩ against
ag to extrapolate to the continuum limit with fixed volume
N/

√
x = 30, fixed mr/g = 0.01, using N = 70, 80, 90, 100.

The continuous orange line is a linear fit and the dashed blue
line is a second order polynomial fit. (a−c) is showing Wilson
fermions for l0 = 0.1, 0.4, 0.6 respectively and (d−f) the same
for staggered fermions with the same x as Wilson fermions and
the electric field density method for the mass shift [1]. The
error bars emanate from the variational algorithm to compute
the relevant ground states and the extrapolation in bond di-
mension. They are much smaller than the markers and thus,
are not visible.

IV. LATTICE EFFECTS ON THE PHASE
TRANSITION

Here we derive an analytical expression for the location
of the first-order phase transition of the lattice Schwinger
model focusing on the case of m/g >> 1, i.e. the limit
where the kinetic term is negligible.
We start by mapping the electric field energy to its lat-

tice version. The electric field operator can also be made
dimensionless using the coupling g between the fermions
and gauge fields, i.e. E → gLn. The mapping from a
continuum theory electric field energy to the correspond-
ing lattice version is

∫ ∞

−∞

E2

2
dx→ a

N−2∑
n=0

g2L2
n

2
. (6)

Our derivation will not depend on the specific lattice
fermion formulation, hence the result can be seen as gen-
eral and applying to both Wilson and staggered formula-
tions. The key ingredient is the fact that at the point of
the first-order phase transition, which we label with l∗0,
the ground state is two-fold degenerate.
On the left of the phase transition (l0 < l∗0), the ground

state has no charges present and the total electric field
is l0 on each link. Hence, the total energy El0<l∗0

is just
the electric field energy

El0<l∗0
= a(N − 1)g2

l20
2
, (7)

where we have made use of the fact that on a lattice
with open boundaries we have N − 1 links. On the right
of the phase transition (l0 > l∗0), the ground state has
a negative charge at the left edge of the system and a
positive one at the right edge, connected by an electric
flux string lowering total electric field by one unit. This
results in a total electric field of l0 − 1 on each link, and
the total energy consists of the electric field energy plus
a mass energy of 2mr from the two charges

El0>l∗0
= a(N − 1)g2

(l0 − 1)2

2
+ 2mr. (8)
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These two energies become equal at l0 = l∗0, and solving
for l∗0 by equating Eq. (7) with Eq. (8) we find

l∗0 = 2
mr

g

√
x

N − 1
+

1

2
. (9)

In the limit of large N , Eq. (9) becomes

l∗0 ≈ 2
mr

g

√
x

N
+

1

2
, (10)

where
√
x

N is the dimensionless inverse volume. Hence,
in the limit of infinite volume, we obtain the continuum
prediction l∗0 = 1/2 as expected. If we now take again
Eq. (9) and insert for the volume N/

√
x = 30, and ex-

press the renormalized mass in terms of the lattice mass
and a mass shift (MS), we arrive at the result

l∗0 = 2

(
mlat

g
+MS

)
1

30− ag
+

1

2
. (11)

The mass shift decreases with decreasing ag [1, 9]. Fur-
ther, the factor 1/(30 − ag) decreases as ag → 0, which
leads to an overall decrease of the first term and Eq. (11)
tends towards the continuum limit. Hence, we see that
the transition point on finite lattices l∗0 is generally shifted
towards values larger than 1/2 and gets closer to the con-
tinuum theory prediction for decreasing lattice spacing.

As a further exemplification of Eq. (9) using staggered
fermions, we show in Fig. 5 the behaviour of the phase
transition point l∗0 as a function of 1/N for x = 7, 9, which
allows us to remain above dimensionless physical volumes
of 30. Without loss of generality, we choose a small renor-
malized mass at mr/g = 0.5 near the second order phase
transition point which will have a value of l∗0 close to 0.5
according to Eq. (9) and then double that renormalized
mass atmr/g = 1. To find l∗0 for each value of N, x,mr/g,
we use the bisection method [10] with the EFD observable
by first finding the ground state as an MPS. The varia-
tional algorithm to find the ground states stops when
the relative change in energy is less than 10−11 and we

set the bond dimension limit high enough such that the
cutoff on the singular values of 10−15 does not saturate
the bond dimension. Hence, we can consider the error
from neglecting singular values with magnitude less than
10−15 negligible. Any l0 giving a positive EFD value is
considered to be less than l∗0 and vice versa. The algo-
rithm will stop when the left and right l0 values have a
distance of 10−9. For each value of l0, we compute the
mass shift to keep a fixed renormalized mass throughout.
To find the mass shift we again use the bisection method
with the EFD observable. We start the algorithm for the
mass shift with a left and right value of mlat/g that we
assume is to the left and right of where the EFD goes to
0. Through the sign of the EFD value, this gives directly
a definition of which mlat/g are to the left or right of the
m∗

lat/g that represents minus the mass shift. We again
stop the algorithm at a tolerance of 10−9. From the data
in Fig. 5 we can see that as mr/g is decreased, the l∗0 gets
closer to 0.5. Further, as x is increased the l∗0 increases
but gives a steeper gradient. Finally, as N is increased
the l∗0 decreases, all of which are expected by Eq. (9).
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Supplementary Figure 5. The phase transition point l∗0 is
shown against 1/N for x = 7, 9 and mr/g = 0.5 (a), 1 (b).
The error bars on the individual points are approximated
by the bisection method explained in the main text and are
smaller than the y-scale, thus not visible.
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